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Abstract. In this paper, we present interesting lower bounds inequalities for numerical
radius involving accretive-dissipative matrices. We also present several useful results for two

by two block matrices. An example to show sharpness of a proved theorem is also given.

1. INTRODUCTION

Let M,,(C) represents the algebra of size n x n matrices whose entries are in
C. A matrix P € M,(C) is called positive semidefinite ( p.s.d. ) if (Pz,x) >0
for all x € C. Moreover, a matrix S from this algebra is referred to as accretive-
dissipative (acc-diss) if its Cartesian decomposition, given by & = S; + iSo,
satisfies that both &1 and S are p.s.d. matrices. In this decomposition, the
components are defined by S; = Re(S) = £5%- and S, = Im(S) = £52-. For
a matrix § € M, (C), the numerical radius is given by

w(8) = max {[(8¢,&)| - £ € C*, [[§] = 1}
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The numerical radius is recognized as a norm on the space M, (C). In fact,
for every S € M,,(C), we have

1
SISl < w(S) < [IS]l- (1.1)

The first inequality of (1.1) is sharp. It becomes an equality in the special
case when 8% = 0, where ||S|| is the spectral norm of the matrix S which is
defined as [|S|| = max ;=1 [|Sx||. The second inequality is also sharp and it
becomes an equality when S is normal. Since every p.s.d is normal, for a p.s.d
S € M,(C), we must have

w(S) = ||S]]. (1.2)
Also, we have
IS]l = lls*S|I'? = l|ss™||'2. (13)
Two important inequalities are
w(S) = || Re(S)]| (1.4)
and
w(8) 2 [ Im(S)]|. (1.5)

A notable characteristic of the numerical radius w(-) is its weak unitary invari-
ance, which means that for a unitary matrix Ye M,,(C) and any S € M,,(C),
the equality
w(S) =w U*SU), (1.6)
holds. Also,
w(S) =w(S"). (1.7)

The power inequality is also an important inequality. It states that

WS > w (Sk) ,for every positive integer k. (1.8)

Several inequalities involving numerical radius and matrix norm were inves-
tigated and studied in many books of inequalities such as Bhatia [2] and [3].
Moreover, several results concerning these concepts were established by El-
Haddad and Kittaneh [5]. In [6] and [7], Hirzallah and others presented some
inequalities for numerical radius of square block matrices of size two. Kittaneh
also investigated many inequalities for numerical radius in [8]. Sakkijha, Al
Dabbas and Yasin in [10] gave nice inequalities for numerical radius involving
acc-diss matrices.

The theme of our work is to calculate numerical radius for power matrices
and for two by two acc-diss matrices. Due to the difficulty in calculating it
in numerous scientific applications, it is often enough to determine that the
eigenvalues are confined to a specific region. So, we present new version for
power inequality and we show its sharpness by a given example. Additionally,
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we present several useful results for two by two block matrices by examining
the relationships between numerical radius and unitarily invariant norms.

2. LEMMAS

To establish our targeted numerical radius inequalities, we need to revise
the following lemmas.

Lemma 2.1. ([3]) If S, T € M, (C) are p.s.d, then
2|STS| < ||S°T + 787

Lemma 2.2. ([4]) If S,T € M,(C) are p.s.d, then
IS + T < V2IIS +4Tl.

Lemma 2.3. ([9]) If S,T € M,(C) are p.s.d, then

IS = T > max(S, I T]) — |27 .

Lemma 2.4. ([9]) If S,T € M,(C) are p.s.d, then
IS + Tl = max(||S]], | T1])-

Lemma 2.5. (1)) IfS,T,V,WV € M, (C), then
S V] SIS 0
W T |7 IL0 T
S vV [0V
A W0

3. MAIN RESULTS

and

WV

This section is devoted to derive lower bounds for the numerical radius

s 7 involving
T S

of accdiss matrices also for two by two operator matrix

accdiss matrices.

Theorem 3.1. Let S € M, (C) be acc-diss with Cartesian decomposition
S =81 +1iSy. Then

w?(S) > max <2w (811/282811/2) , max (w2(31),w2(82))> .
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Proof. By (1.8), (1.2) and Lemma 2.1,
w?(S) > w (S?)
=w ((87 = 83) + (5182 + S5281))
= [|[7m (S%)]]
= [|5182 + S S|

S (CRICHERACOICH]
S CORETICE

st

= 2w (8128817,
Now, from (1.4) and Lemma 2.3,
Wi (S) > w (82)
> [|Re (87)]]
= |5t = s3]l
> max ([|S7], [[S2]]) = 15:82 ] = e

Also, by (1.7), (1.8), (1.4) and Lemma 2.4,

wWi(S) 2w (S%) =w ((82)*) =w ((5*)2)
=w ((ST+83) +i(—51S2 — $281))

> [|Re (87)]]
= |5t + 83
> max (|57, [|s3]]) = 5.
Note that
B =max (||S]|,||S3]]) = max (||SF]|, [|S5]]) — [|S1S2]| = a.
Thus

w?(S) > max (max (||S¢

S3|

). 2081255 )

)

= max (max (w2(81),w2(82)) , 2w <811/282511/2>> .
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It can be seen that the inequality in Theorem 3.1 is sharp. This can be
demonstrated by considering the acc-diss matrix

S:Sl+i82:[(1) 8]—1—@[(1) 8}:[18” 8}

where §1 = [ (1) 8 } and w(Sy) = ||S1]| =1, S = [ (1) 8 ] and w(Sy) =

1S2]] = 1, S/28,87 = [ o ] and 2 (81/%5,8//) = 2.
Now, w(S) = ||S|| = ||1 + || = V/2, since S is normal matrix and so
w?(S) = 2.
Hence,

2 — W(S) = max <max (W3(S1), w2(S1)) , 2w (sé&s})) _ 9,

g

Theorem 3.2. Let S € M, (C) be acc-diss with Cartesian decomposition
S =81 +1Sy. Then

w (S*S + 8S*) > max (w?(S1),w?(S2)) -
Proof. From (1.1) and Lemma 2.1,
w(S*S +85%) = w((S1 —iS2)(S1 +iS2) + (S1 +1i52)(S1 — i52))
=w(2(S7+S3))
= 2w (87 + S3)
> 2% |5t + 83
= [lst+ s
> max (||S7] [|Sz]))
= max (||S1[?, [|S21%)
= max (w?(81), w*(S2)) -
O

Theorem 3.3. Let S, T € M, (C) be acc-diss with Cartesian decomposition
S=8+1iSy and T =T, +1T3. Then

w ([ i D > max (w(smw(sz), Qxlﬁwm n 75)) .



252

M. Sakkijha, M. Alholi and S. Hasan

Proof. By (1.4) and Lemma 2.5,

“([73])

Also, from (1.5),

Vv

s ol [s 7
211l 7 0 0 0
[ Ss+8 T+

2 T 0
128 T+

2l 7 o0

1] 28 o0

21l 0 O

1

5112811

[|S1]]

:w<81).

1 *k
o max (|7, 1771))

1
ST

1 .
ST + 75|
1

Ti+ 75
2\&” 1+ 2“

1
= —w(T1 + T2).

22

I
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S 0 S

o7 3]) 2= ([75))l
_1 S 0 _ S T
C2(L T O L 0 0
_1 2182 7-*-
20l T 0]

1] 2iSy 0
25 0 0”
= [|Sal| = w(S2).
Thus the result is obvious. O

Corollary 3.4. Let S, T € M, (C) be acc-diss with Cartesian decomposition
S=8+1iS and T =T +1T3. Then

w <[ S D > max <w(81) w(S)). Tw(ﬂ +7’2)>

Proof. Let U be the unitary matrix [ é (i 7

(L5 8]) el 7 alo)-<([7 0))

The result is now obvious using (1.6) and Theorem 3.3. U

] . Then

Corollary 3.5. Let S, T € My (C) be acc-diss with Cartesian decomposition
S=81+4+1iSy and T =T +1T5. Then

w([g §D>max(w(sl) W(Ss), 2\1/ (7'1+75))

Proof. Let U be the unitary matrix [ ?. é } . Then
0 7T _ « S 0 _ S 0
([0 8 ]) =[5 a]u) =<7 3])
The result is then obvious using Theorem 3.3. O

Theorem 3.6. Let S € M, (C) be acc-diss with Cartesian decomposition
S =81 +1iSy. Then

o] 5 0 ]) 2 55 Vi) ) - o
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Proof. By (1.1), (1.3) and Lemma 2.4, we have

)=alls ol

S
S*

(|

0
0

KRl

S 0112
50

1
=5 5°S+ S5*||1/?

1
~ s+ 5|

1
Vo) st
1
= \/i\/max (I}s?

1/2

+ 82|

Sl))

)

- \}5\/max (W2(S1),w?(S2)).

Theorem 3.7. Let S € M, (C) be acc-diss with Cartesian decomposition

S =81 +1Sy. Then

(|

Proof. From (1.4),

(|

S 0
S0

S

S 0
0

*

)

>

WV

]>>mm@me&x

1
Tﬁw(sl =+ SQ)) = p.

S 0
(5 o))l
1| S+s8* S
20 & 0
1] 28 S
21| S 0
1] 28 o
2 0 0
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Also, by Lemma 2.5 and Lemma 2.2, we have

“([55])=2lls 5]
2lls 3l

= 5 ~ max (571 151)

| \/

SIS1= 21151 + i8]

>
NG

Next, by (1.5) and Lemma 2.5, we have

R RH(ER)]
A 5]
I ¢

=[Szl
= w(Sg).

|S1 + S|

Thus the result is obvious. By Using Theorem 3.6 and Theorem 3.7, we get

that
w <[ g 8 }) > max(a, ).

Theorem 3.8. Let S, T € M, (C) be acc-diss with Cartesian decomposition
S=81+1iS and T =T +1T3. Then

(| 5 3 ]) 2 maxets. (.o o)
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Proof. From (1.4) and Lemma 2.5, we have

(15 )=l ([ 2 ])
NI

T+T* S+ S* ]H

_S+S* T+T*
1] 281 2T
o 27'1 251
51
Ti 31
Ho 5 |
’S ]—wSl

Also, from Lemma 2.5, we obtain

([ 7])=]

Next,

—
\]
nn
|
— N—
3
nn
*

215y 27T,
20T 215y

Al S22 T2
S T2 S ||

Now, using the same argument, we conclude that

(% £])ome

(7 3]) e

Thus, our result is obvious.

and
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Corollary 3.9. Let § € M,(C) be acc-diss with Cartesian decomposition
S =81 +1S52. Then

o |7 5 ]) 2 maxtetsn. v,

where I is the identity matriz.

Proof. Using the same procedure in the previous theorem,

w [3 I} > || e [5 I] > w(S1).

I S I S
Also,
S I S I
w [I S} > ||Re [IS] ||:HI||:1.
Now,
S I S I
w [I S] > [ Im [I S} > w(8S2),
which completes the proof. [l

4. CONCLUSION

In this work, we introduced inequalities giving lower bounds for numerical
radius of two by two block matrices and for power of numerical radius using
acc-diss matrices. Of course we benefited from the properties of numerical
radius and from inequalities of p.s.d. matrices.

The plan in the future is to examine our inequalities for accretive matrices
and normal matrices.
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