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1. INTRODUCTION

Throughout this paper, let H be a real Hilbert space with an inner product
(+,) and induced norm ||-||, and let C' be a nonempty closed and convex subset
of H.

Let T : C — C be a mapping. A point x € C is a fixed point of T
if Tx = x. The set of all fixed points of T is denoted by Fix(T'), that is,
Fix(T) = {x € C : Tx = z}. A mapping T : C — C with a nonempty fixed-
point set (Fix(T) # () is called quasi-nonexpansive if ||Tx — p|| < ||z — p|| for
all x € C and p € Fix(T). A mapping T of C into itself is called nonexpansive
if |[Tx — Tyl < |lx —y| for all x,y € C. Note that the mapping I — T is
demiclosed at zero if x € Fix(T') whenever z,, — x and x,, — Tx,, — 0. It is
widely known that if T': H — H is nonexpansive, then I — T is demiclosed at
zero.

Fixed point theory for nonlinear mappings has received significant atten-
tion in recent years due to its broad applicability in areas such as compressed
sensing, image recovery, and data classification (see, for instance, [6, 8, 19, 21]
and the references therein). In particular, fixed-point algorithms have been
effectively applied to medical data classification for instance, in predicting can-
cer [5], Parkinsons disease [16], and chronic kidney disease [9]—demonstrating
their efficacy in constructing reliable predictive models.

Another fundamental problem is the variational inequality problem (VIP).
For a given operator A : C' — H, the VIP is to find a point z € C such that

(Az,y —z) >0, VYyeC.

The solution set of the VIP is denoted by VI(C, A). One of the most promi-
nent methods for solving the VIP is the extragradient method, introduced by
Korpelevich [12] in 1976 for operators in Euclidean space. For an operator
A that is monotone and L-Lipschitz continuous with a constant L > 0, the
extragradient method generates a sequence {x,} via the iterative scheme:

(1.1)
Tnt1 = Po(zn — My,), Yn >0,

{yn = PC(wn - )\AfL’n),
where P is the metric projection onto C' and the step size A is a constant in
(0,1/L). If the solution set VI(C, A) is nonempty, the sequence {z,, } generated
by (1.1) converges weakly to a solution of the VIP.

In 2011, Censor et al. [4] introduced a subgradient extragradient method
where the second projection onto the set C' is replaced by a projection onto a
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strategically constructed half-space. The algorithm is defined as follows:

Yn = Po(zn — Axy),
T,={z€ H:(ry,— Nz — Yn,x — ypn) < 0}, (1.2)
Tnt1 = Pr, (zn, — ANy,), Yn >0,
forall A € (0,1/L). They proved that if the solution set VI(C, A) is nonempty,
the sequence {z,} generated by (1.2) converges weakly to a solution. This

method has since been modified and generalized in various directions by nu-
merous researchers (see, e.g., [10, 11, 14, 27, 30] and the references therein).

In 2020, Suantai et al. [20] introduced a parallel algorithm for finding a
common solution to a family of variational inequalities, which incorporates a
viscosity method and a line search. Given constants p, u € (0,1), a sequence
of real numbers {a,} C (0,1), r(z) := 2 — Po(x — yAz),y > 0 and an initial
point 1 € H, the method is described as follows:

yiz = PC(‘Tn - A;Azwn)v A% = plila
(I¢, is the smallest non-negative integer [* such that
NallAia = At < g () ) "
zn = Pr,(zn — X, Aiyy),
T,:={z€ H:(x, — A\ Aixzy, — 4.,z —y}) <0},
T = (1 —an) f(xn) +anzl, VYn>1,
where for each ¢ € {1,...,N}, A; : C — H is a monotone and L;-Lipschitz
continuous operator, and f : C — C is a strict contraction mapping with
constant k € (0,1]. Under suitable conditions, they proved that the sequence

{2} generated by (1.3) converges strongly to z* € NN, VI(C, A;), where
xt = Pﬂf\i VI, AY) f(x*) is the unique solution of the variational inequality

N
(I - fla*,x—2%)y >0, Vze ﬂVI(C, A).
i=1

To improve the convergence rate of such algorithms, researchers have in-
corporated various acceleration techniques. Among the most effective is the
inertial method, first introduced by Polyak [17]. The combination of inertial
effects with the subgradient extragradient method has been a fruitful area of
research, developed by many authors (see, e.g., [1, 3, 23, 24, 25, 26, 29] and
the references therein). A key component in the design of efficient inertial
algorithms is the choice of the inertial parameter, 6,. In many foundational
studies, this parameter, which controls the momentum of the iterates, was
restricted to the interval [0, 1), effectively limiting the influence of the inertial
step (see, e.g., [26, 29]).
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Challenging this convention, Shehu et al. [18] in 2021 introduced a subgra-
dient extragradient algorithm with a more flexible inertial term, allowing the
parameter 6, to be chosen from the interval [0, 1]. Their method also features
a self-adaptive step size and is formulated as follows:

Wy, = Ty, + Op(Tn — Tp—1),

Yn = Po(w, — AnAwy,),

T, :={z € H : (w, — \yAwy, — Yn, 2z — yn) < 0},

Tnt1 = (1 — an)zn + anPr, (W — A\ Ayn), Vn > 1,

(1.4)

where the parameters satisfy 0 < 0, < 0,11 <land 0 < a < ayp < apy1 <

713 for some 6 > 0. The step size A, is updated via the following rule:

- pllwn =yl } :
min ¢ ———— A\, ¢, if Aw, # Ay,,
Ant1 = { | Awn, — Ayn||

A, otherwise.

(1.5)

They proved that under appropriate conditions, the sequence {z,} generated
by (1.4) converges weakly to a solution in VI(C, A) for a monotone and L-
Lipschitz continuous operator A. Furthermore, they established a strong con-
vergence result for the special case where the operator A is strongly monotone
and Lipschitz continuous.

Motivated by the recent research of Suantai et al. [20] and Shehu et al. [18],
we introduce a new class of inertial parallel-type subgradient extragradient
methods. We first propose an algorithm for finding a common solution set of
variational inequality problems and subsequently extend it to find a common
element of the common solution set of variational inequality problems and the
fixed point set of a quasi-nonexpansive mapping.

The main contributions and features of our work are summarized as fol-
lows. First, our method adopts the inertial condition 0 < 6,, < 1, allowing for
a potentially larger and more effective momentum step. Second, we employ a
self-adaptive step size rule that does not require prior knowledge of the oper-
ator’s Lipschitz constant, making the algorithm more practical. Finally, the
proposed algorithms are designed to be computationally efficient by avoiding
any line search procedures.

We establish both weak and strong convergence theorems for the proposed
methods under suitable conditions. Finally, we provide numerical experiments
to illustrate the convergence behavior and demonstrate the effectiveness of our
algorithms in comparison to existing methods. Our results extend and unify
several recent results in the literature.
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The remainder of this paper is organized as follows. Section 2 reviews
fundamental definitions and lemmas. In Section 3, we introduce our proposed
algorithms and provide a thorough convergence analysis. Section 4 presents
numerical experiments and provides remarks on the results to validate our
theoretical findings. Finally, Section 5 provides a summary of our work and
concluding remarks.

2. PRELIMINARIES

This section recalls some fundamental definitions and lemmas required for
our subsequent analysis. Throughout, we denote strong and weak convergence
by “—=” and “—”, respectively.

Definition 2.1. A mapping A: H — H is called:

(i) monotone, if for all z,y € H,

(Ax — Ay, x —y) > 0;
(ii) n-strongly monotone, for some n > 0, if for all x,y € H,
(Az — Ay,x —y) > nllz — yl%;
(iii) pseudo-monotone, if for all z,y € H,
(Az,y —2) 20 = (Ay,y —z) 2 0;
(iv) d-strongly pseudo-monotone, for some § > 0, if for all z,y € H,
(Ay,z —y) 2 0= (Az,z —y) > 8|z —y||;
(v) L-Lipschitz continuous, for some L > 0, if for all z,y € H,
Az — Ay|| < Lz —y||.

It is well known that every monotone mapping is also pseudo-monotone,
but the converse is not true, as the following example illustrates.

Example 2.2. ([28]) The mapping A : (0,00) — (0,00), defined by Az =

a
P with a > 0, is pseudo-monotone but not monotone.
a+x

The metric projection is a fundamental tool in our analysis. For all x € H,
there exists a unique nearest point in C, denoted by Pox such that

le - Peal < |z —yl, VyeC.
Pc is called the metric projection of H onto C.

The projection operator is characterized by the following well-known prop-
erties.
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Lemma 2.3. ([22]) For any x € H and y € C, we have Pox =y if and only
if the following variational inequality holds:

(x—y,y—2) >0, VzeC.

Lemma 2.4. ([2]) The metric projection satisfies the following inequality for
allz € H andy € C:

lz = ylI* > llz — Poxl® + [ly — Pez||*. (2.1)

The following lemma, often referred to as Minty’s Lemma, provides an
alternative formulation for solutions to the VIP under specific conditions.

Lemma 2.5. ([7]) Let A : C — H be a pseudo-monotone and continuous
operator. A point x* is a solution of VI(C, A) if and only if it satisfies
(Az,x —x*) >0, VxeC.

We will also use the following fundamental properties of a Hilbert space H.

Lemma 2.6. The following statements hold for all x,y € H:
(1) [lz+ sz = Htz +2(z,y) + [|yl1%;
(2) [lz +ylI* < llzlI* + 2{y, = + y);
(3) for any a,b € R, |laz+by||? < a(a+b)||z]|*>+b(a+b)|y||* —abl|z —y||*.

To establish the convergence of our proposed algorithms, we require several
key analytical tools. For weak convergence, we use the well-known Opial’s
Lemma.

Lemma 2.7. ([15]) Let C be a nonempty subset of H and let {x,} be a
sequence in H. If {x,} satisfies the following two conditions:

(1) for any x € C, the limit lim,_, ||zn — x| exists;

(2) every sequential weak cluster point of {zy} is in C;

then {x,} converges weakly to a point in C.

The next two lemmas are essential for analyzing the convergence of real-
valued sequences that arise from iterative algorithms.

Lemma 2.8. ([13]) Let {¢on}, {0n} and {0, } be sequences of non-negative real
numbers such that

®n+1 < ©n + en(SOn - Spnfl) + 5na Vn >1

with Y7 | 6n < 400, and there exists a real number 6 such that0 < 0, <6 <1
for alln € N. Then, the following assertions hold:

(1) S — @n_1]y < +oo, where [t]; := max{t,0};

n=1

(2) The sequence {¢,} converges to some p* € [0, +00).
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3. MAIN RESULT

This section is dedicated to the development and analysis of our proposed
algorithms. We begin by introducing an inertial parallel-type subgradient
extragradient method (IPSE) designed to find a common solution of variational
inequality problems. We then establish both weak and strong convergence
theorems for this method. Subsequently, we will extend this framework to
solve a more general problem that also includes finding a fixed point of a
quasi-nonexpansive mapping.

To establish our results, we operate under the following assumptions on the
problem and the algorithm’s parameters.

Assumption 3.1. The operators, solution set and parameters of the algo-
rithm satisfy the following:

(a) The feasible set C' is a nonempty closed and convex subset of H.
(b) For each i € {1,..., N}, the operator A; : H — H is monotone and
L;-Lipschitz continuous with L = max{L;}.
¢) The set of common solutions (Y, VI C, A;) is nonempty.
i=1
(d) The inertial sequence {6, } is non-decreasing with 0 < 6,, < 1.
(e) The sequence {a,} is non-decreasing and satisfies 0 < a < v, < T}ré
for some ¢ > 0.
f) The weights {a;} satisfy 1\; a; =1and 0 <p<a; <q<1for some
1=1
constants p, q.
(g) The positive sequence {8} satisfies 0 < ¢ < B, < d < 1 for some
constants ¢, d and for all n > 1.

Our main algorithm, the Inertial Parallel-Type Subgradient Extragradient
method (IPSE), is formally presented in Algorithm 1.
Algorithm 1 (Inertial Parallel-Type Subgradient Extragradient Method).

Initialization: Choose the parameters y € (0,1) and A} > 0 for all i =
1,2,...,N. Let x9,x1 € H be given starting points.

Iterative Steps: Calculate z,41 as follows:

Step 1. Compute ¢, for all i = 1,2,..., N by

Wy, = Ty, + en(fpn - mnfl), (3 1)
y;;, = PC(wn - )\%Azwn)) .
where )
. /JJHwn - y}z” i } : ;
; min — Ao, i Aywy, # Ay,
g1 = { | Aswn, — Asys || (3.2)

AL, otherwise.
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If w, = yiL = x,, STOP. Otherwise
Step 2. Compute
Uy, = Brwy + (1 — Bn)PT}L (wn — )‘;Aiy;% (3.3)
where
T = {z€ H: (w, — N, Ajw, — ', 2 —yt) <0}
Step 3. Compute

N
Tnt1 = (1 —ap)zy + an Zaiu%, n>1. (3.4)
i=1
Step 4. Set n + n+ 1, and go to Step 1.

Remark 3.2. The algorithm terminates if the condition z,, = w, = y holds
for any i = 1,2..., N. From the equations (3.1), it follows that x,, = Pc(x,, —
AL Aixy). Thus z, € VI(C,4;) for all i = 1,2,..., N and so z, € F :=
N, VI(C, Ay).

Remark 3.3. The step size sequence {\}} for each i € {1,...,N} is well-
defined, positive, and convergent. By construction in (3.2), the sequence is
non-increasing, so A, < A}, If Ayw, # Ay, the Lipschitz continuity of A;
implies

fllwn —gall o plwn—wall _po p

[Aiwn — Aigp |l — Lillwn —yill - Li — L
This means that for all n > 1, we have X!, ; > min{,6 X!} and s0 AL <L
This implies that )\}1 < )\ ,Vn > 1. Since mln{ } AL L1, We have

min { ¥, X} < A} and min {%, Ab} < AL It implies that

min {%,min {%, )\’1}} < min {%, X‘Q} <\
Then, we obtain min {%,)\’1} < Xg. Continuing, for every ¢ = 1,2,..., N, we
get

0< min{%,)\ﬁ} <N, vYn>1.
Since {)\il} is non-increasing and bounded below by a positive constant, the
limit A* := lim,, o A}, exists and is positive.

Lemma 3.4. Let {z,,} be the sequence generated by Algorithm 1. If Assump-
tion 3.1 holds, then {x,} is bounded. Furthermore, for any x* € ﬂf\il VI(C, 4;),
the limit im, o0 ||x, — x*| exists.



A modified inertial parallel-type subgradient extragradient method

Proof. Let x* € ﬂf\il VI(C, A;). We define
2 o= Pri(wn — X, Agyy)

T

(3.5)

for each i = 1,2,...,N. Since z* € N, VI(C, 4;) and the operator A; is
monotone, it follows that (A;y%, y¢ —x*) > 0 for all i = 1,2, ..., N. From this,

we can obtain
(Aiyp, 3% — 2) < (A, yh, — 21,)-
From the definition of the half-space T\, we have
(wy — AL A, — 9yt 28 —yl) <0.
Therefore,
(wn = N Aih, = Y 2 — Yn) = (W — Ay Aiwn = yp,, 25, — )
+ A (Ajwn — Agyl, 20— yh)
< N (Ajwn — Ay, 2 — ).
From (2.1) and (3.6), we have
2, = &1 < lwn = X, Agyp, — 2P = [Jwn — AL Aigs, — 2317
= [lwn — 2*|* = [Jwn — 25,12 + 27 (A, 21, — @)
< fwn = 2*|* = lJwn — 25 |1* + 20, (A, v, — 21)
= llwn — 2*1? = [lwn =y lI” = llys, — 20l
+2(wn = AL Al — Yns 7 — Yn)-
From (3.7) and (3.8), we get
Iz, = 2*(* < Nlwn — 2*|1 = [lwn = yill* = llyn — 20l
+2(wn = AL Ay, = Yhs 2 — Yn)
< Jfwn = &*[* = [fwn = yol1* = v — 20l
+ ML (Aiwn — Ay, 2 — uh)
< lwp = 21> = lwa = yplI* = llyn, — z0l®
+2X0 || Aiwn — Aiyy|l]|2;, — il
< lwn = 2*|1* = lwa = ynll* = llyp, — z0l®
208 o, g1~ o

7
n+1

(3.6)

(3.7)

(3.8)
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< Jlwn = 21 = flwn = ypl* = llyn — 201

A : ) .
20 — i) 4 1%~ 94 1P)
n+1
X N , . .
=l = (1= ) (= P 1= 0h) . (39)
n+1

We note that since lim,, o, A}, exists and is positive,

)\i
lim (1— "“>=1—M>0.

o )‘iz+1

Therefore, there exists a natural number ng > 1 such that this term is positive
for all n > ng. It follows from (3.9) that

/L‘ —_—

y — || < JJw, —x¥|], Vn>ng, Vi=1,2,..,N. (3.10)
It follows from (3.10) that

1> aiup, — 2™ < ailluy, — 27|
=1 =1

Iz

N
= > aillBuwn + (1 = Ba)z;, — 2|
i=1

N
< Zai (ﬁn”wn -2+ (11— BR)HZ;LI - HJ*H)

i=1

N
<D ai (Bullwn — 2| + (1 = Ba) wa — 27|])

i=1
N
= aillwy — 2*|| = [Jwn — 27 (3.11)
i=1
Now, using the result from (3.11) and the definition of =, we get

N
|21 — 22 = 11— an)zn +an Y aguy, — 27|
i=1

N
= (1—an)|lzn — x*”Q + an| Zaiu; - x*HQ

i=1

N .
= (1= an)an|zn - Z%‘U%HQ
i=1
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< (1= an)llen — 2*|* + anflwn — 27|
N .
— (1 — ap)an||z, — Zaium2, Vn > ng.
i=1

Note that from the definition of x,,, we can write:

N 1
Zaiu; — &y = —(Tpy1 — ), Vn>1.
i=1 n

Substituting (3.13) into (3.12), we have
lzns1 = 2*| < (1= an)llzn — 27|° + anflwn — 2™
2

1
Zn(xn+1 - $n)

= (1 — o)z — $*||2 + anlwy, —

—(1—ap)an

*H2

1—a,

|Zns1 — xn”Q‘
n

Next, applying Lemma 2.6 (iii) to the inertial term yields
[Jwn — 55*”2 = [|@n + On(zn — Tn-1) — x*H2
= [[(1+ ) (xn — 2%) = Op (201 — 2)|
= (L4 0n) |2 — 27|° = |21 — ™2
+0,(1+6,) ||z — xp1]|®, Yn>1.
Combining (3.14) and (3.15), we obtain the following inequality
Jns — 22 < (1 = an)lln — 2|1

+ an((l +0n) || — 95*||2 — Onl|lTn—1 — x*H2
1—a,

+ O0n (1 +0,)||xn — xn_lHQ) —
n
= (1+ anby) |lzn — JJ*HQ — apbp||Tn—1 — x*HZ

+ o On (14 0p) ||z — $n—1||2

1—a,

[Zni1 — 2l Vn > no.
n

Now, we define the sequence
Ly = [lan — x*||2 — b llzn—1 — x*||2
+ O (14 0,)||xn — n1|?, n>1.

Since ay, < ap+1 and 6, < 0,41, it follows that a6, < ap+10p41.

779

(3.12)

(3.13)

(3.14)

(3.15)

| Znt1 — anQ

(3.16)
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We then analyze the difference I'y 11 — I'y:

Lot =T = [[zns = 27l° = ang1bpst |20 — 27|
+ ang10n 41 (14 Ons) [ @nr1 — nll® = 2n — 27|
+ anbpl|Tn_1 — 2%* = @nbn(1 + 0p) |20 — zpa |
< lner — 272 = (1 anu)n — 22 + @bz 1 — 7]
+ 1041 (1 + 1) [ 241 — 20|
— (14 0,) ||z — Tnq || (3.17)

Substituting (3.16) into (3.17) and simplifying gives

1—oay,

T R < — apg1bp (1 + '9n+1)> | Znt1 — an2 (3.18)

Qp
From the conditions in Assumption 3.1, we get

1—qa, 1

o A 10n41(1 4 Opp1) = o 1 —any10n41(1 + 0py1)
>(24+8) 1 2jL6(1)(2)
)
=0+ 570
> 4. (3.19)
Substituting (3.19) into (3.18), we have
Tpit — Dn < =0||Zng1 — 202 (3.20)

for some 6 > 0. This shows that the sequence {I',} is non-increasing for
n > ng. From the definition of I';,, we also have

Ly = [lzn — x*H2 — anbpl|Tn-_1 — m*H2 + nOn (1 + 0n)||zn — xn—1H2

> |z — CC*H2 — anbp||Tn-1 — :C*H2 (3.21)
Observe that

1
an9n<m::€<1.
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Using (3.21), we obtain
[@n — x*H2 < anbnllzn—1 — 37*H2 + I
<ellzny — 2P+ Ty
<€ (€llzno— "> +T1) + Ty
= &||zp_o —2*||? + el + T4

< €"||xo — 93”‘||2 +(1+--4+ e”_l)Fl
T
< elao —a"|F + 7

Therefore,
Lot = zpa1 — |1 = ang1Onia g — 2|2
+ 1041 (1 + 1) [ 241 — 20|
> —an1Onsa |n — 22
It follows from (3.23) that
i1 < angrbnia o1 — 2*|

< elan — 2"

r
< e log — 22 + 7.
From (3.20) and (3.24), we have
k
‘52 2041 = 2] <T1 = Thpa
n=1

Iy
1_

< €k+1HxO _x*”2+

This implies that
[e.9]
r
Y lnts = zal* < s < +o0,
— (1 —¢)

Therefore,
nh_)rgo |Zn+1 — 2|l = 0.
From the definition of w,,, we obtain

|wn — 2|l = Opllvn — 2nal] < |20 — 201l =0

781

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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as n — oo. From (3.16), it follows that

|Tnt1 — H2 (14 anbn) [|zn — x*H2 — anbp||Tn-1 — x*H2

+ 2|20 — Tn1]? (3.29)
Since all the conditions of Lemma 2.8 are satisfied, we conclude that

nh_}m |2n — 2*)? =1 < 0. (3.30)
This completes the proof. O

Theorem 3.5. Let {x,} be the sequence generated by Algorithm 1. If As-
sumption 3.1 holds. Then the sequence {x,} converges weakly to a point in

NY,VI(C, 4;).

Proof. From (3.13) and the fact that lim,,_,« |2, — 2n—1]| = 0, it follows that
N ' 1
| z; @it = nll = =1 =
1=

1
< ~Jlansr = zall 0 (3.31)

as n — oo. It follows from (3.28) and (3.31) that

N
nlggo ||wn — Zaiunﬂ = 0. (3.32)

From (3.3), we have
N . N .
I aiuy, —2*|* < ZCMHU% —z*|?
i=1 ;
—Zazuﬁnwn 1_/871)2 _«T*HQ

ai (Bullwn — *|* + (1 = Ba)lz, — 2"|I?

Mz

_Bn( Bn)Hwn_Z:z‘P)
< Bullwn — 2|1 + (1 = Ba) 121, — «*||?

N
- Bn(l - 571) Zainn - Z:LH2

=1
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< lwn = 2|2 + (1 = Ba) Iz, — 2"
N
— Bu(1 Zaszn—ZnH2
=1

It implies that

i _I*||2

N ‘ N
n(1—=Ba) ) aillwn — 2zpl* < flwn — | = | Y asuy,
i=1 i=1

N .
< (rwn — 4+ 1Y
=1

=

N
X flwn = au . (3.33)
=1
From Assumption 3.1 (g), (3.32) and (3.33), we have
lim |jw, — 2% =0, Vi=1,2,...,N. (3.34)
n—oo
Now, by (3.9), we get for some M > 0
(1= 32 ) = I < 22 = 14— "
n+1
= (wn = 2| + ll2n = 27[1) (llwn — ™| = [l — 2*]])

< Mwn = 2.

Using (3.34) (and noting that lim, o, A}, = A for all i = 1,2, ..., N), we see

that
. _ i _
Jim fjw, =y, [l = 0.
Hence, we have
|zn — y’fl” < Jwn, — y:z” + lwy, — x|

and as a consequence, it yields

. i _
Jim [|a, — g, [| = 0.

(3.35)

(3.36)

Since {x,,} is bounded, it has a subsequence {ajnk} such that {z, } converges
weakly to some ¢ € H. We now show that ¢ € NN, VI(C, 4;). Since |z, —
yill = 0asi=1,2,.., N implies that yn — ¢ and since yn € C, we have
q € C. For all x € C’ and using the property of the projection Pg, we have
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(A; is monotone)

0

IN

Wiy = T + A Aoy, & = Y,

< <y;k — Tny, L — y;l/’l/k> + A;Lk <Aixnk7mnk - y;k> + )‘:% <Aim7x - xnk>

Letting k — oo and using the facts limg_ oo Hy}zk —Zp, || = 0 and limj_, )\:'Tk =

XNo>0foralli=1,2,.., N, we get
(Ajxz,z—q) >0, Ve e C, i=1,2,...,N.

By Lemma 2.5, we have ¢ € VI(C, 4;) for all i = 1,2, ..., N. This implies that
q€ ﬂfil VI(C, A;). Applying Lemma 2.7, we can conclude that the sequence
{zy} converges weakly to a point in ﬂfvzl VI(C, A;). O

We now establish a strong convergence theorem for the proposed algorithm.
This result requires the stronger condition that each operator A; is not just
monotone, but also strongly monotone and Lipschitz continuous.

Theorem 3.6. Suppose that Assumption 3.1 (a), (d), (e), (f) and (g) holds
and that for every i =1,2,..., N, A; is strongly monotone and Lipschitz con-
tinuous on H. Then the sequence {x,} generated by Algorithm 1 converges

strongly to the unique solution x* € ﬂf\il VI(C, A;).

Proof. Since A; is strongly monotone, it follows that VI(C, A;) has a unique
solution for all ¢ = 1,2, ..., N. We denote this unique solution by z*. Conse-
quently,

(Agz* gl —x*) >0, Vi=1,2,...,N.
Using the strong monotonicity of A;, we have
(Aioyp — =) 2 milly,, — 2*|%, ¥i=1,2,.., N,
where n; is some positive constant. Thus
(A, vh — 25+ 2, — %) 2 illy;, — *[*, Vi=1,2,...,N
and

(Al o — 28) < (Al ol — 28) —millyl, — =*||%, Vi =1,2,..,N.  (3.37)
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From (2.1) and (3.37), we get
25 = 2*[1? < llwn — A, Aiyp, — 2712 = lwn — A Ay, — 23
= lJwn = 2*[* = llwn — 2|7 + 2X, (A, 27 — 27,)
< lwn — 2|2 = wn = 2 lI* + 27, (A, v, — 23)
= 20\ Iy, — 2|
= llwn = &[> = llwn + yp, — yn — 20l
+ 20, (Aign v, = 20) = 200 [y — 27|
= lJwn — " [* = lwn =y ll* = llyn — 20l
= 203y llyn, — 271 + 2(wn — X, Aigp, — Yo 2 — U)-
From (3.7), we have

785

(3.38)

(Wn =X Aih —Yhs 2h—Yh) < A (Aswn—Agyh, 2h—yh), ¥i=1,2,...,N. (3.39)

From (3.38), we get
21, = 2*)1* < flwn — 2*)|* = llwn — o lI* — llys, — 2517
— 20 [lys, — &7 4 2(wn — A Aiyl, — U, 21— U)
< lwn — 2*)* = [lwn — yhll* = llyy, — 25117
— 20,0y, — 2|1 42X, (Avwn — Ay, 21, — Y)
< lwn — 2*)* = [lwn — yill* = llys, — 2511
— 20 A0 lyh, — 2 I1° 4 225 | Aiwn — A |12 — v
< lwn — 2*)* = [Jwn — yill* = llys, — 251
2001

i
An+1

=2\, lyn, — 2|7 + lwn = yullllzn = o

< hwn = 2% = flwn = ypl* = llym — 201

o . Al . A )
— 2\l — 2" |1? + 22w, — g2 + S22

n__y;H%

(3.40)

Since lim,, 00 Ay, = A? for all 4 = 1,2,..., N and the sequence {\}} is mono-

n

tonically decreasing, we have )\iZ > X\ forall n > 1,4 =1,2,...,N. Let p be

)\Z

a fixed number in the interval (u,1). Since lim, oo XLL'M = u < p for all
n—&—l)\i'u

i =1,2,..., N, there exists a natural number M such that —*— < p for all

n+1
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n > M, we have
AuH

7
)‘n+1

A>T

<p, Vi=1,2,...,N.

From (3.40) and (3.41), we have

(3.41)

2 = 217 < llwn = "1 = lwn = ypl* = g — 2pl® = 20X |y, — 2"

Apht

%

An b

a2 ; AT
i e e Ca

* |12 7|12 % 712 BRI *|2

<l = 2|12 = lwn = a1 = llgh, = 24112 = 20\l = 2

+ pllwn = ynll® + pllzs, — vl

= llwn — 271> = (1 = p)lwn = yplI* = (1= p)llys, — 20l

— 2N ||k — 2*|?, Vn > M.

Observe that
1Y, — 2*)? <Y aillu, — 2|
i=1 i=1

N .

< ZaiHﬁnwn + (1 - Bn)ziz - x*HQ
i=1
N .

= ail|Bu(wn — 2%) + (1 = Ba) (2, — 2*)||?
i=1
N -

<D ai (Ballwn — 27|* + (1= Ba) |12, — 2*|1%)
i=1

N
< Bullwn = 2|+ (1= 8a) Y aillzy, — 27|
i=1

From the inequalities (3.43) and (3.42), we have

N N
1> aiup, — 2% < Bullwn —a*|* + (1= Ba) Y _ aill=, — 2™
=1

=1

N
< Bullwa — "2 + (1 m)Zai(Hwn )P

=1

(3.42)

(3.43)
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(1= lhwm — il — (1= Pl —
- w*u2)

Bullwn — a2+ (L — ) s — 2°P

N N
=Y ai(l = pllwn =yl =D ai(l = )y — 20
i=1 i=1

N
—2) amiX |yl — «*|?
=1
N .
=llwn — %[> =D ai(1 = p)lwn — |
=1
N . . N . .
= ail =)y, =z 1> = 2> amX|lyl, — =*|)?
i—1 i—1
=[|(1 + 0n) (w0 — %) = On (21 — 2*)|?
N . N . .
=Y a1 = p)lwn — yil> =D ai(l = p)llyh, — 24
=1 =1
N

—2) amiX |yl — «*|?
=1
=1+ 0p)||7n — x*HQ = Onll7p—1 — x*H2

N
+ (14 00)0n |0 — 21|* — Zai(l = p)llwn =y, |1?
i=1

N N
= ail=p)llyh = 2> = 2> amiX|lys, — |-
=1 =1

It follows from (3.44) that

N
s — 27 = (1 = an)zn +an Yy asuy, — |
i=1
N .
< (1= an)len — 2" + anll Y azuy, — 2™
i=1

< (1 - an)llzn —27|* + an((l +0p)[zn — 2|

787

(3.44)
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— OnllTn—1 — zc*H2 + (1 +0,)0,|| 2, — xn—1||2
=Y a1 = p)llwn = yil? =D ai(l = p)llyh, — 217
=1 =1

N
=23 amNlgh - o)
=1

=1 —an)l|zn — x*HZ + an(1 4+ 0n)||zn — x*HQ

— apbp||Tp—1 — x*HQ + an(1+ 0n)0n||zn — xn—1H2

N N
—(1=p) Y aianlwn — yil> = (1= p) > aionllyl, — 24|
i=1 =1

N
—2) amiXon|lyl, — 2|
=1
<(1+ anen)Hxn - x*HQ - anQonn—l - x*HQ
N . .
+ o (1 + 0)0nlzn — zn [l = 2 amNalyl, — 2*||*. (3.45)
1=1
Therefore,
N . .
20) " amiX|lyp, — 2*|* <llwn — &) = |zng — ¥
=1

+ anbn (”xn - x*Hz — [|zn—1 — 5'3*H2)

+ 2|20 — zn_1]? (3.46)

Summing the above inequality from k = M to n, we obtain

n N
203" S aimXilyh — " < llear = 271 = arngr — 2| + @bl — 27
k=M i=1
n

—amOyllza1 — 2P +2 ) o —ara ]
k=M

Since the sequence {z,} is bounded and > 7,/ [|7x — zx—1]*> < oo by (3.28),
letting n — oo, yields

oo N
20 Z Zami)\iHy,i —z*|? < o0.
k=M i=1



A modified inertial parallel-type subgradient extragradient method 789

This implies that
e .

Z lys — 2*||? < o0, Vi=1,2,...,N.

k=M
Hence

: T _
Jim |y, — 27| =0
for all ¢ = 1,2, ..., N. Observe that by the triangle inequality,
lzn = 2| < 2 =yl + g, — 2*[l, Vi=1,2,... N

From (3.36) and the result above, we have

lim ||z, — 2" =0.
n—oo

This concludes the proof. Il

Remark 3.7. Here are two key observations about Algorithm 1 and its con-
nection to existing literature:

(i) The condition on our inertial parameter, 0 < 6,, < 0,11 < 1, is adopted
from the recent work of Shehu et al. [18]. This allows for a more flexible
and potentially faster-accelerating momentum term.

(ii) Our algorithm represents a direct generalization. Specifically, if we
consider the non-parallel case (i.e., setting A; = Aforalli =1,...,N)
and remove the relaxation step by setting 3, = 0, then Algorithm
1 reduces exactly to the method proposed by Shehu et al. [18], as
described in (1.4).

We now extend our framework to solve a more complex problem: finding a
common element of the common solution set of variational inequality problems
and the fixed point set of a quasi-nonexpansive mapping T : H — H. The
modified method for this combined task is presented in Algorithm 2.

Algorithm 2 (Inertial Parallel-Type Subgradient Extragradient Method for
Finding Fixed Points).

Initialization: Choose the parameters p € (0,1) and )\Zi >0,Vi=1,2,...,N.
Let xg,z1 € H be given starting points.

Iterative Steps: Calculate z,11 as follows:
Step 1. Compute ¢, for all i = 1,2,..., N by

{wn =Tn+ an(xn - xn—l)a

. . 3.47
Yn = Po(wn = Ay Aiwy), (347
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where

] pllon =il } . :
; min — AL b if Ayw, £ Ayl
ntl = {HAiwn — A" .

AL, otherwise.

If w, = yiL = xp, STOP. Otherwise.
Step 2. Compute
uly = Buwn + (1= Ba) T Pps (wn — Ny Ay,
where
Ty = {z € H : (wy — X, Ajw, — g}y, z — yl,) < 0}
Step 3. Compute

N

Ln+1 = (1 - an)l‘n + ay Zaiu%, n > 1.
=1

Step 4. Set n < n+ 1, and go to Step 1.

(3.48)

(3.49)

(3.50)

Remark 3.8. This remark clarifies the termination condition of Algorithm
2. First, observe that if z, = w, =y, for all i =1,2,..., N, then from (3.1)
it implies that =, = Po(xz, — AL Ajzy,) for all @ = 1,2,...,N. In this case,

2, € VI(C, A;) for all i = 1,2, ..., N, and hence z,, € Y, VI(C, 4;).

Furthermore, the condition w,, = y¢ also simplifies the projection onto the
half-space T. Since w, = ¥, the defining inequality for T? is satisfied by
y?, which means y! = Pri (wy, — N Al for all i = 1,2,..., N. With these
facts established, if we assume z,, = w, = v/, then the update step in (3.49)

becomes u!, = Bnxy + (1 — B,)Txy, for all i = 1,2, ..., N.

Consequently, if 2,41 = x5, then the main update rule in (3.50) becomes:

N
T = (1 —apn)zn + an Z au,
=1
= (1 - an)l'n + an(ﬁnxn + (1 - Bn)Txn)
= (1 — an)xn + Oén/ann + an(l - 6n)Twn
=Tp — QpTy + anﬂnxn + an(l - /Bn)Txn
It follows from that
1
(anﬁnmn + an(l - Bn)TJJn)

Qn

In
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This implies z,, = T'xz,,. Hence, we have shown that z,, € Fix(T'). Combining
our findings, x,, is a common solution to both problems, that is,

N
zn € [ VI(C, A;) N Fix(T).
=1

Theorem 3.9. Assume that {x,} is generated by Algorithm 2. Then under
Assumption 3.1 holds with Q := ﬂfil VI(C,A;) NFix(T) # 0, the sequence
{zn} converges weakly to a point in Q if I — T is demiclosed.

Proof. Let x* € Q. Following the lines of the arguments in Lemma 3.4 and
Theorem 3.5, we can show that {x,} is bounded, lim ||z, — || exists,
n—oo

1Tz, — 2*[|* < |27, — 2"

sw%—mn2—<r—7l)nww—%w

A1
pX A A
= (1= ) - (351)
n+1
lim |zp41 — 2n|| =0 and lim ||w, — x| = 0. Hence
n—oo n—oo
N A 1
1) aiuy, — on|| < —|lzns1 — o0
2
i=1 On
1
< —[[Tnt1 — Tnl-
o'

It follows that

n—o0

N
lim || Zaiufl — ]| =0, Vi=1,2,...,N.
i=1

N
Since nh_}nolo |lwn — x|l = 0 and nh_}ngo I Z}aiu; —ap||=0forali=1,2,.., N,
1=

we have

N
lim || z;aiu; —wy| =0, Vi=1,2,...,N.
1=
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Observe that
IS agd, — 22 < 3 aalju, — 272
i=1 i=1
N .
= ail|Bawn + (1 = Bn)T2, — 2*|?
i=1

a;(Bpllwn — 2*|12 + (1 = B,)|| T2, — ¥

Il
.MZ

1

1
— Bn(1 = Bn)l|wn — Tzaim”Q)
< Bullwn — 2* >+ (1= Bo) |2, — «*|?

N
- /8n<1 - 571) Z ainn - TZZHQ

=1
< lwn — 21 4+ (1 = Bn)llzh, — =17
N .
— Bn(1 = Bn) Z ail|wn, — TZ;,”2-
=1

It implies that

N

N
Bu(L = B) D aillwn = Tepl* < Jwn — |2 = 1Y aguy, — 2|
i=1 i=1
N .
< <||wn — |+ 1) aiup, — w*ll)
i=1

N .
X ||wy, — Zalum
=1

N
From Assumption 3.1 (g) and lim || Zaiuﬁl —wy||=0foralli=1,2,..., N,

we have
lim ||w, — Tz.|| =0, Vi=1,2,...,N. (3.52)
n—oo
We can also show that lim |lw, —y|| =0, lim |w,—2.] = 0and lim |z, —
n—o0 n—o0 n—o0

y:|| = 0. Furthermore,

lzn, = @nll < ll2 = wll + llyp = 2all, Vi=1,2,..,N.
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It follows that

lim |22 —2,]| =0, Vi=1,2,..,N
n—oo

and
1Tz, = 2]l < T2, = 2all + lup, = 2all, Vi=1,2,..,N.
It implies that
lim || T2 — 2. =0, Vi=1,2,...,N.
n—oo
The boundedness of the sequence {x,} implies that there exist subsequences
{zn, } of {xy} such that z,, — & € H. Let {z,,} be such a subsequence. Since
limy, o0 || 2], — 2p|| = 0 for all i = 1,2, ..., N, it also follows that z, — &. Now
the demiclosedness of I — T implies that £ € Fix(T). '
On the other hand, for every i = 1,2, ..., N, since ||z, — y%|| = 0 as n — o0

implies that y,’;k — ¢ and since yflk € C, we have £ € C. For all x € C and
using the property of the projection Pc, we have ( A; is monotone)

0< <3/721k — Zn, + )\flkAixnk,x - yflk>
= <y£Lk — Tny, T — y;k> + )‘%k <Al$nkvxnk - y;L,) + )\:’Lk <AZSan,:E - Scnk)

Letting k — oo and using the facts limg_, oo Hy}lk —Zp, || = 0 and limg_, o0 A
ANo>0foralli=12,.. N, we get

-
nE

(Ajz,x — &) >0, Vz e C, i=1,2,...,N.
By Lemma 2.5, we have
£eVI(CA4), Vi=1,2,...,N.
This implies that

N
¢ e (VI(C, 4)).

=1

Hence

N
¢ € () VI(C, 4;) NFix(T) = Q.
i=1

It follows from Lemma 2.7 that {x,} converges weakly to a point in Q. This
completes the proof. O
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4. NUMERICAL EXPERIMENTS

This section is dedicated to validating our theoretical results and demon-
strating the computational efficiency of the proposed algorithm. We present
a numerical experiment designed to showcase the convergence behavior of our
method, Algorithm 1 (IPSE), in comparison with several other recent and
relevant algorithms from the literature.

The competing methods chosen for this benchmark are the classic subgra-
dient extragradient method, CENSOR (see Algorithm 3 in [4]), the parallel
method SUANTALI (see Algorithm 1 in [20]), and the recent inertial method
SHEHU (see Algorithm 1 in [18]).

Example 4.1. Consider the Hilbert space H = R with the feasible set C' =
[—2,2]. We define the operator A: R — R by:
3z 3
Alz) = — — =, VzeR.
It can be readily verified that the operator A is monotone and %—Lipschitz
continuous. For this experiment, the algorithm parameters were chosen as
detailed in Table 1.

TABLE 1. Parameter settings for iterative algorithms used in Example 4.1.

Algorithms Parameters
CENSOR 7=0.5
SUANTAIL p=099, A =05 of =,
1 _ 1— 1
Oén — ’I’L3 .
_ —_ — 0.9
SHEHU p=099, A\ =05 0,=09—- 7275,
a, =049 — 048
_ T _ _ 0.9
IPSE w=0.99, )\10290.5, 0, =0.9 —033120,
on =049 — 55, Bn =035+ TG
The experiment was run using the initial values o = —0.25 and z; = 0.5, for

which the exact solution is * = 1. As guaranteed by the strong convergence
result in Theorem 3.6, the sequence {x,} generated by IPSE is confirmed to
converge to this solution.

The numerical results of the comparison are presented in Table 2 and vi-
sualized in Figure 1. Both the table and the figure clearly demonstrate that
IPSE converges faster than the other three methods.



A modified inertial parallel-type subgradient extragradient method 795

TABLE 2. Computational results of x, for Example 4.1 with
xg = —0.25, z1 = 0.5 and n = 25.

CENSOR SUANTAI SHEHU IPSE
-0.25000 -0.25000 -0.25000  -0.25000
0.50000 0.50000 0.50000  0.50000
0.60500 0.50000 0.79441  0.79946
0.68795 0.59187 0.91118  0.91937

W N = OB

24 0.99779 0.99705 0.99968  1.000034
25 0.99825 0.99767 0.99973  1.000031

—

0 5 10 15 20 25
Number of Iterations

Xn : CENSOR
—o— Xn: SUANTAI
—8— X : SHEHU
== Xp:IPSE

FiGURE 1. Convergence behaviour of x, for Example 4.1.

Example 4.2. Consider a problem in the two-dimensional Hilbert space H =
R?, equipped with the standard inner product (x,y) = z1y1 + 72y2 and the

induced norm x| = /2§ + 23, where x = (z1,22) and y = (y1,%2). The
feasible set is the closed, convex half-space defined by:

C={(x1,22) € H| —2x1 + 29 < 1}.

We analyze the performance of the algorithms in two separate cases.
Case 1. We define two operators A; : C — R? by:

1 1
Ai(z1,29) = (“. _o 2 ) i=1,2.

For this problem, the common solution set VI(C, A1) N VI(C, A2) contains
the point (1,1). To evaluate the effectiveness of IPSE, a comparative numer-
ical experiment was performed against SUANTAI. The parameters for each
algorithm are specified in Table 3.
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TABLE 3. Parameter settings for iterative algorithms used in
Case 1 of Example 4.2.

Algorithms Parameters
_ I _ 0 _ T
SUANTAI p=099, A =05 oap= [CESOLER

1 _ 1 2 _ 1 _ 1 _ 1
U = 3o M T 1 (n41)0-3 2n°

p=099, A =05 0,=09-"2

IPSE n+20’
an =049 — 245 5, = 0.35 4 200",

Case 2. We now consider three operators A; : C' — R? defined by:
I 1 xI9 1 .
A = =_— = _ _ =1,2,3.
1(%’1,1’2) (31 32, . .>a ? ) 73
The common solution set VI(C, A1) N VI(C, A2) N VI(C, A3) again includes the
point (1,1). The parameters used in this case are listed in Table 4.

TABLE 4. Parameter settings for iterative algorithms used in
Case 2 of Example 4.2.

Algorithms Parameters
= = (| R —
SUANTALI p=099, A =05 af = ity
1 _ 1 2 3 1 1
Oén_%’ Oln_nLﬂy an—l—m_%_%ﬂ
= I— — 09
IPSE p=099, A =05 6,=09— 2%,
0.49 0.001
o, = 0.49 — a1 By, = 0.35 + n+13-

For both cases, the algorithms are initialized with x° = (—0.25,2) and
x! = (0.5,1.25). The operators A; defined in this example are Lipschitz con-
tinuous, satisfying the conditions of our strong convergence theorem. There-
fore, as established in Theorem 3.6, the sequence {x"} generated by IPSE is
guaranteed to converge strongly to the unique common solution, x* = (1, 1).

The detailed computational results are presented in Table 5 for Case 1 and
Table 6 for Case 2. A graphical comparison of the convergence trajectories for
both cases is shown in Figure 2.
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TABLE 5. Computational results of x" = (z7,z%) with error
norm ||(1,1) — (2%, 2%)| for Example 4.2 in Case 1 with x* =
(—0.25,2), x! = (0.5,1.25) and n = 40.

n SUANTAI IPSE
xt xy Error x xy Error

0 —0.25000 2.00000 1.60078 —0.25000 2.00000 1.60078
1 0.50000 1.25000 0.70711 0.50000 1.25000 0.70711
2 0.52980 1.47020 0.66497 0.79210 1.29847 0.36374
3 0.55342 1.44658 0.63156 0.92184 1.19860 0.21343
39 0.96162 1.03838 0.05428 1.00314 1.00312 0.00443
40 0.96446 1.03554 0.05025 1.00287 1.00287 0.00406

TABLE 6. Computational results of x" = («7,z%) with error
norm ||(1,1) — (2%, 2%)| for Example 4.2 in Case 2 with x° =
(—0.25,2), x! = (0.5,1.25) and n = 40.

n SUANTAI IPSE

x xy Error ! xy Error
0 —0.25000 2.00000 1.34629 —0.25000 2.00000 1.34629
1 0.50000 1.25000 0.55902 0.50000 1.25000 0.55902
2 0.53251 1.23374 0.52267 0.80484 1.14606 0.24376
3 0.55695 1.22152 0.49534 0.92884 1.10157 0.12402
39 0.94386 1.02807 0.06276 1.00263 1.01240 0.01268
40 0.94721  1.02640 0.05903 1.00250 1.01180 0.01206

\\‘ XJ : SUANTAI

—e— x| :IPSE
—— xJ :IPSE
—e— X{ : SUANTAI

0

5 10 15 20 25 30 35 40
Number of Iterations

(A) Case 1: A; and As.

X : IPSE

-
—— X : IPSE
—e— X : SUANTAI

XJ : SUANTAL

0 10 20 30 40 50
Number of Iterations

(B) Case 2 : Aj, Ag and Aj

F1Gure 2. Convergence behavior of x™ for Example 4.2.
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To demonstrate the broader applicability and power of our proposed method
beyond finite-dimensional Euclidean spaces, we now consider a numerical ex-
periment in an infinite-dimensional Hilbert space. This test case is set in the
function space La([—1,1]) and is designed to assess the robustness of IPSE’s
convergence when initiated from several different starting functions.

Example 4.3. Consider the Hilbert space H = La([—1,1]) with the inner

product (f,g) = fil f(t)g(t)dt and the induced norm || f| := \/fill f2(t) dt.

We define the feasible set as the closed ball C = {z € H : ||z| <2}. The
projection onto this set, Po is given by:

o [, it [[f@)] <2
Po(f(t) =4 2f(t) i
, A F@)1 > 2.
1f @)l
We define three operators A; : H — H as A1(h(t)) = h(t) — 2t, Aa(h(t)) =
M0 _ 3¢, and Ag(h(t)) = M8 — 2 for all ¢t € [-1,1].
To evaluate the effectiveness of IPSE, we perform a comparative experiment

against SUANTAI. The parameters for both algorithms are specified in Table
7.

TABLE 7. Parameter settings for iterative algorithms used in Example 4.3.

Algorithms Parameters
— 1_ 0_ 1
SUANTAI p=099, A =05 an= G
1_ 1 2 _ _n 3 _ 1 1 n
_ 1_ _ 0.9
IPSE p=099, A =05 0,=09- 75,
- 0.49 _ 0.001n
an =049 — ==, B, =035+

We test the performance of the algorithms using three different sets of start-
ing functions:
Case 1. zy(t) = 0.5t and 1 (t) = —0.8¢2;
—2t
Case 2. zo(t) =t? — 0.9t and z;(t) = 64—8;
Case 3. zo(t) = t? and x1(t) = — cos(t) + 4t.
The chosen parameter sequences {6, }, {a, }, and {3, } satisfy the conditions
outlined in Theorem 3.6. For this problem, it can be verified that the function
x*(t) = 2t is a common solution, that is,

2t € VI(C, A1) N VI(C, Ay) N VI(C, As).
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Therefore, as established by Theorem 3.6, the sequence {z,(t)} generated by
IPSE is guaranteed to converge strongly to 2t.

The computational results, which track the error term ||,,4+1 — x| to illus-
trate the rate of convergence, are presented for all three cases in Table 8. The
corresponding convergence behavior is visualized in Figures 3, 4, and 5.

TABLE 8. Computational results of the error norm ||z,11(t) —
xn(t)]| for Example 4.3, where n = 40.

n Case 1. Case 2. Case 3.

SUANTAI IPSE SUANTAI IPSE SUANTAI IPSE
1 0.65013 0.65013 0.89606 0.89606 3.67122 3.67122
2 0.73854 0.59547 0.67028 0.62347 3.49230 2.80517
3 0.59088 0.413951 0.79224 0.60163 2.91275 1.03059
4

0.66773 0.40113 0.59831 0.39377 2.76324 0.82295

39 0.04679 0.01357 0.06835 0.01924 0.77661 0.00632
40 0.05562 0.01363 0.04596 0.01796 0.76939 0.00562

074 —o— IPSE
067 SUANTAI
=051
1 0.4
0.3
021

0.1
oo o
0.0 T T T T T —

0 5 10 15 20 25 30 35 40
Number of Iterations

FIGURE 3. Convergence behavior of ||zp4+1 — @,|| for Case 1 in Example 4.3.

—e— Error: IPSE
Error : SUANTAI

Number of Iterations

FIGURE 4. Convergence behavior of ||zp4+1 — @, || for Case 2 in Example 4.3.
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—e— IPSE
3 SUANTAI

1= Xall

Ix

0 5 10 15 20 25 30 35 40
Number of Iterations

FIGURE 5. Convergence behavior of ||zy4+1 — @, || for Case 3 in Example 4.3.

A significant and practical application of algorithms for solving variational
inequalities is in the field of convex minimization. The connection is straight-
forward: the first-order optimality condition for minimizing a differentiable
convex function over a convex set is equivalent to a variational inequality
where the operator is the function’s gradient. This allows us to directly apply
IPSE, to solve such optimization problems, as we demonstrate in the following
example.

Example 4.4. Consider the common convex minimization problem, where
the goal is to find a point that minimizes multiple convex functions. Let
fi : C — R be a convex function for i = 1,2. We consider the problem:

in f; fori=1,2. 4.1

min fi(z), fori=1, (4.1)
It is well known that a point z* € C' solves (4.1) for both functions if and only
if x* satisfies the following variational inequality for each function’s gradient:

(Vfi(z*),z—2") >0, YzeC, i=1,2, (4.2)

which is equivalent to finding a point z* € VI(C, V f1) N VI(C,V f2). We can
therefore apply our algorithm to this problem by setting A; = V f;.

For this specific example, we consider the Hilbert space H = R and take
the feasible set as C' = [0.1,10]. We define two functions, fi, fo : [0.1,10] — R,
as follows:

(r—1)2 z? 1

fl(«T):T—Fl and fg(;(}):?—lnx_§_

Clearly, V f; and V fy are Lipschitz continuous with constants % and 1, and
both are monotone. We test the performance of IPSE against SUANTAT using
the initial points 9 = 4 and x; = 2.25. The parameters for each algorithm
are chosen as shown in Table 9.

The chosen parameter sequences {6, }, {a, }, and {3, } satisfy the conditions
required by Theorem 3.6. For this problem, the unique common solution is
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TABLE 9. Parameter settings for iterative algorithms used in Example 4.4.

Algorithms Parameters
— T_— 0 T
SUANTAI /J/ —_— 0.99, )\1 —_— 0-57 Oén _ (n+1)0-37
Qn 2n? an, (n+1)0-5 o
_ 1 _ — 09
IPSE pw=20.99, A =05 0,=09-— 50
an =049 — 28 5, =0.35+ L0

xz* = 1, which is an element of VI(C,V f1) N VI(C,V f3). As guaranteed
by Theorem 3.6, the sequence {z,} generated by IPSE therefore converges
strongly to 1. The computational results in Table 10 and the convergence plot
in Figure 6 confirm this theoretical outcome and illustrate the performance of
the tested algorithms.

TABLE 10. Computational results of x,, with error norm |[|1 —
x| for Example 4.4 with o = 4, z; = 2.25 and n = 40.

SUANTAI IPSE

Tn, Error Tn, Error
4.00000 3.00000 4.00000 3.00000
2.25000 1.25000 2.25000 1.25000
1.23180 0.23180 1.53171 0.53271
0.90323 0.09677 1.23909 0.23909
0.77180 0.22820 1.11851 0.11851

B w N~ o B

39 0.93857 0.05984 1.00396 0.00396
40 0.94017 0.05832 1.00371 0.00371

—=— SUANTAI
—e— IPSE

0 5 10 15 20 25 30 35 40
Number of Iterations

F1GURrE 6. Convergence behaviour of x, for Example 4.4.
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The numerical experiments lead to several key conclusions regarding the
performance of our proposed algorithm, IPSE. First and foremost, the results
demonstrate a consistently superior performance by IPSE. Across all test cas-
esin one dimension, multiple dimensions, and an infinite-dimensional spaceour
algorithm achieved a faster convergence rate and higher accuracy than the
competing methods within the same number of iterations. This clear advan-
tage is shown in the initial test against CENSOR, SUANTAI, and SHEHU
(see Table 2 and Figure 1) and is reinforced in all subsequent comparisons
(Tables 5-10, Figures 2-6).

Another key takeaway is the robustness of the IPSE algorithm across dif-
ferent problem structures. The experiments highlight that its efficiency is
remarkably stable. For instance, in the multi-dimensional problem of Exam-
ple 4.2 (Tables 5, 6, Figure 2), IPSE’s performance advantage was sustained
even when the number of operators increased from two to three. Furthermore,
the results from the infinite-dimensional space La([—1, 1]) in Example 4.3 (Ta-
ble 8, Figures 3, 4, 5) confirm that the algorithm’s effectiveness is not confined
to simple Euclidean settings.

5. CONCLUSION

In this work, we introduced and analyzed a novel inertial parallel-type sub-
gradient extragradient method (IPSE) for finding a common solution set of
variational inequality problems in real Hilbert spaces. A key feature of our
method is a self-adaptive step size rule that does not require prior knowl-
edge of the operators’ Lipschitz constants, combined with a flexible inertial
parameter.

We rigorously established both weak and strong convergence theorems for
our main algorithm. Furthermore, we extended this framework to solve a more
general problem involving a common element of the common solution set of
variational inequality problems and the fixed point set of a quasi-nonexpansive
mapping.

The numerical experiments confirmed our theoretical findings, illustrating
that the proposed algorithm is highly effective and outperforms several recent
methods in the literature. This work improves upon and generalizes many
existing results, offering a robust and efficient tool for solving a wide class of
optimization and feasibility problems.
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