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Abstract. This work revisits the existing definition of J-neutrosophic metric spaces and
resolves inconsistencies that appear in earlier versions. We propose a more precise framework,
called refined J-neutrosophic metric spaces (RJNMS), which simplifies the structure of the
axioms and relies on a consistent choice of a continuous t-norm and t-conorm. Within
this setting, we introduce the class of quasi RJN-T contractions and prove a fixed point
theorem guaranteeing both the existence and uniqueness of fixed points for mappings of
this type. The main theorem broadens and unifies a number of results already known in the
literature. To highlight the usefulness of the new formulation, we also provide corollaries and
an illustrative example. Overall, the paper establishes a clearer and more robust foundation
for further investigations in fixed-point theory within neutrosophic and related generalized

metric frameworks.

1. INTRODUCTION

Fixed point theory has long been a fundamental area of mathematical re-
search, beginning with Banachs pioneering fixed point theorem [2]. This theory
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studies points that remain invariant under a given mapping and provides essen-
tial tools for establishing the existence and uniqueness of solutions in various
mathematical models. Classical results, such as Kannans fixed point theorem
[10], have been extended to more general and uncertain settings, including
fuzzy, intuitionistic fuzzy, and neutrosophic frameworks [1, 29, 30].

Metric spaces provide a natural setting for fixed point analysis, and their
generalizations allow the study of more complex mappings. Fuzzy metric
spaces [12], G-metric spaces [24], and intuitionistic fuzzy metric spaces [25]
were introduced to address uncertainty in distance measurements. More re-
cently, neutrosophic metric spaces [11] and J-neutrosophic metric spaces [23]
have facilitated the extension of fixed point results to environments that in-
corporate indeterminacy and partial information.

In parallel with the development of generalized metric spaces, the study of
generalized distance structures has also advanced through the introduction of
MR-metric spaces. A series of works by Malkawi and collaborators has laid the
groundwork for this framework, establishing core fixed point results [13, 14, 17]
and important convergence properties [18]. The usefulness of MR-metrics has
been further demonstrated through applications to integral equations, neutron
transport models, and uncertainty analysis [15, 28]. More recent contributions
show that MR~metric spaces can also be applied to graph theory [19], measure-
theoretic problems [16], and computational learning settings [20]. On another
note, Bataihah et al. [5] came up with the idea of Gamma distance map-
pings and used them in studying fractional boundary differential equations.
Additionally, Qawasmeh created several contraction types in distance spaces,
such as (H, {)-interpolative contractions [26] and H-simulation functions for
Op-distance mappings [27].

Through this manuscript, €2 stands for a nonempty set, f a self-map on §2,
and F(f) the set of fixed points of f.

2. PRELIMINARY

J-neutrosophic metric spaces are a further generalization of neutrosophic
metric spaces, designed to handle more complex forms of uncertainty. They
preserve the basic structure of using triplets to describe distances while offering
a more adaptable framework for studying fixed point results.

In the following, we recall some basic notions related to J-neutrosophic
metric spaces that we discuss in this section.

Remark 2.1. The next two definitions were written by the same author. It
seems like the author corrected his definition in his new research [9]. But we
are going to correct it again in our main section.
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Definition 2.2. ([23]) Consider a nonempty set 2, a continuous t-norm
(CTN) *, two continuous t-conorm CTCNs x, ¢ and fuzzy sets 77, Tr, Tz on
03 x [0,1]. A 7-tuple (Q, T, TF, Tz, *, %, ©) is called a J-neutrosophic metric
space (JNMS) if for each p,N,n,~v € Q and t > 0,

TT(pv N » 15 ) + T]:(p7 N7 7, t) + 7_7[(/)7 N7 7, t) < 37
p,R,n,t) >
p, R, m, t) is symmetrlc in p,N and 7,

)

t)

(
(
(p, ps R, 1) = Tr(p, N, m, 1) if N,
( =1 if and only if p =R =1,
(. Ryt + 5) = Tr(p, 7,7, £) * Tr(7, R, 1, 8),
(p,N,m, 1) is continuous w.r.t ¢,

is nondecreasing on [0, +00], lim;—, 4o, T7(p, R, n) = 1,
1mt—>0 TT(pa Na 77) = 07

S‘:‘:‘:‘:‘#‘:‘

—

(Jg) T}—(paN7777 ) <1,
(J10) Tx(p, N, n,t) is symmetric in p, X and 7,
(I11) Tr(p, p, 1) < Tr(p,R,1,2) i R £ 1,
(J12) Tx(p,N,n,t) = 0 if and only if p = N =7,
(J13) Tx(p, Ry, t +5) < Tx(p,7,7,t) * Tr (7, X, 1, 5),
(J14) Tx(p,N,n,t) is continuous w.r.t t,
(J15) T is nonincreasing on [0, +o0], lim;—, o Tr(p, N, n) =0,
lim¢—o Tr(p, N, m) = 1,
(J16) Tz(p,N,m,t) <1,
(J17) Tz(p, X, n,t) is symmetric in p, N and 7,
(J18) Tz(p, p, R, 1) < Tz(p, N, m, t) if R #£ 1,
(J19) Tz(p,X,n,t) = 0 if and only if p =R =1,
(J20) Tz(p,N,n,t + s) < Tz(p, 7,7, t) © Tz (7, N, m, 8),
(J21) Tz(p, X, n,t) is continuous w.r.t ¢,
(J22) 7Tz is nonincreasing on [0, 4+00], lim; 1 Tz(p, X, n) = 0,

limy 0 T2(p, N, n) = 1.

Definition 2.3. ([9]) Consider a nonempty set ©, a CTN %, a CTCN ¢
and fuzzy sets T7,7Tr, Tz defined on © x Q@ x @ — (0,400). A 6-tuple
(QT1, Tr, Tz, *,0) is called a J-neutrosophic metric space (JNMS) if for each
p, N n,v € Qand t,s > 0 the following conditions hold.

(1) Tr(p, R, m,t) + Tr(p, R, n,t) + Tr(p, N, 7,t) < 3 for p # N,

(2) Tr(p, p, R, t) > Tr(p, R, n,t) for all N # 7,

(3) Tr(p, X, m, )zllfandonlylfp—N:n,

4) Tr(p,R,n,t) = Tr(P(p,N,n),t) where P is a permutation function,
(5) Tr(p,X,n,t+5) > Tr(p, 7,7, t) * Tr (v, R, n, s) (Triangle inequality),
(6) Tr(p,N,1m,-) : (0,+00) — [0,1] is continuous,

(7) Tr(p, p, N, t) < Tr(p,N,m,t) for R # n,
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(8) Tr(p,N,n,t) =0 if and only if p =N =,
(9) T=(p,N,n,t) = Tr(P(p,X,n),t) where P is a permutation function,
(10) T]‘—(paNaTht S) < Tf(pv’Ya’Y?t)oT]:(’)/vanvS)a
(11) Tx(p,R,n,-) : (0,400) — [0,1] is continuous,
(12) Tz(p, p, N, 1) < Tz(p, R, 7,1) for N # 1,
(13) Tz(p,N,m,t) = 0 if and only if p = N =7,
(14) Tz(p, N, n,t) = Tz(P(p,N,n),t) where P is a permutation function,
(15) Tz(p, R, m,t +5) < Tz(p, 7, 7,t) © Tz(7, R, 1, 5),
(16) Tz(p,N,m,-) : (0,400) — [0,1] is continuous.

Remark 2.4. ([23]) T7(p, X, n,t), Tr(p, N, n,t) and Tz(p, N, n,t) represent, re-
spectively, the degree of nearness, the degree of non-nearness and the degree
of indeterminacy between p, X and 1 with respect to t.

Definition 2.5. ([23]) Let (2, 77, Tx, Tz,*,0) be a JNMS and let p € ,
€ (0,1) and ¢t > 0. Then

B(p,r,t) ={XeQ: Tr(p,p,R) >1—1,Tr(p, p,N) <7, Tz(p, p,N) <7}

is called JN-open ball with center at p and radius r.

Definition 2.6. ([23]) Let (Q, 77, 77, Tz, *, x,©) be a JNMS. A sequence {p,}
is said to be

(1) JN-convergent to n € Q if it converges to 1 in the JN-metric topology,
(2) JN-Cauchy if for every € > 0 and ¢ > 0 there exists N € N such that

TT(anPmaPlat) >1- €, Tf(pqapmaplvt) <e€, 7-I(pq7:0m7plvt) <€,

for all n,m,l € N,
(3) JN-Complete if every JN-Cauchy sequence is JN-Convergent.

Remark 2.7. We note that the original formulation of J-neutrosophic met-
ric spaces in some previous works contains minor typographical ambiguities.
However, the main results in those works remain valid. For the sake of clar-
ity and uniformity, we present here a refined formulation that preserves the
conceptual structure of the original definitions while streamlining the notation
and improving readability.

Several fixed-point results in J-neutrosophic metric spaces (JNMS) have
been investigated by various authors, as discussed in [9, 23].
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3. REFINED J-NEUTROSOPHIC METRIC SPACES

J-neutrosophic metric spaces are a generalization of neutrosophic metric
spaces, both of which are based on neutrosophic logic that includes truth,
indeterminacy, and falsity. While neutrosophic metric spaces extend classi-
cal metrics to better handle uncertainty, J-neutrosophic metric spaces further
relax the structure by modifying the triangle inequality in three dimensions.
This makes J-neutrosophic spaces more flexible and capable of addressing a
wider range of problems, especially in fixed point theory.

As previously mentioned, the initial definition of J-neutrosophic metric
spaces was not presented in its most rigorous form. So we are going to present
the refined J-neutrosophic metric space that clarifies the definition, corrects
any possible mistakes, and deletes the extra unnecessary information.

We define the refined J-neutrosophic metric space by modifying (J8), (J15)
and (J22) in definition 2.2, where x and ¢ are the same CTCN as following;:

Definition 3.1. Let €2 be a nonempty set. Let * be a continuous t-norm
(CTN) and let © be a continuous t-conorm (CTCN). Suppose

T, Tr, Tz 03 x (0,00) - [07 1]
The 6-tuple (Q, 71, Tr, Tz, *,©) is called a refined J-neutrosophic metric space
(RINMS) if for all p, R, 7,y € Q and all ¢,s > 0 the following hold.
(Rl) TT(pv N, 7, t) + T]:(p’ N, 7, t) + E(py N, 7, t) <3.
(R2) For distinct arguments
TT('7'7'7t) >07 7-.7:('7'7'7t)77-1('7'7'7t) < 1.
(R3) For every permutation P of p,X,n and every ¢t > 0,

TT(/),N,'I],t) = TT(P(,O,N,T]),t),

and similarly for 7r and 77.
(R4) For all p, N, n with X # 7,

TT(pa P, Na t) 2 TT(p7 N’ m, t)’

T]—'(P, P, N, t) < T]—'(P’ N’ UR t)
and
Tz(p, p, R, t) < Tz (p, N, 1, t).
(R5) Tr(p,N,m,t) = 1 if and only if p = X = 5, and Tr(p,N,n,t) =
Tz(p, N, n,t) =0 if and only if p =R = 1.
(R6) For all s,t >0 and all v € €,

Tr(p,R,n,t 4+ 5) > Tr(p,v,7,t) * Tr(7,R,n,s),
Tr(p, R, n,t +5) < Tr(p,v,7.t) © Tr(v,R, 1, 5)
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and

Tz(p, N, m,t +8) < Tz(p, 7,7, t) © Tz(7, R, n, 5).

(R7) For each fixed p, N, n the maps t — T7(p,N,n,t), t — Tr(p,R,n,t) and
t — Tz(p, R, n,t) are continuous on (0, 0o).
(R8) For each fixed p, N, n,

t1—1>I(I)l+ Tr(p,®;m,t) = 0, lim Tr(p, R, 7, 1) = 1

ti)o (’ ’ ’) t~>10 (’ ’ ’) ’

lim 7r(p,N,n,t) = lim Tz(p,N,n,t) = 0.
t—00 t—00

Remark 3.2. Unlike earlier formulations, no additional monotonicity condi-
tion with respect to the parameter ¢ is imposed; instead, the required mono-
tonic behaviour follows directly from the axioms and is therefore deduced from
the definition itself. Finally, a single continuous t-norm % and a single con-
tinuous t-conorm ¢ are used uniformly in all triangle-type inequalities. These
refinements make the structure more coherent and remove several redundan-
cies found in earlier versions of J-neutrosophic metric spaces.

Definition 3.3. Let (Q, 77, Tr, Tz, *,¢) be an RINMS. For p € Q, r € (0,1)
and t > 0 define the RJN-open ball

B(p,r,t) = {N €Q: Tr(p,p,N,t) > 1—r, Tr(p,p, R, t) <1, Tz(p, p, N, t) < 7"}.

Definition 3.4. Let (p;) be a sequence in a RINFMS (Q, 71, Tx, Tz, *, ©).
Then
(1) {pq} is called RJN-converget to n € Q if for a given € € (0,1), A >0
there is ng € N such that for each ¢, m > ny,

Tr(pg> Pm> 1 A) > 1 — €, Tr(pg, Pms 1 N) < €, Tz(Pgs Pms1, A) < €

that is,
W}gg}roo Tr(pgs Pmsn, A) = 1,
qm}gnﬁo Tr(pgs pm>n, A) = 0, q’mlggooTz(pq, Pms1,A) = 0.

(2) {pq} is called RIN-Cauchy if for a given € € (0,1), A > 0 there is
ng € N such that for each ¢, m,l > ny,
TT(p(bpmvph)\) > - €, Tf(pqapmaplv A) < €, 7-I<pQ7pm7plA) <e€
that is,
hm TT(pqupmupla)‘) - 17

q,m,l——+o00
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lim  Tx(pg, pm, o1, A) =0, Lm  Tz(pg, pm, p1,; ) = 0.

q,m,l—~+o00 q,m,l——+oo

(3) (Q,T7,TF, Tz, *,0) is called RIN-complete if every RJN-Cauchy se-

quence is RJN-convergent to an element in (2.

Lemma 3.5. Let (Q, 71, Tr, Tz, *,0) be a RINMS. Then

(1) Tr(p,X,n,-) : Rt — [0,1] is non-decreasing,
(2) Tr(p,X,n,-) : RT = [0,1] is non-increasing,
(3) Tz(p, N, m,-) : RT — [0, 1] is non-increasing.

Proof. (1) Let t,s > 0 with ¢ > s. Then, there is € > 0 such that t = s+ €
that gives
T’T(pa N, 7, t) = T’T(pa N, 7, s+ 6)
> T’T(p> P Py 5) * T’T(pa N, 7, 6)
= T’T(p> N, 7, S)'

The proofs of (2) and (3) are similar to that of (1). O

4. FixeED PoINT RESULTS

Definition 4.1. ([21]) A function T : RT — R™ is called a comparison func-
tion if it satisfies the following:

(1) T:RT — R* is monotone increasing,
(2) limy,—y00 Y™(7) =0 for all 7 > 0.

Remark 4.2. ([21]) If T is comparison function, then
(1) 1(0) =0,
(2) Y(r) <7 foral 7>0.

Next, the concept of quasi RJN-T contractions is presented.

Definition 4.3. Let (2, 77, Tx, Tz, *,©) be a RINMS. A mapping f: Q — Q
is called quasi RJN-T contraction if there exists a comparison function T :
R+t — RT and for each p,X,n € Q and v > 0, we have

1
1< N
Tr(fo, R, fn,7) b X (Mg, o)),

T=(fp, R, fn,7) (N77,1 (0, N1, 7)), (4.1)
Tz(fp, IR, fn,7) (N2, (P, R 1, 7).

<Y
<7
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If G: Q3 xR — R, Then

1 1
% 7N7 ) - - 17 - 17
6.1(p.R,11,7) max{g(p, R, 7,7) G(p, fpo. fp,7)
1 1
- 17 - 1)
G(N, fR, fR,5) G(p, IR, R, 7)
1 1
—1, —1,
gX, fp, fp,7) G(n, fn, fn,7)

1 1

G(X, fn, fn,v) b G(p, fn. fn.v) b

1 1
G fodp) UG RN 1}’

AG.£(p, R, m, ) = max{G(p, R, n,7),G(p, fp, fp,7), G, IR, R, 7),
Gp, IR, [R,7), G, fp, fp,7),G(n, [0, [0,7),
G, fn, fn,7),G(p, fn, fn,7), G, fos fo:7),
G(n, IR, R, )}

And

1
W) dglp.fim) = J}f;?é{N{g(fip, P fRo) 1}’
(2) oglp. £.7) = max {G(fp, 1o, /o) }

1,5,k€EN

Theorem 4.4. Let (Q, T, Tr, Tz, *,0) be a complete RINMS, Suppose that
f:Q = Q is quasi RJN-Y contraction. Furthermore, suppose that at least
one of the following conditions is satisfied:

(a) The function f is sequentially continuous that is, if p, — p, then

fpn — fp?
(b) T7,TF and Tz are continuous in the first three coordinates.

Then the fized point set of f, F>(f) is singleton.

Proof. Let pg € () represents an arbitrary point. We examine the Picard
sequence {p,} characterized by pn+1 = f"po where n > 0. For all i,j,k € N,
we have from Condition (4.1) in Definition 4.3,
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1
Tr(f"*ipo, f*+po, [ po, )

<7T max{

-1

1

Tr(frti=Lpo, fr+i=tpo, frtk=1pg,v)
1

Tr(fr+i=Lpo, frtipo, frtipo, )
1

Tr(f+i=tpo, fr+ipo, [P po,y)
1

Tr(frti=tpg, fripo, 49 po, )
1

TT(fnJrjilpO? fnJriva anPO, ’7)
1

Tr(fnti=po, fr+kpo, frtkpo, )
1

Tr(frti=1po, [k po, frtkpo, )
1

Tr(frtk=Lpg, frtkpg, frtkpg, )
1

TT(fnJrkilpO) fnJriva anPO» 7)

_17

_1,

_]_7

717

_17

_1’

_]_7

—1,

1
. . 1Y
TT(fn+k_1PO> fn+jp01 fn+Jp07 '-Y) }

Tr("po, " po, £ po, )
<7 max {T]:(fn—i_i_lp()? fn+j_1p07 fn+k_1p07 7)?

T o, " po, " p0,7),
fn+]_1,00> fn+j/)07 fn+jp0a 7)7
fn+l_1p07 fn+jp07 fn+]p05 ’y)a

(
(
(
(f" 7 po, £ po, £ p0, ),
(
(
(

fn—i-k fn—i-k

fn+i_1/)0> Po, pOa’Y)v
n+j—1 n+k n+k

f vaf PO»f p07’7)a

TJ—' fn+k71p07 fn+kf307 fn+kp0) ’7),

AU
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1 ) .
Tf(fn+ £0, fn—HpOa fn—HPO, 7)7

T po, £ po, £ po, 7)},

TI(anPOy fn+jp0a fn+k,007 7)
< T max {E(fn—’—i_lp(]v fn+j_1f’07 fn—HC_lPO, ’7)7

F o, " po, £ o, ),
fn+J_1p07 fn+]p0a fn+],00: 7)7
F o, 7% po, £ po, ),

(
(
(
(f" 7 po, £ po, f p0, ),
(
(
(
(

fn+k fn+k’

an_lPOa P0, 00:7)7

o, 7 oo, 7 o, ),
fTH*k*l

fn+k fn+k:

L0, £0, PD:’Y):
Tz po, £ po, £ po, ),

7~I(fn+k_1p07 fn+jp0a fn+j;007 ’7)}

Thus, we conclude

677 (f"p0, £.7) < Y 67 (F" " po. £,7),

UT]:(fnp07 fa 7) < T O-T;(fnilpm f7 f)/)
and

oz (f"po, f,7) <X o (f* po, £, 7).
Hence, by induction we have for n > 1,

o (f"po, frv7) < X" 07 (po, f,7),

UT]:(fnpo, fa ’Y) < " UT]—'(pO7 f7 fY)
and

o7z (f"po, f,7) < X" o (po, f,7)-
From the above inequalities, we have

1
Tr(fpo, [P po, [ po, )

Tf(fnp(% fnerva fn+lp07'7) < UTf(fnp07 f? '7) < " UT;(PO, f7 7)

-1< 6T7—(fnPOafv y) <" 57’7—(P07f7'7)7
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and

7—I(fn;007 fn+mp07 anPOa 7) < UTz(fan f7 7) < T UTI(poa f7 7)

By taking the limit when n,m,l — oo, we get

lim T’T(fnpo, fn+mp07 fn—HpOa 7) = 17

n,m,l—oo

lim — T=(f"po, "™ po, " po,y) = 0

n,m,l—oo
and

lim  Tz(f"po, £ po, f"po, ) = 0.

n,m,l—oo

Hence, {f"po} is a RIN-Cauchy sequence. Thus, it is convergent, and so, an
element u € Q exists such that f"py — u.

If (@) holds, then f"*lpg = ff"po — fu and so, u = fu.

If (b) holds, then Definition 4.3 implies that

Tz(fu, " po, £ po, )
<Y max{Tz(u, f"po, f"po,7), Tz (u, fu, fu,7),

Tz(f"pos 1™ pos 17 p0s ), T (us £ po, £ po, ),
(f"pos fus fu, 7). Tz(f"po, S po, 7 0o, 7),
(f"pos " oo, £ 00, ), Tz (us £ po, f7 o, ),
(f"pos fus fu,v), Tz(f"po, £ oo, £ po, 1)}

Tz
Tz
Tz
By taking the limit, we get

Tz(fu,u,u,y) < Y(Tz(fu,u,u,7)).
If Tz(fu,u,u,v) is not equal 0, then

Tz(fu,u,u,y) < Tz(fu,u,u,7),

which is a contradiction. Hence u = fu. Note that the proofs of 77 and T
are as same as T7
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Now, let w € Q be so that w = fw. If we assume u # w, then depending
on Definition 4.3, we get

Tz(u, w,w,7) = Tz(fu, fw, fw,v) <T max{Tz(u,w,w,v), Tz(u, u,u,7),
Tz(w, w,w,7), Tz(u, w,w,7),
Tz(w, u,u, ), Tz(w, w, w, ),
Tz(w, w,w,7), Tz(u, w,w,7),
Tz(w, u,u, ), Tz(w, w, w, )}
=T max{Tz(u,w,w,~), Tz(w,u,u,vy)}.
But,
Talon,,0,79) = Tel fu fu, fu, ) <T manc{Teon u,0,9), T, 0,7),
Tz(u, u,u, ), Tr(u, u, u,7),
Tz(u, u,u, ), Tz(w, w,w,7),
Tz (u, w,w, ), Tr(u, w, w, ),
Tz(w, u,u,), Tz(w, u,u, )}
=Y max{7Tz(u,w,w,7), Tr(w,u,u,vy)}.

Then,
max{ Tz (u, w, w,v), Tz(w,u,u,y)} <Y max{Tz(u, w,w,7), Tr(w,u,u,v)}.
If
max{7z(u, w,w,7), Tz(w,u,u,7)} > 0,
it implies
max{7z(u, w,w,v), Tz(w,u,u,v)} <Y max{Tz(u,w,w,~), Tr(w,u,u,v)}
< max{7Tz(u, w,w,v), Tz(w,u,u,v)},
which is a contradiction. Hence,
max{7z(u, w,w,7), Tz(w, u,u,7)} = 0.
So,
Tz(u,w,w,7y) = Tz(w,u,u,7) = 0.

Therefore, u = w. O
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5. EXAMPLE AND COROLLARIES

Example 5.1. Let Q = [0, 1], and define the refined J-neutrosophic structure
by

1
T 7N7 9 - b
TR ) = T L TR F R =+ 7 =)

Tr(p, N, n,7) =1 =Tr(p. X, n,7), Tz(p,N,n,7) = 0.

Let the operations * and ¢ be the standard continuous t-norm and t-conorm:
a* b = min{a, b}, a©b=max{a,b}.

Clearly, T7(p, X, n,7v) € (0, 1] and the triple (77, Tr, T7) satisfies the axioms of

refined J-neutrosophic metric structure. Since [0, 1] is complete with respect

to the usual metric, the space (2, T, Tr, Tz, *,©) is a complete RINMS.
Now define the self-map f: Q — Q by

_r
Flp) =75
Let the comparison function be:
a
T(a) = —
(@) =15,

which is clearly monotone increasing and satisfies Y"(a) — 0 for all a > 0.

1
Tr(fp, R, fn,7)

— 1 <Y (M 5(p, N1, 7)),

where
My f(p, R ) ma{ ! 1 ! 1
3 SNy Ty - X — 1, —1,
T f Y Tr(p: N, m,7) Tr(p, fo. fp,7)
1 1
—1, —1,
Tr(N, R, fR,5) T (p, IR, R, 7)
1 1
— , _1’
Tr(X, fp, fp,7) Tr(n, fn, fn,7)
1 1

1
T’T(Nvfn7 fnva) ’ TT(p7 fnaf77>7) ’

1 1
Tr(n, fp. fo,v) b Tr(n, fR,fR,7) 1}'

For example, using f(p) = § and choosing p =1, X = 0.5, n = 0, and v = 1,
we get
fp=05, fR=025 fn=0.
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2 )
which holds for general values when + is sufficiently small. Also, we have
<Y (A7, 1 (P, Ry, 7))

Then,
1
N, fn,1) =
Tr(fo. PRI 1) = T 05 =025 £ 0.5 — 0] £ 10— 03]
1
- 14+0.254+0.25+0.5
_1
= 2.
So,
1
—1=1.
TT(fPafNan,l)
Also,
1
My 1(1,05,01)> ——— ]
77.4(1,0-5,0,1) = 77(1,0.5,0,1)
I S
1+ 1405+1
1
=— —1(<1).
55 1<
Thus,
1 M 5
1= -1 <Y (A =—Dd
Tr(fp, R, fn.1) (Arr.1)

and

Tr=0<7(-).
Hence, all conditions of Definition 4.3 are satisfied, and since f is continuous
and €2 is complete, the fixed point theorem applies. Therefore, f has a unique
fixed point. In fact, we have f(p) = p then £ = p so, we have p = 0.

Corollary 5.2. Let (Q, Tr,Tr, Tz, *,¢) be a complete RINMS, and consider
f:Q — Q. Suppose that there exists a comparison function ¥ : Rt — RT
such that for all p,X,;n € Q and v > 0, the following conditions are satisfied:

1
Tr(fo, X, fn,7)

Tr(fp, N, fn,7) <Y (75 1(p, R, 1, 7))

—1 S T (WTT,f(paNanvfy))a

and

Tz(fp, IR, fn,v) < Y (1 (p, R, 0, 7))
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where

1 1

s (p, R, ) =maxq ooy = L e = 1,
G.r(psR,m, ) max{g(p,;q,n,y) G(p: fp, fp.7)

1 1
G(X, fR, fR,9) b G, fn, fn.y) 1}’

Hg.£(p, R, n,7) = max{G(p,N,n,7),G(p, fp, fp,7);
G\, IR IR 5),G(n, fn, fn,7)}-
Additionally, assume that either:

(a) The function f is sequentially continuous, or
(b) T7,TF, Tz are continuous in the first three coordinates.

Then F3(f) is singleton.

Corollary 5.3. Let (Q,T7,Tr, Tz, *,0) be a complete RINMS, Suppose that
a real number k € [0,1) exists so that for all p,N,n € Q and each v > 0 the
self-map [ : Q — Q satisfies the following:

1
Tr(fp, IR, fn,7)

T]:(fp) N, fna 7) <k ‘%07’_7-‘7f(p7 N, 7, 7)

-1 S k WTT,f(p7N777a7)v

and
Tr(fp. IR, fn,7) <k Ay (0, X, 0, 7).
Furthermore, suppose that at least one of the following conditions is satisfied:

(1) The function f is sequential continuous,
(2) T7,TF and Tz are continuous in the first three coordinates.

Therefore, F3(f) is singleton.

Corollary 5.4. Let (Q, T7, T, Tz, *,0) be a complete RINMS, Suppose that
there is k € [0,1) such that for each p,X,n € Q and each v > 0 the map
f:Q — Q satisfies the following:

1 k 1 1
1<z 1 1
Tr(fo, IR, fn,7) =3 <TT(P7 fp. fp,7) " Tr(R, R, fR,5)

1
T ) 1)’

Tr(lp, R I12) < & (Tr(p, f. 5 p.7) + TR, X, RA) + T, f, 0,)
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and

k
Tz(fp, IR, fn,7) < 3 (Tz(p, fo. fp,7) + Tz(R, fR, R, 5) + Tz(n, fn, fn,7)).

Furthermore, suppose that at least one of the following conditions is satisfied:

(1) The function f is sequentially continuous,
(2) T7,TF and Tz are continuous in the first three coordinates.

Then, F3(f) is singleton.

6. CONCLUSION

This work has introduced a refined and rigorous framework for J-neutrosophic
metric spaces. The proposed Refined J-Neutrosophic Metric Space (RJNMS)
corrects and unifies previous definitions, offering a more robust and stream-
lined structure for handling uncertainty through truth, falsity, and indetermi-
nacy membership functions. Within this new setting, we have investigated a
significant class of mappings, namely quasi RJN-Y contractions. Our central
result is a fixed point theorem that guarantees the existence and uniqueness
of fixed points for these contractions, generalizing several classical and recent
results in fixed point theory. The validity and utility of our findings were
demonstrated through concrete examples and specialized corollaries.

This study not only clarifies the foundational aspects of J-neutrosophic
metrics but also opens up promising avenues for future research. Potential
directions include extending these results to other contraction types, studying
common fixed points, and exploring applications in integral equations, dy-
namic systems, and other domains where uncertainty and indeterminacy are
inherent.

Acknowledgments: The authors are grateful to the Deanship of Scientific
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cation.
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