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Abstract. In this paper, we present interesting lower bounds inequalities for numerical

radius involving accretive-dissipative matrices. We also present several useful results for two

by two block matrices. An example to show sharpness of a proved theorem is also given.

1. Introduction

LetMn(C) represents the algebra of size n×n matrices whose entries are in
C. A matrix P ∈Mn(C) is called positive semidefinite ( p.s.d. ) if (Px, x) ≥ 0
for all x ∈ C. Moreover, a matrix S from this algebra is referred to as accretive-
dissipative (acc-diss) if its Cartesian decomposition, given by S = S1 + iS2,
satisfies that both S1 and S2 are p.s.d. matrices. In this decomposition, the
components are defined by S1 = Re(S) = S+S∗

2 and S2 = Im(S) = S−S∗
2i . For

a matrix S ∈ Mn(C), the numerical radius is given by

ω(S) = max {|(Sξ, ξ)| : ξ ∈ Cn, ‖ξ‖ = 1} .
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The numerical radius is recognized as a norm on the space Mn(C). In fact,
for every S ∈ Mn(C), we have

1

2
‖S‖ 6 ω(S) 6 ‖S‖. (1.1)

The first inequality of (1.1) is sharp. It becomes an equality in the special
case when S2 = 0, where ‖S‖ is the spectral norm of the matrix S which is
defined as ‖S‖ = max‖x‖=1 ‖Sx‖. The second inequality is also sharp and it
becomes an equality when S is normal. Since every p.s.d is normal, for a p.s.d
S ∈ Mn(C), we must have

ω(S) = ‖S‖. (1.2)

Also, we have

‖S‖ = ‖S∗S‖1/2 = ‖SS∗‖1/2 . (1.3)

Two important inequalities are

ω(S) > ‖Re(S)‖ (1.4)

and
ω(S) > ‖ Im(S)‖. (1.5)

A notable characteristic of the numerical radius ω(·) is its weak unitary invari-
ance, which means that for a unitary matrix U∈Mn(C) and any S ∈ Mn(C),
the equality

ω(S) = ω (U∗SU) , (1.6)

holds. Also,
ω(S) = ω (S∗) . (1.7)

The power inequality is also an important inequality. It states that

ωk(S) > ω
(
Sk
)
, for every positive integer k. (1.8)

Several inequalities involving numerical radius and matrix norm were inves-
tigated and studied in many books of inequalities such as Bhatia [2] and [3].
Moreover, several results concerning these concepts were established by El-
Haddad and Kittaneh [5]. In [6] and [7], Hirzallah and others presented some
inequalities for numerical radius of square block matrices of size two. Kittaneh
also investigated many inequalities for numerical radius in [8]. Sakkijha, Al
Dabbas and Yasin in [10] gave nice inequalities for numerical radius involving
acc-diss matrices.

The theme of our work is to calculate numerical radius for power matrices
and for two by two acc-diss matrices. Due to the difficulty in calculating it
in numerous scientific applications, it is often enough to determine that the
eigenvalues are confined to a specific region. So, we present new version for
power inequality and we show its sharpness by a given example. Additionally,
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we present several useful results for two by two block matrices by examining
the relationships between numerical radius and unitarily invariant norms.

2. Lemmas

To establish our targeted numerical radius inequalities, we need to revise
the following lemmas.

Lemma 2.1. ([3]) If S, T ∈ Mn(C) are p.s.d, then

2‖ST S‖ 6
∥∥S2T + T S2

∥∥ .
Lemma 2.2. ([4]) If S, T ∈ Mn(C) are p.s.d, then

‖S + T ‖ ≤
√

2‖S + iT ‖.

Lemma 2.3. ([9]) If S, T ∈ Mn(C) are p.s.d, then

‖S − T ‖ > max(‖S‖, ‖T ‖)−
∥∥∥S1/2T 1/2

∥∥∥ .
Lemma 2.4. ([9]) If S, T ∈ Mn(C) are p.s.d, then

‖S + T ‖ > max(‖S‖, ‖T ‖).

Lemma 2.5. ([1]) If S, T ,V,W ∈Mn(C), then∥∥∥∥[ S V
W T

]∥∥∥∥ > ∥∥∥∥[ S 0
0 T

]∥∥∥∥
and ∥∥∥∥[ S V

W T

]∥∥∥∥ > ∥∥∥∥[ 0 V
W 0

]∥∥∥∥ .
3. Main results

This section is devoted to derive lower bounds for the numerical radius

of accdiss matrices also for two by two operator matrix

[
S T
T S

]
involving

accdiss matrices.

Theorem 3.1. Let S ∈ Mn(C) be acc-diss with Cartesian decomposition
S = S1 + iS2. Then

ω2(S) ≥ max
(

2ω
(
S1/21 S2S

1/2
1

)
,max

(
ω2(S1), ω2(S2)

))
.
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Proof. By (1.8), (1.2) and Lemma 2.1,

ω2(S) ≥ ω
(
S2
)

= ω
((
S21 − S22

)
+ i(S1S2 + S2S1)

)
≥
∥∥Im (S2)∥∥

= ‖S1S2 + S2S1‖

=
∥∥∥(S1/21

)(
S1/21

)
S2 + S2

(
S1/21

)(
S1/21

)∥∥∥
=

∥∥∥∥(S1/21

)2
S2 + S2

(
S1/21

)∥∥∥∥
≥ 2

∥∥∥S1/21 S2S
1/2
1

∥∥∥
= 2ω

(
S1/21 S2S

1/2
1

)
.

Now, from (1.4) and Lemma 2.3,

ω2(S) ≥ ω
(
S2
)

>
∥∥Re (S2)∥∥

=
∥∥S21 − S22∥∥

> max
(∥∥S21∥∥ , ∥∥S22∥∥)− ‖S1S2‖ = α.

Also, by (1.7), (1.8), (1.4) and Lemma 2.4,

ω2(S) > ω
(
S2
)

= ω
((
S2
)∗)

= ω
(

(S∗)2
)

= ω
((
S21 + S22

)
+ i(−S1S2 − S2S1)

)
>
∥∥Re

(
S2
)∥∥

=
∥∥S21 + S22

∥∥
> max

(∥∥S21∥∥ , ∥∥S22∥∥) = β.

Note that

β = max
(∥∥S21∥∥ , ∥∥S22∥∥) ≥ max

(∥∥S21∥∥ ,∥∥S22∥∥)− ‖S1S2‖ = α.

Thus

ω2(S) > max
(

max
(∥∥S21∥∥ ,∥∥S22∥∥) , 2‖S1/21 S2S

1/2
1 ‖

)
= max

(
max

(
ω2(S1), ω2(S2)

)
, 2ω

(
S1/21 S2S

1/2
1

))
.
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It can be seen that the inequality in Theorem 3.1 is sharp. This can be
demonstrated by considering the acc-diss matrix

S = S1 + iS2 =

[
1 0
0 0

]
+ i

[
1 0
0 0

]
=

[
1 + i 0

0 0

]
,

where S1 =

[
1 0
0 0

]
and ω(S1) = ‖S1‖ = 1, S2 =

[
1 0
0 0

]
and ω(S2) =

‖S2‖ = 1, S1/21 S2S
1/2
1 =

[
1 0
0 0

]
and 2ω

(
S1/21 S2S

1/2
1

)
= 2.

Now, ω(S) = ‖S‖ = ‖1 + i‖ =
√

2, since S is normal matrix and so

ω2(S) = 2.

Hence,

2 = ω2(S) = max

(
max

(
ω2(S1), ω2(S2)

)
, 2ω

(
S

1
2
1 S2S

1
2
1

))
= 2.

�

Theorem 3.2. Let S ∈ Mn(C) be acc-diss with Cartesian decomposition
S = S1 + iS2. Then

ω (S∗S + SS∗) > max
(
ω2(S1), ω2(S2)

)
.

Proof. From (1.1) and Lemma 2.1,

ω (S∗S + SS∗) = ω((S1 − iS2)(S1 + iS2) + (S1 + iS2)(S1 − iS2))
= ω

(
2
(
S21 + S22

))
= 2ω

(
S21 + S22

)
> 2× 1

2

∥∥S21 + S22
∥∥

=
∥∥S21 + S22

∥∥
> max

(∥∥S21∥∥∥∥S22∥∥)
= max

(
‖S1‖2, ‖S2‖2

)
= max

(
ω2(S1), ω2(S2)

)
.

�

Theorem 3.3. Let S, T ∈ Mn(C) be acc-diss with Cartesian decomposition
S = S1 + iS2 and T = T1 + iT2. Then

ω

([
S 0
T 0

])
> max

(
ω(S1), ω(S2),

1

2
√

2
ω(T1 + T2)

)
.
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Proof. By (1.4) and Lemma 2.5,

ω

([
S 0
T 0

])
>

∥∥∥∥Re

([
S 0
T 0

])∥∥∥∥
=

1

2

∥∥∥∥[ S 0
T 0

]
+

[
S∗ T ∗
0 0

]∥∥∥∥
=

1

2

∥∥∥∥[ S + S∗ T ∗
T 0

]∥∥∥∥
=

1

2

∥∥∥∥[ 2S1 T ∗
T 0

]∥∥∥∥
≥ 1

2

∥∥∥∥[ 2S1 0
0 0

]∥∥∥∥
=

1

2
‖2S1‖

= ‖S1‖
= ω(S1).

Now, by Lemma 2.5, Lemma 2.2 and (1.2),

ω

([
S 0
T 0

])
>

∥∥∥∥Re

([
S 0
T 0

])∥∥∥∥
=

1

2

∥∥∥∥[ 2S1 T ∗
T 0

]∥∥∥∥
>

1

2

∥∥∥∥[ 0 T ∗
T 0

]∥∥∥∥
=

1

2
max (‖T ‖, ‖T ∗‖)

=
1

2
‖T ‖

=
1

2
‖T1 + iT2‖

>
1

2
√

2
‖T1 + T2‖

=
1

2
√

2
ω(T1 + T2).

Also, from (1.5),
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ω

([
S 0
T 0

])
>

∥∥∥∥Im

([
S 0
T 0

])∥∥∥∥
=

1

2

∥∥∥∥[ S 0
T 0

]
−
[
S∗ T ∗
0 0

]∥∥∥∥
=

1

2

∥∥∥∥[ 2iS2 T ∗
T 0

]∥∥∥∥
≥ 1

2

∥∥∥∥[ 2iS2 0
0 0

]∥∥∥∥
= ‖S2‖ = ω(S2).

Thus the result is obvious. �

Corollary 3.4. Let S, T ∈ Mn(C) be acc-diss with Cartesian decomposition
S = S1 + iS2 and T = T1 + iT2. Then

ω

([
S 0
−T 0

])
≥ max

(
ω(S1), ω(S2),

1

2
√

2
ω(T1 + T2)

)
.

Proof. Let U be the unitary matrix

[
I 0
0 −I

]
. Then

ω

([
S 0
−T 0

])
= ω

(
U∗
[
S 0
T 0

]
U

)
= ω

([
S 0
T 0

])
.

The result is now obvious using (1.6) and Theorem 3.3. �

Corollary 3.5. Let S, T ∈ Mn(C) be acc-diss with Cartesian decomposition
S = S1 + iS2 and T = T1 + iT2. Then

ω

([
0 T
0 S

])
> max

(
ω(S1), ω(S2),

1

2
√

2
ω(T1 + T2)

)
.

Proof. Let U be the unitary matrix

[
0 I
I 0

]
. Then

ω

([
0 T
0 S

])
= ω

(
U∗
[
S 0
T 0

]
U
)

= ω

([
S 0
T 0

])
.

The result is then obvious using Theorem 3.3. �

Theorem 3.6. Let S ∈ Mn(C) be acc-diss with Cartesian decomposition
S = S1 + iS2. Then

ω

([
S 0
S∗ 0

])
≥ 1√

2

√
max (ω2(S1), ω2(S2)) = α.
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Proof. By (1.1), (1.3) and Lemma 2.4, we have

ω

([
S 0
S∗ 0

])
≥ 1

2

∥∥∥∥[ S 0
S∗ 0

]∥∥∥∥
=

1

2

∥∥∥∥[ S∗ S0 0

] [
S 0
S∗ 0

]∥∥∥∥1/2
=

1

2
‖S∗S + SS∗‖1/2

=
1

2

∥∥2
(
S21 + S22

)∥∥1/2
=

1√
2

∥∥S21 + S22
∥∥1/2

=
1√
2

√
max

(∥∥S21∥∥ , ∥∥S22∥∥)
=

1√
2

√
max (ω2(S1), ω2(S2)).

�

Theorem 3.7. Let S ∈ Mn(C) be acc-diss with Cartesian decomposition
S = S1 + iS2. Then

ω

([
S 0
S∗ 0

])
> max

(
ω(S1), ω(S2),

1

2
√

2
ω(S1 + S2)

)
= β.

Proof. From (1.4),

ω

([
S 0
S∗ 0

])
>

∥∥∥∥Re([ S 0
S∗ 0

])∥∥∥∥
=

1

2

∥∥∥∥[ S + S∗ S
S∗ 0

]∥∥∥∥
=

1

2

∥∥∥∥[ 2S1 S
S∗ 0

]∥∥∥∥
>

1

2

∥∥∥∥[ 2S1 0
0 0

]∥∥∥∥
= ‖S1‖
= ω(S1).
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Also, by Lemma 2.5 and Lemma 2.2, we have

ω

([
S 0
S∗ 0

])
≥ 1

2

∥∥∥∥[ 2S1 S
S∗ 0

]∥∥∥∥
≥ 1

2

∥∥∥∥[ 0 S
S∗ 0

]∥∥∥∥
=

1

2
max (‖S∗‖ , ‖S‖)

=
1

2
‖S‖ =

1

2
‖S1 + iS2‖

≥ 1

2
√

2
‖S1 + S2‖.

Next, by (1.5) and Lemma 2.5, we have

ω

([
S 0
S∗ 0

])
≥
∥∥∥∥Im

([
S 0
S∗ 0

])∥∥∥∥
=

1

2

∥∥∥∥[ 2iS2 S
S∗ 0

]∥∥∥∥
>

1

2

∥∥∥∥[ 2iS2 0
0 0

]∥∥∥∥
=

1

2
‖2iS2‖

= ‖S2‖
= ω(S2).

Thus the result is obvious. By Using Theorem 3.6 and Theorem 3.7, we get
that

ω

([
S 0
S 0

])
> max(α, β).

�

Theorem 3.8. Let S, T ∈ Mn(C) be acc-diss with Cartesian decomposition
S = S1 + iS2 and T = T1 + iT2. Then

ω

([
T S
S T

])
> max(ω(S1), ω(S2), ω(T1), ω(T2)).
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Proof. From (1.4) and Lemma 2.5, we have

ω

([
T S
S T T

])
≥
∥∥∥∥Re

([
T S
S T

])∥∥∥∥
=

1

2

∥∥∥∥[ T S
S T

]
+

[
T ∗ S∗

S∗ T ∗
]∥∥∥∥

=
1

2

∥∥∥∥[ T + T ∗ S + S∗

S + S∗ T + T ∗
]∥∥∥∥

=
1

2

∥∥∥∥[ 2S1 2T1
2T1 2S1

]∥∥∥∥
=

∥∥∥∥[ S1 T1
T1 S1

]∥∥∥∥
>

∥∥∥∥[ S1 0
0 S1

]∥∥∥∥
= ‖S1‖ = ω(S1).

Also, from Lemma 2.5, we obtain

ω

([
T S
S T

])
≥
∥∥∥∥[ S1 T1
T1 S1

]∥∥∥∥
≥
∥∥∥∥[ 0 T1
T1 0

]∥∥∥∥
= ‖T1‖ = ω(T1).

Next,

ω

([
T S
S T

])
>

∥∥∥∥Im

([
T S
S T

])∥∥∥∥
=

1

2

∥∥∥∥[ T S
S T

]
−
[
T ∗ S∗

S∗ T ∗
]∥∥∥∥

=
1

2

∥∥∥∥[ 2iS2 2iT2
2iT2 2iS2

]∥∥∥∥
=

∥∥∥∥[ S2 T2
T2 S2

]∥∥∥∥ .
Now, using the same argument, we conclude that

ω

([
T S
S T

])
> ω(S2)

and

ω

([
T S
S T

])
> ω(T2).

Thus, our result is obvious. �
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Corollary 3.9. Let S ∈ Mn(C) be acc-diss with Cartesian decomposition
S = S1 + iS2. Then

ω

([
S I
I S

])
≥ max(ω(S1), ω(S2), 1),

where I is the identity matrix.

Proof. Using the same procedure in the previous theorem,

ω

([
S I
I S

])
≥

∥∥∥∥∥Re
([
S I
I S

])∥∥∥∥∥ ≥ ω(S1).

Also,

ω

([
S I
I S

])
≥

∥∥∥∥∥Re
([
S I
I S

])∥∥∥∥∥ = ‖I‖ = 1.

Now,

ω

([
S I
I S

])
≥

∥∥∥∥∥Im
([
S I
I S

])∥∥∥∥∥ ≥ ω(S2),

which completes the proof. �

4. Conclusion

In this work, we introduced inequalities giving lower bounds for numerical
radius of two by two block matrices and for power of numerical radius using
acc-diss matrices. Of course we benefited from the properties of numerical
radius and from inequalities of p.s.d. matrices.

The plan in the future is to examine our inequalities for accretive matrices
and normal matrices.

References

[1] R. Bhatia, Matrix Analysis, New York, Springer-Verlag, 1997
[2] R. Bhatia, Positive Definite Matrices, Princeton University Press, 2007.
[3] R. Bhatia and C.D. Davis, More matrix forms of the arithmetic-geometric mean in-

equality, SIAM. Matrix Anal. Appl., 11 (1990), 272–277.
[4] R. Bhatia and F. Kittaneh, The singular values of A + B and A + iB, Linear Alg. its

Appl., 431 (2009), 1502–1508.
[5] M. El Haddad and F. Kittaneh,Numerical Radius Inequalities for Hilbert Space Oper-

ators, II, Studia Math., 182(2) (2007), 133–140.
[6] O. Hirzallah, F. Kittaneh and K. Shebrawi, Numerical Radius Inequalities for 2 × 2

Operator Matrices, Studia Math., 210 (2012), 101–115.
[7] O. Hirzallah, F. Kittaneh and K. Shebrawi, Numerical Radius Inequalities for Certain

2 × 2 Operator Matrices, Integral Equ. Oper. Theory, 17 (2021), 129–147.



258 M. Sakkijha, M. Alholi and S. Hasan

[8] F. Kittaneh, A numerical radius inequalities and an Estimate for the numerical radius
of the Frobenius companion matrix, Studia Math. Appl., 158 (2003), 106–113.

[9] F. Kittaneh, Norm inequalities for Sums and Differences of Positive Operators, Linear
Alg. Appl,, 383 (2004), 85–91.

[10] M. Sakkijha, E. Aldabbas and O. Yasin, Numerical radius inequalities involving accretive
dissipative matrices, Int. J. Math. Comput. Sci., 16(4) (2021), 1445–1454.


