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Abstract. This paper aims to establish the common fixed point theorem for F—Kannan
contraction mappings in complete G—metric spaces and applies it to integral equations.
The results extend recent fixed point findings in the literature and include examples and

applications to nonlinear fractional differential equations.

1. INTRODUCTION

Fixed point theory is a well-established and extensive area of research in
mathematical sciences. It combines elements of analysis, including topology,
geometry, and algebra.

In 1922, Banach [2] introduced a foundational result in fixed point theory,
known as the Banach Fixed Point Theorem. This theorem states that if ©
is a complete metric space and I' : © — O is a contraction mapping, sat-
isfying d(I'01,T03) < kd(01,02) for all 6,0, € © with a constant k& € [0, 1),
then I' has a unique fixed point, meaning I'¢ = 6 has a unique solution. Since
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then, researchers have been exploring methods to determine the fixed points
of mappings by modifying one or more conditions, such as the contractive
condition, the continuity of the mappings, or the completeness of the space,
among others. An alternative contractive condition, which differed from the
Banach contraction condition, was introduced by Kannan [7]. Some improve-
ments to the Banach fixed point theorem address the contractive inequality,
while others focus on generalizing the space.

A specific extension of metric spaces, known as the G-metric space, was
introduced by Mustafa and Sims [10] in 2006. In their pioneering paper on G-
metric spaces, Mustafa and Sims [10] introduced several properties of G-metric
spaces and discussed topics such as its topology, compactness, completeness,
product, as well as criteria for the convergence and continuity of sequences
in G-metric spaces. They also proved some theorems related to these proper-
ties(See [14, 15, 16, 17]).

In 2012, the concept of F-contraction was introduced by Wardowski [18],
and a fixed point theorem for such mappings on a complete metric space
was proved, which generalizes the Banach contraction principle in a different
direction. The concept of F-contractions has been expanded to include both
single-valued and set-valued mappings.

2. PRELIMINARIES

The proof of our results will rely on the following definitions and preliminary
results.

Definition 2.1. ([10]) Let A be a non empty set and let G : AxAxA — [0, 00)
be a function satisfying the following conditions:

) G(w,v,0) =0if w=v=0p,
) G(wo,v,v) > 0; for all w,v € A with w # v,
) G(w,v,v) < G(w, v, p) for all w,v,p € A with v # g,
) G(w,v,0) = G(w, 0,v) = G(0, @, v) =
(symmetry in all three variables),
(5) G(w,v,0) < G(w,v,9) + G(V,v, p) for all w,v,p,V € A
(rectangle inequality).

(1
(2
3
(4

Then the function G is called a generalized metric or more specially, a G-metric
on A and (A, G) is called a G-metric space.

Definition 2.2. ([10]) Let (A,G) be a G-metric space.

(i) The sequence {w,} G-convergent to w € A if and only if

Gle}glooG(wg,wg, w) = 0.
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(ii) The sequence {w,} G-Cauchy sequence if and only if

lim  G(wy, @, w¢) = 0.
o him (@o, @, @¢)

(iii) (A,G) is G-complete if and only if every G-Cauchy sequence in A is
G-convergent.

Definition 2.3. ([10]) A G—metric space (A, G) is called symmetric, if
G(w,v,v) = G(v,w,w) for all w,v € A. (2.1)

An interesting generalization of the Banach fixed point theorem was given
by Wardowski [18] using a different type of contraction called F-contraction.
Since then, new fixed point theorems have been constructed by many re-
searchers following his approach, as seen in [6, 11] and the references therein.

The following definitions were provided by Wardowski [18].

Definition 2.4. Let F be a function defined as F : RT — R, which satisfies
the following conditions:

(F1) F is strictly increasing, that is, for all o, 3 € R™ such that a < §,

Fla) < F(B).
(F2) For each sequence {ay, }nen of positive numbers, li_)m an = 0 if and
only if lim F(ay) = —oc.
n—oo
(F3) There exists k € (0,1) such that
lim (a,)*F(an) = 0. (2.2)

n—o0

We denote the set of all functions satisfying properties (Fy) — (F3), by F.

Based on the concept of F-contraction introduced by Wardowski, Gupta et
al. defined F-contractions in G-metric space as follows:

Definition 2.5. Let (0,G) be a G-metric space. A mapping ' : © — © is
said to be an F-contraction if there exists a number 7 > 0 such that

G(F91,F02,F03) >0=71+ f(G(FQl, F92,F93)) < f(G(Ql, 0o, 93)) (2.3)
for all 61,605,603 € ©.

Example 2.6. Let 7 : Rt — R be given by F(3) = In(8). It is clear that
F satisfies F(1) — F(3) < 0 for any k € (0,1). Each mapping I' : F — F
satisfying (2.3) is an F-contraction such that

G(I'r,To,Tv) < e~ w(G(mov) (2.4)

for all 7,0,v € F, 't #To # T'v [4]. Tt is clear that for 7,0,v € F such that
I'r = T'o = I'v, the inequality (2.4) also holds.
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The theorem below was proven by Gupta et al. [5].

Theorem 2.7. ([5]) Let (©,G) be a complete G—metric space and letT' : © —
© be an F—-contraction. ThenI' has a unique fized point 0] € © and for every
0o € © a sequence {I'"xp}nen is converges to 07.

3. MAIN RESULTS

The main theorem of our paper aims to demonstrate that a map sequentially
converges, given a pair of self-mappings in F-Kannan mappings within a G-
metric space.

Definition 3.1. Let F be a function that satisfies conditions (F1)-(F3). A
pair of self-mappings, I';A : © — 0O, is called an F-Kannan mapping if the
following condition holds:

FA01 75 FA92 75 FA93 = FA91 75 01 or FAGQ 75 92 or FA93 7& (93. (31)
There is a 7 > 0 such that
T—i—./_"(G(FA@l, 'A6s, FAeg))

G(Fﬁl, T'Af4, I‘A91) + G(F@Q, T'Af,, FAQQ) + G(Feg, I'Afbs, FAGg)
3

<F

(3.2)
for all 61,609,603 € © with I'Af; # ['Afs # T'Afs.
Remark 3.2. Based on the properties of F, each F-Kannan mapping I" on a
G-metric space (0, G) satisfies the following necessary condition:
G(T'A61,TAO2, T'AO3)

< G(F@l, 'A6q, I‘A¢91) + G(FHQ, T'Af,, FAHQ) + G(Feg, I'Abs, FA93)
- 3

(3.3)
for all 61,605,605 € ©.

Consider a pair of mappings, we present the subsequent examples.

Example 3.3. Define F}; : RT — R by Fi(63) = In(f3). It is clear that
F1(63) satisfies conditions (F1)-(F3). Specifically, (F3) is valid for all values
of k € (0,1). Furthermore, condition (3.2) is expressed as follows:

G(TAGy, T Ay, TABS)

o G(Fgl, T'Af4, FA91) + G(F027 T'Af,, FAQQ) + G(Feg, I'Afs, FA03)
- 3

(3.4)
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for all 01,602,03 € O, with T'A0; # 'Afy # I'Af3. Therefore, if A : 0 — ©
represent a Kannan mapping with a constant & € (0,1) that satisfies the
following condition:

G(TAG;, T Ay, TABS)

< -+ | G0, DAL TAG:) + G(T0s, TAGy, TAG) + (I3, TAG3, TAG)
= 3

(3.5)
for all 61, 62,605 € O, it follows that the mapping also satisfies conditions (3.4)
and (3.2) with 7 = In (3).

Example 3.4. Consider the complete G-metric space (0,G), where © = R
and
G(61,02,03) = |01 — 2| + |62 — O3] + |03 — 01].
Define the mappings I'; A : © — © by
I'@)=0 and A(0)=26.
Let Fy : RT — R be defined by
Fi(t) = In(t).
Now, for 61,609,605 € ©, we have
G(T'A01,TAO2, TAO3) =2G(0;,02,03).
Also,
G601, TA0;, TAOy) + G(T'03,T A0, TAOy) + G(T'05, T A3, T Abs)
3

_ 2(161] + 162] + [63])

= 3 .
Hence, the required F-Kannan contractive inequality is not satisfied for all
01,602,035 € ©. Therefore, I' and A fail to satisfy the assumptions of the main
theorem.

Moreover, the mapping A(f) = 26 does not admit a fixed point in R except

0 = 0, and the iterative sequence generated by the mapping is not necessar-
ily convergent. Thus, the conclusion of the fixed point theorem cannot be
guaranteed when the F-Kannan condition is violated.

Lemma 3.5. Consider (0,G) as a G-metric space and let T,A : © — © be
an F-Kannan mapping. Then

G(IA%Gy, TA™ 0y, TAT00) — 0 as i — oo (3.6)
for all 61 € O.
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Proof. Consider an arbitrary element 6y € ©. If TA'9y = T'AiT16, for some
i € N, then it is guaranteed that the sequence {6; };en converge in © and hence
the sequence G(T'A%0g, TA™*10y, TA*10y) — 0 as i — oo for all #; € O.

Suppose that T'A%dy # T'AiT16, for every i € N. In this case, applying (3.2)
with 7 > 0, we derive the following result:

7+ F(G(T A0y, TA™ 0y, TA™16y))

{ G(DA160y, TAi0, TA') }

< F
- 3

. { G(TAify, TA™10y, TAT10y) + G(T Ay, TAi+16y, TAI+16,) H
; .

From Remark 3.2, we have
G(TA%Gy, TA™ 9y, TAT6y)
{ G(T Ao, TAig, TA6,) }

<

3

N { G(T A0y, TA™10, TA™10) + G(T A0y, TAT10,, TA™16,) } 58)
; . (3.
Using (3.8) in (3.7), as results yield to

74+ G(TA%0y, TAT 0y, TAT16y) < G(TAM9y, TAT 160, TATT16,). (3.9)

Taking the limit as ¢ — oo in (3.9), we obtain

7 <0, (3.10)
which leads to a contradiction. Hence, G(T'A'0y, TA*T10y, TA™F10y) — 0 asi —
0. Il

Theorem 3.6. Let (©,G) be a complete G-metric space, and let T, A : © — ©
be an F-Kannan mapping, where I' is continuous, injective, and subsequen-
tially convergent. It is also assumed that for A € [0, %) and T > 0,

T+ F(G(DAG;, T A, TAG3))

G(T61,TA01, TAb) + G(T02, TAby, TAOs) + G(T03, T A3, T AO3)
3 )
(3.11)
then there exists a unique fized point for A. Furthermore, if T' is subsequen-

tially convergent, then the sequence of iterates {A"0y} converge to this fived
point for every 6y € O.

<F
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Proof. Let 6y € © be an arbitrary element of ©. Define the sequence {6;}i>1
by the recurrence relation 6,11 = A6f;, where each term 6; is determined by
applying A to the initial value 6y for all i = 1,2,3,....

From inequality (3.11), we get:

G(T0;,T0;41,T0;11) = G(TAO;_1, TAG;, TAG),

F(G(0;,10,41,10;11))

-7 G(Fei_l,FAGi_l,FAOi_;)+2G(F«9i,FA9i,FA9i) Cr (312)

Since F is strictly increasing, it follows from Remark 3.2 that we can deduce
G(I0;—1,TAb;—1,TAb;_1) + 2G(I'0;,T'Ab;, T'A6;)

3 )
G(F@Z’_l, F(gi, F(gz) + 2G(F9i, F9i+1, FHH—I)

G(I0;,T0;11,T0;41) < 3 .

G(I0;,T0;11,10;41) <

Hence, we have
3G(T0;,10;41,T0,11) — 2G(10;,T0,11,T0,11) < G(T'6;_1,10;,16;),
this implies that
G(T0;,T0;11,16;11) < G(I'0;—-1,10;,T°6;).
According to (F'1), this leads to

F(G(T0;,T0;11,10;11)) < F(G(T0;—1,10;,T6;)). (3.13)
Consequently, we get
F(G(T9;,Tis1,Ti1)) < F(G(T0i1,T6;,T6;)) — . (3.14)
Similarly, we obtain
F(G(DO:41,T0i12,T0;42)) < F(G(D8;_1,T6;,T6;)) — 2r. (3.15)
Applying induction and (3.14), we conclude:
F(G(T6;,T0;11,10;+1)) < F(G(T'6;—1,T0;,16;)) —ir. (3.16)
Taking the limit as ¢ — oo in (17) and applying property (F2) of F yields
Jim G(I0;,00;41,T0;1) = 0. (3.17)

By Lemma (3.5), we have G(I'6;,1'0;11,10;11) — 0 as i — oc.
From condition (F3) of the function F, it follows that there is a k € (0,1)
such that
lim (G(T6;,T0;41,T0;11))* F(G(T0;,T;11,T6;11)) = 0. (3.18)

1—00
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According to (3.16), for all i € N, we get
(G(T0;,T0; 11,10, 1)) F(G(T0;,T0;11,T0;11))
< (G(T6;,T0;41,T0,:1))* F(G(T6;,T0;41,T6;11))
—i7(G(T0;,T0;11,T0;1))". (3.19)
This implies,
(G(T'0;,T6;41,T0;11))" F(G(T6;,T0;11,T0;41))
— (G(T6;,T0;11,T0;41))* F(G(I'0;,T0;41,10; 1)) < —ir(G(I0;,T0;41,T0;,1))".
That is,
(G(T0;,T0; 41, T0;11))*[F(G(L0;,T0;41,T0;41)) — F(G(T0;,T0;11,T6;41))]
< —ir(G(T0;,T0;41,T0;41))* < 0.

By letting i — oo in (3.19), we derive

lim i(G(T'0;,T0;41,16;,1))" = 0. (3.20)

i—00

By (3.20), we can find i; € N such that i(G(T0;,T0;11,T0;:1))* < 1 for all
1 > 11, which leads to

G(T0;,T0;21,T0;01) <iF, Vi > i1 (3.21)

Therefore, ZG(I’HZ-,I’HZ-H,F&H) converges.
=0
G(I'6;,1'0;,10;) (T60;,T0;41,T0;11) + G(T0;41,10,42,T0;12)
v F G(F@j_l, FHj, ng)
(T0;,T0;41,T0;11) + G(T0;41, 10,42, T0;12)

G(F0i+2, F@i_;,_g, F0i+3) + o+ G(Fej, F9j+1, F9j+1)
1

<G
N
<G
N

<.

G(T0;,10;11,10;11)

VAN
s -

G(6;,T0;11,T0;41)

<.
Il
—

Rt §
1k .

o,

s
I
—



Some common fixed point results for F—contraction mapping in G—metric space 711

o0
This demonstrates that the series Z i G-converges, which results in

=1

1,j—00

By the result in (3.22), we establish that {I'0;} is a G-Cauchy sequence, as
(0, G) is G-complete. Suppose i, j, k € N such that

lim G(FQi,FHj,FQk)S lim G(FQ@,FQJ',FHJ')—F lim G(F@j,rek,l—‘gk).

1,J,k—00 %,]—00 J,k—o00
Hence, we have

lim G(I6;,T;,T6;) = 0. (3.23)

,j,k—00

Consequently, I'0; forms a G-Cauchy sequence in ©. Since Completeness of
(G,©)) ensures the existence of 6] € © such that

G(O1,T0:,T05) = lim G(I9;,T6,,T6;) =0 = lim G(67,T6;,T6;) = 0.
,5,k—00 j,k—00
(3.24)

From (3.24), it follows that 6;+1 — 60} as i — co. Given the continuity of A
and I', we obtain

1—>00

1—00 1—+00
1—>00 1—>00 1—>00

Since O is a complete G—metric space, it follows that there exists 7 € © such
that

lim T'0; = 6} (3.25)

1—00

We proceed to prove that 67 is a fixed point of I'. Hence, by (v) of Definition
2.1, we derive

G(67,107,107) < G(67,10;,T6;) + GT0;,T0;11,T0,11) + G(T'0;41,107,T67).

(3.26)
Based on Remark 3.2, it can be concluded that
G(T0;+1,167,T67)
< G(F@T, e;,16;) + G(I'60;,1'0; 41, P9i+1) +G(l0;41,16;41, FQT) (3.27)

- 3
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Applying (3.28) in (3.27), we obtain
G(67,1067,T67)
< G(671,16;,16;) + G(I'0;,16;11,16;11)
" G(FG{, Ie;, FGZ-) + G(F@i, 1041, F0i+1) + G(F9i+1, 1041, FQ’{)
3
As i — oo and utilizing Lemma 3.5 in the inequality above, we get
G(07,1607,167) < G(67, 07, 607) + G(67, 67, 01)
n G(I'67,071,07) + G(67,67,07) + G(67, 67,167)
3 )

. (3.28)

this implies that
G(67,T67,1607) <0.
Hence, I'0] = 07.

We now demonstrate that 67 is the unique fixed point of I'. Assume the
opposite, that is, let pu* € Card{Fix I'} such that 6] # p*.

Suppose I'8; — p*, and that p* is a fixed point of I'. By Remark 3.2 and
Lemma 3.5, we obtain 07 = p*, which contradicts our assumption.

Thus, I' has a unique fixed point in ©.

In addition, I' being subsequentially convergent implies that the sequence
{6;} has a convergent subsequence, and there exists pu* € © along with a
subsequence {0;;)}72, such that limy o 0y = p*.

Since I' is continuous and

lim Hl(k) = /L*. (329)

k—o0

As a result of the continuity of I', we deduce that
lim T = Tp" (3.30)
By (3.26), we conclude that
Ty = 0r. (3.31)
Using Remark 3.2 and (v) of Definition 2.1, we get
G(T0;,T0;11,T0,11) = G(T'A;—1,TA6;, T'AD;)
< ANGTO;—1,TAO;—1,TAO;_1) + 2G(T0;,T'A6;, TAD;))
=MG(0;—1,TAO;_1,TAO;_1) + 2G(T0;,10;11,T60,11)).

Hence, we have

A
1—2X

G(P@Z‘, F@Z'_;,_l, F@H_l) < G(P@Z’_l, FA@i_l, FAQi_l). (3.32)
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Therefore, by applying equation (3.2) and (v) of Definition 2.1, we obtain
T+ F(GT0;+1,10;12,10;12)) =7+ G(T'AG;, A1, TAO;11).
Hence, we have
F(GIAp", Tp*, Tu”))

< .F(G(FA,U,*, F@Z, F@Z) + G(Fﬁz, F9i+1, F9i+1) + G(F0i+1, F/J,*, Fu*)>
(3.33)

Since F is sequentially increasing, it follows that
G(Ap", Tp”, Tp”)
< GTAp*,T6;,16;) + G(T0;,10; 41,10, 41) + G(TO;11, L™, T ™)
< G(TAp*, TA' Ry, TA'®)90) + GTA'F) gy, AR FLg) T AR +1g))
+ G(TARIHL 9, T ). (3.34)

By applying Lemma 3.5, when T'A%0y # T'A“16, for all i € N and using (3.12),
we obtain

G AR, TAF 9y, TAF),)
< MG, TAp* , TAp*) + 2G(T R =19y, TA'®) gy, AR gy

i(k)—1
= 2A> G(I61,T00,T0).  (3.35)

< AG(Tp*, TAp* , TAp*) + A(

Therefore, we have

A
1—2X

i(k)
G(FA“““&O,rAi<k>90,rAi<k>90)g( ) G(I'61,T65,T6).  (3.36)

Using (3.35) and (3.36) in (3.34), we obtain
G(CAp*, Tp*, )

i(k)—1
< ANG(Tp*, TAp™, TAp™) + )\( ) G(T'0,,T6y,T0y)

1—2X

i(k)
A
+ (1 _ 2)\) G(P017 ['6y, FHO) + G(Fai(k)Jrlv F,U*y PM*)- (337)

As k — oo in (3.37), we derive
G(TAp*,Tp* ') =0. (3.38)
Since I' is injection, Ap* = p*. Thus, a fixed point of A exists.
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As a result, Af; C O and T'd; C O, leading to the existence of a point
p* C O such that p* € Ap* NIT'p*, which implies that p* is a common fixed
point for both A and T'. O

Example 3.7. Let © = R and define the G-metric
G(01,02,03) = |01 — 2] + |02 — O3] + |63 — 01

for all 01,02,05 € ©. Then (0, G) is a complete G-metric space.
Define the mappings I'; A : © — © by

['@)=60 and A(F) = Z

Also define F : R™ — R by
F(t) = In(t),
which satisfies conditions (F'1)-(F'3). Clearly, I' is continuous, injective, and
subsequentially convergent. Let 7 =1n2 > 0.
Now, for any 6, 03,603 € ©, we obtain

1
G(TAG:, TAGy, TAGs) = L G(01, 05, 65).

Further,

0;
6 — 2| =
4

3

G(T6;,TAO;, TAG;) = 2 S

6;], i=1,2,3.

Hence,
T+ F(G(TAG1, TAG, TAG3))

1
=In2+1n <4G(917 927 93))

1
=In <2G(91, 02, 93))

G(T6,TAGy, TAG,) + G(D0, TAbs, TAB) + G(I'03, TAO3, TAB:)

<
<F 3

Therefore, all conditions of Theorem 3.6 are satisfied. Consequently, A has a
unique fixed point in ©. Since

the unique fixed point is § = 0. Moreover, for every 6y € O,

: 0
Al(60)24—3—>0 as i — 00.

Thus, the sequence of iterates converges to the unique fixed point.
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4. APPLICATIONS

In the following section, we will explore some applications of the theorem
demonstrated in the previous section.

4.1. Existence of a Solution for Nonlinear Fractional Differential
Equation: The objective of this section is to illustrate the application of The-
orem (3.6) to derive a common solution for a nonlinear fractional differential
equation, employing F—Kannan mappings in G—metric spaces.

This part of the paper investigates the Caputo derivative of fractional order
in the context of the nonlinear fractional differential equation. The fractional
derivative for a continuous function Y : [0, 00) — R is expressed as

1 3
(DI = s |, (€= 0" O (0= 1 < e = L]+ 1),

I'(n—
(4.1)
where [] represents the greatest integer less than or equal to the real number

». Additionally, the Riemann-Liouville fractional integral of order sz is defined
as

1 3
(IO = p— [, (€- OO Ge>0. (@)

['(>)
‘DFw(§) = T(£,01(6),£ € (0,1),1 < <2,
. (4.3)
61(0) = 0.61(1) = [ 61(0)dc(0 < v < ),
where T :[0,1] - © is a continuousofunction and “D7 represents the Caputo

fractional derivative of order sr.

Let © = C(I), where I = [0, 1], be the space of continuous functions defined
on the interval I. Assume that (0, ]|-||) is a Banach space, and let I := [0,T],
where I > 0.

Consider the Banach space C(I,©), which consists of all continuous func-
tions from I into ©. The norm on this space is defined by

[101]] := sup [61(E)| = L
gel
for 6, € C(I,0). This space defines the G—metric by
G(01,02,03) = sup {01(£) — 02(8)[} + sup {|02(E) — O3(£)[}
£elo.r] £elo.r]

+ sup {|03(¢) — 61()1}, (4.4)

£efo,r]
for all 64,605,603 € ©. This is a complete G—metric space.
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Equation (4.4) represents the nonlinear fractional equation, which can be
written as

1

13
0O = /0 (€ = O 0(C, 00 (C))d

1
_@_j’j)r(%) /0 (1— ¢ M (C, 01(¢))dC

2t

o[ ¢
9 — 0 \T( 1) —03)" ! z|dC. _
* (2 — v2)T () /0 [/0 (¢ —03)"" "X (65,61(63))dz | d¢ (4.5)

A solution to the fractional differential integral equation (4.5) is equivalent to
a solution to the nonlinear fractional differential equation (4.3) for a function
0LeC (I , @)

Let us proceed to prove the theorem below.

Theorem 4.1. Assume the following condition is satisfied:

(i) The function Y € C(I x ©,0) is sequentially continuous.
(ii) A continuous function Y : [0,1] x R — R ezists, satisfying

(&, 01(C)) — (€, 02(C) < e LI61(C) — 02()], (4.6)
[T (&, 62(¢)) = T(&,03(C))| < e™"L|b2(¢) — O3(C)], 4
(&, 03(¢)) = T(&,01(C))] < e™"LIB3(¢) — 01(C)]

for every € € [0,1] and for all 01,062,035 € © such that
G(el (g)’ 92(€)a 03(5)) > 07
there exists a constant L and a constant k such that
Lk <1,
e "L 2te™ "L 2te™ "L

T T e T @G | (4.9)

Then the fractional differential equation (4.3) has a common solution, which
is a fized point 67 € C(I,0).

Proof. We define I', A : C(I) — C(I) as follows
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LA61(§) =

1 ¢ »n—1
o /0 (€~ O 1T(C01(O))de

1
_@_jj)r(%) /0 (1= ) 10, 01(0))dC

2t ! ¢ »—1
+<2_1)2)F(%)/0 [/0 (C —03) 10 (05,01(03))dz|d¢  (4.10)

for £ € [0,1], then T'A is sequentially continuous.
Assume that

This
fixed

¢
A06) = [(C= 07 T (00,1 00) (4.11)

leads to the conclusion that A is contained within I'A and possesses a
point, denoted by 6] € T'A.

To establish the existence of a fixed point for I'A, we need to demonstrate
that I'A is both sequentially continuous and a contraction.
To prove sequential continuity, assume that T'Af; # T'Aés for any 61,05 €

[0,T7].

According to condition (ii), we obtain the following results

G(T Ay, TAby, TAOS)

1

3
- _ x—1 _
) /0 (6= O TG 01(0)) = TG, 02(0)) ¢

1
e [ (1= 0T 06 — TG (<

v ¢
(2_5;)”%)/0 [/0 (¢ —03) 1|1 (05,601(03)) — T(93,92(93))|dz] d¢

_|_
+ i |6 0T 00 - TG o500

L(s) Jo e -
i 2t /1(1 — ) HY(C,62(€)) — Y(¢, 03(¢))|dC

2t vloe .

+ (2_1)2)F(%)/0 [/0 (C — 93) 1‘T(93,92(93)) - T(93793(93))‘d’21 d<
L /5(5 — O 85(0)) — Y01 (C))dC

TG Jo . -

2t

1
- x—1 -
G [, (- 07 N8 (O) = Tl
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2 vloe
* <2—v2t>r<%>/o [/0 (C = 0)7 !X (65, 03(05)) — (63, 01(63)) = | dC
And
G(T A6y, TAGy, TABS)
1 /¢ )
< 50 | €= 00 — (0l
2 ! o
+(2_vg)r(%)/0 (1=¢)*161(¢) — 62(C)]d¢
2t vilore L
+ MW/O [/0 (¢ —63)*1161(63) —92(93)\652] d¢
1 ¢ »—1 o
+ 705 | €= 0700 a0 ac
2t ! 1
+(2—112)F(%)/0 (1 =07 162(¢) — 03(¢)|d¢
ot vl orC L
T MW/O !/0 (€ —65)7"162(63) —93(93)\64 dg
1 [¢ 1
05 | €= eso) - olac
2t ! o
g [ - O ~ Ol
2t vilore L
+ (Q—UW/O [/o (¢ — 603)1|03(65) —91(93)|dZ] d¢
e " §
— T =l [ 6= g
2te™ L ! e
+ ol = el [ =07 ac
2te™ "L v < 1
+m”91 _02’00/0 [/0 (¢ —0s) dZ] dg
e T 3
=il [ (€= 07
2te "L ! o
+ m”% - 93|oo/0 (1—¢)*td¢



Some common fixed point results for F—contraction mapping in G—metric space 719

2te™ "L vlore 1
+(2_Ug)r(%)|9293|\oo/0 [/0(593) dZ]dC

e "L ¢ x—1
+F(%)||93—91||oo/0(5—0 dg

2te™ "L ! 1
+(2—1;2)1“(%)’63_01H°°/0(1_<) dg

2te™ "L v ¢ o
+(2—1;2)I‘(%)|93_01H°°/0 [/0 (¢ —03) dz]d(.

Hence, we have

G(FA@l, T'Af,, FA93) <e 'L

e "L n 2te” "L n 2te” "L
[(e)  2=0)()  (2=0*)0()

% (1161 = O2lloc + 1162 — B5]1oc + 118 — 6110 )
< e Lk (1161 = B2l oo + 1162 — B3] o + 1165 — 1] ).
Since Lk < 1, we have
G(TAB;, TAGs, TAGs) < e*T(Hal — Oo]oo + |182 — B3]]0o + |65 — 91|\OO).
Thus, for each 61,605 € ©, we have
G(T'AG1, T Ay, TAG3) < e~ T M(01, 65, 03). (4.12)

By applying the logarithm to both sides of (4.12), using F}(63) = In(f3) and
the properties of F, we obtain

ln(G(FAHl, FA@Q, FA¢93)) < ln(e*T/\/l (91, 92, 93)) (4.13)
Equivalently to
T+ f(G(FAQl, T'Af,, FA95)) < .F(./\/l(el, 0, 93)) (4.14)

for Lk € [0,1), 7 > 0, and suppose that M (61, 02,63) is an F-Kannan map-
ping.

As aresult, 'A is a contraction mapping on ©. Given that all the conditions
of Theorem (4.1) are met, it follows that there exists a common fixed point
07 € C(I) for both " and A. Hence, 67 is a solution to the fractional nonlinear
differential equation (4.3). O
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