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Abstract. This work aims to present the fractional pest management model. The fractional
Caputo derivative is employed. Fundamental properties of the considered model involving its
equilibria, as well as the existence and boundedness of the solutions, are investigated. Fur-
thermore, optimal control theory is used to determine a cost function and the best economic
costs. This is achieved through the maximum principle of Pontryagin, which character-
izes the optimal solution analytically, and then computes the optimal solution numerically
by employing a forward-backward method. Finally, some numerical simulations and their
graphical representations are provided for a better insight into the results of the suggested

model.

1. INTRODUCTION

Natural pest control is an important aspect of ecosystem management that
preserves the stability of agriculture and has the potential to reduce or relieve
pest control costs. The control methods, namely chemical and biological con-
trols, are discussed in [33]. The chemical method can cause numerous negative
impacts or effects, for example. The production of drug resistance, serious and
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significant environmental defilement or pollution, a defect in the ecological en-
vironment equilibrium, and putting human health a risk and future health
problems. While the biological control can be corrupted and decomposed into
native species. It can also affect the food web interaction. The management
of pests is a compelling and challenging dilemma that humans have to face.
So that an optimal management method is needed to reduce crop losses and
the risk of pollution to gain the best influence and impact with lower and
minimum cost.

There are many researchers and studies for optimal control management and
harvesting, see [7, 9, 16, 29, 34]. In [33], the author studied and investigated
the optimization of pesticides by applying impulsive differential equations to
analyze and establish a mathematical model of spraying pesticides. He also
considered the crops validation model. In [32], the authors studied a math-
ematical prey-predator system that excluded crop pests by applying natural
enemies. They also analyzed and investigated the behavior of the equilibria of
the considered model. Further, they modified the model in the presence of the
control factor to obtain the optimal pest and examine the impact on the crop
pest. This is done by using several chemical, physical, and biological controls.

Losses and damages to crop productivity due to pathogens, weeds, and
animal pests can be intrinsic, and they can be reduced or prevented through
crop protection and preservation measures. [23] gave an insight into several
kinds of crop damages as well as different ways of pest control that have been
improved during the last century. Thza et al. [11] evaluated and studied the
implementation of various controls. Their mathematical system described the
fluctuations between insects and plants. They also discussed the spread of the
pathogens. All optimal planning and designs achieved in controlling insects;
their significant results are to reduce the potential loss from 65.36 % to 6.12%
[30]. The author used and applied the optimal control theory to control pest
problems. He controlled the net birth rate of the pests chemically by giving
several numerical examples to allow the predators to operate. [34] investigated
and studied the optimal economic policy of an insect pest through developing
the spatial and dynamic of and dynamic bioeconomic models in the presence
of natural enemies.

Scientists use living creatures to destroy or conceal the pest community.
This is done by biological control. [6] et al. developed an optimal control to
diminish the pest density simultaneously through optimal management effort.
The biological control strategy is given in [19]. They implemented a com-
bination strategy of susceptible and infective individuals in the model if the
density of susceptible (pests) reaches the economic threshold.
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The main important results are to apply and use an SI infectious disease
system to integrate pest management, and several pest control policies are also
stated, [13] and et al. studied and investigated a coffee berry borer model to
optimize the application of the fungus. This is done through using a modelling
approach. They also analyzed the stability of its equilibria, and established the
conditions of optimality. They used the BOCOP software to get the numerical
solution to the optimal control problem. In [33], the author used the optimal
chemical control method to control agricultural pests.

Many papers use the optimal control theory to find and determine with
chemical control method to achieve optimal pest management, see [7, 13].
They investigated a mathematical system of plants and studied two different
control policies, namely, the removal and reduction policies. The results show
that under a constant environment, if the system has a stable equilibrium, the
optimal solution could be easier to employ. This is the case when the system
presents chaotic dynamics under a non-constant environment. In [9], the au-
thors investigated the mathematical model of the Jatropha curcas plantation,
formulated, and investigated the application of integrated pesticides to control
natural pests.

The model of Lotka-Volterra has been widely applied in biological study,
the financial industry, resource development, the national economy, and other
fields [15, 18, 27]. Therefore, many researchers modified and extended the
Lotka-Volterra model to an optimal control problem and studied these topics
widely with using ordinary differential equations and difference equations as
well as fractional-order equations [2, 3, 4, 5, 20, 21]. Fractional derivatives
have several different definitions; see [17, 24, 25, 26]. The Caputo definition
of fractional derivatives is widely employed in real-world applications [27].

The structure of this paper is as follows: in Section two, a fractional
predator-pest model is considered and investigated. We also prove that all
its solutions are bounded. In addition, the behavior of its equilibria is stud-
ied. In section three, the model is extended to a discrete optimal control
problem and solved by using the Pontryagin Maximum Principle. In Section
four, the simulations are given to confirm the theoretical outcomes and solve
the optimality problem. Finally, in Section five, concluding remarks are given.

2. FRACTIONAL PEST MODEL FORMULATION AND ANALYSIS

We consider and investigate a fractional predator-pest model. We start with
the following model:

dry __ 1
L =rx (1 — ) — vz — ajz129
dr k1 ) (21)

d
% = ’I“ng(l — %) — lvze 4+ b1z 20,
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where x1(7),x2(7), 71, T2,01,v,b1, and [ represent the size population of the
pest, the size population of the predator, the growth rate of the pest, the
growth rate of the predator, the capture rate of the predator, the magni-
tude of the insecticide control effort and the fraction of conversion of the pest
into predator, a comparative proportion of the effectiveness of the insecticide
on predators and the pest, respectively. The parameters k; and ko are the
maximum carrying capacity of the pest and predator, respectively. The fol-
lowing transformation is used for the dimensionless model (2.1) as follows:
x1 = k1x, x9 = koy and t = r17, then the obtained system is as follows:

dx
dt

% =ry(l —y) — luy + bzy,

=z(l —x) — ur — azy,

(2.2)

_ T2 v _ a1k — bk
where r = 2, u= 1, a= %" and b= >t

Now, we use and introduce the Caputo derivative type [12, 25] to modify
system (2.2) to a fractional-order system. For « € (0, 1), the system (2.2) is
given by:

Dyx(t) = z(1 — x) — ux — axy,
(2.3)
fy(t) = ry(1 —y) — luy + bry.

Theorem 2.1. For each By = (z0,0) € Q= {(z,y) € R*lmax {|z|,|y|} < T},
where Y is sufficiently large, there is a unique solution 8 = (z,y) € Q of the
system (2.3) with the initial condition (), that is defined for all t > 0.

Proof. Assume that 8 = (z,y), B = (&,§) and a mapping K(8) = (K1(8), Ka(8)),

where
Ki(B) =z(1 — ) — ux — axy
and
Kao(B) = ry(1 —y) — luy + bxy.

For any £, 5 € 2, we have
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[rc(8) k@) = [1(8) = 11 (B)] + |12 (8) — K2 (5)
=|[z(1—-2z)—ur—azxy]—[Z (1 —2Z) — uk — aZy]|
+lry (1 = y) = luy + bay] — [rg (1 — §) — lug + bi]]

:‘x—a:Z

—u:v—axy—:i+§:2+u5:+aa?g‘
+ ‘ry —ry? — luy + bry — r§ + r5* + lug — bi‘g‘
= ’(x—i”) — (=3 —u(r—7) —a(zy — )|
+ry—9) =7 (= 7°) —luy — ) +blzy — 79)] .
By applying the triangle inequality and noticing that max {|z|,|y|} < T, we
can show that

HK(/B)—IC<E>H <l|le—2|+27 |z —Z|+ulz — 2| + a|zy — 29|
+rly—gl+2rT |y — gl +luly — g + blzy — Zg|
=lr—2|+27 |z —Z|+ul|x — 7
+alry =&y + g —zgl+rly -9l
+2rT |y — gl +luly — gl +bley — 2§ + 2§ — 27|
<l|le—=Z|+27 |z — 2|+ u|z — 7|
+ally—gl+al|z—2|+r|y— 7|
+2r Ty —gl+luly =g+ b7 |y — gl + b7 |v — 7|
=142 +u+alT +0b7) |z — 7|
+(r+2rT+lu+al +07) |y — 7|

where L =max {(1+274+u+a? +b7), (r+2r7T +lu+al +07)}.

Therefore, IC(f) has the Lipschitz condition. Then, by Lemma in [14], the
model (2.3) has a unique solution. O

Theorem 2.2. Assume that By = { (z,y)|x >0, y > 0} represents all non-
negative real number in R%. Then for each solution to the system (2.3) such
that xg > 0,y9 > 0 is non-negative and uniformly bounded.

Proof. First to show that x (t) > 0 for all ¢ > 0, let 2 (0) > 0 with ¢ = 0.
Suppose that = (t) > 0 for all ¢ > 0 is not true. Hence, there is a constant
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t1 > 0 with

z(t) >0  0<t<ty,

z(t)=0 t =1,

x(t) <0 t>t.
So, we have

D x (t) |4=¢, = 0.

By Lemma in [22], we have z (t]) = 0, that contradicts with the fact that
z (t7) <0, that is, z (t) < 0, t > t1. It follows that x(¢) > 0 for all ¢ > 0.

We can apply the same procedure to show that y (¢) > 0 for all ¢ > 0.
Now, let w(t) = x(t) + ¢ y(t), Then, for all d > 0 it follows

d
Dfw () +dw (t) = Dfx (t) + 7 Dfy (t) +de (t) + 5= y (t)
:x(l—x)—ux—axy—i—%ry(l—y)
d
—%Zuy—i—%ba:y—i—dx—i—%y
9 ar o ar alu ad
= —x —i—x—um—i—dm—?y +?y—7y+?y
2 ar o ar lu d
= l—u+da—— L1245
"+ (1-u+dzx by+b( T+T>y
l—u+d)? (Q1—u+d)?
——:U2+(1—u—|—d)ac—( utd) —i—( utd)
4 4
u 2 lu | d)?
ar | lu d (=+9) (=047
R R (S DT Py
b |Y < m— )y 1 Ty
1_ 2
:—[2—(1—u+d)x+(u4+d)

5 -

__[x_ﬂ—lwd)r_cz“

b(1—u+d)? +ar(l— 2 4 9)?
4b )
Therefore,
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b(l—u+d)2+ar(1—l7“+g)2
4b

Diw (t) + dw(t) < =¢.

Now, using Lemma in [15], we have

o) < ((0) — S)Bal—di) + 5,
where, E, represents the Mittag-Leffler function. Now, E, (—dt*) — 0 as
t — 00, (see lemma and corollary in [8]) we have w (t) < %, t — oco. It
follows that every solution to the system (2.3) starts from G is confined in
d

G—{(x,y)eRQ\w(t)gé + ¢ for any 5>0}.

g

Let Dz (t) = g(z (1)), z (0) = xo, be any fractional-order differential system
such that 5 € (0,1) and x € D C R". Any solution to the equation ¢(x) =0
is called an equilibrium point £*. E* is called locally asymptotically stable, if
larg (Ai)| > %ﬁ for all A\;, where \; are the eigenvalues of the Jacobian matrix
J(E*). Otherwise, it is unstable, see [17].

After solving the following equations:

Dz (t) =0,
Dy (t) = 0.
We get all possible equilibrium points of the system (2.3) as follows:
(1) The point Ey = (0,0) is always feasible.
(2) The point By = (1 —u, 0), 0 < u < 1 always exists.
(3) The point Ey = (0, =), 0 < u < 1,0 <1 < 1 always exists.
(4)

=
4 7%# positive if

r+alu > ar 4+ ru and § = =42 F positive if T < (1 — u).

a

The interior point £ = (T, ), where T =

The local stability of system 2.3 around its equilibria will be discussed by
computing the general Jacobian matrix J of model (2.3),

1—u—2x—ay —ar

by r—lu—2ry + bx
the polynomial P(\) = A2 4+ TA + D = 0 represents the characteristic poly-
nomial of the Jacobian J (z, y), where

J (z, y) =

T=u—-1—r+2z+Ilu+2ry—bx+ay
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and
D =r — lu — 2ry + bx — ur + lu® + 2ruy — buz — 2rz
+ 2lux + dray — 2bz® — ary + aluy + 2ray®.

Theorem 2.3. For the system (2.3), we have the followings:
(1) The equilibrium point Eq = (0, 0) is unstable point.
(2) The equilibrium point By = (1 — u,0) is locally stable point if r +b <
lu + bu.
(3) The equilibrium point Ey = (O, T_T,l“) is locally stable point if 1—|—al7“ <
u+a and lu < r.

Proof. (1): The Jacobian J at Ej is:

j(EO)_[lou rolu]'

The eigenvalues of J (Ep) are A\ =1 —wu and Ay = r — [lu. Hence, |arg);| <
%, =1, 2. Then the point Eg = (0, 0) is unstable point.

(2): Clearly, the Jacobian J at Ej is:
T(By) = [ —(1—u) —a(l —u) ]

0 r—Ilu+b—bu

and the eigenvalues of J (E1) are Ay = —(1 —u) and A2 = r — lu + b — bu.
Since 0 < u < 1 then A\; will be negative, so |argAi| = 7 > SF. Now,
if r+b < lu+ bu, then |arghs| = m > <. Then the point E; is locally

2
asymptotically stable.
(3): The Jacobian J at FEs is:

lu—r

r

1—u— a(r—lu) 0
j(E2) = [ b(r—lu) " :

The eigenvalues of J (E2) are A\y =1 —u — M and Ao = lu — r. Now, if
1+ ‘”7“ <u+aand lu < r. Then \; and Ay are negative values, respectively,
and |arg);| > 9, ¢ = 1, 2. Then the point Ej is locally asymptotically
stable. O

The(zrem 2.4. The equilibrium point E = (T, §), T = ’%#, Y =
Hff_m, of the system (2.3) is locally asymptotically stable point if one of the

following conditions satisfies:
(1) If B > 0,

—1v/4C—-B2 am
(2) If B<0,4C > B?, |tan ' Y2522 > o

where B = lu—1r+2rj — bz + T and C = TB — T2 + abZy.
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Proof. The Jacobian J at E is:
= | 1—u—2T —ay —axT
J(E) = by r—Ilu—2ry+bx |’
The characteristic equation of the Jacobian J (E) is
A+ BA+C =0,

where B = lu—1r+2rj — bz +72, C =TB — T° + abZy.

Now, the eigenvalues of J (F) are: Ao = =BV B 40 V232_40. If B > 0, then
C > 0 and the Routh-Hurwitz conditions [1] are satisfied, then |arg);| = 7 >
%, a € (0,1). Therefore, the point £ is locally asymptotically stable. Also,
if B<0,4C > B? and if |arg\io| = ‘tan_limj;w > &F holds, then FEis
locally asymptotically stable. O

3. THE OPTIMAL CONTROL STRATEGY

Let 2(0) = xo and y(0) = yo be the initial conditions of the system (2.3).
Then, its discretization with piecewise constant arguments, see [10], is as fol-
lows:

{xn-i—l =x,+0 (xn(l - xn) — ULy — axnyn)ﬂ (3_1)
Ynt+1 = Yn + 6(ryn(l — yn) — luyn + bxnyn),

where, § = aﬁilza) We introduce the cost function, which is given by J(u;) =

;‘F:_Ol (cxy + du?). That relates to the presence of prey on the crop; the cost

relates to using insecticide, including the current economic cost of employing
pesticides. T is the time of application of the control. The wu; refers to the
control variable at time ¢. Limiting aspect is taken of insecticide control effort
such that 0 < u; < uprqee < 1. The parameters c¢ and d are positive constants.

The state equations of the optimal control problem are:

{xtﬂ =x: + 0 (xe(1 — 2¢) — ey — azeyy), (3.2)

Y1 = Yo + 0(rye(1 — i) — lueye + breyy),
where, the parameters 9, r,a,b,l and u; are defined as before. It is clear that

if [ = 0 matches a pesticide harmless to the predator, otherwise the predator
effects at a rate lu.y;.

The discrete version of the maximum principle of Pontryagin is used for this
problem [28, 31]. The Hamiltonian function H; for ¢t =0,1,...,7 — 1, which
is written by:

Hy =cxy + du? + A1 (2 +0 (2 (1 — 2¢) — wpy — azpyy))
+ pre1 (e + 6 (rye (1 — ye) — lugye + b))
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where, A; and p; are the adjoint variables.

Now, by the maximum principle of Pontryagin procedure. The necessary
conditions are:

OH,
p—
t 821315

0H,
= ayt = My1 (—adx) + par1 (146 [r — 2ry — lug + bay))
t

=c+ M1 (1 + 1 — 224 — wg — aye]) + o1 (DoY) ,

%ﬁf = 0, that is, 2dus — At+102¢ — pe416ly: = 0, which implies that

and

_ A0z + pry10lys
2d ’
After applying the boundary conditions for control harvesting, we get:

Ut

0 )\t+15$t+dﬂt+15lyt <0,
* At410Tt 4100y At410Tt+per10lye
U = T“r 0< % S Umams
t+10T 4100y
Umazx Umaz < 2% .

4. NUMERICAL OUTCOMES

In this section, we present a numerical study to confirm the theoretical
results and to investigate the behaviors of the solution to the fractional pest-
predator model. We give example to study the stability of equilibria. We also
solve the optimality problem.

Example 4.1. We give different values of parameters in Table 1 that are used
to illustrate and show the local stability of equilibrium points E;, Fs and E
of the fractional predator-pest model (2.3). The initial conditions (z¢, yo) =
(0.7,0.5), (0.5,0.9) and (5.8,0.6) respectively. These are done according to
Theorem 2.3. Figure 1 illustrates the stability of the points E, Es, and FE,
respectively.

TABLE 1. The parameter’s value for the points Ei, Eo, and F
with different values of «

The value of Parameter | Fy | By | E
a 0.810.810.6
b 0.210510.5
U 0.71041]0.2
l 0.3]0.1]0.1
T 01]09]1.1
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FIGURE 1. The local stability of the points E;, Fy and E at different
values of «, respectively.

Now, we solve the optimality problem, so we will discuss three cases.

In case 1, we illustrate that pesticide control is vital to the pest (prey) pop-
ulation, which means using insecticide control | = 0, but does not kill the
predator population. In case 2, we assume that the insecticide control affects
to kill the pest and predator population at the same rate by using the insecti-
cide control [=1. In the last case, we assume that the parameter [ is between
0 and 1. In our simulation, we chose [=0.1. which means that the pesticide
control affects or kills the predator by a factor I. The values of the parameters
that are employed in our simulation are set in Table 2.

TABLE 2. Parameters’ values for the optimal control problem.

Parameters | Values
a 0.6
b 0.5
l 0,0.1,1
Ut u*
T 1.1

The results in cases 1, 2, and 3 reveal that the total cost functional (J) is
0.17103, 0.182917, and 0.273713 at the optimal control path, respectively. In
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Table 3, we give the total cost functional (J) at other strategies for the three

cases.

TABLE 3. The optimal cost functional is compared with other strategies.

Different strategies | The cost function (J) with I =0 | The cost function (J) with [ =0.1 | The cost function (J) with [ =1
up = u* Jopt = 0.171034 Jopt = 0.182917 J =0.273713
ut = 0.1 J =0.240057 J =0.243968 J = 0.279350
up = 0.13 J =0.225099 J =0.230147 J = 0.275941
uy = 0.15 J =0.216212 J = 0.222003 J = 0.274666
ug = 0.2 J =0.197897 J = 0.205468 J =0.274972
ut = 0.31 J =0.179453 J =0.1898975 J =0.293255
ut = 0.35 J =0.182362 J =0.192752 J = 0.305924
ur = 0.4 J =0.196916 J = 0.2053759 J = 0.326295

ut = 0.5 J =0.265414 J =0.2684055 J =0.382250
0.35
with control with control
— === without control = === without control
with constant control u=0.2 T T T with constant control u=0.2
03 14
/
".
0251 1
z =z |!
K D 1
2 2 :
$ 3 02
8 f;
o o
0.15
0.1
0.18 0.05
0 20 40 60 80 100 0 20 40 60 80 100
Time Time
035 with control
___________________ = === without control
03 I."_ with constant control u=02
7
)
0.25 "'
= |
3 o2
g
g 0.15
o
0.1
0.05
0
0 20 40 60 80 100
Time

FIGURE 2. The pest population with different values of I, | = 0,
[ =0.1 and | = 1, respectively.
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FIGURE 3. The predator population with different values of I, [ = 0,
[ =0.1 and | = 1, respectively.
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5. CONCLUSIONS

In this article, a fractional order pest management model is discussed and
investigated. All possible equilibrium points of our proposed fractional-order
system have been determined. Moreover, we have extended the model to
the optimal control problem using the discrete-time Pontryagin Maximum
Principle. It has been observed that when 1=0, the effect of the pesticide used
is harmless to predators, and when 1 = 1, the effect on both remains the same.
This is based on the numerical results of the model considered.
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