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Abstract. We take into consideration piecewise polynomials with defined knots for the 3-
monotone multi approximation. The aim of this paper is to demonstrate that any piecewise
polynomial that is convex can be changed in a manner that makes it interpolate the function
at the knots, the resulting difference between the two multi approximation errors is a constant
factor that is dependent solely on the knots, in other words, we prove that every piecewise
convex polynomial can be interpolatory while preserving its uniform multi approximation
degree.

1. INTRODUCTION

Many researchers dealt with topic of convex and monotone approximations
such as [1, 7, 9] where they used functions with one-variable on specific interval.
In recent years there have been somewhat surprising results on the g-monotone
approximation, p > 3.

In [10] Shvedov proved these results when p = 1,2, but in [5] these re-
sults have not been achieved when pu > 4, see also [2, 3, 4, 6, 8]. Let’s
define the p-th divided difference of a real function A at the points sy =

9Received September 28, 2025. Revised December 9, 2025. Accepted December 13, 2025.

92020 Mathematics Subject Classification: 26A48, 41A10, 41A63, 41A65.

9Keywords: Degree of approximation, piecewise polynomial function, 3-monotone
approximation.

9Corresponding author: Rehab Amer Kamel(pure.rehab.amer@uobabylon.edu.iq) .



236 M. A. Kareem and R. A. Kamel

(22015 -y 2200) 5 -+ 220 = (15 -+, Hu)

h(%rh . -7%7"6)

o1 — 1) - (5t — )

I
h[(%(]l,.”’%OE)"“’(%‘Uh'“’%’uj)]:ZHM (
r=0 1=0,i#r

On the interval I' = [Eq, F1] X ... X [Ey, Fy], if

h{(s01, .5 5200) 55 (215 - - -5 225u)] >0,

then £ is said g-monotone function. Also let’s define AfX the collection of all pi-
monotone functions on T, specifically Al., A% are the collections of monotone
and convex functions in I

In this study, we establish that changing any convex piecewise polynomial
with interpolation is possible with no loss in the degree of uniform multi ap-
proximation, this means we show that it is possible to change any convex
piecewise polynomial so that it interpolates the function at the knots and the
new approximation error is different from the old one by a constant factor that
depends only on the knots, this is done by proving the following theorem:

Theorem 1.1. Let h € A%,d > 2 and x_1¢e = By = 3¢ < 3¢ < --- <
e = Fe = stmeq1, E=1,..., L. Then for all piecewise polynomial § € A% of
degree < d — 1 with knots s, = (s¢01,...,5¢4), r =1,...,m — 1, there ezxists a
piecewise polynomial 0, € A% of the same degree and knots satisfying

(a) h(ser1y. vy oe0) = 0 (5r1y .oy o500), T =0,...,m,
(b) lh=dullp, < c()|[h=blr,, r=1,....m
such that

I' = [%rl—l - %7“1] X X [%rf—l - %rd s

Dy = [ser1-2 — sr141] X -+ X [3600-2 — 56441

and a constant c(v) is depending on

~ ax {(%r1+1 —501) - (g1 — 2t00) (G601 — 25p1-1) - (550 — %M—l)}
1<r<m—1 | (5601 — s61-1) - .. (Ot — 260-1) (P5r141 — 261) - - - (350041 — 240)

Proof. In order to prove Theorem 1.1, we ned the following lemmas in Section

2, and you can find the proof in Section 3. 0

2. BASIC LEMMAS

Let a(se1,...,500) = L((321,...,2¢0) ;0 (E1,...,Ep),(F1,...,Fy)) be the
linear Lagrange interpolating polynomial of & at the points E = (Fy, ..., Fy),
F = (Fl,...,Fg) anda’(%l,...,%g) = h[(El,...,Eg),(Fl,...,Fg)], (%1,...,%0
el =[E,Fi] x ... x [Ey, Fy]. To prove theorem 1.1, some of the following
lemmas must be proven:
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Lemma 2.1. Let for h € A% and § € A%, there exist either

8 (Fy—, ..., F=) <h[(Ey,....,Ep), (Fy,...,F)]
or

6/(E1+7"'7Ef+) Zh[(Ela"'vEf)7<F17"'7F€)]'
Then ||h — «f <2|/h— 4.
Proof. Suppose that

8 (Fi—,...,F;—) <h[(Ey,...,Ep), (F1,...,F)]

or
5 (Bvt,...,Bet) = h[(Br,..., Ep), (F1,..., Fy)].
If
soe = sup {s¢ € (B¢, Fe) 1 W (3¢¢) < h[Ee, Fe] £ =1,...,(},
then
5/(%1,...,%5)S(;/(Fl—,...,Fg—)
< h[(Er,...,Ep),(F1,..., Fp)]
<K (e, 00), e < e < Fe.
Thus,
||h*0[||:Oé(%[)l,...,%og)*h(%[)l,..‘,%og)
Fy Fy
:/ / W (51, ... 00) — o (51, ..., 500) doey ... dsgg
01 »0oe
/ / W (51, ..., 00) — 68 (51, .. 35) dse ... dg
01 »0oe
§ Fl,...,Fg)—(S(Fl,...,Fg)—(h(%(]l,...,%05)—(5(%01,...,%0[))
< 2||h = 4]

O

Lemma 2.2. Let h be a function defined onT's = [E11, F11]X...x[Eqy, Fie] and
0 be a piecewise polynomial of degree < d—1 with knots E = (En, ..., Ey), F =
(Fl,...,Fg) and B = (El,...,Eg) and F = (Fl,...,Fg),Elg < Eg < Fg <
Fie > 5 (Er+,...,Ert+) < B[(E1, ..., Ep), (F1,..., Fp)] < 5/(F1—,...,Fg—).
If h,6 € A%g then there exists a piecewise polynomial 0, € A%g of the same
degree and knots such that

(a) & (Er+,...,Er+) <0, (Er+, ..., Ert),
(Fi—, ..., Fp—) <& (F1—, ..., F—),
(Er,...,Ep) =h(E,...,Ey),
« (F1,...,F)) =h(F1,..., Fp),
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(©) A= dullp < 4[[n = d]lr,
(d) 7= 0ullp, < 4flh = d]lrs-

Proof. Ifﬁ(Fl,...,Fg)—h(El,...,Eg) =0(Fy,...,Fp)—0 (El,...,Eg),weput
5*(%1,...,%5):5(%1,...,%g)+h(E1,...,Eg)—(S(El,...,Eg),(%l,...,%g) S
I's, then (a) and (b) are verified and

i = bcllp < [[h =l + [A (B, ..., Eg) = 6 (B, ..., Eg)| < 2|[h = d|r, and

1= 0ullp, < | —0llry + [R(EL, ..., EBp) = 0 (En, ..., Ep)| < 2[|h—0|r,.

Let h(Fl,...,Fg)*h(El,...,Eg) <5(F1,...,Fg)—5(E1,...,Eg),theproblem
h(Fy,...,Fp)—h(E1,...,E)) >0 (F1,...,F)—06(E1,..., Ep) is similar. First
we define 0, on I' and then generalize it to I's. Suppose

S (st 2t) =0 (se1s. oy 30) — 0 (Bt .. Egt) (s — B ... (50 — Ey)
and
(s, ) =h(a, ... 50) — 0 (Brt, ..., Bet) o — Br) ... (s — By),
(se1y...,t) €T

Then,
I~ 3llr = [|A— dllr.
5 (Fl—, .. .,Fg—) =4 (Fl—, .. .,Fg—) —_ <E1+, . ,Eg—i—) ,
& (Br+,...,E4) =0

and

RI(Eyr,....E),(Fi,....,F))| =h[(Ey,...,Ep),(Fy,...,F)]
—§ (Er+, ..., Ept+) > 0.

In reality ;L(Fl, .o, Fy) = h(Eq,...,Ep) > 0 and because

R(Fi,....,F)) —h(Ey,...,E)) <68(Fy,...,F)) =6 (Ey,...,Ey)
this refers to
§(Fi,...,F))—6(Ey,...,E) > 0.
Now, we put

5o Getrosm) = (Br o E) 4 B (S G, o0) =6 (Br, o )

such that
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then 0 < 5 <1 and 5y satisfy convexity on I'. Also,

6, (Ey,...,E))=h(E1,...,Eyp),
5. (Fi,...,F))=h(F,...,F),
8 (Fi—,...,F;—) =B, (Fi—,...,F—)

< (Fl—,. . .,Fg—) -4 (E1+,.- . ,Eg—i—),
8 (Ei+,...,E+) = 0.

Since, 5 > 0 on I' so that § is monotone and

‘5(%1,...,%4)—g(El,...,Eg)HF:fi(Fl,...,Fg)—g(El,...,Eg).

Therefore,
1= dlle = || = 3|
:Hﬁ Y3 (B, .., Ey)
%(El,...,EgHE(-)—E(El,...,Eg)+71(E1,...,Eg)—E*(.)HF
<20 =dlle + [5() = 8 (Br, .. B) = 8(3() = T (B, B0) |
<2|h - §||r+(1—5)}3(5,...,@)—E(El,...,Eg)‘
= 9|l — §|yr+‘5 (Fi,...,Fy) — 6 (B, ..., Ef)
( (Fl,...,Fg)—h(El,...,Eg))‘
< 4|lh—8|lr = 4]|h—dr.

Thus (c) is proved. Using setting

(5(%1,...,%5)—I—h(El,...,Eg)—5(E1,...,Eg),

_ (e, ..., ) € [En, Er) x -+ x [Ey, Ey) ,
0520 = 5 )+ B(Fr,.. FD) = 6 (B, D),
(%17"'7%5) S (EbEll] X X (EfvEM]'

We get J, is a convex piecewise polynomial of the same degree and knots on
I's, which achieves (a), (b) and (c). Since

b bl < 15— 8lles + 1A (R, ) — 8 (Fy,. .. F)
< 2||h_5HF47F4
= [F1, F1] x -+ x [Fy, Fu]
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and

adding these with (c), we get (d). O

17 = dullp, <2[|h—=6llry, T's = [Eun, Ex] x -+ x [Eg, By,

Lemma 2.3. Let h and § € A%es’ I'g = [El,Fn] X - X [Eg,Flg], Eg < Fg <
Flg, and &' (Fl—,...,Fg—) —h[(Fl,...,Fg),(FH,...,FM” > 0. Then

(6 (Fimy....Fom) — h[(Frs.. o), (Fra,. ... Fro)])
X (Fi1— F1) ... (Fu — Fp) < 2[|h = ||,
Also if I and 6 € A2 \Tg = [Evy, Fi]| x -+ x [Ev, il , Byg < B < Fe and
BBy, By) ) (B E)] — 8 (Bvs. . Byt) > 0, then
(h[(Ew,....Ere), (Br,...,B)] — & (Bvt,.... Eet))
(E1 — E11) ... (Eg — Evp) <2||h = ||rs-
Proof. Let st1¢ = sup {s¢ € (F¢, Fig) : I (5¢) < 0" (Fe—), 6 =1,...,£}. Then

(8" (Fi—,...,Fo—) = h[(F1,...,Fo), (Fi1,..., Fi)]) (Fiu — Fy) ... (Fu — Fy)
Fiy Fig
/ / 5/ Flf Fg*)*h[(Fl,...,Fg),(Fn,...,FM)]) d%l...d%g
Fiq Fig
/ / (6" (Fi—, ..., Fo=) = W (5e1, ..., 300)) doey . . .dsgg
711 1l
/ / (5' (Fi—, ..., Fp—) =/ (%1,...,%4)) dsey ... ds.
Slnce & 1s monotone I (%1,...,%g) <V (Fi—,...,F—) < 8 (Ga,...,x),
%17"'7 F1>%11) Koo X (F&%lﬁ)v then
711 A1e
/ / 5' (F1—,. Fg—)—h,(%l,...,%g)) dsy ...dxy

= (5 %11,...,%1[) h(%lly--~7%1€) — ((5(F1,...,Fg) —FL(Fl,...,Fg))
< 2|[h—6]lr,.

The proof for the second statement is similar. O

Lemma 2.4. Suppose Ei¢ < E¢ < Fy < Fig,

wzmw{meEm“m—@y(ﬂ—ang_@)}
(Fi1—F)...(Fy—F)) (BEi — E1)...(E¢— Ev)
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and h € A%g, and let § € A%3 be a piecewise polynomial of degree < d —
1 with knots £ = (El,...,Eg) and F = (Fl,...,Fg) = h(El,...,Eg) =
O0(Er,...,Ep) h(Fy,...,Fp) = 6 (F1,...,Fy). Then there erxists a piecewise
polynomial 6, € A% of the same degree such that

(8) & (Byt.... Bp+) < 8, (Ert,..., Eet),

5 (Fim,... Fy=) <& (Fi—,..., F—),
(b) h[(El,...,Eg),(Ell,...,Elg)] =dg, "'dEtz < (5; (El—f-,...,Eg—l-),

S (Fim,....Fim) < dp, ...ds, = B[(F1,-... F2). (Fi, ..., Fu)l,
(C) 5* (El,...,Eg) :h(Eh...,Eg),

6. (Frs . Fy) = h(Fy, ..., Fy),

h=dullp < (29 + D[ = 6llrs-

Proof. Suppose i (E,...,Ey)) = h(Fy,...,Fy) and if 6 is a constant on I', put
O (21, ...y 220) = 0 (321, ..., 220), (321,...,50) € I'. Because convexity of § and

o(Fr,...,Fy) :(5(E1,...,Eg),then5,(F1—,...,Fg—) >0>5,(E1+,...,Eg+).
Let
B—min{ dr, ...dp, ’ dg, ...dg, }ZO-
o (Fl—, . ,Fg—) o (E1+, . ,Eg—i—)
If B > 1, then nothing needs to proven. If § < 1 and we can put g =
dr, ...dr,
7&/(1?1—,...,@,) < 1. So let

6*(%17"-7%5):5(E17-"7E€)+B(5(%Iv--'a%€)_6(E17"'7Ef))

such that the polynomial 6, € A% and 6. (E1,...,Ey) = h(Ey,...,E) =
h(Fi,...,F) =6 (F1,..., Fp).

dp, ..dp, dp, ...dp,

Because ¢ (E1+, ..., Er+) < 0 and R0z oren B o vy ey B 0, we
get
5 (Fi,..., Ept) = B (Bt ..., Frt)
dp, ...dp, ,
= & (E ..., B
5/(F1_7"'>Fé_) ( 1 ’ K—I_)
dg, ...dg, ,
> & (E1+, ..., Ep+
— 8 (B, ..., Eet) (Ey e+)
=dpg, ...dg,
and
8 (Fi—,....,Fp—)=pB8 (Fi—,...,F-)
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Suppose ¢ = sup {s¢ € (Ee, Fe): 6" (5¢) < 0,6 =1,...,¢}. Because 0 =
§(Fi,....Fp) =6 (B,....E) =[5 ... g&’(fl,...,fg)dfl...dfg,Weget

E E,
]5—5(E1,...,Eg)||rz/ S A
Ho1 Hoe
o) £
:/ 5/(f1,...,fg)df1...dfg
Ho1 Hoe
< (F1 —s01) ... (Fp — 5200) 0 (F1—, ..., Fy—)
<(FI—Ey)...(F)—E)& (Fim,...,F)m).

Using Lemma 2.3, we get
16 = 0ullp = max [ (51, 59) = 6 (B, ..., Ey) — B8 (e, - .-, 520)

~§(B1,. .. )
=1 =B)I6 =0 (Er,...,Edllp
<(1—=pB)(FL—Ey)...(Fy— Ep) 6 (Fi—,...,Fi—)
= SO e (R B - )

X & (Fy—,...,F—)

< (& (Fi—,...,F;=) —dp, ...dp,) (F1 — E1) ... (F, — Ey))
< (& (Fi—,....F;=) —dp, ...dp,) (F11 — F1) ... (Fi. — F))
< 2¢||h = ]|,

Thus,
1= 6.l < A = 8lle + 116 = &ully < (26 + 1)1 .
O

(FL—E1)...(F)—E))
Fi1—Fy)...(Fig—Fp)’
and let § € A%G be a piecewise polynomial of degree < d — 1 with knot F =
(Fl,...,Fg) > h(El,...,Eg) :5(E1,...,Eg) andh(Fl,...,Fg) :5(F1,...,Fg).
Then there exists a polynomial d, € A% such that

(a‘) 5; (Fl_a"'aFf_) S&l(F1—7...,F[—),

(b) &, (Fi—,...,Fi—) <dp ...dp, = h[(F1,...,F}),(Fi1,- .., Fu)l,

(C) (5* (El,...,Eg)f ﬁ(El,...,EQ,(s* (El,...,Fg) :h(Fl,...,Fg),

(d) 1A= dullp < c(@)]h = dllrg, c(v) < 2¢ + 1.
Also, Suppose that h € A%7, I'z = [Ev, Fi) % ... x [Ey, Fy| , Ere < Ee < Fe and

1& = ((Ef:éigg‘;:%’l)e), and let § € A%fj be a piecewise polynomial of the same

degree with knot E = (E1,...,Ey) such that h(E1,...,Ey) = 6 (E,..., Ey)

Lemma 2.5. Suppose that h € A%G, Ee < Fe < Fyg and i = 0
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and h(Fy, ..., F) = § (F1,...,Fy). Then there exists a polynomial ., € A%
such that

(a) o' (E1+a v 7EZ+) < 5>/k (E1+> v 7E€+)7

(b) h[(El,. . .,Eg),(EH,...,EM)] = dEl .. 'dEe < 5; (E1+,.. . ,Eg—l—),
(©) 6. (Bty-r B) = Wy i), 6 (Fryeos o) = h(F, .. F),
(d) |17 =0ullp < ()[R —0llr;,  c(dp) <2¢+1.

Proof. 1t is enough to prove the first case since the second case is similar. The
proof of this lemma is the same as the proof of Lemma 2.4, but here we take

B = %. The same properties are at (c) and (d), but at (a) and (b)

we only dealt with point F' = (F1—,..., Fy—). O

3. PROOF OF THEOREM 1.1
Proof of Theorem 1.1: Let

ar (51, 0g0) =L ((5e1y .oy 220) s B (5er1-1, -+ oy 2001) s (5201, -+ 5 7270))
7=0,...,m+ 1.

The collection of all integer ¢ is D C {1,...,m} such that

& (%ilfl"{'? CER) %if—l—i_) < a'li < &' (%il_a SRR %if_)v Vi ¢ D,
then,
Ou (521, .« 200) = i (51, - . ., 500)
(221, 0m) € T = [s1-1, 560] X ... X [sg50-1, 22]

using Lemma 2.1
17 = dsllpy < 2[|h — 0]|ps-

To define 0, on I'g,i € D, we suppose 1 < i < m and use I'g = [»1_2, 514+1] X

X [ #4—2,7041), by Lemma 2.2 and Lemma 2.4 with E¢ = s, and
Fe = s¢, we get 0, € A%B satisfies

17— 0ul[py < 4(2¢ + 1)[[h — 6|y (3.1)

and
Rty 1) = 0 (BGi1-1, -+ 5 260-1) , B (501, - -+, 560) = 0w (5401, - -5 440) -

Let i =1 or ¢« = m such that ¢ € D. To prove it, assume 1 € D and m €
D is similar, such that ¢’ (Er1+, ..., E+) < h[(E1, ..., Eo), (5a1,...,x0)] <

8 (s11—,...,510—). Using Lemma 2.2 we get a convex piecewise polynomial
0 € o = [Eh, 221] X ... X [Ey, 59¢] that interpolating / at E = (Ey, ..., Ey)
and s = (311, ..,5y) such that &, (se11—,...,500—) < & (Ger1—, ..., 510—)
and B
|5 <4ln=olr,,.
10
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Using Lemma 2.5 and we have 6, € 'y = [Eq, 1] X ... X [Ey, 5] that
interpolating h at E = (E1,..., Fy) and s = (511, . .., 21¢) such that

8 (se11—y .oy om1—) < Z/ (se11— -+, 2210—)
and
1A = 0ullp,, <420 +1)[|h—6|[ry,- (3:2)
Now, to prove
8 (sei1—y .oy sti0—) <O, (sein+, .oy 20 t), i=1,...,m—1. (3.3)
If i,i +1 ¢ D, then & (31—, ...,520—) = o and 0, (5614, ..., 2+) = o

and o < o satisfies convexity with h.
If i,i+ 1 € D, then using Lemma 2.2 and Lemma 2.4, we get

8 (seii—y -y 0ti0—) <8 (sgi1— .., 300—)
<& (1t ..., t)
<8 (et st t)
Ifie D,i+1¢ D, then using Lemma 2.4, we get

(i/k (%il—, ey %M—) S Oé; = 5; (%i1+7 ey %Z'g'i‘)
and fori ¢ D,i+ 1 € D, it is similar.
Finally, d, is a convex piecewise polynomial such that 0. (31, ..., ) =

h(i1,...,2),1=0,...,m and using Egs. (3.1) and (3.2), we get
17— bllp, < 4(2¢ +1)[|h — 6|,
This is the proof of Theorem 1.1.

4. CONCLUSION

This paper includes many basic concepts and facts in the 3-monotone multi
approximation by piecewise polynomials with prescribed knots. We show that
any piecewise convex polynomial can be changed to be interpolatory as well,
while keeping the degree of the uniform multi approximation for multivariate
the same.
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