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Abstract. A COVID-19 mathematical model with fractional order derivative is investigated.
The model is solved using the Fractional Differential Transform Method (FDTM) to obtain
a convergent semi-analytical solution. Also, the considered mathematical model is then
studied by a sophisticated artificial neural network (ANN) architecture. This multi-layered
network, trained via the Levenberg-Marquardt algorithm is used to perform robust data-
driven validation across three strategic operational cases. Some graphical illustrations are
given.

OReceived September 8, 2025. Revised October 20, 2025. Accepted October 21, 2025.

92020 Mathematics Subject Classification: 26A33, 03C65, 68T0, 92B20.

9Keywords: Mathematical model, neural network, approximate solution, FDTM,
Levenberg-Marquardt algorithm.

9Corresponding author: Naseer Ul Haq(naseerulhaqpk100@gmail. com) .



194 N. Haq, S. Ahmad, Eiman, S. Ahmad, S. Shah and M.A. Elaffendi

1. INTRODUCTION

Mathematical models are powerful tools to investigate various real world
problems in terms of equations. This area has received significant interest over
the last few decades. Particularly, the area devoted to mathematical biology
has attracted considerable attention from researchers, and Various infectious
diseases have been investigated using these models.

In the last few years, infectious disease caused by a coronavirus has infected
a major portion of the human population worldwide. This disease cause res-
piratory illness . It was first reported in Wuhan, a city in China, in December
2019 [12], before spreading to almost every country, Coronaviruses are often
found in cats, camels and bats [14]. These viruses can transfer between differ-
ent animals species, and during this transfer, they may change. Eventually,
the virus can come into contact with the human population. In the case of
SARS-CoV-19, the first infected individuals are believed to have encountered
the virus at a food market that sold meat, fish, and live animals [14]. The
COVID-19 virus, SARS-CoV-2, enters the human body through the mouth,
eyes or nose. It enters the human body either directly from the airborne
droplets or indirectly by touching a contaminated surface and then one,s face.
When an infected person talks, sneezes, cough, or breathes nearby, respira-
tory droplets carrying the virus discharged into the air. If these droplets are
inhaled, another person can become infected [27]. COVID-19 symptoms can
take several days to appear, although a person can be contagious during that
incubation period. individuals are generally no longer contagious after 10 days
of symptoms. To avoid spreading the virus, maintain a distance of at least 6
feet from other when possible, Wearing a mask, [27].

It is better to stay at home and isolated if someone has the symptoms
of COVID-19. Peoples who live in or have recently visited any area where
COVID-19 is widespread are at the greatest risk of infection. The incuba-
tion period, the time between getting an infection and showing symptoms,
ranges from two to 14 days [16, 20]. Some people with COVID-19 experience
severe symptoms, while others show only mild signs. Some infected people
show no signs or symptoms. Common signs include tiredness, fever or chills,
shortness of breath, cough, muscle aches, loss of taste or smell, headaches,
sore throat, congestion or runny nose, nausea or vomiting and diarrhea. Re-
searchers and scientists from all around the world were drawn to this pandemic
due to its intensity. Many governments prohibited international travel, and
shut down schools, shopping malls, and businesses [17]. The COVID-19 pan-
demic also causes serious economic damage worldwide. A large number of
doctors and researchers participated the anti-pandemic fight and conducted
research in their fields of expertise. They investigate COVID-19 from different
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perspectives, such as infectious diseases, microbiology, public environ mental
occupational health, virology, political economics and sociology, etc. Recently
different perspectives of COVID-19 have been studied by researchers, we refer
to [15, 21, 22].

Different Mathematical modeling is used to investigate the transmission of
infectious diseases such as COVID-19 [26]. Fractional calculus has garnered
significant attention in recent decades. The field of fractional order differential
equations (FODESs) in particular, has gained prominence due to its numerous
applications in solving real world problems. Consequently, over the last few
decades, numerous researchers have studied FODEs to obtain various types of
solutions, including analytical, approximate, and iterative solutions (for more
information, see [2, 4]). To adress these equations equations from various
perspectives, other theoretical frameworks have also been developed.

For analytical solutions researchers have explored various tools to find exact
solutions. However it is very difficult to compute an exact or analytical solution
for every FODE. Therefore, researchers have introduced various numerical or
semi-analytical methods to solve such problems. Also, the integral transforms
have been used to find approximate or exact solutions to FODEs. From 2000 to
2010, perturbation approaches were predominantly employed to solve FODEs
(we refer to [28]). Decomposition techniques, which were primarily used to
solve classical differential equations, have been expanded to handle FODEs
in various ways. In order to address numerous issues in the aforementioned
field, some authors have also used homotopy analysis transform approaches.
Various engineering difficulties, such as circuit problems, have been solved
using the DTM (details can be viewed in [28]). This method is mostly used to
solve integral equations, partial differential equations, and classical equations.
Additionally, several issues in the above field have been resolved using the
aforementioned transform ([19]). Inspired by the aforementioned study, we
applied the FDTM to the COVID-19 mathematical model for approximate
solution.

The speedy evolution of Artificial Intelligence (AI) technologies has provided
the healthcare industry with additional options, especially in the fields of
early disease detection and treatment [24]. Recently, artificial neural network
and deep neural networks (DNNs) analysis has attracted attention very well
[25]. Using compartmental models for investigation of infectious disease we
face the challenge of parameters estimation. Also, the artificial intelligence
based models fail to describe the biological pattern of the dynamics. Recently,
researchers have considered neural networks based on multi layers together
with input output layers to overcome some limitation. For the COVID-19,
a deep learning neural network was used to study the concerned epidemic



196 N. Haq, S. Ahmad, Eiman, S. Ahmad, S. Shah and M.A. Elaffendi

[18]. Recently, researchers are increasing use the said tools in investigations of
various problems, we refer to [5, 23]. The deep learning neural network consists
on hidden multiple layers together with input output layers. Analyzing and
halting the spread of the COVID-19 pandemic also involved the use of artificial
intelligence (AI), particularly deep neural network (DNN) models. A structure
diagram of such artificial neural network is given in figure 1.
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FI1GURE 1. Diagram of artificial deep neural network.

[rEE—
[Ep—

In this work, we extend the COVID-19 model studied in [10] under frac-
tional order derivative in the Caputo sense. For computational purposes, we
use the fractional order differential transform technique. Keeping in mind
the importance, in the suggested epidemic neural network model approach,
the fractional differential transform method is used to solve the fractional dif-
ferential equations and provide the equation values at a specific time, while
the neural network is created to express the unknown parameters in the com-
partmental model. We use the Levenberg-Marquardt algorithm to investigate
three different cases for our model.

2. PRELIMINARIES

Here, we define the standard Caputo derivative as follows:

Definition 2.1. ([2]) For the function g € C[0,T] and § > 0, we define the
Caputo derivative as
“Dg(t) = DO g0 = s [ ar
dtn F(’I’L — 5) 0 ’

wheren=[0+1], n—1<d<n. If 0 <§ <1, then we have

°Drg(t) = DU Lo(t) = = [ (4= (i

The FDTM is semi-numerical and analytical approach. It is considered as
a traditional DTM reform.
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Definition 2.2. ([13]) Let g(t) be a p — times differentiable function with
respect to time t. Then the differential transform of the p!* derivative of g(t)
in one variable is a follows:

G(p) = ;(d’;ftff))t:to, (2.1)

where ¢(t) is the original function and G(p) is the transformed function.

Definition 2.3. ([13]) The inverse differential transform of G(p) is defined by
= Gp)(t—to)’ (2.2)
p=0

Clubbing (2.1) and (2.2) together, we get

i (t= to (dzgtff)>t:m. (2.3)

p=0

From (2.3), using Taylor series expansion we can deduce DTM, now (2.2) is
written as

N
= G(p)(t—to)’
p=0

where N is decided by the convergence of natural frequency.

Definition 2.4. ([13]) Differential transform for fractional operator is given
as: if y(z) =¢ D%g(x), then

. Fla+1+2%)
(p) = WG(ZH_ aq),

where ¢ is the order of fraction and G(p) is the fractional differential transform
of g(z). Also

1 d'Ig(z) — _ P
G(p) — F(1+§) |: q :| fOI‘p 0,1,2,...,(0&(] 1)7 q € N7

0, for g does not belong to N.

Definition 2.5. ([13]) The inverse DT of G(p) is given by

© TNa+1+2 v
G(p) = ZO WG@ +aq)(t)=
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3. FORMULATION OF PROPOSED MODEL

The entire population is further divided into classes using the following
model. Those with a high risk of contracting an infection are placed in the
susceptible class S, those who have close contact with the COVID-19 en-
vironment are placed in the exposed class F, those who exhibit COVID-19
symptoms are placed in the infected class I, and those in the R recovered
class are recovered individuals. We extend the model studied by Din,et.al
[10] under fractional order derivative in the Caputo sense by using differential
transformation method. The model can be described as follows:

D°S(t) =~ — KSH)I(t)(1 4 al(t)) —ES(t),
DYE(t) = KS(H)I(t)(1+al(t)) — (£ + Q) E(t),
DI(t) = n+CE®) — (n+ &+ B)I(D),
D°R(t) = BI(t) - £R(t),

where S(0) = Sy, F(0) = Ey, I(t) = Ty, R(0) = Ry. Here, the symbol

v represents the constant of recruitment. The letter § € (0,1] stands for
fractional order. The remaining parameters are described in Table 1.

3
y( )(1+c()K <E> g\/}ﬁ g@ &

FIGURE 2. A Flow Chart of the Proposed Model (3.1).

(3.1)

4. EXISTENCE AND POSITIVITY OF SOLUTION

In this section, we establish some existence results. Let 0 < t < T < oo and
defined

X =C[0,T)
be the Banach space with norm
IW] = sup W(t)’ (4.1)
t€[0,17]

Then we write system as
CDYW(t) = F(t,W(t)), t€[0,T], W(0) = W. (4.2)

Theorem 4.1. The solution of (4.2) is equivalent to the following integral
equation

W(t) =Wy + I‘(loz)o/ (t — 1) LE(r,W(7))dr. (4.3)
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Proof. By following [22], we can prove that (4.2) is equivalent to (4.3). O
(H1) For constant Ly > 0 and W, W € X, we have
Theorem 4.2. The solution of (4.2) is unique under the (H1) and the con-
ditions L
_F
Fla+1) ~
holds.

Proof. Let A: X — X be defined by

AW = Wy + r(la)o/ (t — 1) YF(r, W (7))dr.

Then for W,W € X, we have

AW) = AGT)| = sup AW(t)—AW(t)\
L t — el — AT, W(r)|dr
< s [ = n A W0) - AW )
= r(;iji)(e)”w_w”' (44)

Hence A is contraction operator and therefore in view of Banach the concerned
problem (4.3) has unique solution and so the considered model (5.1) has a
unique solution. O

Theorem 4.3. The solution (S,E,I,R) of model (3.1) for positive initial
conditions with t > 0 is positive for all t > 0.

Proof. From model (3.1), we see

D°S(t)|  =~>0,
S=0
DPE(t) = KSt)I(t)(1+al(t)) >0,
E=0 (4.5)
D°I(t)| =n+CE() >0,
1=0
D°R(t) = BI(t) > 0.
R=0

From first equation of (4.5), we have on using Laplace transform that

S(t) > S(0)Es(—£t°) > 0, Vt > 0.
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Hence S(t) > 0, for all ¢ > 0. In the same way we can prove that E(t) >
)

0,1(t) > 0,R(t) > 0 for all £ > 0.

5. CONSTRUCTION OF ALGORITHM

g

To compute the algorithm for required approximate solution of proposed
model, using Differential transform on both sides of system (3.1), we have

(DOS(t) =~ — KS(t)I(t)(1+ od(t)) — £S(t),
D°E(t) = KSMI(t)(1+ al(t) — (£ + QE(),
DOI(t) =n+CE(t) — (u+ &+ B)I(1),

D°R(t) = BI(t) — £R(t)

0 €(0,1].

After applying FDTM, we get

k

« k
WSU{ +af) =v0(K) — Kzl:[a)s(k )
ka k3 ko

— @K N NSk )k — k)T (ks — ko) — ES(K),

k3 ko ki1

MNa+1+ %) B k
Tarh E(k+af) = K}ljfa)S(k -1
ks k3 k2

—aKy Y ¥ S(ki)I(ke = ki)I(ks — kz) — (¢ +E)E(K),

k3 ko ki1

o k
DO L) 1k 4 a8) = 03(K) + CB() — (u+ €+ B)T(E),
Ila+3)

T(a+1+%)

T(a+ &) R(k+ ap) = BI(K) — (R(K).
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On further simplification, we have
(

1“(oz+—1+%)[BI(K) —ER(K))

and so on. Evaluating the series (5.3), we get solution as

S(t) =" Sp)(t)-.
p=0
BE(t)=>_ E(p)(t)-.
p=0
I(t) = > " I(p)(t)=
p=0
R(t) =" R(p)(t)a
p=0

6. NUMERICAL INTERPRETATION

B Mo+ %) k
S(k+apB) = m[’YfS(K) - K;IU)S(]‘? —1)
ks ks ko
— aKZZZS(k‘l)I(kz — k1)1 (ks — ko) — ES(K)],
ks Ky ki
_ Tla+t %) k
E(k+ afB) = M[K;I(Z)S(k —1)
ks ks ko
— aKZZZS(kj)I(l@ — k1) I(k3 — ko) — (C + §)E(K)],
ks ks ki
I(a+ &
(i +a8) = Mwm +CEB(K) — (u+ €+ B)I(K
k
R(k+ af) = (@+5)

201

(5.3)

This part is related to demonstrate graphically the solutions of different
compartments using various fractional orders values. We take the initial data

[10] described by <S(O),E(O),I(O),R(O)> = (32.37,12,0.001523, 0.005025).

The parameters values are given in table 1
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Symbol || Description Real value

y birth rate 0.250281

n rate of positive infection || 0.006656

K infection rate 0.000024

« immunity lose rate 0.01182

& natural death rate 0.0000004 x 10°
¢ exposed rate 0.016

I infection death rate 0.025

I} recovery rate 0.75

TABLE 1. Description of the parameters [10] of the Model (5.1).

Susceptible human class

0 10 20 30 40 50 60 70 80 90 100
Time (Days)

F1GURE 3. Dynamical behavior of susceptible class.
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FIGURE 4. Dynamical behavior of exposed class.
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Infectious human class

05 =
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0 10 20 30 40 50 60 70 80 90 100

Time (Days)

FIGURE 5. Dynamical behavior of infected class.

25 T

Recovered human class

0 I L L L L L L
0 10 20 30 40 50 60 70 80 90 100

Time (Days)

FIGURE 6. Dynamical behavior of recovered class.

We have presented approximate solutions of various compartment of the
proposed model in Figures 3-6 by taking different fractional order. We see that
the decline in susceptible class as well as in exposed is occurring with different
rate. At smaller fractional order the decay process is faster as compared to
greater order. In same line growth in infection is faster at greater fractional
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order. The same behavior can be observed for recovered class also. We see
that as § — 1, the curves tending to the integer order curve in Figures 3-6.

7. NEURAL NETWORK ANALYSIS

In this section, we extend our analysis based on artificial neural network
using Levenberg-Marquardt algorithm [18]. We have discussed three cases in
this regards to investigate the proposed analysis. The corresponding structure
of the used neural network is given in figure 7.

Input Layer € R' Hidden Layer € R'S Hidden Layer € R'® Hidden Layer € R'® Output Layer € R

FIGURE 7. Structure of used artificial neural network with
multi layers.

The neural network is a function which takes the values as input and pro-
cesses them through hidden lyes to output which we can describe as follows:

F:R™ = R"
by
Fu=v, ue R", veR"

where m and n are the dimensions of input and output respectively. The no-
tations u and v denote the input and output respectively. We use 45 hidden
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layers together with input output layers to investigate the neural network anal-
ysis of our results for three different cases. We have recorded the mean squared
error (MSE) by training, validation, testing and also recorded numbers of best
epoch with their maximum values by using 47 neurons. The corresponding re-
sults are given in table 2. We use M SE(Training) = E1, MSE(Validation) =
Ey, MSE(Testing) = E3, Best Epoch=B, Final Epoch=F.

Case Ey Es Es3 B|F
Case 1 | 8.077677e-04 | 3.994641e-03 | 6.060872e-03 | 14 | 44
Case 2 | 3.641964¢-03 | 1.608150e-03 | 2.650752¢-03 | 15 | 45
Case 3 | 1.078978e-03 | 4.203209e-03 | 5.729591e-03 | 11 | 41

TABLE 2. MSE Performance Comparison for ANN Training Cases

In figures 8, 9, and 10, we have presented the graphical illustrations of all
three cases to analyze the validation, best performance and best function out
fit as well as the error histograms for all three cases. The corresponding num-
bers of epoches, and their maximum values and MSE analysis for validation,
training and testing have also recorded in table 2. The maximum numbers of
neurons we have used is 47 with three multi hidden layers together with input
output layers.

8. SOME EXPLANATION AND CONCLUDING REMARKS

This research has successfully developed and analyzed a nonlinear fractional-
order SEIR model to capture the dynamics of COVID-19 transmission. The
model incorporates a saturated incidence rate to reflect more realistic disease
spread patterns. The Caputo fractional derivative was employed to better
represent the memory effects and hereditary properties inherent in epidemio-
logical processes.

The Fractional Differential Transform Method proved effective in obtain-
ing semi-analytical solutions for the proposed model. Numerical simulations
demonstrated the significant influence of the fractional order parameter on
system dynamics, particularly showing how variations in this parameter affect
the temporal evolution of susceptible, exposed, infected, and recovered popu-
lations. The solutions exhibited good convergence properties with relatively
few series terms.

A key innovation of this work lies in the successful integration of mathe-
matical modeling with deep learning methodologies. The implementation of
an artificial neural network trained with the Levenberg-Marquardt algorithm
yielded excellent agreement with the analytical solutions, achieving low mean
squared error across all validation cases. This hybrid approach provides a
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Target Targm

(£)

FiGURE 8. Classification of data analysis for proposed model
using artificial neural network Case-1 (a) data validation , (b)
regression coefficient, (c) performance(d) error histogram(e)
best function fit for case 1.

powerful framework for both simulation and parameter estimation in complex
epidemiological systems.

The main contributions of this research include the development of a new
fractional-order epidemic model with nonlinear incidence rate, the creation of
an efficient computational scheme combining FDTM with neural networks, and
the demonstration of this framework’s effectiveness through comprehensive nu-
merical experiments. Future work will focus on extending the model to include
additional compartments such as vaccinated and asymptomatic populations,
incorporating spatial heterogeneity through partial differential equations, and
adapting the methodology to other infectious diseases. Further investigation
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(®)

FiGURE 9. Classification of data analysis for proposed model
using artificial neural network Case-2 (a) data validation , (b)
regression coefficient, (c) performance(d) error histogram(e)
best function fit for case 2.

into real-time parameter estimation using adaptive neural networks and the
application of this framework to optimal control problems in public health
policy represents promising research directions.

This research establishes a solid foundation for combining advanced mathe-
matical modeling with machine learning techniques in epidemiology, providing
valuable tools for understanding disease dynamics and informing public health
decisions.
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FiGure 10. Classification of data analysis for proposed model
using artificial neural network Case-3 (a) data validation , (b)
regression coefficient, (c) performance(d) error histogram/(e)
best function fit for case 3.
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