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Abstract. This work examines a nonlinear two-point boundary value problem associated
with a fourth-order differential equation. The problem is reformulated through inversion,
enabling the explicit construction and subsequent analysis of the associated Greens function.
Employing the Leggett-Williams fixed-point theorem alongside analytical estimates derived
from Holder inequality. A concrete example is constructed to illustrate the applicability of
the theoretical results.

1. INTRODUCTION

This work investigates a fourth-order two-point boundary value problem.
By applying the Leggett-Williams fixed-point theorem, supported by key esti-
mates from Holder’s inequality, we demonstrate the existence of three positive
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solutions

(&) = A(§) F(&,2(6)),£ € (0,1),

where F, ®, U and A satisfy

(A1) A(-) € L¥[0,1] for some p € (0, +0c) and there exists 7' > 0 such that,
A (&) >+ a.e.on [0,1],

(A2) F € C([0,1] x [0,00), [0, 00)),

(A3) ®, ¥ € L'[0,1] are nonnegative and s, 0 € [0,1), where

%z/;@(f)ds, az/olwoda

The study of ordinary differential equations with multi-point boundary con-
ditions finds substantial applications across the physical and engineering sci-
ences. This framework is essential, for instance, in analyzing the elastic sta-
bility of structural systems. Similarly, higher-order boundary value problems
are fundamental to modeling phenomena in fluid dynamics, hydromagnetics,
and astrophysics, such as in the propagation of long waves or the design of
induction motors. Given this broad utility, the investigation of higher-order
boundary value problems has become a topic of considerable mathematical
and practical interest, generating numerous significant theoretical results. In
particular, third-order, fourth-order, higher-order and other kinds of nonlinear
boundary value problems has been studied by many authors using different
approaches, see [2, 4, 5, 6, 7, 8, 9, 10, 11, 13, 14, 15, 16] and the references
therein.

Boundary value problems featuring integral boundary conditions represent
a classic form of nonlocal problem. They emerge naturally in diverse applied
contexts, including hydrodynamics, semiconductor theory, and the study of
thermal conduction (see, e.g., [12]).

Recently, Lv et al. [18] studied the existence and nonexistence of concave
and monotone positive solutions by using a fixed point theorem of cone expan-
sion and compression of norm type for the following boundary value problems

20(€) = F(€,2(6),2/(6), 2" (€)), € € (0,1),

1
2"(0) :/0 D(s)2"(s)ds, (1.2)
Z(0) =2'(1) =0, 2¥(1) =0,
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where F € C ([O, 1] x ([0,0))? x (—00,0], [0, oo)), A (+) € L' [0,1] is nonneg-
ative and ® € C ([0, 1], [0, 00)).

Utilizing global bifurcation techniques, Shen and He [21] investigated the
global structure of positive solutions for the singular boundary value problem

() =7 F(£2(9) =0, £€(0,1),

1
=(0) :/ z(s) da(s), (1.3)
0
Z(0) = z(1) = 2'(1) = 0,
where v € (0,00), F(£) has singularities at both £ = 0 and £ = 1, and
fol z(s) da(s) is a Stieltjes integral, with a(€) being nonconstant on [0, 1].

Wang et al. [22] investigated the existence of positive solutions to the follow-
ing fourth-order boundary value problem with integral boundary conditions
by applying the Krasnoselskii fixed point theorem

Z0(6) = M) F(£,2(9), 7). € € (0,1),
1 1
z(0) :/0 ®i(s)ds, z(1) :/0 Uy(s) z(s) ds, (1.4)

1 1
2"(0) :/ Dy(s)ds, 2"(1) :/ Us(s) z(s) ds,
0 0
where A (-) € L'[0,1] is nonnegative, ®;, ¥; € L'[0,1], ®; (s) > 0, h; (s) >
0, 2=1,2and F € C([0,1] x [0,00) x (—00,0], [0, 00)).

Zhang and Ge [24] employed the Krasnoselskii fixed point theorem to inves-
tigate the existence of positive solutions to the following fourth-order boundary
value problem with integral boundary conditions

(€)= A©) F(¢.2(6).2'(€). £ € (0, 1),
1
2(0) = / O(s) z(s)ds, z(1) =0, (1.5)
.
2"(0) = /0 U(s)2"(s)ds, 2"(1) =0

or

(&) = M) F(&,2(6), 7€), £ € (0,1),
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where A (-) € L'[0,1] is nonnegative, ®, ¥ € L'[0,1], ®(s) > 0, ¥ (s) > 0
and F € C([0,1] x [0,00) x (- 0070]7[0’00))'

Zhang et al. [23] investigated the existence of positive solutions for the
following fourth-order boundary value problem with integral boundary condi-
tions:

where v > 0, 0 < 3 < 72, and ®, ¥ € L'[0,1] are nonnegative functions
satisfying ®(s) > 0 and ¥(s) > 0.

Building on the aforementioned research, this paper investigates the exis-
tence of triple positive solutions for the boundary value problem (BVP) given
n (1.1). The analysis employs a fixed point theorem established by Leggett
and Williams, which concerns fixed points of cone-preserving operators acting
on ordered Banach spaces [21].

The paper is structured as follows: Section 2 presents essential lemmas
required for proving our main results concerning BVP (1.1). In Section 3, the
principal theorems for BVP (1.1) are stated and proved, accompanied by an
illustrative example that validates our findings.

2. PRELIMINARIES
Let C[0,1] denote the Banach space endowed with the supremum norm

2l = max |+(©)].

The set CT[0,1], consisting of all nonnegative functions in C[0,1], forms a
cone within this space.

Definition 2.1. ([19]) Let € be a real Banach space. A nonempty closed set
P C € is called a cone if it satisfies the following conditions:

(i) aqw + agv € B for all a; >0, ag > 0, and

(ii) w,—w € P implies w = 0.
Every cone B defines a partial ordering on € via the relation w < v if and
only if v —w € P.
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Definition 2.2. ([3]) A functional f is called a nonnegative continuous con-
cave functional on a cone ‘B of a real Banach space € if 5 : P — [0,00) is
continuous and satisfies

B&w + (1= &v) > EB(w) + (1 —&)B(v) for all w,v € Pand 0 <& < 1.

The boundary value problem (1.1) will be reformulated as an equivalent
integral equation. This is achieved through the auxiliary substitution

2"(§) = —w(§),

which decomposes the original problem (1.1) into the following pair of second-
order systems:

w"(§) + A(g)f(f,z(f)) =0,0<&<1,
(2.1)

and

(2.2)

Our analysis relies on five preparatory lemmas, the first and third of which
are established results in the literature.

Lemma 2.3. ([2]) Assume (A1) —(As) hold. Then problem (2.2) has a unique
solution given by

1
w(&) :/0 H(E, s) A(s) F(s,2(s)) ds, (2.3)

where

(s, 7)¥(T)dr (2.4)
and

g(&s) = { a

The functions G(, s) and H (&, s) satisfy the following properties.

Lemma 2.4. Let § € (0,3), Js = [6,1 — 6], and p € [0,1). Then we have
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H(E,s) >0, G(&s) >0,V s e (0,1), (2.6)
H(E,s) >0, G(E,s5)>0,Y¢, s € J, (2.7)
e(€)els) < G(6,5) < Gls,5) = els) < V.5 € 7 (28)
e(§)Hi(s,s) < Hi(€,5) < Hils,s) <e(s),VE s € J, (2.9)
pe(s)H(s,s) < H(E, s) <vG(s,s) = ve(s) < i%Vf,s €J, (2.10)
G(&,5) > 6%G(s,s), H(E,s) > 6*H(s,s) > 0%e(s), Ve € Js,s € J,  (2.11)
where
1
() = €01~ ©), max o(9) = b7 = o p = WAIEIE

Proof. Since the proofs of the other statements are similar, we focus on estab-
lishing (2.10). From (2.5), (2.8), and (2.9), we obtain

1
H(Es) = 065) + 7= [ G nv(rar

1
> 1_0/0 e(s)e(r)U(r) dr
_ Jpemumdr e VAT 1~ )
=pe(s).

Furthermore, from (2.9),

1
H(E5) = G(&,5) + lfa/o G(s, 7)U(r) dr
1
1 / e(s)U(r)dr

1—0 0

= e(s) [1 +q i 5 /01 e(T)¥(7) dr}
=ve(s).

<e(s)+

This completes the proof. O
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Lemma 2.5. ([2]) If (A2) and (As) hold, then problem (2.1) has a unique
solution z expressible as

() = /0 (€, ) w(s) ds, (2.13)
where 1
Hi(E,5) = G(E,s) + 1_1%/0 G(s,7) B(7) dr, (2.14)
and G(¢, s) is defined by (2.5).

The function #H; (&, s) satisfies the following properties.
Lemma 2.6. Let 6 € (O, %), Js =1[6,1=9], and v € [0,1). Then we have

(1) Hi(&,s) >0, Hi(&,s) 20, and ¥, s € (0,1), V€, s € J, (2.15)
(2) e(§)Hi(s,s) < Hi(§,s) < Hi(s,s) <e(s),VE, s € J, (2.16)
1
(3) pre(s) < Hi(&,s) <mG(s,s) =e(s) < Z’n,V&,s €J, (2.17)
(4) Hi(€,8) > 6*Hy(s,s) > 6%e(s),VE € Js,5 € J, (2.18)
where )
1 B Jo e(m) ®(7)dr
M= 1_ p1 = T 1, (2.19)
and e(&) is defined in (2.12).
Proof. The proof follows similarly to that of Lemma 2.4. O

Remark 2.7. If z is a solution of BVP (1.1), then from Lemma 2.3 and
Lemma 2.5, we obtain

1,1
z(‘f):/o /0 ’H(f,s)’Hl(s,T)A(T)f(T,Z(T))des. (2.20)

Define a cone R by
R={zeC"0,1]:2(§) >0, £€[0,1]}. (2.21)
It is easily verified that £ is a closed convex cone of C*[0, 1].
Next, define the integral operator T : & — C*[0, 1] by

1,1
(Tz)(ﬁ):/o /0 ”H(ﬁ,s)’l—[l(s,T)J(T)f(T,z(T)) dr ds. (2.22)

From (2.22), we see that z is a solution of BVP (1.1) if and only if z is a fixed
point of the operator 7.
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Lemma 2.8. Assume (A1) and (A3) hold. Then T(R) C R and T : R — R is

completely continuous.

Proof. Since the proof of complete continuity is standard, it suffices to show
T(8) C R For any (&,s) € [0,1 — ] x [0,1], and using the facts that F > 0,
o >0, and f51_5 s2(1 — 5)?ds > 0, we have

1,1
(’Tz)({):/o /0 H(f,S)Hl(s,T)A(T)}"(T,w(T)) dr ds
-5
> /01 /51 H(f,s)’Hl(s,T)A(T)]:(T,Z(T)) drds

1-6 1
4 21— 82 A(r T,2(7)) dT ds
>0t [ #0902 A0 F(ra(r) drd
>0

Thus, 7(K) C K. This completes the proof. O

Now, let 0 < ¢ < n be given and let 8 be a nonnegative continuous concave
functional on the cone K. Define the convex sets & and R(5,¢,n) by

Re={zef: 2| <t}
and
R(B,ln) ={z€ R:L<P(2), ||z]| < n}.

The key tool in our approach is the following LeggettWilliams fixed point
theorem.

Theorem 2.9. ([17]) Let € be a Banach space and & C € a cone in €.
Let T : R. — R. be completely continuous and B a nonnegative continuous
concave functional on 8 such that B(z) < ||z|| for all z € RK.. Suppose there
exist constants 0 < d < £ < n < ¢ such that

(i) {z € R(B,4,n): B(w) > L} #0 and B(Tz) > L for all w € K(B,{,n);
(i) |72]| <d for ||z]| < d;
(iii) B(Tz) > ¢ for z € R(B, L, c) with ||Tz|| > n.
Then T possesses at least three fized points z1, 22, 23 in Re satisfying

[zl <d, €< B(z), |zl >dandB(z3) <L

We will also make use of Holder’s inequality.
Lemma 2.10. (20, Holder’s inequality])
(1) Let ¢ € LP[a,b] with p > 1, ¢ € L%a,b] with ¢ > 1, and 3 + 1 = 1.
Then ¢ € LY[a,b] and

ol < llollpllllg-
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(2) Let ¢ € L'[a,b], v € L®[a,b]. Then ¢3p € L[a,b] and
[l < |6l

3. EXISTENCE RESULTS

In this section, we apply Theorem 2.9 and Lemma 2.10 to establish the
existence of triple positive solutions for BVP (1.1).

We consider three cases for the weight function o’(-) € LP[0,1]: p > 1,
p =1, and p = co. For convenience, we introduce the notation:

/ &
D = ymllellqllo’llp, 0" =—
and

F° = limsup max f(f,z).
z—o00 £€[0,1] z

Theorem 3.1. Assume (A1) and (Az) hold. Furthermore, suppose there exist
constants 0 < d < £ < 54 < ¢ such that:

(Hy) F> < %; f
(H) F(€.2) > gz for (6:2) € B1=81x (L L 6 € 0.4] 7/ > 0;

d
(H3) F(&,2) < L for (§,2) €10,1] x [0,d].
Then BVP (1.1) has at least three positive solutions z1, z2, z3 satisfying
|21l <d, €< B(22), 23> d with f(z3) <.

Proof. Define 3(z) = mingg(s1-_5 2(§). Then B is a nonnegative continuous

concave functional on the cone K satisfying (z) < ||z| for all z € K. Set

— L
=55

From (Hj), there exist 0 < 0’ < 75 and L > 0 such that
F(€,2) <o’z forz> L.

Let ' = nggngfl?e[o,l]F(g’z)' Then
F(&z)<oz+n, €€[0,1], 0<2< +00. (3.1)
Set
¢ > max {D”', f}
1—Dg’ 6%

and recall that
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Then, for z € R, it follows from (2.10), (2.17), and (3.1) that
- /01 /01 H(E, sYH(s,7) A(r) F(r, 2(r)) dr ds
< / 1 / lww(f)e(f)A(T)(a'z(T)+n) dr ds
/ / ne(r)e(r) A (o')12] + 1) dr ds
< T (o'c+ ) /0 e(r)A(r) dr

<ym(d’c+n') Al
<e,

which show that 7z € .. Hence, if (H7) holds, then 7 maps &, into ..
Next, we verify that

{z € R(B,6,0/5%):B(z) >} #0

and (T z) > £ for all w € K(B,£,£/5*).
Take o(&) = 4520 for ¢ € [0,1]. Then

0o € {z € R(B,0,0/6%): B(z) > E},

so the set is nonempty.
Now, from (H3), (2.10), and (2.18), we obtain

B(Tz) = ccmin 5](7 2)(£)

11
= min //’H(f,s)?-[l(s,r)A(T).F(T,z(T))drds

€€[5,1-9]

>5// s)H1(s,T) ()F(T,z(T))des

><54/1 6/ F(r,2(7)) drds
254/5 2(1—s)? /A 2(7)) dr

4

5
> —0o(1—-2 _
= 50— 20 54(1 - 25)

=/



Multiplicity results for a fourth-order differential equation with IBC 883

If z € Ry, then from (Hj),

(T2)(€) = /0 /0 H(E, sYHa(s,7) A(r) Fr, 2(7) dr ds
S/o /0 7716(T)A(T)]-"(T,z(7))d7ds

1 1 d
< / / yy1e(T) A1) = drds
o Jo D

d
< () Al el

Finally, we assert that if z € R(8,¢,¢) and || T z|| > r, then 3(Tz) > ¢
Suppose z € R(3,4,c) and ||Tz|| > r. Then from (2.18),

B(Tz) = min //Hf, YH1(s,7) A(T) F(7,2(7)) dr ds

€€[5,1-9]

252/0 /0 e(s)H(s,7) A(T) F (7, 2(7)) dr ds
52 1 1
>’y1/0 /0 ’)/16(8)7'[(8,7')A(T)]:(T,Z(T))deS

> 0" || T =]
> [.

To summarize, all conditions of Theorem 2.9 are satisfied. Consequently, BVP
(1.1) possesses at least three positive solutions z1, 29, 23 satisfying

l21]] < d, €< B(22), 23> d with B(23) <.

The following corollaries address the case p = 4o00.

Corollary 3.2. Assume (A1), (A2), (H1), (H2), and (H3) hold. Then BVP
(1.1) has at least three positive solutions z1, z2, z3 such that

21l <d, €< B(22), 23> d with B(z3) <L.

Proof. Replace ||o||pllellq by |lo|ls|le]li and repeat the argument above. [

Finally, we consider the case p = 1. Let

1
( )foo<ﬁ7

(Hs) F(&,2) < &, for (€,2) € [0,1] x [0, 4],
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where
D" = yyllo|1.

Corollary 3.3. Assume (A1), (A2), (Hy), and (Hs) hold. Then BVP (1.1)
has at least three positive solutions z1, zo, z3 such that

lz1]] < d, €< pB(z2), |z3|>d with B(z3) < L.

¢ > ma D' ¢
Jd 2" L
1—D/a’7 5% |7

and recall e(s) = s(l —s), where 0 < ¢/ < 4. For z € Ry, it follows from
(2.10), (2.17) and (3.1) that

//7—[&, YH1(s,T) ()]:(T,Z(T))d’i'ds

§/0 /0 771€(T)C(T)U(T)F(T,Z(T))deS
1,1
Si/ / 'y’yle(T)U(T)(a'z(T)—i-n) dr ds

/ yyre(T U 2| + 77) drds

Proof. Set

<(o’d +77)/0 o(r)dr

=yn(o’d +n)llol = ¢,

which shows that Tz € R». Hence, if (Hj4) holds, then T maps R into R..
If 2z € Ry, then from (Hs), (2.10) and (2.17),

/ / H(E, s)Hi(s,7)o(T) F(7,2(7)) dr ds
S/o /0 'y’yle(T)e(T)a(T)]:(T,z(T))des
1,1
Si/ / 7716(7)6(7')0(7')]-"(7',2(7')) drds

//Dlvme (1)drds
§D,'y'yl/0 o(r)dr

d
= ﬁwﬂlalh =d.
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The remaining conditions are verified similarly to the proof of Theorem 3.1.

To summarize, all conditions of Theorem 2.9 are satisfied. Consequently,
BVP (1.1) possesses at least three positive solutions z1, 22, 23 satisfying

z1]] <d, €< B(22), =23>dwith 8(z3) <.

The following corollaries address the case p = +o0.

Corollary 3.4. Assume (A1), (A2), (H1),(H2), and (Hs) hold. Then BVP

(1.1) has at least three positive solutions z1, z2, z3 such that
l|lz1ll < d, €< B(z2), =z3>d with B(z3) <.
Proof. Replace ||o||p|lellq by ||o||so|lell1 and repeat the argument above. O

Finally, we consider the case p = 1. Let

(H4) F* < %,
(H5> ‘F(§7 Z) < -, for (572) S [07 1] x [Oad]7

where

D" =~y Al

Corollary 3.5. Assume (A1), (A2), (H4), and (Hs) hold. Then BVP (1.1)

has at least three positive solutions z1, z2, z3 such that

|21l <d, €< B(z2), |zl > d with B(z3) < L.

Proof. Set

D'y 14
/
‘ >max{1_w’ 5*}’

1
and recall e(s) = s(1 — s), where 0 < 0" < 4.
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For z € Ry, it follows from (2.10), (2.17) and (3.1) that

e - | 1 / CH(E, )M (5,7) A(r) F (7, (1)) dr d
< /0 1 /0 e(r)elr) Ar) F(r, (7)) dr ds
< i /0 1 /0 e(P) A (') + ) drd
< [ e A@ el ) s

1
<M (0”c’+n)/ A(T)dr
0

=y (o"d + 1) |AlL

/
:C,

which shows that 7z € &. Hence, if (H,) holds, then 7 maps £ into fu.
If z € Ry, then from (Hs), (2.10) and (2.17),
1,1
(T2)(€) = / / H(E, sYHa(s,7) A(r) F (7, (7)) dr ds
0o Jo
1,1
< [ [ e s F(ram) dr ds
0o Jo
1 1 1
< 4/ / 7716(7)6(7)0(7).7:(7,2(7')) drds
0 Jo
1 1 d
< / / ﬁ'yfyle(T) A(7)dr ds
0o Jo
d 1
<5 | A

d
= ﬁV’YlHAHl

=d.

Finally, we assert that if z € K(5,¢,¢) and || T z|| > r, then B(Tz) > £.
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Suppose z € R(3,4,c) and ||Tz|| > ¢£. Then from (2.18),
B(Tz) —561[%111116]/ / H(E, s)Hi(s, ) A(7) F(1,2(7)) dr ds
252/ / e(s)H(s,7) A(T) ]:(T,z(T)) dr ds
/ / ye(s A(T)]:(T,Z(T)) drds

>5*|7'z|>€

To summarize, all conditions of Theorem 2.9 are satisfied. Consequently,
BVP (1.1) possesses at least three positive solutions z1, 29, z3 satisfying

l|lz1ll < d, €< B(z2), =z3>dwith 8(z3) <.
O

Remark 3.6. We note that condition (H3) in Theorem 3.1 can be replaced
by either of the following:

1
(HY) fd < o where

fé :max{max ]:(fl’z) 1z € [O,d]};

£€0,1]

1 .
(HY) 0 < o where f0 = limsup, o+ maxec) 1] F(6z)

Corollary 3.7. Suppose all assumptions of Theorem 3.1 are satisfied, with

the sole exception that hypothesis (Hs) is substituted by either (Hj) or (HY).
Then the conclusion of Theorem 3.1 continues to hold in each case

Proof. : The proof of Corollary 3.7 is similar to that of Theorem 3.1 g

4. EXAMPLE
We provide an example to illustrate the applicability of our results

Let § = 4, m = 3 and p = 1. Since p = 1, we have ¢ = co. Consider the
boundary value problem

2M(€) = A©) F(£,2(9),€ € (0,1),
Z(O):z(l):/o B(s) 2(s) ds, #'(0) =0,

1
2"(0) = /0 W(s)2"(s)ds, 23 (1) =0,
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where
¢ 1 _ W) —
MO =S+, B(O=u(E)=¢
and
d, (€,2) €[0,1] x [0,d],
0 z—d
d+ 103572 ot (&,2) € [0,1] x [d, 1],
F(&2) = 5 !
d+10 5 (&,2) €[0,1] x [£,£/6*],
10+ (2 - )8 (€2) € [0.1] x [£/6",00).

A direct calculation shows that o(£) > A = {5 for almost every ¢ € [0, 1].
Elementary integration yields

! 1 ! 1
o= [w@as=3 o= [e©a-3

and consequently

1 1 2 1
— == 2 = — = 2 5* = — = —,
0 M1 1— 5 ) - 39

From A() = g + & and e(€§) = £(1 — €), we obtain

3
1 1 1 1
ol = [ (§+35) d6 =5+ lell = sup [ef6)] = 5.

£€(0,1]

Hence,
2
D =ynleleliol =2, F*=1.

Now choose constants satisfying 0 < d < £ < £/§* < ¢. Then

L=< 2 D
and for all (&, z2) € [711, | x [€,¢/6%],

30¢
_—= 3 —_—— =
P = 82X 10°% > s = 64X 600¢ = £

€ [0,1] x [0, 4],

SN

F(& 2) =10°

~—

Moreover, for all (&, z

d 5d
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Thus conditions (H1), (H2), and (H3) are satisfied. All assumptions of Theo-
rem 3.1 are therefore fulfilled. By Corollary 3.7, the boundary value problem
admits at least three positive solutions z1, 29, 23 with

[1]

2]

l|lz1ll < d, €< B(z2), =z3>dwith 8(z3) <.
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