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Abstract. This paper aims to establish the common fixed point theorem for F−Kannan

contraction mappings in complete G−metric spaces and applies it to integral equations.

The results extend recent fixed point findings in the literature and include examples and

applications to nonlinear fractional differential equations.

1. Introduction

Fixed point theory is a well-established and extensive area of research in
mathematical sciences. It combines elements of analysis, including topology,
geometry, and algebra.

In 1922, Banach [2] introduced a foundational result in fixed point theory,
known as the Banach Fixed Point Theorem. This theorem states that if Θ
is a complete metric space and Γ : Θ −→ Θ is a contraction mapping, sat-
isfying d(Γθ1,Γθ2) ≤ kd(θ1, θ2) for all θ1, θ2 ∈ Θ with a constant k ∈ [0, 1),
then Γ has a unique fixed point, meaning Γθ = θ has a unique solution. Since
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then, researchers have been exploring methods to determine the fixed points
of mappings by modifying one or more conditions, such as the contractive
condition, the continuity of the mappings, or the completeness of the space,
among others. An alternative contractive condition, which differed from the
Banach contraction condition, was introduced by Kannan [7]. Some improve-
ments to the Banach fixed point theorem address the contractive inequality,
while others focus on generalizing the space.

A specific extension of metric spaces, known as the G-metric space, was
introduced by Mustafa and Sims [10] in 2006. In their pioneering paper on G-
metric spaces, Mustafa and Sims [10] introduced several properties of G-metric
spaces and discussed topics such as its topology, compactness, completeness,
product, as well as criteria for the convergence and continuity of sequences
in G-metric spaces. They also proved some theorems related to these proper-
ties(See [14, 15, 16, 17]).

In 2012, the concept of F-contraction was introduced by Wardowski [18],
and a fixed point theorem for such mappings on a complete metric space
was proved, which generalizes the Banach contraction principle in a different
direction. The concept of F-contractions has been expanded to include both
single-valued and set-valued mappings.

2. Preliminaries

The proof of our results will rely on the following definitions and preliminary
results.

Definition 2.1. ([10]) Let Λ be a non empty set and let G : Λ×Λ×Λ→ [0,∞)
be a function satisfying the following conditions:

(1) G($, υ, %) = 0 if $ = υ = %,
(2) G($, υ, υ) > 0; for all $, υ ∈ Λ with $ 6= υ,
(3) G($, υ, υ) ≤ G($, υ, %) for all $, υ, % ∈ Λ with υ 6= %,
(4) G($, υ, %) = G($, %, υ) = G(%,$, υ) = ...

(symmetry in all three variables),
(5) G($, υ, %) ≤ G($,ϑ, ϑ) + G(ϑ, υ, %) for all $, υ, %, ϑ ∈ Λ

(rectangle inequality).

Then the function G is called a generalized metric or more specially, a G-metric
on Λ and (Λ, G) is called a G-metric space.

Definition 2.2. ([10]) Let (Λ, G) be a G-metric space.

(i) The sequence {$σ} G-convergent to $ ∈ Λ if and only if
lim

σ,%→∞
G($σ, $%, $) = 0.
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(ii) The sequence {$σ} G-Cauchy sequence if and only if
lim

$,%,ζ→∞
G($σ, $%, $ζ) = 0.

(iii) (Λ, G) is G-complete if and only if every G-Cauchy sequence in Λ is
G-convergent.

Definition 2.3. ([10]) A G−metric space (Λ, G) is called symmetric, if

G($, υ, υ) = G(υ,$,$) for all $, υ ∈ Λ. (2.1)

An interesting generalization of the Banach fixed point theorem was given
by Wardowski [18] using a different type of contraction called F-contraction.
Since then, new fixed point theorems have been constructed by many re-
searchers following his approach, as seen in [6, 11] and the references therein.

The following definitions were provided by Wardowski [18].

Definition 2.4. Let F be a function defined as F : R+ −→ R, which satisfies
the following conditions:

(F1) F is strictly increasing, that is, for all α, β ∈ R+ such that α < β,
F(α) < F(β).

(F2) For each sequence {αn}n∈N of positive numbers, lim
n→∞

αn = 0 if and

only if lim
n→∞

F(αn) = −∞.

(F3) There exists k ∈ (0, 1) such that

lim
n→∞

(αn)kF(αn) = 0. (2.2)

We denote the set of all functions satisfying properties (F1)− (F3), by F .

Based on the concept of F-contraction introduced by Wardowski, Gupta et
al. defined F-contractions in G-metric space as follows:

Definition 2.5. Let (Θ, G) be a G-metric space. A mapping Γ : Θ → Θ is
said to be an F-contraction if there exists a number τ > 0 such that

G(Γθ1,Γθ2,Γθ3) > 0⇒ τ + F(G(Γθ1,Γθ2,Γθ3)) ≤ F(G(θ1, θ2, θ3)) (2.3)

for all θ1, θ2, θ3 ∈ Θ.

Example 2.6. Let F : R+ → R be given by F(β) = ln(β). It is clear that
F satisfies F(1) − F(3) < 0 for any k ∈ (0, 1). Each mapping Γ : F → F
satisfying (2.3) is an F-contraction such that

G(Γτ,Γσ,Γυ) ≤ e−ω(G(τ,σ,υ)) (2.4)

for all τ, σ, υ ∈ F , Γτ 6= Γσ 6= Γυ [4]. It is clear that for τ, σ, υ ∈ F such that
Γτ = Γσ = Γυ, the inequality (2.4) also holds.
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The theorem below was proven by Gupta et al. [5].

Theorem 2.7. ([5]) Let (Θ, G) be a complete G−metric space and let Γ : Θ→
Θ be an F−contraction. Then Γ has a unique fixed point θ∗1 ∈ Θ and for every
θ0 ∈ Θ a sequence {Γnx0}n∈N is converges to θ∗1.

3. Main results

The main theorem of our paper aims to demonstrate that a map sequentially
converges, given a pair of self-mappings in F-Kannan mappings within a G-
metric space.

Definition 3.1. Let F be a function that satisfies conditions (F1)-(F3). A
pair of self-mappings, Γ,Λ : Θ → Θ, is called an F-Kannan mapping if the
following condition holds:

ΓΛθ1 6= ΓΛθ2 6= ΓΛθ3 ⇒ ΓΛθ1 6= θ1 or ΓΛθ2 6= θ2 or ΓΛθ3 6= θ3. (3.1)

There is a τ > 0 such that

τ+F(G(ΓΛθ1,ΓΛθ2,ΓΛθ3))

≤ F

[
G(Γθ1,ΓΛθ1,ΓΛθ1) +G(Γθ2,ΓΛθ2,ΓΛθ2) +G(Γθ3,ΓΛθ3,ΓΛθ3)

3

]
(3.2)

for all θ1, θ2, θ3 ∈ Θ with ΓΛθ1 6= ΓΛθ2 6= ΓΛθ3.

Remark 3.2. Based on the properties of F , each F-Kannan mapping Γ on a
G-metric space (Θ, G) satisfies the following necessary condition:

G(ΓΛθ1,ΓΛθ2,ΓΛθ3)

≤ G(Γθ1,ΓΛθ1,ΓΛθ1) +G(Γθ2,ΓΛθ2,ΓΛθ2) +G(Γθ3,ΓΛθ3,ΓΛθ3)

3
(3.3)

for all θ1, θ2, θ3 ∈ Θ.

Consider a pair of mappings, we present the subsequent examples.

Example 3.3. Define F1 : R+ → R by F1(θ3) = ln(θ3). It is clear that
F1(θ3) satisfies conditions (F1)-(F3). Specifically, (F3) is valid for all values
of k ∈ (0, 1). Furthermore, condition (3.2) is expressed as follows:

G(ΓΛθ1,ΓΛθ2,ΓΛθ3)

≤ e−τ
[
G(Γθ1,ΓΛθ1,ΓΛθ1) +G(Γθ2,ΓΛθ2,ΓΛθ2) +G(Γθ3,ΓΛθ3,ΓΛθ3)

3

]
(3.4)
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for all θ1, θ2, θ3 ∈ Θ, with ΓΛθ1 6= ΓΛθ2 6= ΓΛθ3. Therefore, if Γ,Λ : Θ → Θ
represent a Kannan mapping with a constant k ∈ (0, 1) that satisfies the
following condition:

G(ΓΛθ1,ΓΛθ2,ΓΛθ3)

≤ e−τ
[
G(Γθ1,ΓΛθ1,ΓΛθ1) +G(Γθ2,ΓΛθ2,ΓΛθ2) +G(Γθ3,ΓΛθ3,ΓΛθ3)

3

]
(3.5)

for all θ1, θ2, θ3 ∈ Θ, it follows that the mapping also satisfies conditions (3.4)
and (3.2) with τ = ln

(
1
k

)
.

Example 3.4. Consider the complete G-metric space (Θ, G), where Θ = R
and

G(θ1, θ2, θ3) = |θ1 − θ2|+ |θ2 − θ3|+ |θ3 − θ1|.
Define the mappings Γ,Λ : Θ→ Θ by

Γ(θ) = θ and Λ(θ) = 2θ.

Let F1 : R+ → R be defined by

F1(t) = ln(t).

Now, for θ1, θ2, θ3 ∈ Θ, we have

G(ΓΛθ1,ΓΛθ2,ΓΛθ3) = 2G(θ1, θ2, θ3).

Also,

G(Γθ1,ΓΛθ1,ΓΛθ1) +G(Γθ2,ΓΛθ2,ΓΛθ2) +G(Γθ3,ΓΛθ3,ΓΛθ3)

3

=
2(|θ1|+ |θ2|+ |θ3|)

3
.

Hence, the required F-Kannan contractive inequality is not satisfied for all
θ1, θ2, θ3 ∈ Θ. Therefore, Γ and Λ fail to satisfy the assumptions of the main
theorem.

Moreover, the mapping Λ(θ) = 2θ does not admit a fixed point in R except
θ = 0, and the iterative sequence generated by the mapping is not necessar-
ily convergent. Thus, the conclusion of the fixed point theorem cannot be
guaranteed when the F-Kannan condition is violated.

Lemma 3.5. Consider (Θ, G) as a G-metric space and let Γ,Λ : Θ → Θ be
an F-Kannan mapping. Then

G(ΓΛiθ0,ΓΛi+1θ0,ΓΛi+1θ0)→ 0 as i→∞ (3.6)

for all θ1 ∈ Θ.
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Proof. Consider an arbitrary element θ0 ∈ Θ. If ΓΛiθ0 = ΓΛi+1θ0 for some
i ∈ N, then it is guaranteed that the sequence {θi}i∈N converge in Θ and hence
the sequence G(ΓΛiθ0,ΓΛi+1θ0,ΓΛi+1θ0)→ 0 as i→∞ for all θ1 ∈ Θ.

Suppose that ΓΛiθ0 6= ΓΛi+1θ0 for every i ∈ N. In this case, applying (3.2)
with τ > 0, we derive the following result:

τ + F(G(ΓΛiθ0,ΓΛi+1θ0,ΓΛi+1θ0))

≤ F

[{
G(ΓΛi−1θ0,ΓΛiθ0,ΓΛiθ0)

3

}

+

{
G(ΓΛiθ0,ΓΛi+1θ0,ΓΛi+1θ0) +G(ΓΛiθ0,ΓΛi+1θ0,ΓΛi+1θ0)

3

}]
.

(3.7)

From Remark 3.2, we have

G(ΓΛiθ0,ΓΛi+1θ0,ΓΛi+1θ0)

≤

{
G(ΓΛi−1θ0,ΓΛiθ0,ΓΛiθ0)

3

}

+

{
G(ΓΛiθ0,ΓΛi+1θ0,ΓΛi+1θ0) +G(ΓΛiθ0,ΓΛi+1θ0,ΓΛi+1θ0)

3

}
. (3.8)

Using (3.8) in (3.7), as results yield to

τ +G(ΓΛiθ0,ΓΛi+1θ0,ΓΛi+1θ0) ≤ G(ΓΛiθ0,ΓΛi+1θ0,ΓΛi+1θ0). (3.9)

Taking the limit as i→∞ in (3.9), we obtain

τ ≤ 0, (3.10)

which leads to a contradiction. Hence, G(ΓΛiθ0,ΓΛi+1θ0,ΓΛi+1θ0)→ 0 as i→
∞. �

Theorem 3.6. Let (Θ, G) be a complete G-metric space, and let Γ,Λ : Θ→ Θ
be an F-Kannan mapping, where Γ is continuous, injective, and subsequen-
tially convergent. It is also assumed that for λ ∈ [0, 1

3) and τ > 0,

τ+F(G(ΓΛθ1,ΓΛθ2,ΓΛθ3))

≤ F

[
G(Γθ1,ΓΛθ1,ΓΛθ1) +G(Γθ2,ΓΛθ2,ΓΛθ2) +G(Γθ3,ΓΛθ3,ΓΛθ3)

3

]
,

(3.11)

then there exists a unique fixed point for Λ. Furthermore, if Γ is subsequen-
tially convergent, then the sequence of iterates {Λiθ0} converge to this fixed
point for every θ0 ∈ Θ.
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Proof. Let θ0 ∈ Θ be an arbitrary element of Θ. Define the sequence {θi}i≥1

by the recurrence relation θi+1 = Λθi, where each term θi is determined by
applying Λ to the initial value θ0 for all i = 1, 2, 3, . . ..

From inequality (3.11), we get:

G(Γθi,Γθi+1,Γθi+1) = G(ΓΛθi−1,ΓΛθi,ΓΛθi),

F(G(Γθi,Γθi+1,Γθi+1))

≤ F

[
G(Γθi−1,ΓΛθi−1,ΓΛθi−1) + 2G(Γθi,ΓΛθi,ΓΛθi)

3

]
− τ. (3.12)

Since F is strictly increasing, it follows from Remark 3.2 that we can deduce

G(Γθi,Γθi+1,Γθi+1) ≤ G(Γθi−1,ΓΛθi−1,ΓΛθi−1) + 2G(Γθi,ΓΛθi,ΓΛθi)

3
,

G(Γθi,Γθi+1,Γθi+1) ≤ G(Γθi−1,Γθi,Γθi) + 2G(Γθi,Γθi+1,Γθi+1)

3
.

Hence, we have

3G(Γθi,Γθi+1,Γθi+1)− 2G(Γθi,Γθi+1,Γθi+1) < G(Γθi−1,Γθi,Γθi),

this implies that

G(Γθi,Γθi+1,Γθi+1) < G(Γθi−1,Γθi,Γθi).

According to (F1), this leads to

F(G(Γθi,Γθi+1,Γθi+1)) < F(G(Γθi−1,Γθi,Γθi)). (3.13)

Consequently, we get

F(G(Γθi,Γθi+1,Γθi+1)) ≤ F(G(Γθi−1,Γθi,Γθi))− τ. (3.14)

Similarly, we obtain

F(G(Γθi+1,Γθi+2,Γθi+2)) ≤ F(G(Γθi−1,Γθi,Γθi))− 2τ. (3.15)

Applying induction and (3.14), we conclude:

F(G(Γθi,Γθi+1,Γθi+1)) ≤ F(G(Γθi−1,Γθi,Γθi))− iτ. (3.16)

Taking the limit as i→∞ in (17) and applying property (F2) of F yields

lim
i→∞

G(Γθi,Γθi+1,Γθi+1) = 0. (3.17)

By Lemma (3.5), we have G(Γθi,Γθi+1,Γθi+1)→ 0 as i→∞.
From condition (F3) of the function F , it follows that there is a k ∈ (0, 1)

such that

lim
i→∞

(G(Γθi,Γθi+1,Γθi+1))kF(G(Γθi,Γθi+1,Γθi+1)) = 0. (3.18)
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According to (3.16), for all i ∈ N, we get

(G(Γθi,Γθi+1,Γθi+1))kF(G(Γθi,Γθi+1,Γθi+1))

≤ (G(Γθi,Γθi+1,Γθi+1))kF(G(Γθi,Γθi+1,Γθi+1))

− iτ(G(Γθi,Γθi+1,Γθi+1))k. (3.19)

This implies,

(G(Γθi,Γθi+1,Γθi+1))kF(G(Γθi,Γθi+1,Γθi+1))

− (G(Γθi,Γθi+1,Γθi+1))kF(G(Γθi,Γθi+1,Γθi+1)) ≤ −iτ(G(Γθi,Γθi+1,Γθi+1))k.

That is,

(G(Γθi,Γθi+1,Γθi+1))k[F(G(Γθi,Γθi+1,Γθi+1))−F(G(Γθi,Γθi+1,Γθi+1))]

≤ −iτ(G(Γθi,Γθi+1,Γθi+1))k ≤ 0.

By letting i→∞ in (3.19), we derive

lim
i→∞

i(G(Γθi,Γθi+1,Γθi+1))k = 0. (3.20)

By (3.20), we can find i1 ∈ N such that i(G(Γθi,Γθi+1,Γθi+1))k ≤ 1 for all
i ≥ i1, which leads to

G(Γθi,Γθi+1,Γθi+1) ≤ i
−1
k , ∀i ≥ i1. (3.21)

Therefore,
∞∑
i=0

G(Γθi,Γθi+1,Γθi+1) converges.

G(Γθi,Γθj ,Γθj) ≤ G(Γθi,Γθi+1,Γθi+1) +G(Γθi+1,Γθi+2,Γθi+2)

+ ....+G(Γθj−1,Γθj ,Γθj)

≤ G(Γθi,Γθi+1,Γθi+1) +G(Γθi+1,Γθi+2,Γθi+2)

+G(Γθi+2,Γθi+3,Γθi+3) + ....+G(Γθj ,Γθj+1,Γθj+1)

=

j−1∑
i

G(Γθi,Γθi+1,Γθi+1)

≤
∞∑
j=1

G(Γθi,Γθi+1,Γθi+1)

≤
∞∑
i=1

i
−1
k .
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This demonstrates that the series

∞∑
i=1

i
−1
k G-converges, which results in

lim
i,j→∞

G(Γθi,Γθj ,Γθj) = 0. (3.22)

By the result in (3.22), we establish that {Γθi} is a G-Cauchy sequence, as
(Θ, G) is G-complete. Suppose i, j, k ∈ N such that

lim
i,j,k→∞

G(Γθi,Γθj ,Γθk) ≤ lim
i,j→∞

G(Γθi,Γθj ,Γθj) + lim
j,k→∞

G(Γθj ,Γθk,Γθk).

Hence, we have

lim
i,j,k→∞

G(Γθi,Γθj ,Γθk) = 0. (3.23)

Consequently, Γθi forms a G-Cauchy sequence in Θ. Since Completeness of
(G,Θ)) ensures the existence of θ∗1 ∈ Θ such that

G(θ∗1,Γθ
∗
1,Γθ

∗
1) = lim

i,j,k→∞
G(Γθi,Γθj ,Γθk) = 0 = lim

j,k→∞
G(θ∗1,Γθj ,Γθk) = 0.

(3.24)

From (3.24), it follows that θi+1 → θ∗1 as i → ∞. Given the continuity of Λ
and Γ, we obtain

θ∗1 = lim
i→∞

θi = lim
i→∞

θi+1 = lim
i→∞

Λθi = Λθ∗1,

θ∗1 = lim
i→∞

θi = lim
i→∞

θi+1 = lim
i→∞

Γθi = Γθ∗1.

Since Θ is a complete G−metric space, it follows that there exists θ∗1 ∈ Θ such
that

lim
i→∞

Γθi = θ∗1. (3.25)

We proceed to prove that θ∗1 is a fixed point of Γ. Hence, by (v) of Definition
2.1, we derive

G(θ∗1,Γθ
∗
1,Γθ

∗
1) ≤ G(θ∗1,Γθi,Γθi) +G(Γθi,Γθi+1,Γθi+1) +G(Γθi+1,Γθ

∗
1,Γθ

∗
1).

(3.26)

Based on Remark 3.2, it can be concluded that

G(Γθi+1,Γθ
∗
1,Γθ

∗
1)

≤ G(Γθ∗1,Γθi,Γθi) +G(Γθi,Γθi+1,Γθi+1) +G(Γθi+1,Γθi+1,Γθ
∗
1)

3
. (3.27)
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Applying (3.28) in (3.27), we obtain

G(θ∗1,Γθ
∗
1,Γθ

∗
1)

≤ G(θ∗1,Γθi,Γθi) +G(Γθi,Γθi+1,Γθi+1)

+
G(Γθ∗1,Γθi,Γθi) +G(Γθi,Γθi+1,Γθi+1) +G(Γθi+1,Γθi+1,Γθ

∗
1)

3
. (3.28)

As i→∞ and utilizing Lemma 3.5 in the inequality above, we get

G(θ∗1,Γθ
∗
1,Γθ

∗
1) ≤ G(θ∗1, θ

∗
1, θ
∗
1) +G(θ∗1, θ

∗
1, θ
∗
1)

+
G(Γθ∗1, θ

∗
1, θ
∗
1) +G(θ∗1, θ

∗
1, θ
∗
1) +G(θ∗1, θ

∗
1,Γθ

∗
1)

3
,

this implies that

G(θ∗1,Γθ
∗
1,Γθ

∗
1) ≤ 0.

Hence, Γθ∗1 = θ∗1.
We now demonstrate that θ∗1 is the unique fixed point of Γ. Assume the

opposite, that is, let µ∗ ∈ Card{Fix Γ} such that θ∗1 6= µ∗.
Suppose Γθi → µ∗, and that µ∗ is a fixed point of Γ. By Remark 3.2 and

Lemma 3.5, we obtain θ∗1 = µ∗, which contradicts our assumption.
Thus, Γ has a unique fixed point in Θ.
In addition, Γ being subsequentially convergent implies that the sequence

{θi} has a convergent subsequence, and there exists µ∗ ∈ Θ along with a
subsequence {θi(k)}∞k=1 such that limk→∞ θi(k) = µ∗.

Since Γ is continuous and

lim
k→∞

θi(k) = µ∗. (3.29)

As a result of the continuity of Γ, we deduce that

lim
k→∞

Γθi(k) = Γµ∗. (3.30)

By (3.26), we conclude that

Γµ∗ = θ∗1. (3.31)

Using Remark 3.2 and (v) of Definition 2.1, we get

G(Γθi,Γθi+1,Γθi+1) = G(ΓΛθi−1,ΓΛθi,ΓΛθi)

≤ λ(G(Γθi−1,ΓΛθi−1,ΓΛθi−1) + 2G(Γθi,ΓΛθi,ΓΛθi))

= λ(G(Γθi−1,ΓΛθi−1,ΓΛθi−1) + 2G(Γθi,Γθi+1,Γθi+1)).

Hence, we have

G(Γθi,Γθi+1,Γθi+1) ≤ λ

1− 2λ
G(Γθi−1,ΓΛθi−1,ΓΛθi−1). (3.32)
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Therefore, by applying equation (3.2) and (v) of Definition 2.1, we obtain

τ + F(G(Γθi+1,Γθi+2,Γθi+2)) = τ +G(ΓΛθi,ΓΛθi+1,ΓΛθi+1).

Hence, we have

F(G(ΓΛµ∗,Γµ∗,Γµ∗))

≤ F(G(ΓΛµ∗,Γθi,Γθi) +G(Γθi,Γθi+1,Γθi+1) +G(Γθi+1,Γµ
∗,Γµ∗)).

(3.33)

Since F is sequentially increasing, it follows that

G(ΓΛµ∗,Γµ∗,Γµ∗)

≤ G(ΓΛµ∗,Γθi,Γθi) +G(Γθi,Γθi+1,Γθi+1) +G(Γθi+1,Γµ
∗,Γµ∗)

≤ G(ΓΛµ∗,ΓΛi(k)θ0,ΓΛi(k)θ0) +G(ΓΛi(k)θ0,ΓΛi(k)+1θ0,ΓΛi(k)+1θ0)

+G(ΓΛi(k)+1θ0,Γµ
∗,Γµ∗). (3.34)

By applying Lemma 3.5, when ΓΛiθ0 6= ΓΛi+1θ0 for all i ∈ N and using (3.12),
we obtain

G(ΓΛµ∗,ΓΛi(k)θ0,ΓΛi(k)θ0)

≤ λ[G(Γµ∗,ΓΛµ∗,ΓΛµ∗) + 2G(Γi(k)−1θ0,ΓΛi(k)θ0,ΓΛi(k)θ0)]

≤ λG(Γµ∗,ΓΛµ∗,ΓΛµ∗) + λ

(
λ

1− 2λ

)i(k)−1

G(Γθ1,Γθ0,Γθ0). (3.35)

Therefore, we have

G(ΓΛi(k)+1θ0,ΓΛi(k)θ0,ΓΛi(k)θ0) ≤

(
λ

1− 2λ

)i(k)

G(Γθ1,Γθ0,Γθ0). (3.36)

Using (3.35) and (3.36) in (3.34), we obtain

G(ΓΛµ∗,Γµ∗,Γµ∗)

≤ λG(Γµ∗,ΓΛµ∗,ΓΛµ∗) + λ

(
λ

1− 2λ

)i(k)−1

G(Γθ1,Γθ0,Γθ0)

+

(
λ

1− 2λ

)i(k)

G(Γθ1,Γθ0,Γθ0) +G(Γθi(k)+1,Γµ
∗,Γµ∗). (3.37)

As k →∞ in (3.37), we derive

G(ΓΛµ∗,Γµ∗,Γµ∗) = 0. (3.38)

Since Γ is injection, Λµ∗ = µ∗. Thus, a fixed point of Λ exists.
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As a result, Λθ1 ⊂ Θ and Γθ1 ⊂ Θ, leading to the existence of a point
µ∗ ⊂ Θ such that µ∗ ∈ Λµ∗ ∩ Γµ∗, which implies that µ∗ is a common fixed
point for both Λ and Γ. �

Example 3.7. Let Θ = R and define the G-metric

G(θ1, θ2, θ3) = |θ1 − θ2|+ |θ2 − θ3|+ |θ3 − θ1|
for all θ1, θ2, θ3 ∈ Θ. Then (Θ, G) is a complete G-metric space.

Define the mappings Γ,Λ : Θ→ Θ by

Γ(θ) = θ and Λ(θ) =
θ

4
.

Also define F : R+ → R by
F(t) = ln(t),

which satisfies conditions (F1)-(F3). Clearly, Γ is continuous, injective, and
subsequentially convergent. Let τ = ln 2 > 0.

Now, for any θ1, θ2, θ3 ∈ Θ, we obtain

G(ΓΛθ1,ΓΛθ2,ΓΛθ3) =
1

4
G(θ1, θ2, θ3).

Further,

G(Γθi,ΓΛθi,ΓΛθi) = 2

∣∣∣∣θi − θi
4

∣∣∣∣ =
3

2
|θi|, i = 1, 2, 3.

Hence,

τ+F(G(ΓΛθ1,ΓΛθ2,ΓΛθ3))

= ln 2 + ln

(
1

4
G(θ1, θ2, θ3)

)
= ln

(
1

2
G(θ1, θ2, θ3)

)
≤ F

[
G(Γθ1,ΓΛθ1,ΓΛθ1) +G(Γθ2,ΓΛθ2,ΓΛθ2) +G(Γθ3,ΓΛθ3,ΓΛθ3)

3

]
.

Therefore, all conditions of Theorem 3.6 are satisfied. Consequently, Λ has a
unique fixed point in Θ. Since

Λ(θ) =
θ

4
,

the unique fixed point is θ = 0. Moreover, for every θ0 ∈ Θ,

Λi(θ0) =
θ0

4i
→ 0 as i→∞.

Thus, the sequence of iterates converges to the unique fixed point.
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4. Applications

In the following section, we will explore some applications of the theorem
demonstrated in the previous section.

4.1. Existence of a Solution for Nonlinear Fractional Differential
Equation: The objective of this section is to illustrate the application of The-
orem (3.6) to derive a common solution for a nonlinear fractional differential
equation, employing F−Kannan mappings in G−metric spaces.

This part of the paper investigates the Caputo derivative of fractional order
in the context of the nonlinear fractional differential equation. The fractional
derivative for a continuous function Υ : [0,∞)→ R is expressed as

(cDκ
t )Υ(ξ) =

1

Γ(n− κ)

∫ ξ

0
(ξ − ζ)n−κ−1Υn(ζ)dζ, (n− 1 < κ, n = [κ] + 1),

(4.1)

where [κ] represents the greatest integer less than or equal to the real number
κ. Additionally, the Riemann-Liouville fractional integral of order κ is defined
as

(cIκt )Υ(ξ) =
1

Γ(κ)− 1

∫ ξ

0
(ξ − ζ)κΥ(ζ)dζ, (κ > 0), (4.2)

cDκ
s x(ξ) = Υ(ξ, θ1(ξ)), ξ ∈ (0, 1), 1 < κ ≤ 2,

θ1(0) = 0, θ1(1) =

∫ v

0
θ1(ζ)dζ(0 < v < 1),

(4.3)

where Υ : [0, 1]→ Θ is a continuous function and cDκ
s represents the Caputo

fractional derivative of order κ.

Let Θ = C(I), where I = [0, 1], be the space of continuous functions defined
on the interval I. Assume that (Θ, || · ||) is a Banach space, and let I := [0,Γ],
where Γ > 0.

Consider the Banach space C(I,Θ), which consists of all continuous func-
tions from I into Θ. The norm on this space is defined by

||θ1|| := sup
ξ∈I
|θ1(ξ)| = L

for θ1 ∈ C(I,Θ). This space defines the G−metric by

G(θ1, θ2, θ3) = sup
ξ∈[0,Γ]

{|θ1(ξ)− θ2(ξ)|}+ sup
ξ∈[0,Γ]

{|θ2(ξ)− θ3(ξ)|}

+ sup
ξ∈[0,Γ]

{|θ3(ξ)− θ1(ξ)|}, (4.4)

for all θ1, θ2, θ3 ∈ Θ. This is a complete G−metric space.
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Equation (4.4) represents the nonlinear fractional equation, which can be
written as

θ1(ξ) =
1

Γ(κ)

∫ ξ

0
(ξ − ζ)κ−1Υ(ζ, θ1(ζ))dζ

− 2t

(2− v2)Γ(κ)

∫ 1

0
(1− ζ)κ−1Υ(ζ, θ1(ζ))dζ

+
2t

(2− v2)Γ(κ)

∫ v

0

[∫ ζ

0
(ζ − θ3)κ−1Υ(θ3, θ1(θ3))dz

]
dζ. (4.5)

A solution to the fractional differential integral equation (4.5) is equivalent to
a solution to the nonlinear fractional differential equation (4.3) for a function
θ1 ∈ C(I,Θ).

Let us proceed to prove the theorem below.

Theorem 4.1. Assume the following condition is satisfied:

(i) The function Υ ∈ C(I ×Θ,Θ) is sequentially continuous.
(ii) A continuous function Υ : [0, 1]× R→ R+ exists, satisfying

|Υ(ξ, θ1(ζ))−Υ(ξ, θ2(ζ))| ≤ e−τL|θ1(ζ)− θ2(ζ)|, (4.6)

|Υ(ξ, θ2(ζ))−Υ(ξ, θ3(ζ))| ≤ e−τL|θ2(ζ)− θ3(ζ)|, (4.7)

|Υ(ξ, θ3(ζ))−Υ(ξ, θ1(ζ))| ≤ e−τL|θ3(ζ)− θ1(ζ)| (4.8)

for every ξ ∈ [0, 1] and for all θ1, θ2, θ3 ∈ Θ such that

G(θ1(ξ), θ2(ξ), θ3(ξ)) ≥ 0,

there exists a constant L and a constant k such that

Lk ≤ 1,

k =

[
e−τL

Γ(κ)
+

2te−τL

(2− v2)Γ(κ)
+

2te−τL

(2− v2)Γ(κ)

]
. (4.9)

Then the fractional differential equation (4.3) has a common solution, which
is a fixed point θ∗1 ∈ C(I,Θ).

Proof. We define Γ,Λ : C(I)→ C(I) as follows
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ΓΛθ1(ξ) =
1

Γ(κ)

∫ ξ

0
(ξ − ζ)κ−1Υ(ζ, θ1(ζ))dζ

− 2t

(2− v2)Γ(κ)

∫ 1

0
(1− ζ)κ−1Υ(ζ, θ1(ζ))dζ

+
2t

(2− v2)Γ(κ)

∫ v

0

[∫ ζ

0
(ζ − θ3)κ−1Υ(θ3, θ1(θ3))dz

]
dζ (4.10)

for ξ ∈ [0, 1], then ΓΛ is sequentially continuous.
Assume that

Λθ1(ξ) =

∫ ζ

0
(ζ − θ3)κ−1Υ(θ3, θ1(θ3))dz. (4.11)

This leads to the conclusion that Λ is contained within ΓΛ and possesses a
fixed point, denoted by θ∗1 ∈ ΓΛ.

To establish the existence of a fixed point for ΓΛ, we need to demonstrate
that ΓΛ is both sequentially continuous and a contraction.

To prove sequential continuity, assume that ΓΛθ1 6= ΓΛθ2 for any θ1, θ2 ∈
[0,Γ]. According to condition (ii), we obtain the following results

G(ΓΛθ1,ΓΛθ2,ΓΛθ3)

= ||ΓΛθ1 − ΓΛθ2||∞ + ||ΓΛθ2 − ΓΛθ3||∞ + ||ΓΛθ3 − ΓΛθ1||∞

=
1

Γ(κ)

∫ ξ

0
(ξ − ζ)κ−1|Υ(ζ, θ1(ζ))−Υ(ζ, θ2(ζ))|dζ

+
2t

(2− v2)Γ(κ)

∫ 1

0
(1− ζ)κ−1|Υ(ζ, θ1(ζ))−Υ(ζ, θ2(ζ))|dζ

+
2t

(2− v2)Γ(κ)

∫ v

0

[∫ ζ

0
(ζ − θ3)κ−1|Υ(θ3, θ1(θ3))−Υ(θ3, θ2(θ3))|dz

]
dζ

+
1

Γ(κ)

∫ ξ

0
(ξ − ζ)κ−1|Υ(ζ, θ2(ζ))−Υ(ζ, θ3(ζ))|dζ

+
2t

(2− v2)Γ(κ)

∫ 1

0
(1− ζ)κ−1|Υ(ζ, θ2(ζ))−Υ(ζ, θ3(ζ))|dζ

+
2t

(2− v2)Γ(κ)

∫ v

0

[∫ ζ

0
(ζ − θ3)κ−1|Υ(θ3, θ2(θ3))−Υ(θ3, θ3(θ3))|dz

]
dζ

+
1

Γ(κ)

∫ ξ

0
(ξ − ζ)κ−1|Υ(ζ, θ3(ζ))−Υ(ζ, θ1(ζ))|dζ

+
2t

(2− v2)Γ(κ)

∫ 1

0
(1− ζ)κ−1|Υ(ζ, θ3(ζ))−Υ(ζ, θ1(ζ))|dζ
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+
2t

(2− v2)Γ(κ)

∫ v

0

[∫ ζ

0
(ζ − θ3)κ−1|Υ(θ3, θ3(θ3))−Υ(θ3, θ1(θ3))|dz

]
dζ

And

G(ΓΛθ1,ΓΛθ2,ΓΛθ3)

≤ 1

Γ(κ)

∫ ξ

0
(ξ − ζ)κ−1|θ1(ζ)− θ2(ζ)|dζ

+
2t

(2− v2)Γ(κ)

∫ 1

0
(1− ζ)κ−1|θ1(ζ)− θ2(ζ)|dζ

+
2t

(2− v2)Γ(κ)

∫ v

0

[∫ ζ

0
(ζ − θ3)κ−1|θ1(θ3)− θ2(θ3)|dz

]
dζ

+
1

Γ(κ)

∫ ξ

0
(ξ − ζ)κ−1|θ2(ζ)− θ3(ζ)|dζ

+
2t

(2− v2)Γ(κ)

∫ 1

0
(1− ζ)κ−1|θ2(ζ)− θ3(ζ)|dζ

+
2t

(2− v2)Γ(κ)

∫ v

0

[∫ ζ

0
(ζ − θ3)κ−1|θ2(θ3)− θ3(θ3)|dz

]
dζ

+
1

Γ(κ)

∫ ξ

0
(ξ − ζ)κ−1|θ3(ζ)− θ1(ζ)|dζ

+
2t

(2− v2)Γ(κ)

∫ 1

0
(1− ζ)κ−1|θ3(ζ)− θ1(ζ)|dζ

+
2t

(2− v2)Γ(κ)

∫ v

0

[∫ ζ

0
(ζ − θ3)κ−1|θ3(θ3)− θ1(θ3)|dz

]
dζ

=
e−τL

Γ(κ)
||θ1 − θ2||∞

∫ ξ

0
(ξ − ζ)κ−1dζ

+
2te−τL

(2− v2)Γ(κ)
||θ1 − θ2||∞

∫ 1

0
(1− ζ)κ−1dζ

+
2te−τL

(2− v2)Γ(κ)
||θ1 − θ2||∞

∫ v

0

[∫ ζ

0
(ζ − θ3)κ−1dz

]
dζ

+
e−τL

Γ(κ)
||θ2 − θ3||∞

∫ ξ

0
(ξ − ζ)κ−1dζ

+
2te−τL

(2− v2)Γ(κ)
||θ2 − θ3||∞

∫ 1

0
(1− ζ)κ−1dζ
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+
2te−τL

(2− v2)Γ(κ)
||θ2 − θ3||∞

∫ v

0

[∫ ζ

0
(ζ − θ3)κ−1dz

]
dζ

+
e−τL

Γ(κ)
||θ3 − θ1||∞

∫ ξ

0
(ξ − ζ)κ−1dζ

+
2te−τL

(2− v2)Γ(κ)
||θ3 − θ1||∞

∫ 1

0
(1− ζ)κ−1dζ

+
2te−τL

(2− v2)Γ(κ)
||θ3 − θ1||∞

∫ v

0

[∫ ζ

0
(ζ − θ3)κ−1dz

]
dζ.

Hence, we have

G(ΓΛθ1,ΓΛθ2,ΓΛθ3) ≤ e−τL

[
e−τL

Γ(κ)
+

2te−τL

(2− v2)Γ(κ)
+

2te−τL

(2− v2)Γ(κ)

]
×
(
||θ1 − θ2||∞ + ||θ2 − θ3||∞ + ||θ3 − θ1||∞

)
≤ e−τLk

(
||θ1 − θ2||∞ + ||θ2 − θ3||∞ + ||θ3 − θ1||∞

)
.

Since Lk ≤ 1, we have

G(ΓΛθ1,ΓΛθ2,ΓΛθ3) ≤ e−τ
(
||θ1 − θ2||∞ + ||θ2 − θ3||∞ + ||θ3 − θ1||∞

)
.

Thus, for each θ1, θ2 ∈ Θ, we have

G(ΓΛθ1,ΓΛθ2,ΓΛθ3) ≤ e−τM(θ1, θ2, θ3). (4.12)

By applying the logarithm to both sides of (4.12), using F1(θ3) = ln(θ3) and
the properties of F , we obtain

ln(G(ΓΛθ1,ΓΛθ2,ΓΛθ3)) ≤ ln(e−τM(θ1, θ2, θ3)). (4.13)

Equivalently to

τ + F(G(ΓΛθ1,ΓΛθ2,ΓΛθ3)) ≤ F(M(θ1, θ2, θ3)) (4.14)

for Lk ∈ [0, 1), τ > 0, and suppose that M(θ1, θ2, θ3) is an F-Kannan map-
ping.

As a result, ΓΛ is a contraction mapping on Θ. Given that all the conditions
of Theorem (4.1) are met, it follows that there exists a common fixed point
θ∗1 ∈ C(I) for both Γ and Λ. Hence, θ∗1 is a solution to the fractional nonlinear
differential equation (4.3). �
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