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1. INTRODUCTION

The concept of metric spaces came to reality when a French mathematician
named Maurice Fréchet [14, 15] initiated its study in the early twentieth cen-
tury. Yet he did not coin the term ”Metric spaces” though. This was done
by another German mathematician named Felix Hausdorff [23] in 1914. Since
then, the study of non-linear functional analysis took a kick-start as several
more mathematicians took their signature steps into the topic.

For instance in 1922, a polish mathematician named Stefan Banach [5]
established the concept of contraction, and proved a invariant point (fixed
point) theorem which is commonly known as the Banach fixed-point theorem.
Many other mathematicians such as Ravindran Kanan [25, 26] in 1968 and
1969, Ljubomir Ciri¢ [12] in 1974, Shoutir Kishore Chatterjea [10] in 1972 and
Erdal Karapinar [27] in 2012, obtained motivation from Banach’s discovery
and established their own invariant point (fixed point) theorems.

Simultaneously many other generalizations of the concepts given by Fréchet
and Hausdorff were established. Such as Kramosil [31] in 1975 discovered
Fuzzy metric and Statistical metric space, Kirigci [30] in 2020 discovered Neu-
trosophic metric space, Park [33] in 2004 discovered Intuitionistic fuzzy met-
ric space, Beaulaa [6] in 2015 introduced Soft fuzzy metric space, Das [13] in
2013 introduced Soft metric space, Jeyaraman [24] in 2023 introduced Neu-
trosophic soft metric space, Tian [43] in 2020 discovered Tripled fuzzy metric
space, Backhtin [4] in 1989 gave the idea of b-metric space, George [16] in
2015 established Rectangular b-metric space, Sonam [40] in 2023 introduced
Soft rectangular b-metric space along with an invariant point result in it,
and Ghosh [20] in 2024 established the concept of Neutrosophic fuzzy met-
ric space along with its topological characteristics. Later in 2025, Ghosh [18]
also deduced some conventional fixed point theorems under the realm of his
introduced space.

Combining the concepts of these new generalizations with the concepts of in-
variant point theory, many other mathematicians [1],[2],[11]-[21],[39],[44] have
shown their interests in non-linear functional analysis. Berinde [7] in 2004 in-
troduced the concept of weak contraction and utilized it to deduce a invariant
point result, which marked a revolutionary step in the study of contraction
mappings.

Now another generalization of Fréchet’s concept of conventional metric
spaces, has recently been introduced by Simak Khalehoghli [28] in 2020. In
that research not only he extended Banach’s and Brouwer’s invariant point
theorems for the newly introduced R-Metric space, but also he proved the
existence and distinctiveness of solution of fractional integral equations of a
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particular type. After that, A. Malhotra [32] researched this topic in 2023,
by deducing some fixed point theorems for multivalued mappings, under the
purview of the said space. Then in 2025, S. Ghosh et. al. [22] introduced
the ideology of integral type contractions under the purview of the said space.
Recently in 2025, S. Raghuwanshi et. al. [35] also deduced two conventional
fixed point theorems for contractions of Kannan and Chatterjea type under
the framework of the mentioned space. To the best of known literatures, no
other work has been done on the newly established space since then. So un-
doubtedly it can be said that, the concept of rational contraction and control
functions in R-Metric space is novel and unique.

2. PRELIMINARIES

Definition 2.1. (][22, 28]) (R-Metric space) Let (S,d) be a metric space,
and R be a relation on S. Then the triplet (S,d, R) is said to be a R-metric
space.

Example 2.2. Let S = Rt U {0} be endowed with the standard distance
metric d. Define x R y if x +y > xy. Then, (S,d, R) becomes a R-metric
space.

So, the only dissimilarity between the R-metric space and traditional met-
ric space frameworks is that, the metric defined on a non empty set in the
traditional metric space framework allows the usage of all the elements in the
set. Whereas, the metric defined on a non empty set in the R-metric space
framework, allows only the usage of elements which satisfy the mathematical
ralation. And thus it can be said that, R-metric space framework is a more
specified case of the traditional metric space framework.

Definition 2.3. ([22, 28]) (R-Sequence) Let {z,,} be a sequence in (5, d, R).
Then, it is said to be a R-sequence if and only if z, Rz,4y, for all m,n € N.

Definition 2.4. (][22, 28]) (R-Convergence) A R-sequence {z,} in (S,d, R)
R-converges to some x € S if for all € > 0 there exists a K € Z such that
d(zp,x) < €, where n > K.

Definition 2.5. (][22, 28]) (R-Cauchy sequence) A R-sequence {z,} in a R-
metric space (S, Z, R) is said to be a R-Cauchy sequence if it is R-convergent
to some x € S. That is, for all ¢ > 0 there exists a K € Z such that
D (T, xn) < €, where m,n > K. As a result, x, Rx,, or T, Rx,.
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Definition 2.6. ([22, 28]) (R-Continuous) Let 7' : S — S be a mapping.
T is proclaimed to be R-continuous at some point say v € S, if for every R-
sequence {v, } that R-converges to v € S, it can be said that {T'(v,)} converges
to T'(v). In this context it is said that, T is R-continuous on S if and only if
T is R-continuous for all v € S.

Remark 2.7. ([28]) Since every R-sequence is a sequence, it can be said that
every continuous mapping 7' : S — S is R-continuous. The converse is not
necessarily true.

Definition 2.8. ([22, 28]) (R-Contraction) A R-contraction is a self map-
ping H : S — S where for all v, € S such that v R w, it can be said
that,

P(H(v),H(w)) < aZ2(v,w), Va e (0,1).

In this context, the constant « is also known as the Lipschitz contant.

Definition 2.9. ([22, 28]) (R-Preserving) A self mapping 7" : S — S is
apparently R-preserving, if x R y then (T'(x)) R (T'(y)) for all z,y € S.

Example 2.10. Let S = R with it’s usual standard topology and = R y is
defined when xy € {z,y}, where z,y € S. Suppose the mapping T': S — S is

defined as,
1 if r <1
T(I‘) — /:L" ? z — Y
1, if z > 1.
Now, let * R y. Thus x = 1 or y = 1. Therefore, either T'(z) = 1 or

T(y) = 1, implies that, (T'(x )) (T (y) From here it is clear that for z R y
(T'(z)) R (T(y)). Hence it can be said that, T is R-preserving.

Example 2.11. Let S = {1,2,3,4,5} endowed with the standard euclidean
metric d. And let v R tv is defined when vt € {v, 10}, where v,10 € S.
Suppose the mapping H : S — S is stipulated as,

H(o) = 1, if o =1,
16—v, ifve{23,4,5}.

Now let v R . Thus v = 1 or wv = 1. Therefore, either H(v) = 1 or H(w) = 1,
implies that, (H(v))R(H (w)). In other words, for v R 1o, (H(v))R(H ()).
Hence it can be said that, H is R-preserving.
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Example 2.12. Let S = N with it’s usual standard topology and « R y is
defined when xy > min {z,y}, where z,y € S. Suppose the mapping 7" : S —
S is defined as T'(xz) = [e*]. Now choose z1,z2 € S such that x1 > 3. Then,
x129 > 2. From here it can be said that x1 Rzy. Putting 1,29 in T'(z) = [€”]
it is clear that,
(T = [e]) > Tz = [¢™2]).

Then clearly, Tx1Txo > Txo . Which implies, (Tx1)R(Tz2). Therefore, for
x Ry, (Tx) R (Ty) for all x,y € S. Hence it can be said that, T is R-
preserving.

Theorem 2.13. ([28]) Suppose (S, 2, R) is a R-complete R-metric space and
a € (0,1). Let H: S — S be R-continuous, R-preserving, R-contraction with
Lipschitz constant a. Assume that there exists a xg € S such that xg R y for
ally € H(S). Then H has an unique invariant point. And also, H is a Picard
operator.

Now, some key points about the topology of R-metric spaces has been dis-
cussed below.

Definition 2.14. (]28]) (R-Compactness) A set W C S is apparently R-
compact if every R-sequence {z,} C W has a subsequence in W which is
convergent.

Theorem 2.15. ([28]) Let S = R" be endowed with it’s usual topology and
W C S be a strong R-compact set. Suppose T : W — W is R-continuous and
R-preserving. Let xy € W be given such that xoRy for ally € T(W). Then T
has a invariant point.

Definition 2.16. ([28]) (R-Limit point) Let £ C S. Then x € S is called
an R-limit point of E if there exists an R-sequence {z,} C E : z,, # z for all
n € N such that {x,} R-converges to z.

Definition 2.17. ([28]) The collection of all R-limit points of E is denotes by
E'R,

Definition 2.18. ([28]) E C S is said to be R-closed if E'" C E.
Definition 2.19. ([28]) E C S is said to be R-open if E® is R-closed.
Theorem 2.20. ([28]) E C S is R-open if and only if for any x € E and

any {x,} which is an R-sequence such that {x,} R-converges to x, then there
exists M € N such that x,, € E for all n > M.
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Theorem 2.21. ([28]) The set {H C S : H® is R-closed} is a topology on S.
This is also known as R-topology, which is designated as TR.

Theorem 2.22. ([28]) Any metric topology T4 on S, is a subset of the R-
topology defined as TR.

Lemma 2.23. ([28]) If R := S x S, then Tp = 7.

Remark 2.24. ([28]) Let (S, Z) be a metric space and R := S x S. Then the
R-metric space (S, Z, R) is identical to the metric space (S, Z2).

Definition 2.25. ([29]) (Control function) Any function applied to a con-
traction in invariant point theory, which modifies or generalizes the contractive
condition under study, is known as a control function.

Definition 2.26. ([3, 22]) (Picard Operator) Any self-mapping on a metric
space, possesing a unique invariant point where every repeated application of
the mapping converges the sequence to its invariant point is known as Picard
operator.

3. MAIN RESULTS

In this section two invariant point theorems have been established in R-
metric space, one (Theorem 3.1) for a rational inequality without using any
control function and the other (Theorem 3.3) for a rational inequality un-
der the usage of control functions. In both the theorems the concept of R-
preserving and R-continuous mappings have been taken. The established re-
sults are useful to find the solution of integral equations.

Theorem 3.1. Suppose (S,Z,R) is a R-metric space which is R-complete
and H : S — S s a R-preserving, R-continuous self-map that satisfies the
R-contractive condition,

D (v, H*0) {Z(v, Hw) + Z(v, Hv) + 2 (10, Hw)}
P (v, Ho) + Z(v,10) + Z(v, Hro) }

5 P(v,Ho){Z(w,Ho) + Z(v,Ho)}
P (v, 1) ’
where o and B are constants such that 2a — f < 1/2 and v # to. Suppose

there exist vg € S such that vg R vo for all vo € H(S). Then H has an unique
invariant point in (S, 7, R).

P(Hv,Hw) < « [
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Proof. Let vy € S be arbitrary. Define by induction H" : S — S by H% = vy,
H'vg = vy, H*vg = H(Hvg) = Hoy = vo, ... ,H"0g = v,, where n > 0. Thus
an iterative sequence {v,} associated with H is obtained.

Let m,n € N and n < m, substitute m —n = k. We have vy R H"(vg).
Since H is R-preserving,

[H"(00)] B [H"(00)]

which gives an implication that, v, R v,,. Hence {v,} is a R-sequence.
Now from the inequality given above it can be said that,

D(0n,0n41) = P(Ho,—1, Hoy,)
“a [@(nn, H(Hv,1)){%(vn—1,Hv,) + 2(0,, Hoy) + P(05—1, Hnnl)}]
- D(on, Hop1) + D(0p—1,0,) + Z(05—1, Hop)
5 [.@(nn_l,Hnn_l) {2(v,,, Hop—1) + @(un_l,Hnn_l)}]
D(0n—1,0p)
< alZ(0n-1,0041) + Z(0n,0041) + Z(0p-1,0,)] — B[Z(0n-1,0,)]
< 20[D(0n, 0p41) + D(0n-1,00)] = B[Z(0p-1,0n) + D (05, 0n41)]
< (2a = B) [Z(0on, bnt1) + D (01, 00)]
it implies that,

D (on, by,
(2a_5+l) < @(Unv UnJrl) + @(U’ﬂflv Un)
" - (20— 5)
— a —
[2@_5} D (0, 0n41) < D(0p-1,05),
that is,
200 —
D (0, 0p41) < (1—204—6[3) D(05-1,05).
Continuing in this way,
D (b, Opg1) < _2a=b n@(n 01)
ny¥n+1l) > 1-20&—1—6 0,vY1)-

Then,
D(0n,0m) < D(0,0041) + (041, 0n42) + -+ D(0p—1,0m)
< " PD(vg,01) + D (g, 01) + -+ LD (vg, 01)
<[+ 4+ T (g, 0)

n

1—c

IN

.@(00701),
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where

200 — 3

= —— <1
“T1- 2458
Therefore,
D(0n,0m) — 0 as m,n — 0.
Hence, {v,} is R-Cauchy.
Now by R-completeness of S it can be said that, {v,,} R-converges to some

u € S. Now since H is R-continuous, { Hv,,} R-converges to Hu. Therefore,

Hu=H ( lim Un)
n—oo
= lim Hwy,

n—o0

= lim Upi1 = uw.
n—00

Hence, u is a invariant point of H.

For the uniqueness, let a € S be an invariant point of H. As a result, vy Ra.
Hence (H"vg =v,) R (H"a = a) for all n € W. So by the virtue of triangular
inequality it can be written that,

PD(u,a) = 2(H"u, H"a)
< P(H"u,H"xo) + P(H"xo, H"a)
< Cn'@(ua .iU()) + Cn-@(x(]a a)a

which tends to 0 as n — oo because ¢ < 1. And thus, u = a. Hence, the
invariant point is unique. O

Lemma 3.2. The mapping defined in Theorem 3.1 is a Picard operator.

Proof. Let v € S be arbitrary. Since vy R (Hv) and H is R-preservative, it
can be written that (H"vg) R (H""1v) for all n € W.
Therefore,

P(u, H"v) = 2(H"u, H"v)
< 9(H"Yu, H o) + 2(H" oo, H" 1 (Hv))
< 1P (u,00) + 1D (vg, Ho),
which tends to 0 as n — oo, because ¢ < 1. Hence,

lim H™o = u.

n—oo
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Theorem 3.3. Let (S,2,R) be a R-metric space which is R-complete, and
H:S — § be a R-preserving, R-continuous self-map that satisfies the R-
contractive condition,
2 (v, Hro) {Z(Hv,w) + Z (w0, Hw) + Z(v, Ho)}

1+ 9(Hv, H?v)
— Y {%(v, Hw) + 2(w, Hv)},

P (Hv, Hw) < ag¢

where the control functions ¢, : (0,00) — (0,00) are continuous such that
o(t) <t and ¢(0) = ¢(0) = 0. Also, o is a constant such that o € (0,1/2)
and v # 0. Suppose there exists vy € S such that vy R o for all o € H(S5).
Then H has a unique invariant point in (S, 7, R).

Proof. Let vy € S be arbitrary. Define by induction H" : S — S by H% = vy,
H'vg = vy, H*v0g = H(Hvg) = Hoy = vy, --- , H"bg = v,,, where n > 0. Thus
an iterative sequence {v,} associated with H is obtained.

Let m,n € N and n < m, substitute m —n = k. Then we have vy R H*(v).
Since H is R-preserving, [H"(vo)] R [H""*(vg)], which implies, v, R tp,.
Hence {v,} is a R-sequence.

Now from the R-contractive condition of H it can be said that,
D(0n,0n41) = D(Hop,—1, Hoy)

(0n, Hop) {Z2(Hop—1,0,) + D(0p—1, Hop_1) + P(0,, Hoy,) }
1+ 9(Hon 1, H(Hv, 1))
- ¢ {@(Un—lv Hnn) + 9(nna Hnn—l)}
< a[p{Z(Hon-1,0n) + Z(0n_1, Hon_1) + P (0n, Hoy)}]
< alp{Z(vp—1,Hopn_1) + Z(0,, Hop)}|
<« [9(0n7 t’n—i—l) + @(Un—la Un)] )

<a¢|Z

it implies that,

9("”’0:’“1) < D(0p1,00) + D(0n, 0 11)
and so,
[1 ;a] D (0, 0n11) < D(0p_1,0,)
that is,
D (0n,n41) < (1 — a> D(0n—1,05).

Continuing in this way, we have

Q n
< .
P ou000) < | 12| Zlon)
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Then,
D(0n,0m) < D(0n,0041) + D(0p11,0042) + -+ D(0p—1,0m)
< p"PD(vg,01) + p" T D(vg,01) + - + ™ D(vg, 1)
< [Pr A"+ + "] D(00,01)
n
< Do, 0
=7 —p -@( 05 1)7
where
-2
P=174 )
Therefore,

D0y, 0,,) — 0 as m,n — 0.

Hence {v,}is R-Cauchy. Now by R-completeness of S it can be said that, {v,,}
R-converges to some u € S. Now since H is R-continuous, { Hv,,} R-converges
to Hu. Therefore,

Hu=H ( lim on>

n—o0

= lim Hy,

n—oQ

= lim b = u.

Hence, u is a invariant point of H.

For the uniqueness, let b € S be an invariant point of H. As a result, vy R b.
Hence (H"vg = v,) R (H"b =b) V n € W. So by the virtue of triangular
inequality it can be written that,

D(u,b) = P(H"u, H"D)
< 9(H"u, H"vg) + Z(H"vo, H"D)
S png(u’ UO) + pn'@(nm b)

Which tends to 0 as n — co. [Since, p < 1]
As a result, u = b. Hence, the invariant point is unique. O

Lemma 3.4. The mapping defined in Theorem (3.3) is a Picard operator.

Proof. Let v € S be arbitrary. Since vy R (Hv) and H is R-preservative, it
can be written that (H"bg) R (H""'v) for all n € W. Therefore, we have

D(u, H"v) = P(H"u, H"v)
< P(H"Yu, H o) + 2(H" oo, H" 1(Hv))
< pn—lg(u’ UO) + pn_l-@(n()a HU))
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which tends to 0 as n — oo, because p < 1. Hence,

lim H™v = u.
n—oo

4. ILLUSTRATION

Example 4.1. Let S =N, 2 = v — v for all v,10 € S and R be a relation
defined on S when vz € {v,t0}. Then, (S, 2, R) is a R-metric space. Suppose
H : S — S is stipulated by

1 ifo=1
HU — b )
() {[1+})], if v > 1.

Now let {v,,} be a R-sequence in S. Then it is clear that there exists K € N

such that,
v,=1,Vn>K, neN

Hence {v,} R-converges to 1. Therefore (S, %, R) is R-complete and T is
R-continuous. Suppose v R w then v = 1 or to = 1. Therefore H(v) = 1
or H(ro) = 1. Which means that, (H(v)) R (H(t)). That is, for v R to,
(H(v)) R (H(w)) for all b,1w € S. Hence T is R-preserving.

From the definition of H(v) it also follows that,

P(Hvo,Hw) = |H(v) — H(r)| =0, Vo,0 € S.
So by taking a = 0.5 and 8 = 0.51 it can be claimed that,
P (r, H?0) {Z(v, Hro) + Z(v, Ho) + @(m,Hm)}}

P (v, Ho) + Z(v,10) + Z(v, Hto)

5 2(v,Ho) {2 (v, Ho) + Z(v, Ho)}

[ 9 (v, ) } ’

where w # v and vw € {v,v} such that v, € N. Thus H satisfies the R-
contractive condition, and with that note, all the conditions of Theorem 3.1
hold true. Therefore, H has an unique invariant point. For this example it is
evident that, H has an unique invariant point at v = 1.

P(Hv,Hw) < « [

Example 4.2. Let S = [1,00), d = [w—v] for all v, € S and R be a relation
defined on S when w+v € {v 4 1, + 1}. Then, (S, Z, R) is a R-metric space.
Suppose H : S — S is stipulated by

1, ifo=1,
Hv) = {n[l/“], if o > 1.
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Now let {v,,} be a R-sequence in S. Then it is comprehensible that there exists
K € N such that,
v,=1,Vn>K, neN.
Hence {v,} R-converges to 1. Therefore (S, %, R) is R-complete and H is
R-continuous.
Suppose v R to then v = 1 or tv = 1. Therefore, H(v) = 1 or (m) =1,
which means that (H(v)) R (H(w)). That is, for v R o, (H(v)) R (H(ro ))

(
for all v, € S. Hence, H is R-preserving. From the definition of H(v) it a
follows that,

@(Hu Hw)=|H(v) — H(w)| =0, YVo,oeS.

So by taking o = 1000 and deﬁmng the control functions ¢, : (0,00) — (0, 00)

as ¢(t) = L and 1(t) = 1555, it can be claimed that

P (v, Hw){Z(Hv,w) + Z(1v, Hw) + Z(v, Hv)}
1+ 9(Hv, H?v)
—{Z(v,Hw) + Z(t0, Ho)} ,

where v # to and w + v € {v+ 1,10+ 1} such that v,1w € [1,00). Thus H
satisfies the R-contractive condition, and with that note, all the conditions of
Theorem 3.3 hold true. Therefore H has an unique invariant point. For this
example it is evident that, H has a unique invariant point at v = 1.

P(Hvo, Hro) < ag

5. CONSEQUENCES

Corollary 5.1. Let (S,2,R) be a R-metric space which is R-complete and
H: S — S be a R-continuous, R-preserving self-map that satisfies the R-
contractive condition,

P(v, H?v) {Z(v, Hw) + (1w, Hw) + 2 (v, Ho)}
(v, Hv) + P (v,10) + 2(v, Hw) ’
where « is a constant such that o € (0,1/4) and v # w. Suppose there exists

vo € S such that vy R w for all o € H(S). Then H has a unique invariant
point in (S, 7, R).

P(Hv, Hr) <

Corollary 5.2. Let (S,2,R) be a R-metric space which is R-complete and
H : S — § be a R-continuous, R-preserving self-mapping satisfying the R-
contractive condition,
2(0,Ho) {Z (w0, Hv) + 2(v, Ho)}

(v, 1) ’

2(Hv, Hw) < j
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where B is a constant such that B € (0,1/2) and v # . Suppose there exists
vo € S such that vg R w for all v € H(S). Then H has a unique invariant
point in (S, 7, R).

Corollary 5.3. Let (S,2,R) be a R-metric space which is R-complete and
H: S — S be a R-continuous, R-preserving self-mapping satisfying the R-
contractive condition,
P(Hw,w){Z(Hv,w) + Z(v, Ho) + P (w0, Hto)}

1+ 2(Hv, H?v) ’
where ¢ : RY — RY is continuous such that ¢(t) < t, ¢(0) = 0. Also, « is
a constant such that o € (0,1/2) and v # w. Suppose there exists vy € S

such that vy R v for all v € H(S). Then H has a unique invariant point in
(S,2,R).

P (Hv, Hw) < ag¢

Corollary 5.4. Suppose (S, 2, R) be a R-metric space which is R-complete
and H : S — S be a R-continuous, R-preserving self- mapping satisfying the
R-contractive condition,

P(Hw,w){Z(r, Hw) + Z(v, Ho)}

9(Hv, H?v) + 2(10, H?w) ’
where ¢ : RT — RT is continuous such that ¢(t) < t, ¢(0) = 0. Also, a is
a constant such that o € (0,1/2) and v # w. Suppose there exists vy € S

such that vy R w for all vo € H(S). Then H has a unique invariant point in
(S, 2, R).

P(Hvo, Hwo) < ag

Corollary 5.5. Let (S,2,R) be a R-metric space which is R-complete and
H : S — S be a R-continuous, R-preserving self-mapping satisfying the R-
contractive condition,
P(v, Hv)Z (10, H)

(Ho, H?v) + (w0, H*w) |’

where ¢ : RT — RT is continuous such that ¢(t) < t, ¢(0) = 0. Also, o is a
constant such that o« € (0,1) and v # w. Suppose there exists vy € S such that
vo R w for allvw € H(S). Then H has a unique invariant point in (S, Z, R).

P(Hv, Hwo) < a¢ 7

Corollary 5.6. Let (S,2,R) be a R-metric space which is R-complete and
H: S — S be a R-continuous, R-preserving self-mapping satisfying the R-
contractive condition,

P(Hv, Hw) < aZ(v,t0),
where a € (0,1) and v # w. Suppose there exists vy € S such that vg R w for
allvo € H(S). Then H has a unique invariant point in (S, 7, R).
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Remark 5.7. Corollary 5.6 is an improved version of Khalehoghli [28].

Corollary 5.8. Let (S,2,R) be a R-metric space which is R-complete and
H : S5 — S be a R-continuous, R-preserving self mapping satisfying the R-
contractive condition,

P(Hvo,Hwo) < a[Z(v, Hv) + P (0, Hw)],

where a € (0,1/2) and v # 1. Suppose there exists vy € S such that vy R 1o
for allvwo € H(S). Then H has a unique invariant point in (S, 2, R).

Corollary 5.9. Let (S,2,R) be a R-metric space which is R-complete and
H : S — S bes a R-continuous, R-preserving self mapping satisfying the R-
contractive condition,

P(Hv, Hw) < a[Z(v, Hw) + P(10, Ho)],

where a € (0,1/2) and v # to. Suppose there erists by € S such that vg R 1
for all o € H(S). Then H has a unique invariant point in (S, 2, R).

Corollary 5.10. Let (S, 2, R) be a R-metric space which is R-complete and
H : S — S be a R-continuous, R-preserving self-mapping satisfying the R-
contractive condition,

P(Hvo,Hw) < a[Z(v, Hw) + (w0, Ho) + 2(v, Ho) + 2 (1w, Hto)] ,

where o € (0,1/4) and v # w. Suppose there exists vg € S such that vy R w
for allvwo € H(S). Then H has a unique invariant point in (S, 2, R).

6. APPLICATIONS

In this section, the outcomes of Therorem 3.3 are used to demonstrate the
existence and distinctiveness of solution of the integral equation given below.

p
n(r) = =(r) + / (. 1, m(42)) (6.1)

where p,k € R: k < p, n € Clk, p] (the set of all continuous real functions on
the interval [k, p]). Also z : [k, p| = [k, p] and M : [k, p]> — [k, p] are functions
which are continuous.

Let S = C[k, p| be endowed with the metric defined as,

P(n,q) = sup |n(r)—q(r)|, for any n,q € S.
€[k, p]

And suppose, H : S — S is defined as

p
Hn(r) = z(r) +/ M (r, p, n(p))dp, where r € [k, p]. (6.2)
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Then, evidently (S, Z) is a metric space which is complete. Now let R be a
relation defined in S such that the R-metric space (S, Z, R) is R-complete, R-
continuous and R-preserving. It is to be noted that, the solution of Equation
(6.1) is similar to the fixed point of H in Equation (6.2). Accordingly, the
following results have been deduced.

Theorem 6.1. The integral equation (6.1) has a unique solution if 3 p > 0
such that,

[9(r, ) = M, o, g ()] < =7 In —dl,

where a is a constant in the interval (0,1).

Proof. 1t is known that,

[Hn — Hq| =

/p M(r, p, n(p))dp — M(r, 1, q(p))dp

< /p |90 (r, 1, 12(2)) — I (r, pa, (1)) | dpe

5% P
< n —q|dp
(p—/’u)/ﬁ’ |

= aln —q.

Therefore,
[Hn — Hq| < afn —q|. (6.3)
Now, taking supremum on both sides in the above equation,
ZY(Hn,Hq) = sup |Hn — Hgq|
T€[K,p]

< sup aln —q
T€[K,p]

=a sup |n—q|
T€[K,p]

=a9(n,q).
It implies that,
P(Hn,Hq) < a%(n,q),
which means that, the mapping H fulfills all the requirements of Corollary 5.6.

Therefore the existence of fixed point is guaranteed. Hence there exists n(r) €
C[r, p] : n(r) = Hn(r), which is a unique solution of Equation (6.1). O
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Theorem 6.2. The integral equation (6.1) has a unique solution if there exists
p > 0 such that,

‘gﬁ(rv My n(ﬂ)) - Z)ﬁ(r, Ky Q(M))‘ <

8]
(p— k)
+[n — Hn|+|q— Hql],

[[n — Hq| + |Hn — g

where a is a constant in the interval (0,1/4).

Proof. 1t is known that,

p
0 Hal = | [ D o)) — M )
p
< [ |t () — (. 00
1% P
< g [ = Hal+ 10 gl +In = ]+ o — ol
=alln—Hq|+ [Hn —q| +|n — Hn|+[q — Hql].
Therefore,
|[Hn — Hq| < afjn— Hq| + [Hn — q| + |n — Hn| + |q — Hq]]. (6.4)

Now taking supremum on both sides in the above equation,

Y(Hn,Hq) = sup |Hn — Hgq|

€[k, p]
< sup afln— Hq|+|Hn —q|+|n— Hn|+ |q— Hql]
€[k, p]
=a sup [[n— Hq|+|[Hn —q|+[n— Hn|+ |q— Hq|]
€[k, p]

=alP9(n,Hq)+ Z(Hn,q) + Z(n,Hn) + Z(q,Hq)] .

It implies that,
P(Hn,Hq) < a%(n,q),

which means that, the mapping H fulfills all the requirements of Corollary
5.10. Therefore the existence of fixed point is guaranteed. Hence there exists
n(r) € Clk,p] : n(r) = Hn(r), which is a unique solution of Equation (6.1).

O

7. CONCLUSION

R-metric space is a generalization of metric space and unlike metric space
it uses the concepts of relations combined with the set and a distance metric

2.
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The current research fulfills the objective by establishing two invariant point
results in R-metric space, one for a rational R-contractive condition without
the usage of any control function, and the other for a rational R-contractive
condition under the usage of control functions. For this purpose, some concepts
such as R-preserving and R-continuous mappings, R-convergence, R-sequence,
R-Cauchy sequence, R-contraction are brought to use. Some corollaries have
also been represented as special cases of the established results.

Corollary 5.6 obtained from Theorem 3.3 is the generalization of Banach
contraction principle, whereas Corollaries 5.8 and 5.9 are the generalizations
of Kannan and Chatterjea fixed point theorems respectively, for the case of R-
metric space where the mapping considered is R-continuous and R-preserving.
In this manuscript, Corollaries 5.6 and 5.10 have been used to show the ex-

istence and uniqueness of solution of Fredholm integral equations of second
kind.

Previously, this kind of result has been utilized by Khalehoghli in [28] to
prove the existence and distinctiveness of solution for fractional integral equa-
tions of a specific type. Similarly, Corollaries 5.6 and 5.9 can be useful for
solving fractional integral equations, initial value problems, boundary value
problems and real life scenarios related to optimization and uncertainity. Also
the obtained results can be useful for the establishment of (/Jilric'7 Suzuki and
Eldestein fixed point theorems, and notably, if the mapping considered here
is not a self mapping, the results established for fixed point will be converted
to best proximity point.

Now since, the applications of the established results has been deduced for
integral equations, other fields and topics taking integral equations into con-
sideration such as, Laplace and Fourier transforms, scattering techniques in
quantum mechanics, rendering equations in computer graphics, fluid dynam-
ics, image and signal processing can be benefited by the utilization of the
results hence obtained.

Acknowledgments: The authors are grateful to the editor and the referees
for their valuable comments and suggestions.

REFERENCES

[1] S.F. Aldosary, I. Uddin and S. Mujahid, Relational Gerathy contractions with an Ap-
plication to a Singular Fractional Boundary Value Problem, J. Appl. Anal. Comput.,
14(6) (2024), 3480-3495, https://doi.org/10.11948/20240056.

[2] S. Aljawi and I. Uddin, Relation-Theoretic Nonlinear Almost Contractions with
an Application to Boundary Value Problems, Mathematics, 12(9) (2024), 1275,
https://doi.org/10.3390/math12091275.



822

3]

[19]

[20]

S. Ghosh, R. Bharadwaj, A. Pal, Sonam, P. Bharadwaj and S. Narayan

I. Altun and H.A. Hancer, Almost Picard operators, AIP Conf. Proc., 2183 (2019),
060003, https://doi.org/10.1063/1.5136158.

I.A. Backhtin, The contraction mapping principle in almost metric spaces, J. Funct.
Anal., 30 (1989), 26-37.

S. Banach, Sur les Operations dans les Ensembles Abstraits et leur Application auz
Equations Integrales, Fund. Math., 8 (1922), 133-181.

T. Beaulaa and R. Raja, Completeness in fuzzy soft metric space, Malaya J. Math., 2
(2015), 438-442.

V. Berinde, Approximating fixed points of weak contractions using the Picard iteration,
Nonlinar. Anal. Forum., 9 (2004), 43-53.

R. Bhardwaj, S.S. Rajput and R.N. Yadav, Application of fized point theory in metric
spaces, Thai J. Math., 5(2) (2007), 253-259.

R. Bhardwaj, S. Singh, S. Gupta and V.K. Sharma, Common fized point theorems on
compatibility and continuity in soft metric spaces, Commu. Math. Appl., 12(4) (2021),
951-968.

S.K. Chatterjea, Fized point theorems for a sequence of mappings with contractive iter-
ates, Publications de I'Institut Mathmatique, 14(34) (1972), 15-18.

N. Chuensupantharat and D. Gopal, On Caristis fized point theorem in metric spaces
with a graph, Carpathian J. Math., 36(2) (2020), 259-268.

L.B. Cirié, A generalization of Banachs contraction principle, Proc. Amer. Math. soc.,
45(2) (1974), 267-273.

S. Das and S.K. Samanta, On Soft Metric Spaces, J. Fuzzy Math., 21(3) (2013).

M. Fréchet, La notion dcart et le calcul fonctionnel, CR Acad. Sci. Paris, 140 (1905),
T72-774.

M. Fréchet, Sur quelques points du calcul fonctionnel, Rendiconti del Circolo Matematico
di Palermo, 22 (1906), 1-72.

R. George, S. Radenovic, K.P. Reshma and S. Shukla, Rectangular b-metric space and
contraction principles, J. Nonlinear Sci. Appl., 8(6) (2015), 1005-1013.

A. George and P. Veeramani, On some results in fuzzy metric spaces, Fuzzy Sets and
Syst., 64(3) (1994), 395-399.

S. Ghosh, R. Bhardwaj, S. Narayan and S. Sonam, Fized Point Theorems in Neutro-
sophic Fuzzy Metric Space and a Characterization to its Completeness, Neutrosophic
Sets and Syst., 81 (2025), 575-602, https://doi.org/10.5281/zenodo.14847620.

S. Ghosh, R. Bhardwaj, R. Shrivastava, V. Rathore and S. Narayan, Fized point results
for Integral type contractions in R-metric space, Aust. J. Math. Anal. Appl., 22(2)
(2025), 18pp.

S. Ghosh, Sonam, R. Bhardwaj and S. Narayan, On Neutrosophic Fuzzy
Metric  Space and Its Topological Properties, Symmetry, 16 (2024), 613,
https://doi.org/10.3390/sym16050613.

S. Ghosh, Sonam, D. Sarkar, P. Halder and R. Bhardwaj, An Application
of Invariant Point Theory in GMetric Spaces with Special Emphasis on Al-
phaPsi Contraction, In book: Math. Model. Comput. Appl., 12 (2024), 207-217,
https://doi.org/10.1002/9781394248438.ch12.

P. Halder, S. Ghosh, R. Bhardwaj, Sonam and S. Narayan, Fized Point Results for Com-
patible Mapping of Type (a) in Fuzzy Metric Spaces, In book: Math. Model. Comput.
Appl., 13 (2024), 219-230, https://doi.org/10.1002/9781394248438.ch13

F. Hausdorff, Grundzge der Mengenlehre, Veit & Co., Leipzig, 1914.

M. Jeyaraman, J. Johnsy and R. Pandiselvi, Some results in neutrosophic soft metric
spaces, Neutrosophic Sets Syst., 58(1) (2023).



Some invariant point results for rational contractions 823

[25] R. Kannan, Some result on fized points, Bull. Cal. Math. Soc., (1968), 71-76.

[26] R. Kannan, Some result on fized points-II, Amer. Math. Monthly, 76 (1969), 405-408.
[27] E. Karapinar, A new non-unique fized point theorem, J. Appl. Func. Anal., 7 (2012).
[28] S. Khalehoghli, H. Rahimi and M.E. Gordji, Fized point theorems in R-metric spaces

with applications, AIMS Math, 5(4) (2020), 3125-3137.

[29] M.S. Khan, M. Swaleh and S. Sessa, Fized point theorems by altering dis-
tances between the points, Bull. Aust. Math. Soc., 30(01) (1984), 1-9,
https://doi.org/10.1017/S0004972700001659.

[30] M. Kirigci and N. Simsek, Neutrosophic metric spaces, Math. Sci., 14(3) (2020), 241—
248.

[31] I. Kramosil and J. Michdlek, Fuzzy metrics and statistical metric spaces, Kybernetika,
11(5) (1975), 336-344.

[32] A. Malhotra and D. Kumar, Fized Point Results for Multivalued Mapping in R-Metric
Space, Sahand Commu. Math. Anal., 20(2) (2023), 109-121.

[33] J.H. Park, Intuitionistic fuzzy metric spaces, Chaos, Solitons and Fractals, 22(5) (2004),
1039-1046.

[34] S. Raghuwanshi, V. Gupta and R. Bhardwaj, New Fized-Point Results for an Almost
Soft ZsContraction, In book: FAI International Conference on Digitalization and Ar-
tificial Intelligence Revolution in Business Management, Springer Nature, Singapore,
2024, pp. 155-162.

[35] S. Raghuwanshi, V. Gupta, R. Bhardwaj and D. Sarkar, Some Fized Point Results in
R-Metric Space, Adv. Math. Sci. Appl., 34(2) (2025).

[36] S. Raghuwanshi, V. Gupta, S. Ghosh, R. Bhardwaj and S. Rai, Fized point theorems
for complete metric spaces, Materials Today Proc., 47 (2021), 6996-6998.

[37] F. Rouzkard, M. Imdad and D. Gopal, Some existence and distinctiveness theorems on
ordered metric spaces via generalized distances, Fixed Point Theory Appl., 45 (2013),
https://doi.org/10.1186/1687-1812-2013-45.

[38] Sonam, R. Bhardwaj, J. Mal, P. Konar and P. Sumalai, Fized Point Re-
sults in soft Probabilistic metric spaces, The J. Anal., 33 (2024), 139-166,
https://doi.org/10.1007 /s41478-024-00800-w.

[39] Sonam, R. Bhardwaj and S. Narayan, Fized point results in soft fuzzy metric spaces,
Mathematics, 11(14) (2023), 3189.

[40] Sonam, C.S. Chauhan, R. Bhardwaj and S. Narayan, Fized point Results in Soft Rect-
angular B-metric Space, Nonlinear Funct. Anal. Appl., 28(3) (2023).

[41] Sonam, S.K. Paul and R. Bhardwaj, Ezploring fized point results in fuzzy bipolar metric
spaces and application to differential equations, J. Comput. Appl. Math., 485 (2026),
Article ID: 117601.

[42] Sonam, V. Rathore, A. Pal, R. Bhardwaj and S. Narayan, Fized-Point Results for
Mappings Satisfying Implicit Relation in Orthogonal Fuzzy Metric Spaces, Adv. Fuzzy
Syst., Article ID: 5037401 (2023), https://doi.org/10.1155/2023/5037401.

[43] J.F. Tian, M.H. Ha and D.Z. Tian, Tripled fuzzy metric spaces and fized point theorem,
Info. Sci., 518 (2020), 113-126.

[44] B.C. Tripathy, S. Paul, and N.R. Das, A fized point Theorem in a Generalized Fuzzy
Metric Space, Bol. da Sociedade Paranaense de Matematica, 32(2) (2014), 221-227.



