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Abstract. In this paper, we prove common coupled fixed point theorems for rational type
contractive condition in the setting of partially ordered complete partial metric spaces with-
out the assumption of (weak) compatibility. In many existing works in this direction, attempt
have been made to prove the existence of common coupled points. However, only identity
mappings can satisfy the conditions of the theorems. The method of proof presented in this
work is powerful and it guarantees the existence of common coupled fixed points without us-
ing the (weak) compatibility conditions and identity mappings. In addition, we provide some
consequences of the established results. To illustrate the results, an example is provided.
Also, we give some applications of the result in terms of integral type contractions. Our
results extend and generalize several previously published results from the existing literature
(see, e.g., [41]).

1. INTRODUCTION

Bhashkar and Lakshmikantham [13] introduced the notion of a coupled
fixed point and proved a coupled fixed point theorem in a metric space en-
dowed with partial order (see, also [17]). The result has been generalised and
extended Lakshmikantham and Ciri¢ [26] by introducing mixed g-monotone

OReceived June 18, 2025. Revised October 6, 2025. Accepted December 8, 2025.

92020 Mathematics Subject Classification: 47H10, 54H25.

9Keywords: Common coupled fixed point, contractive type condition, compatibility, par-
tial metric space, partially ordered set, mixed monotone property.

9Corresponding author: H. G. Hyun(hyunhg8285@kyungnam.ac.kr) .



722 G. S. Saluja and H. G. Hyun

mapping and investigating coupled coincidence and coupled common fixed
point theorems for such contractive mappings in partially ordered metric
spaces. Several other researchers have generalized the results of [13]. Fur-
ther, for more results on coupled fixed point theorems, interested readers can
see [7, 16, 18, 25, 30, 31, 34, 35, 37, 40] and many others in the existing
literature.

On the other hand, Matthews [28] introduced the notion of partial metric
spaces to study the denotational semantics dataflow networks. In this space,
the usual metric is replaced by partial metric with an interesting property
that the self-distance of any point of space may not be zero. Later, Matthews
proved the partial metric version of Banach fixed point theorem [9]. Oltra
ans Valero [32] generalized the Matthews results in the sense of O’Neil [33]
in complete partial metric space. Abdeljawad et al. [3] considered a general
form of the weak ¢-contraction and established some common fixed point re-
sults. Later, many authors focused on partial metric spaces and its topological
properties(see, e.g., ([6, 7, 20, 21, 36, 39] and some others).

The problem of investigating common coupled fixed point theorems in the
framework of partially ordered metric spaces using the mixed monotone prop-
erty has been of immense research interest. Lakshmikantham and Cirié [26]
proved common coupled fixed point theorems by using mixed g-monotone
property while one of the mappings is made a proper subset of the other.
They proved the existence of coupled coincidence points while coupled fixed
point can be proved only by assumption of identity on one of the mappings.

In a same fashion of argument, Abbas et al. [1] and Kim and Chandok [23]
established coupled coincidence points for mappings using the mixed monotone
property and making one of the mappings a proper subset of the other.

In addition, Abbas et al. [2] proved coupled coincidence point and common
coupled fixed points for w-compatible mappings in partially ordered metric
spaces. Also Kadelburg et al. [19] proved common coupled fixed points for
compatible mappings in partially ordered metric spaces. Several other au-
thors have proved common coupled fixed point theorems using the notions
mentioned above (see, e.g., [4, 5, 15, 23, 24, 29]).

Recently, Tijani et al. [41] proved some common coupled fixed point results
without the assumptions of (weak) compatibility condition in the setting of
partially ordered metric spaces with mixed monotone property.

Motivated by the recent work of [41] and others, the aim of this paper
is to study and establish some common coupled fixed point theorems in the
setting of partially ordered complete partial metric space without using the
compatible condition on the mappings but by enhancing the initial assumption
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of the theorem of Bhashkar and Lakshmikantham [13] together with the mixed
monotone property. Also, we provide some consequences of the established
result. Moreover, to illustrate the result, an example is provided and some
applications of the established results in terms of integral type contractions
are also included. Our results extend, generalize and enrich several results
from the existing literature (see, e.g., [41] and some others).

2. PRELIMINARIES

In this section, we need some definitions, lemmas and the basic results
regarding partial metric space in the sequel.

Definition 2.1. ([28]) (PMS) Let Q # () be a set. A partial metric on Q is a
function p: Q x Q — [0, 4+00) such that for all u, v, w € Q the following axioms
are satisfied:

(1) w = if and only if p(u,u) = p(u,v) = p(v,v),

(2) p(u,u) < p(u,v),

(3) p(u,v) = p(v, u),

(4) p(u,v) < p(u w) + p(w,v) — p(w, w).
Then p is called a partial metric on Q and the pair (€, p) is called a partial
metric space (in short PMS).

It is clear that if p(u,v) = 0, then from axioms (1), (2), and (3), v = v. But
if u = v, p(u,v) may not be 0.

If p is a partial metric on €2, then the function p®: Q x  — [0, +00) given
by

p°(u,v) = 2p(u,v) — p(u,u) — p(v,v) (2.1)
is a usual metric on .

Each partial metric p on (2 generates a Ty topology 7, on 2 with the family
of open p-balls {Bp(u,¢) : u € Q,e > 0} where Bp(u,e) = {v € Q : p(u,v) <
p(u,u) + ¢} for all w € Q and € > 0. Similarly, closed p-ball is defined as
Bplu,e] = {v € Q:p(u,v) < p(u,u) + ¢} for all u € Q and € > 0.

Example 2.2. ([8])

1. Let 2 = [0, +00) and p: Q x Q — [0, +00) be given by p(u,v) = max{u,v}
for all u,v € Q. Then (€, p) is a partial metric space.

2. Let I = Q, where I denote the set of all intervals [u1, v1] for any real numbers
up < wvp. Let p: Q x Q — [0,00) be a function such that p([ul,vl], [ug,vg]) =
max{vy,ve} — min{uy,ug}. Then (I,p) is a partial metric space.

Definition 2.3. ([28]) Let (€2, p) be a partial metric space.
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(1) A sequence {u, } converges to a point u € €2 if and only if lim,, o p(u, uy,)
= p(u,u).

(2) A sequence {u,} in € is called a Cauchy sequence if and only if
limyy, 100 P(Um, ur) exists (and finite).

(3) A partial metric space (€2, p) is said to be complete if every Cauchy
sequence {u,} in £ converges, with respect to 7,, to a point u € €,
such that, lim, n—c0 P(Um, un) = p(u, u).

(4) A mapping W: Q — Q is said to be continuous at ug € Q if for every
g > 0, there exists 8 > 0 such that W(Bp(uo, B)) C B, (W(uo),a).

Definition 2.4. ([13]) Let (£2, <) be a partially ordered set. The mapping
F: QxQ — Q is said to have the mixed monotone property if F(u,v) is
monotone non-decreasing in u and is monotone non-increasing in v, that is,
for any u,v € €,

ui,ug € Q, uyp <wug = F(up,v) < F(ug,v)

and
v, v € Q, v; <wvy = F(u,v1) > F(u,v).

Definition 2.5. ([13, 26]) An element (u,v) € §2 x § is said to be a coupled
fixed point of the mapping F': Q x Q — Q if F(u,v) = u and F(v,u) = v.

Example 2.6. Let 2 = [0,400) and F': Q x Q — Q be defined by F(u,v) =
“TH’ for all u,v € Q. Then F has a unique coupled fixed point (0, 0).

Example 2.7. Let 2 = [0,400) and F': Q x Q — Q be defined by F(u,v) =
“2ﬂ for all u,v € Q. Then F has two coupled fixed point (0,0) and (1, 1), that
is, the coupled fixed point is not unique.

Definition 2.8. ([10, 11, 12]) Consider a function : [0,+0c0) — [0,400)
satisfying

(11) % is monotone increasing;

(12) Y™ (t) = 0, as n — oo;

(¥3) D oo2g¥"(t) converges for all t > 0;

(1) P(t) <t for all t > 0.
(A) A function v satisfying (¢1) and (1)2) above is called a comparison func-
tion.
(B) A function 1 satisfying (¢1) and (13) above is called a (c¢)-comparison
function.

Remark 2.9. ([11, 12, 38])
(1) Any (c)-comparison function is a comparison function.
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(2) Every comparison function satisfies 1(0) = 0.

(3) (¥1), (12) and (v3) = (Ya).

Lemma 2.10. ([7, 27, 28])

(1) A sequence {uy,} is Cauchy in a partial metric space (§2,p) if and only
if {un} is Cauchy in a metric space (€2, p®), where

ps(u,’l}) = 2p<u7 U) - p(u7u) - p(’U,U)-
(2) A partial metric space (Q2,p) is complete if a metric space (2,p®) is
complete, that is,

lim p®(up,u) =0 < p(u,u) = lim p(up,u) = Hm  p(tn, ).
n— oo n—oo n,m—oo

Lemma 2.11. ([22]) Let (2, p) be a partial metric space.
(1) If u,v € Q, p(u,v) =0, then u = v.
(2) If u # v, then p(u,v) > 0.

Lemma 2.12. ([14]) Let u,, — u as n — oo in a partial metric space (€2, p),
where p(u,u) = 0. Then limy,_yo0 p(un, 2) = P(u, z) for all z € Q.

3. MAIN RESULTS

In this section, we prove common coupled fixed point theorems without
using compatibility condition for rational type contraction condition in the
setting of partially ordered complete partial metric spaces with mixed mono-
tone property.

Theorem 3.1. Let (2,p,<) be a partially ordered complete partial metric
space. Let F',G: € x Q — Q be mappings having the mixed monotone property
such that for some constants y1,v2 > 0, for all u,v,r,s € Q, p(r, F(r,s)) +
p(u,r) >0 and 9, a (c)-comparison function, we have

p(u, F(u,v))p(u, G(r, s))p(r, F(u, v))
PP, 605 < (F R et )
p(r, F(u,v))[1 + p(r, G(r, s))]
T ( 1+ p(u,r)

) + t(p(u, ).
(3.1)
Suppose that we endow the product space ) x Q with the following partial order:
for (u,v),(r,s) € QA xQ, (r,s) < (u,v) & u>r,v<s.

If there exist two elements ug,vy € Q such that ug < F(ug,v9) < G(ug,v0)
and vy > F(vg,up) > G(vg,ug), then F and G have a common coupled fized
point and p(a,a) = 0 for some a € Q.
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Proof. Let up,vg € Q be arbitrary elements such that uy < F(ug,v9) <
G(uo,v0) and vg > F(vg, ug) > G(vo, ug). Define ugpy1 = F(uog, vor), Vog+1 =

F(vop, ugr) and uggqo = G(Ugkg1,V2k+1), Vokt2 = G(vorg1,ugk41) for all
k> 0.

We have to prove that uy is non-decreasing and vy, is non-increasing. That
is, for all & > 0, ugg, < ugpy1 < Uogyo and vop > Vopi1 > Vog4a.

Now, first we see that uy < F'(ug,v0) = u; and vy > F(vg, ug) = vy.

By the iterative process defined as above, we have

ug = G(uy,v1), va = G(v1,u1).
Using the mixed monotone property of F' and G, we have
uy = F(UO,UQ) < G(UO,U()) < G(ul,vl) = Uug,
v1 = F(vg, up) > G(vg, up) > G(v1,u1) = va.

Moreover,

up = G(ug,v1) < G(ug,v2) = us,

va = G(v1,u1) > G(v2,u2) = v3
and

ug = F(ug,v2) < F(ug,v3) = ua,
vy = F(vg,uz) < F(vs,u3) = vy.
Therefore, for £ > 1,
Uogt1 = F(ugp, vor) < F(Uoky1, Vokt1) = Uok2,
Va1 = F(vag, ugg) < F(Vakt1, Uokt1) = V2kt2

and

ugkt+2 = G(ugkt1,V2k+1) < G(Uok42, V2k42) = Ugk+3,

Vopt2 = G(Vapy1, Uokt1) > G(Voag42, Uokt2) = Voky3-

Hence,

ug <up <o Sugg S Ugpyr S,

Vg >V 2 v 2 Vgg 2 V2kql = 0

Now, using equation (3.1) for u = ugg, v = vog, ¥ = uggs1 and s = vop11, We
have
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p(u2k+1, U2k+2)

= p(F(u%, var), G(u2kt1, U2k+1))

< (p(u%, F(ugk, var))p(uok, G(u2k+1, Var+1))P(Uok+1, F (uak, var)) )
- 1+ p(ugkt1, F(ugk1, vort1)) + p(ugk, ugkt1)

(p(u2k+1, F(uag, var))[1 + p(uzk+1, G(u2k41,V2k+1))] )
+ 72

1 + p(ugk, Ugk+t1)
+ Y (p(usk, ugk+1))

_ (p(u%, Unk41)P(U2k, Uokt2)P(U2k41, U2k11) )
1 + p(ugk+1, uak+2) + p(Uok, U2k+1)

(P(U2k+1, uok11)[1 + p(uzky1, Uzks2)] >
+ 72
1 + p(ugk, ugk+1)

+ Y (p(uan, u2r11))
= Y (p(u2k, Uzk+1))-

Therefore,

P(ugk 11, Ugkr2) < Y(p(uak, uaky1)) (3.2)
and
P(V2k41, Vart2) < Y(P(v2k, V2ks1))- (3.3)
Similarly, proceeding as above, we obtain
p(uskt2, Usts) < U (p(ugk+1, uzk+2)) (3.4)
and
P(V2k+2, V2k+3) < Y(P(V2kt1, V2k+2))- (3.5)
Hence, it can be deduced from equations (3.2)-(3.5) that
P(Usk+2, u2k+3) + P(vart2, Varts) < (p(uokt1, Uakt2)) + Y (P(v2rt1, Vok42))

< 2 (p(uzks uzk+1)) + Y2 (P (vak, vagt1))
< <Y (p(uo, ) + " (p(vo, v1))-

Thus, it follows that

p(un, un+1) =+ p(’Un, Q}n+1) < ?ﬁn(p(UO, ul)) + ¢"(p(voa Ul))' (3'6)
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Again, for n,r € N, using equation (3.6) inductively and using condition (4)
of PMS repeatedly, we obtain

DP(Un, Untr) + (U Ungr)
< [p(tn; Ung1) + p(Vn, Vnt1)] + [P(Unt1, Uny2)

+ p(anrl, Un+2)] + 4+ [p(unJrrfla un+7‘) + p(anrrfla UnJrr)]

B [p(u”‘H’ un‘H) + p(vn—l—l) Un-i—l)] - [p(un+27 un—i—?) + p(vn+2, Un+2)]
= = [p(unsr—1, tngr—1) + P(Untr—1, Untr—1)]

< [P(tns Unt1) + P(Vns Vng1)] + [P(Unt1, Unt2) + p(Vnt1, Vnt2)]
+ -+ [P(Ungr—1, Untr) + D(Vngr—1, Ungr)]
< Y"(p(ug, u1)) + " (p(vo,v1)) + " (p(uo, u1))

+ " (p(vo,01)) + -+ T (p(uo, ur)) + " (p(vo, 1))
ntr—1 n4r—1

= Z V" (p(uo, 1)) + Z ¥ (p(vo, v1))

n+r—1

n—1
= > ¢ (p(uo,w)) — > " (p(uo, ur))
k=0 k=0

n+r—1 n—1
+ > U (pvo,v1)) = DU (p(vo, v1))
k=0 k=0

— 0as kK = 00,

since 1 is a (c¢)-comparison function. Hence, {u,} and {v,} are Cauchy se-
quences in a partial metric space (€2,p) such that lim,, 00 P(tm, uy,) = 0
and limy, ,,—y00 P(VUm, vn) = 0, where m = n +r with m > n € N. Again, since
(Q,p) is a complete partial metric space, there exist u*,v* € Q such that (by
Lemma 2.10(2)),

p(U*’U*) = lim p(un,u”) = lim p(up,u,) =0 (3.7)

n—o0 n—oo

and

p(v*,v*) = lim p(v,,v*) = Jlrrgop(vn,vn) = 0. (3.8)

n—oo
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Now, we have to show that (u*,v*) is a coupled fixed point of F' and G.
Using contractive condition (3.1) again and noting that 1(0) = 0, we have

p(G(u*,v"),u") < p(G(u®,v"), uzn+1) + p(uzgn+1,u") — p(Uznt1, Uzn+1)
< p(G(u",v"), uzn+1) + p(uzntr, u)
= p(G(u",v"), F(uzn, v2n)) + p(Uzn+1, u*)
= p(F (uzn, v2n), G(u",v")) + p(uzn1,u”)

IN

y (p(uzn,F(uQn,vzn))p(uzn, G (s, v4))p(us, F (uQn,vzn)))
! 1 +P(U*,F(U*,U*)) +p(u2n7 )

p(U*’F(UQWU?n))[l +p(U*7G(U*7U*))])
1 +p(u27L7U*)

+ 1 (p(ugn, u*)) + p(ugny1, u*)

_ (p(uzn, U2n41)P(U2n, G (s, Vx) )P (U, u2n+1))
1+ p(ts, F(ts, v4)) + p(uzn, u*)

+’Y2<

p(u* ugny1)[1 + p(u*, G(u*,v"))]
T ( : +11—|—p(uQn, u*) )

+ (p(ugn, u”)) + p(ugni1, u*). (3.9)
Letting n — oo in equation (3.9) and using equation (3.7), we obtain
p(G(u*,v"),u*) = 0 as n — co.
Thus, we conclude that p(G(u*,v*),u*) = 0 and so by Lemma 2.11(1)
G(u*,v*) =u*.

Again by using inequality (3.1), we have

p(G(v",u"),v") < p(G(v*, u"), vant1) + P(v2nt1,07) — P(V2n+1, Vant1)
< p(G(v*,u"),van41) + p(v2ny1,v )
= p(G(v*,u"), F(van, uan)) + p(vant1,v")
= p(F(van, uzn), G(v*, u")) + p(vant1,v7)
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P(van, F'(van, u2n))p(v2n, G(v*, u*))p(v*, F<U2n=u2n)))
1+ p(v*, F(v* )) p(v2n, v*)
v*, F(van, uop))[1 + ,G(v*,u*
+ (P( (v2 12+)]))Ev2n71;(*) ( ))])
+ ¥ (p(van, v")) + p(v2n41,0")
_ (P(vzmvznﬂ)l?(wm G (v, u"))p(v”, vzn+1))
1+ p(v*, F(v*,u )) p(vap, v*)

p(v y U2n )[1+p( 7G(v y U ))}
+72< : +11+p(vgn,v*) )

+ ¥ (p(v2n, v")) + p(vant1, v"). (3.10)

Letting n — oo in equation (3.10) and using equation (3.7) and condition
1 (0) = 0, we obtain

S’Yl(

p(G(v*,u*),v*) = 0asn — co.
Thus, we get
p(G(v*u"),v") =0 = G(v",u") =",
by Lemma 2.11(1). Hence (u*,v*) is a coupled fixed point of mapping G.
Next, we have to show that (u*,v*) is also a coupled fixed point of mapping
F'. By inequality (3.1), we have
p(F(u*,v"),u*) = p(F(u*,v"),G(u*,v"))
< (P(U*7 F(u”, v"))p(u”, G(u*,v"))p(u”, F(U*av*)))
- 1+ p(u*, F(u*,v*) + p(u*, u*)
p(u”, F(u*,v"))[1 +p(U*,G(U*7’U*))]> -
— (p(u*,F(U*vv )p(u”, u)p(u”, F(u”, v* )))
1+ p(u*, F(u*,v ) + p(u*, u
L v* + u*,u*
g ( p(u”, F(u®, v"))[1 +p )] )
1 +p( ,u*)
:’VQP(F(U U )7U’*)7

which implies that p(F(u*,v*),u*) = 0, since 72 > 0 and so by Lemma 2.11(1),
F(u*,v*) = u*. By a similar fashion, using inequality (3.1), we can prove that
F(v*,u*) = v*. Thus, (u*,v*) is a common coupled fixed point of F' and G.
This completes the proof. O

Example 3.2. Let Q = [0, 4] be endowed with the usual partial metric given
by p(u,v) = max{u, v} for all u,v € Q. Let ¢(t) = 3t for all t € Q. Clearly,
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Y(t) is a (¢)-comparison function. Define F,G: [0,4] x [0,4] — [0,4] by
F(u,v) =3u —2v

and
u—v—+1, if u>w,

Glu,v) = { %, ifu < v,
for all u,v € [0,4]. Clearly, F' and G have the mixed monotone property.
Letu():%,v():%EQ.

F(ug, vo) :FG%) —1,
Fmao (3 -4
o) =0(23) - () -1 +1-
ot =03 =
Thus,
§<1<gand%>é>%.

Hence, ug < F(up,vp) < G(ug,v9) and vy > F(vg, ug) > G(vo, up).
Now, consider the contractive condition (3.1) in Theorem 3.1. Let u = %,
v:%, 71:72:1,7":%,SZ%andassumethatquzrzs. Then

F(u,v):F(%,é) :3(§>_2<% 2 10

Av
[SAE
N———
|
V)
VRS
[
,_/Hf—/h\\-/cﬂ\H\_/
Il
Ic
|
ol -
Il
N

)
st o5 3) e ) T
p(r, F(r,s)) :p<§,2) = max %, } =2,
M S 1
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Now, using contractive condition (3.1), we have
p(u, F(u, v))p(u, G(r, s))p(r, F(u, v)))
1+ p(r, F(r,s)) + p(u,r)

p(r, F'(u,v))[1 + p(r,G(r, s))] )
1+ p(u,r)

P(F (1), G(r.5)) < 7 (

implies that,

3’5 3
10 8 10 10 8
§1.< 3 5-?4) (3[1+45])+14
1+2+1 1+2 )7 23
160 26 2
= 2 % 5483
30 7713 ’

that is, 3.333 < 8.483. Since all the assumptions of Theorem 3.1 are satisfied,
so F' and G have a common coupled fixed point in Q = [0,4]. Here F(1,1) =
1=_G(1,1), that is, 1 is a common coupled fixed point of F' and G in Q = [0, 4].

If we take 9 (t) = v3t for all t > 0 where v3 € [0,1) in Theorem 3.1, then
we have the following result.

Corollary 3.3. Let (Q2,p,<) be a partially ordered complete partial metric
space. Let F,G: Q x Q — Q be mappings having the mixed monotone property
such that for some constants 1,72 > 0, v3 € [0,1) and for all u,v,r,s € Q,
where p(r, F(r,s)) + p(u,r) > 0, we have

p(u, F'(u,v))p(u, G(r, s))p(r, F(u, v))
p(F(u,v),G(r5)) <m < 1+ p(r,F(r,s)) + p(u,r) )

p(r, F'(u,v))[1 +p(r, G(r, 5))]
1+ p(u,r)

) + 3 p(u,r).
(3.11)

Suppose that we endow the product space €2 x Q with the following partial order:
for (u,v),(r,s) € A x Q, (r,s) < (u,v) & u>r, v<s.

+’72(

If there exist two elements ug,vy € Q such that ug < F(ug,v0) < G(ug,v0)
and vy > F(vg,up) > G(vg,ug), then F and G have a common coupled fized
point and p(a,a) = 0 for some a € Q.

Proof. Follows from Theorem 3.1 by taking ¢ (t) = 3t for all ¢ > 0 where
v3 € [0,1). O
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If we take v3 = 0 in Corollary 3.3, then we have the following result.

Corollary 3.4. Let (2,p,<) be a partially ordered complete partial metric
space. Let F,G: Q) x Q — Q be mappings having the mized monotone prop-
erty such that for some constants vy1,7v2 > 0 and for all u,v,r,s € ), where
p(r, F(r,s)) + p(u,r) >0, we have
p(u, F(u,v))p(u, G(r, s))p(r, F(u,v))
F b 7G ) < < >
P, Gl < G F )+ pluc)
p(r, F(u,v))[1 + p(r,G(r,s
JWZ(( (u, v))[1 4 p(r, G( ))]>'
1+ p(u,r)
Suppose that we endow the product space €2 x Q with the following partial order:
for (u,v), (r,s) € A x Q, (r,s) < (u,v) & u>r v<s.

(3.12)

If there ezist two elements ug,vy € Q such that ug < F(ug,v0) < G(ug,v0)
and vy > F(vg,up) > G(vo,up), then F and G have a common coupled fized
point and p(a,a) = 0 for some a € Q.

Proof. Follows from Corollary 3.3 by taking v3 = 0. 0

If we take 77 = 2 = 0 and 3 = p where p € [0,1) in Corollary 3.3, then
we have the following result.

Corollary 3.5. Let (2,p,<) be a partially ordered complete partial metric
space. Let F,G: Q) x Q) — € be mappings having the mixed monotone property
such that for all u,v,r,s € €,

p(F(u,v),G(r,s)) < up(u,r), (3.13)
where p € [0,1) is a constant. Suppose that we endow the product space Q x Q
with the following partial order:

for (u,v),(r,s) € QA xQ, (r,s) < (u,v) & u>r,v<s.

If there exist two elements ug,vyg € Q such that ug < F(ug,v0) < G(ug,v0)
and vy > F(vg,up) > G(vg,ug), then F and G have a common coupled fized
point.

Now, we prove a common coupled fixed point theorem for contractive con-
dition of non-rational-type.

Theorem 3.6. Let (2,p,<) be a partially ordered complete partial metric
space (POCPMS). Suppose that {Sy}aeca with So: Q x Q — Q is a family of
mappings having the mired monotone property and A is an index set. If there
erists a B € A such that for each a € A,

p(Sa(u, U)> Sﬁ(’ra S)) <h p(ua 7”) + ha [p(u, Sa(ua U)) + p(?“, S,B(ra 8))]
+ h3 [p(u, Sg(r, s)) + p(r, Sa(u,v))] (3.14)
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for allu,v,r,s € Q and for some constants hy, ho, hg > 0 with h1+2ho+2hs <
1. Suppose that we endow the product space € X € with the following partial
order:

for (u,v),(r,s) € A x Q, (r,s) < (u,v) & u>r, v<s.
If for all « € A, there exist ug,vg € Q such that ug < Sa(ug,vo) < Sg(ug,vo)
and vy > Sa(vo,up) > Sg(vo,up), then all So have a common coupled fized
point and p(a,a) = 0 for some a € Q.

Proof. Choose ug,vg € € such that ug < So(ug,v0) < Sp(ug,vo) and vy >
Sa(vo,up) > Ss(vo,up) and define sequences {u,} and {v,} in © in the
following way: uop+1 = Sa(uon,van), vont1 = Sa(Von,u2n) and ugpio =

Sg(Uan+1,V2n+1), Vant2 = S5(vant1, Uznt1) for all n > 0.
We have to prove that the sequence {u,,} is non-decreasing and the sequence
{vn} is non-increasing, that is, for all n > 0,

Ugp < Ugpy1 and V2, > Vopg.

Now, first we set, ug < Sq(ug,vo) = w1 and vy > S (vo,up) = v1. By the
iterative process defined as above, we have
ug = Sg(u1,v1), va = Sg(vi, u1).
Using the mixed monotone property of S, and Sg, we have
u1 = Sa(uo,vo) < Sp(ug, vo) < Sg(ur,vi) = ug,

v1 = Sa (v, up) > Sg(vo, uo) > Sp(vi,ur) = va.

Moreover,

U9 = Sﬁ(ul,vl) S Sﬁ(Ug,’Ug) = us,

Vg = Sg(vl,ul) Z SB('UQ,UQ) = V3
and

us = Sqo(u2,v2) < S (us,v3) = uy,
v3 = Sqo(va,u2) < Su(vs,us) = vy.
Therefore, for £ > 1,

Uznt+1 = Sa(Uzn, V2n) < Sa(U2nt1, Vant1) = Ugnt2,
< Sa

V241 = Sa(V2n, U2n) (V2n41, U2n41) = V2ni2
and
Uony2 = Sg(u2nt1,vVant1) < S5(Uant2, Vant2) = U2ny3,
Vant2 = S8(Vant1, Uant1) > Sp(Vant2, U2nt2) = Vany3.
Hence,

g <up << ugy S ugpy S



On common coupled fixed point theorems without compatibility 735

and

Now, using equation (3.14) for u = ug,, v = Vop, ¥ = Ugpt1, S = Vop+1 and
using PMS condition (4), we have

p(Ugns1, Uzns2) = p(Sa(tan, van), Sp(uznt1, V2nt1))

< h1 p(ugn, U2nt1) + ho [p(u2n, Sa(Uzn, v2r))
+ p(u2nt1, Sp(uant1, van+1))]
+ b3 [p(u2n, Sg(uan+1, v2nt1)) + p(U2nt1, Sa(U2n, V2n))]

= h1 p(uzn, uan+1) + ha [p(uzn, uznt1) + p(uon+1, uon+2)]
+ h3 [p(u2n, uznt2) + p(u2nt1, u2n+1)]

< ha p(uan, uznt1) + ha [p(uzn, uon+1) + p(uzni1, uon+2)]
+ h3 [p(u2n, uzn+1) + P(U2n+1, U2n+2) — P(U2nt1, Uzn+1)
+ p(u2n+1, U2n+1)]

< ha p(uan, uznt1) + ha [p(uon, uon+1) + p(Uzni1, uon+2)]
+ h3 [p(u2n, uzn+1) + p(U2nt1, u2n+2)]

= (h1 + ha + h3)p(uan, uzn+1) + (he + h3)p(u2n+1, u2nt2)-

This implies that
hi+ ho+h
p(Uzn 1, uzny2) < (#)p(wn, U2n+1)
1—ho—hg
= 0 p(uzn, Uzn+1), (3.15)

similarly by using inequality (3.14) again, we obtain

P(V2n+1, Van+2) < 0 p(Van, Van+1), (3.16)

1=ha—hs
Now, by adding equations (3.15) and (3.16), we have

where o = (m> < 1, since by assumption hy + 2hy + 2h3 < 1.

P(U2n41, U2n+2) + P(Vont1, Vant2) < 0 [P(U2n, U2nt1) + P(Van, V2nt1)]. (3.17)
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Likewise by equation (3.14), we obtain

p(uzn, uzny1) = p(Sa(Uanla V2n-1), Sﬁ(UQm U2n))

< h1p(u2n—1,u2n) + h2 [p(U2n—1, Sa(U2n-1,V2n-1))
+ p(u2n, Sp(u2n, v2n))]
+ h3 [p(uzn-1, Sﬁ(u2m van)) + p(Uzn, Sa(U2n-1,v2n-1))]
= h1p(uzn—1,u2n) + h2 [p(u2n—1, u2n) + p(U2n, u2n+1)]
+ h3 [p(uzn—1, u2n 1) + p(uzn, uzn)]
< h1 p(ugn-1,u2n) + ha [p(u2n-1, u2n) + p(u2n, U2n+1)]
+ h3 [p(u2n—1, U2n) + p(Uzn, uani1) — p(uan, t2n)
+ p(u2n, uzn)]
< h1 p(ugn-—1,u2n) + ha [p(u2n-1, u2n) + p(u2n, U2n+1)]
+ h3 [p(u2n—1,u2n) + p(uzn, uani1)]
= (h1 + h2 + h3)p(ugn—1,u2n) + (h2 + h3)p(uzn, U2n+1)

< <h1 + ho + h3
~“ \1—hyg—hg
= O-p(Uanla UZn)-

)P(U%—h U2p)

Again by using (3.14), it follows that

hi+ ho + h3
1—hy—h3
= 0 p(van-1,van)-

P(V2n, Van41) < ( )p(UZn—h Van,)

From equations (3.18) and (3.19), we have

p(U2n, U2n+1) + P(Van, Vopt1) < 0 [p(UZn—h Ugn) + p(van—1, Uzn)]-

Assume that
Qn = p(U2n, u2ny1) + P(V2n, V2n11)-
Then from equation (3.20), we obtain

Qn <0Qn_1.
Thus, using equation (3.21) repeatedly, we obtain

OSQngaQn—l§J2Qn—2§"'§0nQ0-

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

If Qo = 0, then (ug,vp) is a coupled fixed point of S. Suppose that @y > 0.
Then for each m € N, we obtain by using condition (4) of PMS repeatedly
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and equation (3.22) that

P(U2n, U2n+m) + P(V2n; V2ntm) < [P(U2n, U2n+1) + P(V2n, Vo2n+1)]
+ [p(u2n+1, u2n+2) + p(v2nt1, V2n+2)]
+ o+ [P(u2nt+m—1; U2ntm)
+ p(V2nm—1, V2ntm)]
— [p(u2n+t1, u2n+1) + P(v2nt1, v2n+1))
— [p(uzn+2, u2n+2) + p(vant2, Van+2)]
— - — [p(u2n+m—1, U2ntm—1)
+ p(V2n+m—1; V2n+m—1)]
< [p(u2n, uzn+1) + p(v2n, vant1)]
+ [p(uant1, u2n+2)
+ p(V2n+1, Vont2)]+ -+ [P(U2n4m—1, U2n+m)
+ p(von+m—1, Von+m)]
= Qn + Qn+1 + -+ Qn+m71
<" Qo+ Qo4+ 0" Qo
=o"1+o+c*+-+0™ Qo
n m—1
< (2L Ny,

l1—0

<( dz)Qo

1—0

—0asn — co. (3.23)
Hence, {uy,} and {v,} are Cauchy sequences in (£2,p) such that

lim  p(tm, un) =0
m,n—00

and

lm  p(vm,v,) =0
m,n—00

with m > n € N. Again, since (2, p) is a complete partial metric space, there
exist u*,v* € Q such that (by Lemma 2.10(2))

p(u*,u*) = nh_)Igop(un,u*) = lim p(up,u,) =0 (3.24)

n—oo

and

p(v*,v*) = lim p(v,,v*) = Jlrrgop(vn,vn) = 0. (3.25)

n—oo
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Now, we first show that (u*,v*) is a coupled fixed point of Sz. By using
contractive condition (3.14), we have

*

p(u’, Sp(u*,v")) < p(u”, uzn+1) + plugnt1, Sp(u”, v")) — p(Uzn+1, Uzn+1)
( ) + p(ugny1, Sp(u”, "))

= p(U*’ U2n+1) + p(Sa(u2m U2n) ﬁ(U*a v ))
( )

u*, uon41) + hi p(uon, u*) + ha [p(ugn, Sa(Uan, vay))

*
p\u ,U2n+1

(U*vsﬁ( ;0 )] + ha [p(uzn, Sp(u”, *))
+ p(u*, Sa(uzn, van))]
= p(u”, U2n+1) + h1p(uzn, w*) + ha [p(uzn, uznt1)
+ p(u®, Sg(u”, v*))] + h3 [p(uzn, Sp(u®, v"))
+ p(u*, uzn11)]. (3.26)
Letting n — oo in inequality (3.26) and using equation (3.24), we get
p(u”, Sp(u*,v")) < (kg + h3)p(u”, Sp(u”, v")),
which is a contradiction, since ho + h3 < 1. Hence, we conclude that
p(u*, Sg(u*,v")) = 0.

Thus, by Lemma 2.11(1), we have Sg(u*,v*) = u*.
Likewise

*

p(v™, Sp(v™,u")) < p(v*, vant1) + p(vant1, Sp(v™, u")) — p(van+1, vant1)
< p(v*,v2n41) + P(V2n+1, SV, u"))
= p(v*, vany1) + P(Sa(V2n, U2n), Sg(v*, u*))
< p(v* Vont1) + h

19(v2n, v*) + ho [p(van, Sa(van, u2n))
+p(v*, Sp(v",u"))] 4 hs [p(v2n, Sp(v", u”))
+ p(v", Sa(van, uzn))]
= p(v", van+1) + h1 p(van, v*) + ha [p(van, van+1)

+ p(v*, Sp(v*,u"))] + hs [p(van, Sp(v™, u™))

+ p(v*, van+1)]- (3.27)
Letting n — oo in inequality (3.27) and using equation (3.25), we get

p(v*, Sp(v*,u”)) < (ha + h3)p(v™, Sg(v™, u”)),
which is a contradiction, since hy + hg < 1. Hence, we conclude that
p(v*, Sg(v*,u*)) = 0.

Thus, by Lemma 2.11(1), we have Sg(v*,u*) = v*. Therefore, (u*,v*) is a
coupled fixed point of Sg.
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Now, we have to show that (u*,v*) is also a coupled fixed point of S,,.
Let @ € A be arbitrary. Then by equation (3.14), we have

P(Sa(u”,v7),u") = p(Sa ( ) SB(U v))

+ h3 [p(u”, u®) + ( 5, Sa(u®,v"))
= (ha + h3)p(Sa(u*,v*),u") < p(Sa(u*,v*),u"),
which is a contradiction. Hence,
p(Sa(u*,v*),u*) =0

and so by Lemma 2.11(1), we get

Sa(u*,v*) =u*.
By a similar fashion using equation (3.14) one can show that

Sa (v, u*) = o™

Thus, (u*,v*) is also a coupled fixed point of S,. Hence, (u*,v*) is a common
coupled fixed point of S, and Sg. This completes the proof. O

Remark 3.7. Theorem 3.1 and 3.6 extend and generalise the corresponding
results of Tijani et al. [41] from partially ordered complete metric spaces
(POCMS) to the setting of partially ordered complete partial metric spaces
(POCPMS).

Remark 3.8. Our results also generalize the corresponding results of Kim
et al. [24] without the assumption of w-compatibility condition in partially
ordered complete partial metric space setting.

4. APPLICATIONS

In this section, we provide some applications of the established results in
terms of integral type contractions.

Let ® denote the set of functions (: [0,+00) — [0,400) satisfying the fol-
lowing properties:

(®q1) (is a Lebesgue-integrable function on every compact subset in [0, +00),
(P2) fo t)dt > 0 for all € > 0.

Theorem 4.1. Let (2,p,<) be a partially ordered complete partial metric
space. Let F,G: 2 x Q — Q be mappings having the mixed monotone property
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such that for some constants vy1,v2 > 0, for all u,v,r,s € Q, p(r, F(r,s))
+ p(u,r) >0, ¢, a (c)-comparison function and ¢ € ®, we have

p(u, F(u,v))p(u,G(r,8))p(r, F(u,v))
1+p(r, F(r,s))+p(u,r)

p(F(U‘:U) ,G(T,S))
/ e < |

0

C(t)dt

0

T S
+’Y2/ C(t)dt—i—/ ¢(t)dt.
0 0
(4.1)
Suppose that we endow the product space 2 x ) with the following partial order:

for (u,v),(r,s) € A x Q, (r,s) < (u,v) & u>r v<s.

If there ezist two elements ug,vy € Q such that ug < F(ug,v0) < G(ug,v0)
and vy > F(vg,up) > G(vo,up), then F and G have a common coupled fized
point and p(a,a) = 0 for some a € Q.

If we set ¢ (t) = y3t for all t > 0, where 73 € [0,1) in Theorem 4.1, then we
obtain the following result.

Theorem 4.2. Let (2,p,<) be a partially ordered complete partial metric
space. Let F,G: Q x Q — Q be mappings having the mixed monotone property
such that for some constants v1,v2 > 0, v3 € [0,1) for all u,v,r,s € Q, where
p(r, F(r,s)) + p(u,r) >0 and ¢ € D, we have

p(w, F(u,v))p(u,G(r,s))p(r, F(u,v))
1+p(r, F(r,s))+p(u,r)

p(F(u,v),G(r,s))
/ C(tydt

d
O C@tS%A

p<r,F(u,v>>[1+p<r,c<r,s>>1) ()
C(t)dt + s ¢(t)dt.

< 1+p(u,r)
+ 72 / /
0 0
(4.2)
Suppose that we endow the product space (2 x Q with the following partial order:
for (u,v),(r,s) € QA xQ, (r,s) < (u,v) & u>r,v<s.

If there exist two elements ug,vy € Q such that ug < F(ug,v0) < G(ug,v0)
and vy > F(vg,up) > G(vg,upg), then F and G have a common coupled fized
point and p(a,a) = 0 for some a € Q.

If we take v3 = 0 in Theorem 4.2, then we obtain the following result.

Theorem 4.3. Let (2,p,<) be a partially ordered complete partial metric
space. Let F,G: Q) x Q — Q be mappings having the mixed monotone prop-
erty such that for some constants v1,v2 > 0 for all u,v,r,s € Q, where
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p(r, F(r,s)) + p(u,r) >0 and ¢ € ®, we have

p<u,F(uw))p(u,cms))p(r,F<u,v>>)

p(F(u,0),G(r,s)) ( rF(rs wr
/ C(t)dt < / 14+p(r,F(r,s))+p(u,r)
0

0

C(t)dt

p(r, F(u,v))[14p(r,G(r,s))]
1+p(u,r)

+72 /0 C(t)dt. (4.3)

Suppose that we endow the product space 2 x Q with the following partial order:
for (u,v),(r,s) € QA xQ, (r,s) < (u,v) & u>r v<s.

If there exist two elements ug,vg € Q such that uy < F(ug,v9) < G(up,vg)
and vg > F(vg,up) > G(vo,up), then F and G have a common coupled fized
point and p(a,a) =0 for some a € Q.

If we take 71 = 72 = 0 and ~3 = u, where g € [0,1) in Theorem 4.2, then
we have the following result.

Theorem 4.4. Let (2,p,<) be a partially ordered complete partial metric
space. Let F,G: Q) x Q) — € be mappings having the mized monotone property
such that for all u,v,r,s € Q, we have

p(u,r)
C@ﬁﬁﬂ/ C(t)dt, (4.4)
0 0

where ¢ € ® and p € [0,1) is a constant. Suppose that we endow the product
space £ x Q) with the following partial order:

for (u,v),(r,s) € QA xQ, (r,s) < (u,v) & u>r,v<s.

/p(F(uvv)vG(r,S))

If there exist two elements ug,vy € Q such that ug < F(ug,v0) < G(ug,v0)
and vy > F(vg,up) > G(vg,ug), then F and G have a common coupled fized
point.

Now, we give the application of Theorem 3.6 in terms of integral type con-
traction is as follows.

Theorem 4.5. Let (2,p,<) be a partially ordered complete partial metric
space (POCPMS). Suppose that {Sa}taca with Sq: Q x Q — Q is a family of
mappings having the mired monotone property and A is an index set. If there
exists a B € A such that for each a € A,

/p(Sa (u,v) 7SB (T,S)) /[p(u’sﬂ (u,v))—l—p(r,S@ (T‘,S))}

p(u,r)
awﬁsmA Cltyat + b |

/[p(u75ﬁ(ras))+p(r75a (u,0))]

0

+ by C(t)dt (4.5)

0
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for all u,v,r,s € Q, where h1,ha,hs > 0 are constants such that hi + 2ho +
2hs <1 and ¢ € . Suppose that we endow the product space €2 x Q0 with the
following partial order:

for (u,v), (r,s) € A x Q, (r,s) < (u,v) & u>r,v<s.

If for all « € A, there exist ug,vg € Q such that ug < So(ug,vo) < Sg(ug,vo)
and vy > Sa(vo,up) > Sz(vo,up), then all Sy have a common coupled fized
point and p(a,a) =0 for some a € Q.

5. CONCLUSION

In this paper, we prove some common coupled fixed point results for con-
tractive type conditions without the assumption of compatibility condition
in the setting of partially ordered complete partial metric spaces with mixed
monotone property. Moreover, we give some consequences of the established
results and an illustrative example in support of the established result is pro-
vided. Also, some applications of the established results in terms of integral
type contractions are included. Our results of this paper extend and generalize
several results in the existing literature (see, e.g., [41] and others).
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