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Abstract. This work revisits the existing definition of J-neutrosophic metric spaces and

resolves inconsistencies that appear in earlier versions. We propose a more precise framework,

called refined J-neutrosophic metric spaces (RJNMS), which simplifies the structure of the

axioms and relies on a consistent choice of a continuous t-norm and t-conorm. Within

this setting, we introduce the class of quasi RJN-Υ contractions and prove a fixed point

theorem guaranteeing both the existence and uniqueness of fixed points for mappings of

this type. The main theorem broadens and unifies a number of results already known in the

literature. To highlight the usefulness of the new formulation, we also provide corollaries and

an illustrative example. Overall, the paper establishes a clearer and more robust foundation

for further investigations in fixed-point theory within neutrosophic and related generalized

metric frameworks.

1. Introduction

Fixed point theory has long been a fundamental area of mathematical re-
search, beginning with Banachs pioneering fixed point theorem [2]. This theory
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studies points that remain invariant under a given mapping and provides essen-
tial tools for establishing the existence and uniqueness of solutions in various
mathematical models. Classical results, such as Kannans fixed point theorem
[10], have been extended to more general and uncertain settings, including
fuzzy, intuitionistic fuzzy, and neutrosophic frameworks [1, 29, 30].

Metric spaces provide a natural setting for fixed point analysis, and their
generalizations allow the study of more complex mappings. Fuzzy metric
spaces [12], G-metric spaces [24], and intuitionistic fuzzy metric spaces [25]
were introduced to address uncertainty in distance measurements. More re-
cently, neutrosophic metric spaces [11] and J-neutrosophic metric spaces [23]
have facilitated the extension of fixed point results to environments that in-
corporate indeterminacy and partial information.

In parallel with the development of generalized metric spaces, the study of
generalized distance structures has also advanced through the introduction of
MR-metric spaces. A series of works by Malkawi and collaborators has laid the
groundwork for this framework, establishing core fixed point results [13, 14, 17]
and important convergence properties [18]. The usefulness of MR-metrics has
been further demonstrated through applications to integral equations, neutron
transport models, and uncertainty analysis [15, 28]. More recent contributions
show that MR-metric spaces can also be applied to graph theory [19], measure-
theoretic problems [16], and computational learning settings [20]. On another
note, Bataihah et al. [5] came up with the idea of Gamma distance map-
pings and used them in studying fractional boundary differential equations.
Additionally, Qawasmeh created several contraction types in distance spaces,
such as (H,Ωb)-interpolative contractions [26] and H-simulation functions for
Ωb-distance mappings [27].

Through this manuscript, Ω stands for a nonempty set, f a self-map on Ω,
and F∃(f) the set of fixed points of f .

2. Preliminary

J-neutrosophic metric spaces are a further generalization of neutrosophic
metric spaces, designed to handle more complex forms of uncertainty. They
preserve the basic structure of using triplets to describe distances while offering
a more adaptable framework for studying fixed point results.

In the following, we recall some basic notions related to J-neutrosophic
metric spaces that we discuss in this section.

Remark 2.1. The next two definitions were written by the same author. It
seems like the author corrected his definition in his new research [9]. But we
are going to correct it again in our main section.
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Definition 2.2. ([23]) Consider a nonempty set Ω, a continuous t-norm
(CTN) ∗, two continuous t-conorm CTCNs ?, � and fuzzy sets TT , TF , TI on
Ω3 × [0, 1]. A 7-tuple (Ω, TT , TF , TI , ∗, ?, �) is called a J-neutrosophic metric
space (JNMS) if for each ρ,ℵ, η, γ ∈ Ω and t > 0,

(J1) TT (ρ,ℵ, η, t) + TF (ρ,ℵ, η, t) + TI(ρ,ℵ, η, t) ≤ 3,
(J2) TT (ρ,ℵ, η, t) > 0,
(J3) TT (ρ,ℵ, η, t) is symmetric in ρ,ℵ and η,
(J4) TT (ρ, ρ,ℵ, t) ≥ TT (ρ,ℵ, η, t) if ℵ 6= η,
(J5) TT (ρ,ℵ, η, t) = 1 if and only if ρ = ℵ = η,
(J6) TT (ρ,ℵ, η, t+ s) ≥ TT (ρ, γ, γ, t) ∗ TT (γ,ℵ, η, s),
(J7) TT (ρ,ℵ, η, t) is continuous w.r.t t,
(J8) TT is nondecreasing on [0,+∞], limt→+∞ TT (ρ,ℵ, η) = 1,

limt→0 TT (ρ,ℵ, η) = 0,
(J9) TF (ρ,ℵ, η, t) < 1,

(J10) TF (ρ,ℵ, η, t) is symmetric in ρ,ℵ and η,
(J11) TF (ρ, ρ,ℵ, t) ≤ TF (ρ,ℵ, η, t) if ℵ 6= η,
(J12) TF (ρ,ℵ, η, t) = 0 if and only if ρ = ℵ = η,
(J13) TF (ρ,ℵ, η, t+ s) ≤ TF (ρ, γ, γ, t) ? TF (γ,ℵ, η, s),
(J14) TF (ρ,ℵ, η, t) is continuous w.r.t t,
(J15) TF is nonincreasing on [0,+∞], limt→+∞ TF (ρ,ℵ, η) = 0,

limt→0 TF (ρ,ℵ, η) = 1,
(J16) TI(ρ,ℵ, η, t) < 1,
(J17) TI(ρ,ℵ, η, t) is symmetric in ρ,ℵ and η,
(J18) TI(ρ, ρ,ℵ, t) ≤ TI(ρ,ℵ, η, t) if ℵ 6= η,
(J19) TI(ρ,ℵ, η, t) = 0 if and only if ρ = ℵ = η,
(J20) TI(ρ,ℵ, η, t+ s) ≤ TI(ρ, γ, γ, t) � TI(γ,ℵ, η, s),
(J21) TI(ρ,ℵ, η, t) is continuous w.r.t t,
(J22) TI is nonincreasing on [0,+∞], limt→+∞ TI(ρ,ℵ, η) = 0,

limt→0 TI(ρ,ℵ, η) = 1.

Definition 2.3. ([9]) Consider a nonempty set Ω, a CTN ∗, a CTCN �
and fuzzy sets TT , TF , TI defined on Ω × Ω × Ω → (0,+∞). A 6-tuple
(Ω, TT , TF , TI , ∗, �) is called a J-neutrosophic metric space (JNMS) if for each
ρ,ℵ, η, γ ∈ Ω and t, s > 0 the following conditions hold.

(1) TT (ρ,ℵ, η, t) + TF (ρ,ℵ, η, t) + TI(ρ,ℵ, η, t) ≤ 3 for ρ 6= ℵ,
(2) TT (ρ, ρ,ℵ, t) ≥ TT (ρ,ℵ, η, t) for all ℵ 6= η,
(3) TT (ρ,ℵ, η, t) = 1 if and only if ρ = ℵ = η,
(4) TT (ρ,ℵ, η, t) = TT (P (ρ,ℵ, η), t) where P is a permutation function,
(5) TT (ρ,ℵ, η, t+ s) ≥ TT (ρ, γ, γ, t) ∗ TT (γ,ℵ, η, s) (Triangle inequality),
(6) TT (ρ,ℵ, η, ·) : (0,+∞)→ [0, 1] is continuous,
(7) TF (ρ, ρ,ℵ, t) ≤ TF (ρ,ℵ, η, t) for ℵ 6= η,
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(8) TF (ρ,ℵ, η, t) = 0 if and only if ρ = ℵ = η,
(9) TF (ρ,ℵ, η, t) = TF (P (ρ,ℵ, η), t) where P is a permutation function,

(10) TF (ρ,ℵ, η, t+ s) ≤ TF (ρ, γ, γ, t) � TF (γ,ℵ, η, s),
(11) TF (ρ,ℵ, η, ·) : (0,+∞)→ [0, 1] is continuous,
(12) TI(ρ, ρ,ℵ, t) ≤ TI(ρ,ℵ, η, t) for ℵ 6= η,
(13) TI(ρ,ℵ, η, t) = 0 if and only if ρ = ℵ = η,
(14) TI(ρ,ℵ, η, t) = TI(P (ρ,ℵ, η), t) where P is a permutation function,
(15) TI(ρ,ℵ, η, t+ s) ≤ TI(ρ, γ, γ, t) � TI(γ,ℵ, η, s),
(16) TI(ρ,ℵ, η, ·) : (0,+∞)→ [0, 1] is continuous.

Remark 2.4. ([23]) TT (ρ,ℵ, η, t), TF (ρ,ℵ, η, t) and TI(ρ,ℵ, η, t) represent, re-
spectively, the degree of nearness, the degree of non-nearness and the degree
of indeterminacy between ρ, ℵ and η with respect to t.

Definition 2.5. ([23]) Let (Ω, TT , TF , TI , ∗, �) be a JNMS and let ρ ∈ Ω,
r ∈ (0, 1) and t > 0. Then

B(ρ, r, t) = {ℵ ∈ Ω : TT (ρ, ρ,ℵ) > 1− r, TF (ρ, ρ,ℵ) < r, TI(ρ, ρ,ℵ) < r}

is called JN-open ball with center at ρ and radius r.

Definition 2.6. ([23]) Let (Ω, TT , TF , TI , ∗, ?, �) be a JNMS. A sequence {ρq}
is said to be

(1) JN-convergent to η ∈ Ω if it converges to η in the JN-metric topology,
(2) JN-Cauchy if for every ε > 0 and t > 0 there exists N ∈ N such that

TT (ρq, ρm, ρl, t) > 1− ε, TF (ρq, ρm, ρl, t) < ε, TI(ρq, ρm, ρl, t) < ε,

for all n,m, l ∈ N,
(3) JN-Complete if every JN-Cauchy sequence is JN-Convergent.

Remark 2.7. We note that the original formulation of J-neutrosophic met-
ric spaces in some previous works contains minor typographical ambiguities.
However, the main results in those works remain valid. For the sake of clar-
ity and uniformity, we present here a refined formulation that preserves the
conceptual structure of the original definitions while streamlining the notation
and improving readability.

Several fixed-point results in J-neutrosophic metric spaces (JNMS) have
been investigated by various authors, as discussed in [9, 23].
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3. Refined J-neutrosophic Metric Spaces

J-neutrosophic metric spaces are a generalization of neutrosophic metric
spaces, both of which are based on neutrosophic logic that includes truth,
indeterminacy, and falsity. While neutrosophic metric spaces extend classi-
cal metrics to better handle uncertainty, J-neutrosophic metric spaces further
relax the structure by modifying the triangle inequality in three dimensions.
This makes J-neutrosophic spaces more flexible and capable of addressing a
wider range of problems, especially in fixed point theory.

As previously mentioned, the initial definition of J-neutrosophic metric
spaces was not presented in its most rigorous form. So we are going to present
the refined J-neutrosophic metric space that clarifies the definition, corrects
any possible mistakes, and deletes the extra unnecessary information.

We define the refined J-neutrosophic metric space by modifying (J8), (J15)
and (J22) in definition 2.2, where ? and � are the same CTCN as following:

Definition 3.1. Let Ω be a nonempty set. Let ∗ be a continuous t-norm
(CTN) and let � be a continuous t-conorm (CTCN). Suppose

TT , TF , TI : Ω3 × (0,∞)→ [0, 1].

The 6-tuple (Ω, TT , TF , TI , ∗, �) is called a refined J-neutrosophic metric space
(RJNMS) if for all ρ,ℵ, η, γ ∈ Ω and all t, s > 0 the following hold.

(R1) TT (ρ,ℵ, η, t) + TF (ρ,ℵ, η, t) + TI(ρ,ℵ, η, t) ≤ 3.
(R2) For distinct arguments

TT (·, ·, ·, t) > 0, TF (·, ·, ·, t), TI(·, ·, ·, t) < 1.

(R3) For every permutation P of ρ,ℵ, η and every t > 0,

TT (ρ,ℵ, η, t) = TT (P (ρ,ℵ, η), t),

and similarly for TF and TI .
(R4) For all ρ,ℵ, η with ℵ 6= η,

TT (ρ, ρ,ℵ, t) ≥ TT (ρ,ℵ, η, t),

TF (ρ, ρ,ℵ, t) ≤ TF (ρ,ℵ, η, t)
and

TI(ρ, ρ,ℵ, t) ≤ TI(ρ,ℵ, η, t).
(R5) TT (ρ,ℵ, η, t) = 1 if and only if ρ = ℵ = η, and TF (ρ,ℵ, η, t) =

TI(ρ,ℵ, η, t) = 0 if and only if ρ = ℵ = η.
(R6) For all s, t > 0 and all γ ∈ Ω,

TT (ρ,ℵ, η, t+ s) ≥ TT (ρ, γ, γ, t) ∗ TT (γ,ℵ, η, s),

TF (ρ,ℵ, η, t+ s) ≤ TF (ρ, γ, γ, t) � TF (γ,ℵ, η, s)
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and

TI(ρ,ℵ, η, t+ s) ≤ TI(ρ, γ, γ, t) � TI(γ,ℵ, η, s).
(R7) For each fixed ρ,ℵ, η the maps t 7→ TT (ρ,ℵ, η, t), t 7→ TF (ρ,ℵ, η, t) and

t 7→ TI(ρ,ℵ, η, t) are continuous on (0,∞).
(R8) For each fixed ρ,ℵ, η,

lim
t→0+

TT (ρ,ℵ, η, t) = 0, lim
t→∞
TT (ρ,ℵ, η, t) = 1

and
lim
t→0+

TF (ρ,ℵ, η, t) = lim
t→0+

TI(ρ,ℵ, η, t) = 1,

lim
t→∞
TF (ρ,ℵ, η, t) = lim

t→∞
TI(ρ,ℵ, η, t) = 0.

Remark 3.2. Unlike earlier formulations, no additional monotonicity condi-
tion with respect to the parameter t is imposed; instead, the required mono-
tonic behaviour follows directly from the axioms and is therefore deduced from
the definition itself. Finally, a single continuous t-norm ∗ and a single con-
tinuous t-conorm � are used uniformly in all triangle-type inequalities. These
refinements make the structure more coherent and remove several redundan-
cies found in earlier versions of J-neutrosophic metric spaces.

Definition 3.3. Let (Ω, TT , TF , TI , ∗, �) be an RJNMS. For ρ ∈ Ω, r ∈ (0, 1)
and t > 0 define the RJN-open ball

B(ρ, r, t) =
{
ℵ ∈ Ω : TT (ρ, ρ,ℵ, t) > 1−r, TF (ρ, ρ,ℵ, t) < r, TI(ρ, ρ,ℵ, t) < r

}
.

Definition 3.4. Let (ρq) be a sequence in a RJNFMS (Ω, TT , TF , TI , ∗, �).
Then

(1) {ρq} is called RJN-converget to η ∈ Ω if for a given ε ∈ (0, 1), λ > 0
there is n0 ∈ N such that for each q,m ≥ n0,
TT (ρq, ρm, η, λ) > 1− ε, TF (ρq, ρm, η, λ) < ε, TI(ρq, ρm, η, λ) < ε

that is,
lim

q,m→+∞
TT (ρq, ρm, η, λ) = 1,

lim
q,m→+∞

TF (ρq, ρm, η, λ) = 0, lim
q,m→+∞

TI(ρq, ρm, η, λ) = 0.

(2) {ρq} is called RJN-Cauchy if for a given ε ∈ (0, 1), λ > 0 there is
n0 ∈ N such that for each q,m, l ≥ n0,
TT (ρq, ρm, ρl, λ) > 1− ε, TF (ρq, ρm, ρl, λ) < ε, TI(ρq, ρm, ρlλ) < ε

that is,
lim

q,m,l→+∞
TT (ρq, ρm, ρl, λ) = 1,
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lim
q,m,l→+∞

TF (ρq, ρm, ρl, λ) = 0, lim
q,m,l→+∞

TI(ρq, ρm, ρl, λ) = 0.

(3) (Ω, TT , TF , TI , ∗, �) is called RJN-complete if every RJN-Cauchy se-
quence is RJN-convergent to an element in Ω.

Lemma 3.5. Let (Ω, TT , TF , TI , ∗, �) be a RJNMS. Then

(1) TT (ρ,ℵ, η, ·) : R+ → [0, 1] is non-decreasing,
(2) TF (ρ,ℵ, η, ·) : R+ → [0, 1] is non-increasing,
(3) TI(ρ,ℵ, η, ·) : R+ → [0, 1] is non-increasing.

Proof. (1) Let t, s > 0 with t > s. Then, there is ε > 0 such that t = s + ε
that gives

TT (ρ,ℵ, η, t) = TT (ρ,ℵ, η, s+ ε)

≥ TT (ρ, ρ, ρ, s) ∗ TT (ρ,ℵ, η, ε)
= TT (ρ,ℵ, η, s).

The proofs of (2) and (3) are similar to that of (1). �

4. Fixed Point Results

Definition 4.1. ([21]) A function Υ : R+ → R+ is called a comparison func-
tion if it satisfies the following:

(1) Υ : R+ → R+ is monotone increasing,
(2) limn→∞Υn(τ) = 0 for all τ > 0.

Remark 4.2. ([21]) If Υ is comparison function, then

(1) Υ(0) = 0,
(2) Υ(τ) < τ fo rall τ > 0.

Next, the concept of quasi RJN-Υ contractions is presented.

Definition 4.3. Let (Ω, TT , TF , TI , ∗, �) be a RJNMS. A mapping f : Ω→ Ω
is called quasi RJN-Υ contraction if there exists a comparison function Υ :
R+ → R+ and for each ρ,ℵ, η ∈ Ω and γ > 0, we have

1

TT (fρ, fℵ, fη, γ)
− 1 ≤ Υ(MTT ,f (ρ,ℵ, η, γ)),

TF (fρ, fℵ, fη, γ) ≤ Υ(NTF ,f (ρ,ℵ, η, γ)), (4.1)

TI(fρ, fℵ, fη, γ) ≤ Υ(NTI ,f (ρ,ℵ, η, γ)).
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If G : Ω3 × R→ R, Then

MG,f (ρ,ℵ, η, γ) = max

{
1

G(ρ,ℵ, η, γ)
− 1,

1

G(ρ, fρ, fρ, γ)
− 1,

1

G(ℵ, fℵ, fℵ, γ)
− 1,

1

G(ρ, fℵ, fℵ, γ)
− 1,

1

G(ℵ, fρ, fρ, γ)
− 1,

1

G(η, fη, fη, γ)
− 1,

1

G(ℵ, fη, fη, γ)
− 1,

1

G(ρ, fη, fη, γ)
− 1,

1

G(η, fρ, fρ, γ)
− 1,

1

G(η, fℵ, fℵ, γ)
− 1

}
,

NG,f (ρ,ℵ, η, γ) = max{G(ρ,ℵ, η, γ),G(ρ, fρ, fρ, γ),G(ℵ, fℵ, fℵ, γ),

G(ρ, fℵ, fℵ, γ),G(ℵ, fρ, fρ, γ),G(η, fη, fη, γ),

G(ℵ, fη, fη, γ),G(ρ, fη, fη, γ),G(η, fρ, fρ, γ),

G(η, fℵ, fℵ, γ)}.

And

(1) δG(ρ, f, γ) = max
i,j,k∈N

{
1

G(f iρ, f jρ, fkρ, γ)
− 1

}
,

(2) σG(ρ, f, γ) = max
i,j,k∈N

{
G(f iρ, f jρ, fkρ, γ)

}
.

Theorem 4.4. Let (Ω, TT , TF , TI , ∗, �) be a complete RJNMS, Suppose that
f : Ω → Ω is quasi RJN-Υ contraction. Furthermore, suppose that at least
one of the following conditions is satisfied:

(a) The function f is sequentially continuous that is, if ρn → ρ, then
fρn → fρ,

(b) TT , TF and TI are continuous in the first three coordinates.

Then the fixed point set of f , F∃(f) is singleton.

Proof. Let ρ0 ∈ Ω represents an arbitrary point. We examine the Picard
sequence {ρn} characterized by ρn+1 = fnρ0 where n ≥ 0. For all i, j, k ∈ N,
we have from Condition (4.1) in Definition 4.3,



A reformulation of J-neutrosophic metric spaces 833

1

TT (fn+iρ0, fn+jρ0, fn+kρ0, γ)
− 1

≤ Υ max

{
1

TT (fn+i−1ρ0, fn+j−1ρ0, fn+k−1ρ0, γ)
− 1,

1

TT (fn+i−1ρ0, fn+iρ0, fn+iρ0, γ)
− 1,

1

TT (fn+j−1ρ0, fn+jρ0, fn+jρ0, γ)
− 1,

1

TT (fn+i−1ρ0, fn+jρ0, fn+jρ0, γ)
− 1,

1

TT (fn+j−1ρ0, fn+iρ0, fn+iρ0, γ)
− 1,

1

TT (fn+i−1ρ0, fn+kρ0, fn+kρ0, γ)
− 1,

1

TT (fn+j−1ρ0, fn+kρ0, fn+kρ0, γ)
− 1,

1

TT (fn+k−1ρ0, fn+kρ0, fn+kρ0, γ)
− 1,

1

TT (fn+k−1ρ0, fn+iρ0, fn+iρ0, γ)
− 1,

1

TT (fn+k−1ρ0, fn+jρ0, fn+jρ0, γ)
− 1

}
,

TF (fn+iρ0, f
n+jρ0, f

n+kρ0, γ)

≤ Υ max

{
TF (fn+i−1ρ0, f

n+j−1ρ0, f
n+k−1ρ0, γ),

TF (fn+i−1ρ0, f
n+iρ0, f

n+iρ0, γ),

TF (fn+j−1ρ0, f
n+jρ0, f

n+jρ0, γ),

TF (fn+i−1ρ0, f
n+jρ0, f

n+jρ0, γ),

TF (fn+j−1ρ0, f
n+iρ0, f

n+iρ0, γ),

TF (fn+i−1ρ0, f
n+kρ0, f

n+kρ0, γ),

TF (fn+j−1ρ0, f
n+kρ0, f

n+kρ0, γ),

TF (fn+k−1ρ0, f
n+kρ0, f

n+kρ0, γ),
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TF (fn+k−1ρ0, f
n+iρ0, f

n+iρ0, γ),

TF (fn+k−1ρ0, f
n+jρ0, f

n+jρ0, γ)

}
,

TI(fn+iρ0, fn+jρ0, fn+kρ0, γ)

≤ Υ max

{
TI(fn+i−1ρ0, fn+j−1ρ0, fn+k−1ρ0, γ),

TI(fn+i−1ρ0, fn+iρ0, fn+iρ0, γ),

TI(fn+j−1ρ0, fn+jρ0, fn+jρ0, γ),

TI(fn+i−1ρ0, fn+jρ0, fn+jρ0, γ),

TI(fn+j−1ρ0, fn+iρ0, fn+iρ0, γ),

TI(fn+i−1ρ0, fn+kρ0, fn+kρ0, γ),

TI(fn+j−1ρ0, fn+kρ0, fn+kρ0, γ),

TI(fn+k−1ρ0, fn+kρ0, fn+kρ0, γ),

TI(fn+k−1ρ0, fn+iρ0, fn+iρ0, γ),

TI(fn+k−1ρ0, fn+jρ0, fn+jρ0, γ)

}
.

Thus, we conclude

δTT (fnρ0, f, γ) ≤ Υ δTT (fn−1ρ0, f, γ),

σTF (fnρ0, f, γ) ≤ Υ σTF (fn−1ρ0, f, γ)

and

σTI (fnρ0, f, γ) ≤ Υ σTI (fn−1ρ0, f, γ).

Hence, by induction we have for n ≥ 1,

δTT (fnρ0, f, γ) ≤ Υn δTT (ρ0, f, γ),

σTF (fnρ0, f, γ) ≤ Υn σTF (ρ0, f, γ)

and

σTI (fnρ0, f, γ) ≤ Υn σTI (ρ0, f, γ).

From the above inequalities, we have

1

TT (fnρ0, fn+mρ0, fn+lρ0, γ)
− 1 ≤ δTT (fnρ0, f, γ) ≤ Υn δTT (ρ0, f, γ),

TF (fnρ0, f
n+mρ0, f

n+lρ0, γ) ≤ σTF (fnρ0, f, γ) ≤ Υn σTF (ρ0, f, γ)
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and

TI(fnρ0, fn+mρ0, fn+lρ0, γ) ≤ σTI (fnρ0, f, γ) ≤ Υn σTI (ρ0, f, γ).

By taking the limit when n,m, l→∞, we get

lim
n,m,l→∞

TT (fnρ0, f
n+mρ0, f

n+lρ0, γ) = 1,

lim
n,m,l→∞

TF (fnρ0, f
n+mρ0, f

n+lρ0, γ) = 0

and

lim
n,m,l→∞

TI(fnρ0, fn+mρ0, fn+lρ0, γ) = 0.

Hence, {fnρ0} is a RJN-Cauchy sequence. Thus, it is convergent, and so, an
element u ∈ Ω exists such that fnρ0 → u.

If (a) holds, then fn+1ρ0 = ffnρ0 → fu and so, u = fu.
If (b) holds, then Definition 4.3 implies that

TI(fu, fn+1ρ0, f
n+1ρ0, γ)

≤ Υ max{TI(u, fnρ0, fnρ0, γ), TI(u, fu, fu, γ),

TI(fnρ0, fn+1ρ0, f
n+1ρ0, γ), TI(u, fn+1ρ0, f

n+1ρ0, γ),

TI(fnρ0, fu, fu, γ), TI(fnρ0, fn+1ρ0, f
n+1ρ0, γ),

TI(fnρ0, fn+1ρ0, f
n+1ρ0, γ), TI(u, fn+1ρ0, f

n+1ρ0, γ),

TI(fnρ0, fu, fu, γ), TI(fnρ0, fn+1ρ0, f
n+1ρ0, γ)}.

By taking the limit, we get

TI(fu, u, u, γ) ≤ Υ(TI(fu, u, u, γ)).

If TI(fu, u, u, γ) is not equal 0, then

TI(fu, u, u, γ) < TI(fu, u, u, γ),

which is a contradiction. Hence u = fu. Note that the proofs of TT and TF
are as same as TI
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Now, let w ∈ Ω be so that w = fw. If we assume u 6= w, then depending
on Definition 4.3, we get

TI(u,w,w, γ) = TI(fu, fw, fw, γ) ≤Υ max{TI(u,w,w, γ), TI(u, u, u, γ),

TI(w,w,w, γ), TI(u,w,w, γ),

TI(w, u, u, γ), TI(w,w,w, γ),

TI(w,w,w, γ), TI(u,w,w, γ),

TI(w, u, u, γ), TI(w,w,w, γ)}
=Υ max{TI(u,w,w, γ), TI(w, u, u, γ)}.

But,

TI(u, u, w, γ) = TI(fu, fu, fw, γ) ≤Υ max{TI(u, u, w, γ), TI(u, u, u, γ),

TI(u, u, u, γ), TI(u, u, u, γ),

TI(u, u, u, γ), TI(w,w,w, γ),

TI(u,w,w, γ), TI(u,w,w, γ),

TI(w, u, u, γ), TI(w, u, u, γ)}
=Υ max{TI(u,w,w, γ), TI(w, u, u, γ)}.

Then,

max{TI(u,w,w, γ), TI(w, u, u, γ)} ≤ Υ max{TI(u,w,w, γ), TI(w, u, u, γ)}.

If

max{TI(u,w,w, γ), TI(w, u, u, γ)} > 0,

it implies

max{TI(u,w,w, γ), TI(w, u, u, γ)} ≤ Υ max{TI(u,w,w, γ), TI(w, u, u, γ)}
< max{TI(u,w,w, γ), TI(w, u, u, γ)},

which is a contradiction. Hence,

max{TI(u,w,w, γ), TI(w, u, u, γ)} = 0.

So,

TI(u,w,w, γ) = TI(w, u, u, γ) = 0.

Therefore, u = w. �
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5. Example and Corollaries

Example 5.1. Let Ω = [0, 1], and define the refined J-neutrosophic structure
by

TT (ρ,ℵ, η, γ) =
1

1 + γ(|ρ− ℵ|+ |ℵ − η|+ |η − ρ|)
,

TF (ρ,ℵ, η, γ) = 1− TT (ρ,ℵ, η, γ), TI(ρ,ℵ, η, γ) = 0.

Let the operations ∗ and � be the standard continuous t-norm and t-conorm:

a ∗ b = min{a, b}, a � b = max{a, b}.

Clearly, TT (ρ,ℵ, η, γ) ∈ (0, 1] and the triple (TT , TF , TI) satisfies the axioms of
refined J-neutrosophic metric structure. Since [0, 1] is complete with respect
to the usual metric, the space (Ω, TT , TF , TI , ∗, �) is a complete RJNMS.

Now define the self-map f : Ω→ Ω by

f(ρ) =
ρ

2
.

Let the comparison function be:

Υ(a) =
a

2
,

which is clearly monotone increasing and satisfies Υn(a)→ 0 for all a > 0.

1

TT (fρ, fℵ, fη, γ)
− 1 ≤ Υ (MTT ,f (ρ,ℵ, η, γ)) ,

where

MTT ,f (ρ,ℵ, η, γ) = max

{
1

TT (ρ,ℵ, η, γ)
− 1,

1

TT (ρ, fρ, fρ, γ)
− 1,

1

TT (ℵ, fℵ, fℵ, γ)
− 1,

1

TT (ρ, fℵ, fℵ, γ)
− 1,

1

TT (ℵ, fρ, fρ, γ)
− 1,

1

TT (η, fη, fη, γ)
− 1,

1

TT (ℵ, fη, fη, γ)
− 1,

1

TT (ρ, fη, fη, γ)
− 1,

1

TT (η, fρ, fρ, γ)
− 1,

1

TT (η, fℵ, fℵ, γ)
− 1

}
.

For example, using f(ρ) = ρ
2 and choosing ρ = 1, ℵ = 0.5, η = 0, and γ = 1,

we get

fρ = 0.5, fℵ = 0.25, fη = 0.
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Then,

TT (fρ, fℵ, fη, 1) =
1

1 + |0.5− 0.25|+ |0.25− 0|+ |0− 0.5|

=
1

1 + 0.25 + 0.25 + 0.5

=
1

2
.

So,
1

TT (fρ, fℵ, fη, 1)
− 1 = 1.

Also,

MTT ,f (1, 0.5, 0, 1) ≥ 1

TT (1, 0.5, 0, 1)
− 1

=
1

1 + 1 + 0.5 + 1
− 1

=
1

3.5
− 1 (< 1).

Thus,

1 =
1

TT (fρ, fℵ, fη, 1)
− 1 ≤ Υ(MTT ,f ) =

MTT ,f
2

,

which holds for general values when γ is sufficiently small. Also, we have

TF (fρ, fℵ, fη, γ) = 1− TT (fρ, fℵ, fη, γ)

≤ Υ(NTF ,f (ρ,ℵ, η, γ))

and
TI = 0 ≤ Υ(·).

Hence, all conditions of Definition 4.3 are satisfied, and since f is continuous
and Ω is complete, the fixed point theorem applies. Therefore, f has a unique
fixed point. In fact, we have f(ρ) = ρ then ρ

2 = ρ so, we have ρ = 0.

Corollary 5.2. Let (Ω, TT , TF , TI , ∗, �) be a complete RJNMS, and consider
f : Ω → Ω. Suppose that there exists a comparison function Υ : R+ → R+

such that for all ρ,ℵ, η ∈ Ω and γ > 0, the following conditions are satisfied:

1

TT (fρ, fℵ, fη, γ)
− 1 ≤ Υ (WTT ,f (ρ,ℵ, η, γ)) ,

TF (fρ, fℵ, fη, γ) ≤ Υ (HTF ,f (ρ,ℵ, η, γ))

and
TI(fρ, fℵ, fη, γ) ≤ Υ (HTI ,f (ρ,ℵ, η, γ)) ,
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where

WG,f (ρ,ℵ, η, γ) = max

{
1

G(ρ,ℵ, η, γ)
− 1,

1

G(ρ, fρ, fρ, γ)
− 1,

1

G(ℵ, fℵ, fℵ, γ)
− 1,

1

G(η, fη, fη, γ)
− 1

}
,

HG,f (ρ,ℵ, η, γ) = max{G(ρ,ℵ, η, γ),G(ρ, fρ, fρ, γ),

G(ℵ, fℵ, fℵ, γ),G(η, fη, fη, γ)}.

Additionally, assume that either:

(a) The function f is sequentially continuous, or
(b) TT , TF , TI are continuous in the first three coordinates.

Then F∃(f) is singleton.

Corollary 5.3. Let (Ω, TT , TF , TI , ∗, �) be a complete RJNMS, Suppose that
a real number k ∈ [0, 1) exists so that for all ρ,ℵ, η ∈ Ω and each γ > 0 the
self-map f : Ω→ Ω satisfies the following:

1

TT (fρ, fℵ, fη, γ)
− 1 ≤ k WTT ,f (ρ,ℵ, η, γ),

TF (fρ, fℵ, fη, γ) ≤ k HTF ,f (ρ,ℵ, η, γ)

and

TI(fρ, fℵ, fη, γ) ≤ k HTI ,f (ρ,ℵ, η, γ).

Furthermore, suppose that at least one of the following conditions is satisfied:

(1) The function f is sequential continuous,
(2) TT , TF and TI are continuous in the first three coordinates.

Therefore, F∃(f) is singleton.

Corollary 5.4. Let (Ω, TT , TF , TI , ∗, �) be a complete RJNMS, Suppose that
there is k ∈ [0, 1) such that for each ρ,ℵ, η ∈ Ω and each γ > 0 the map
f : Ω→ Ω satisfies the following:

1

TT (fρ, fℵ, fη, γ)
− 1 ≤ k

3

(
1

TT (ρ, fρ, fρ, γ)
− 1 +

1

TT (ℵ, fℵ, fℵ, γ)
− 1

+
1

TT (η, fη, fη, γ)
− 1

)
,

TF (fρ, fℵ, fη, γ) ≤ k

3
(TF (ρ, fρ, fρ, γ) + TF (ℵ, fℵ, fℵ, γ) + TF (η, fη, fη, γ))
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and

TI(fρ, fℵ, fη, γ) ≤ k

3
(TI(ρ, fρ, fρ, γ) + TI(ℵ, fℵ, fℵ, γ) + TI(η, fη, fη, γ)).

Furthermore, suppose that at least one of the following conditions is satisfied:

(1) The function f is sequentially continuous,
(2) TT , TF and TI are continuous in the first three coordinates.

Then, F∃(f) is singleton.

6. Conclusion

This work has introduced a refined and rigorous framework for J-neutrosophic
metric spaces. The proposed Refined J-Neutrosophic Metric Space (RJNMS)
corrects and unifies previous definitions, offering a more robust and stream-
lined structure for handling uncertainty through truth, falsity, and indetermi-
nacy membership functions. Within this new setting, we have investigated a
significant class of mappings, namely quasi RJN-Υ contractions. Our central
result is a fixed point theorem that guarantees the existence and uniqueness
of fixed points for these contractions, generalizing several classical and recent
results in fixed point theory. The validity and utility of our findings were
demonstrated through concrete examples and specialized corollaries.

This study not only clarifies the foundational aspects of J-neutrosophic
metrics but also opens up promising avenues for future research. Potential
directions include extending these results to other contraction types, studying
common fixed points, and exploring applications in integral equations, dy-
namic systems, and other domains where uncertainty and indeterminacy are
inherent.
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Research at Jadara University for providing financial support for this publi-
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