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Abstract. This article aims to introduce a new multivalued F-contraction in order to
establish some fixed point results involving as .-admissibility in the context of dislocated
b-metric spaces. An illustrate example is provided to support the main results. Finally, an

application is furnished by proving the existence of a solution to integral inclusions.

1. INTRODUCTION

The study of fixed point theory has been a central topic in nonlinear anal-
ysis due to its wide range of applications in mathematics, computer science,
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optimization, and applied sciences. Classical fixed point results, such as the
Banach contraction principle, have been extensively generalized to different
settings in order to accommodate more complex structures and operators. In
particular, the extension of fixed point results from single-valued to multival-
ued mappings has attracted significant attention, as such mappings naturally
arise in control theory, game theory, differential inclusions, and optimization
problems, see [3, 4, 7, 10, 12, 27, 29, 30].

The introduction of b-metric spaces by Czerwik [15] provided a fruitful
generalization of metric spaces, where the triangular inequality is relaxed by an
additional parameter. Later, various modifications and extensions of b-metric
spaces have been proposed to handle specific analytical problems. Among
them, the concept of dislocated b-metric spaces which introduced by Alghamdi
et al. [1], where the authors combined the concept of dislocated metric spaces
due to Amini-Herandi [6] (some results were obtained in this way, see [9, 13,
25] with b-metric spaces notion and it has proven to be a useful framework,
since the self-distance of a point may not necessarily vanish, allowing a more
flexible structure for convergence and continuity analysis, numerous results
were established in this direction, see [19, 20, 22, 23, 26, 28, 32, 33, 35, 37, 40].

The concept of a-admissible mappings was first introduced in [43], where
the authors established fixed point results for a — w-contractive mappings.
This idea was further developed by Sintunavarat [44], who introduced the
admissibility of type S, and later extended to as-admissibility in [2]. An-
other significant development in the field was the notion of F-contractions,
introduced by Wardowski [45]. This framework opened new possibilities for
obtaining fixed point results beyond the scope of classical contractions. Subse-
quently, Altun et al. [5] examined multivalued F-contractions and established
the existence of fixed points in the setting of metric spaces, thereby enrich-
ing the theory of multivalued mappings. These contributions illustrate the
continuing effort to broaden fixed point theory by employing new contractive
conditions and more general space structures.

Motivated by these developments, the present paper is devoted to introduc-
ing a new type of multivalued contractions, which we call (o ¢, F')-contraction.
We establish a fixed point existence theorem for this class of mappings in the
context of dislocated b-metric spaces, a generalized framework that has re-
cently attracted considerable interest due to its flexibility in dealing with non-
standard distance functions. As a consequence of our main result, we further
derive a multivalued fixed point theorem in ordered dislocated b-metric spaces.
To illustrate the applicability of our findings, we provide a concrete example
and present an application to the existence of solutions for a Volterra integral
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inclusion, thereby demonstrating the usefulness of the proposed approach in
addressing problems arising in integral equations.

2. PRELIMINARIES
In this section, we give the definitions and lemmas for the main results.

Definition 2.1. ([15]) For a nonempty set X and a given real number with
s > 1. A function dy : X x X — [0,00) is a b-metric on X if for all z,y,z € X,
the following conditions hold:

(b1) dp(z,y) = 0 if and only if x = y,

(b2) dy(z,y) = dy(y, z),

(b3) dy(x,2) < sldp(x,y) + dp(y, 2)]-
A triple (X, dy, s) is called a b-metric space.

Also, every metric space is a b-metric space but the converse is not neces-
sarily true.

Definition 2.2. ([6]) Assume that X is a function and a nonempty set, o :
X x X — Ry is regarded as a dislocated metric (metric-like) on X if the
subsequent criteria are met:

(1) o(x,y) = 0 implies that z = y.

(2) o(z,y) = o(y, ).

(3) o(x,2) < o(x,y) +o(y, 2).
The pair (X, o) is called a dislocated metric space.

Definition 2.3. ([1]) Let X be a nonempty set, and s > 1 be a constant. A
function: o : X x X — Ry is a b-metric-like if for all z,y, z € X, the following
conditions are satisfied:

(1) op(x,y) = 0 implies x = y;

(2) ov(z,y) = ov(y, 2));

(3) ov(z,2) < slov(x,y) + ov(y, 2).
The triple (X, 03, s) is a dislocated b—metric space with parameter s > 1.

Let (X,dy) be a b—metric space. Let CB(X) denote the family of all
bounded and closed subsets of X. For ( € X and A,B € CB(X), we de-
fine

D(z,A) = inf dy(z,a) and D(A,B)=supD(a,B).
acA acA

Define a mapping Hy : CB(X) x CB(X) — [0,00) by

Hy(A, B) = max SuplxxrB%SUP[Xy,A) )
€A yeB



894 B. Douyemi, H. Qawaqneh, A. Aissaoui and H. Aydi

for every A, B € CB(X). Then, the mapping H}, forms a b—metric and it is
called a Hausdorff b—metric [16] induced by a b—metric space (X, dp).

Lemma 2.4. ([16]) Let (X,d,s) be a b—metric space and A, B € CL(X) with
Hy(A, B) > 0. Then, for each b € B, there exists a = a(b) € A such that

dy(a,b) < sHy(A, B).

Definition 2.5. ([8]) The function H, : CB(X) x CB(X) — Ry, defined by
Hy(A, B) = max{sup o(z, B), supyepo (A, y)}
x€A

is called dislocated Hausdorff metric on CB(X).

Lemma 2.6. ([8]) Let (X,0) be a dislocated metric space and A be a subset
of X. If {xn} a sequence in (X, o) such that {x,} is convergent to x, then we
have

’O’(Cﬂn, A) - O'(IE,A| = O'(I, .’E)
From the previous definitions, the dislocated Hausdorff b—metric is a func-
tion Hyyp : CB(X) x CB(X) — Ry such that

H, (A, B) = max{sup o(z, B),sup op(A,y) }
€A yeB

for all A, B € CB(X).

Definition 2.7. ([44]) Let X be a nonempty set and let T : X — X, « :
X x X — [0,00) be two mappings. For a given real number s > 1, T' is weak
a-admissible of type s if for z € X and a(z,Tx) > s, then a(Tz, TTz) > s.

Definition 2.8. ([2]) Let (X, dyp, s) be a b-metric space. For a given function
a: X x X — [0,400) a multivalued mapping 7': X — CL(X) is said to be
(1) as-admissible, if for each 27 € X and zo € Tx; with a(z1,z2) > 52,
we have a(z9,x3) > 52 for each x3 € Txs.

(2) at-admissible, if for x1, 22 € X with a(z1,z2) > 52,
we have o*(Txy, Tx2) > s2, where

o (T, Txe) = inf {c(a,b) : a € Tx1,b € Tas}.

Definition 2.9. ([45]) Let F': (0,+00) — R be a function satisfying:
(Fy) F is strictly increasing,
(F») for each sequence {a,} in X, lim «, = 0 if and only if
n—oo

lim F(a,) = —oo,
n—oo

(F3) there exists k € (0,1) satisfying lim ofF(a) = 0.

a—0t
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In [31], the authors have replaced the property (F3) by the following prop-
erty:

(F3) F is continuous on [0, 00).

In [14] the authors introduce the following condition:

(Fy) if (a) C N is a sequence such that 7 + F(say,) < F(a,—1), for all
n € N, s > 1 and for some 7 > 0, then

T+ F(s") < F(s" Lay_1)
for all n € N.

Denote by F the set of all functions F' : (0, +00) — R satisfying the condi-
tions (F1), (Fy), (F3) and (Fy).
Example 2.10. Let F; : (0,+00) — R, i € {1,2, 3}, defined by
(1) Fi(t) = Int,
(2) Fa(t) =t +Int,
(3) F3(t) =~
Then F; € F, for each i € {1,2,3}.

3. MAIN RESULTS

Definition 3.1. Let (X, 03) be a dislocated b—metric space, s > 1 and ¢ > 2.
A mapping T'— CL is called a multivalued (F, ;) contraction if there are
a function F' € F and 7 > 0 with a(z,y) > s such that

T+ F (s°a(z,y)Ho s(Tx, Ty)) < F(op(Mp(z,y)), (3.1)

where

Dy (x,Ty) + Do(y, Tx) }
2s '

Theorem 3.2. Let (X, 04) be a complete dislocated b—metric space with s > 1
and T : X — CB(X) be a multivalued (F,sc) contraction. Suppose that:

(1) T is continuous;

(2) T is an as-admissible mapping;

(3) there exist xy € X and x1 € Txo such that a(xg,x1) > s
Then T has a fized point.

Mb(xy y) = max {Ub(JJ, y), Dd(xv T$)7 DU(y7 Ty)?

Proof. From hypothesis, there exist o € X and x; € Tz such that a(zg, 1) >
s. If g = x1 or x1 € Tx1, then x1 is a fixed point of T" and so the proof is
completed. Assume that g # x1 and 1 ¢ Tx;. From Lemma 2.4, there is
9 € T'xq such that

O'b(xl, 1‘2) < ng,b(Tmo, T;L'l),
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which implies that

SE_IO'b(SUl,CCQ) < a(xo,z1)s"Hop(Txo, Tx1).
Using (3.1),

7+ F(s* Yoy (1, 22)) < Fa(zo, z1)s*H(Txo, Tx1))
< F(M(zg,21)) — T,

where

op(x0, 1) +0'b($17$2)}

Mb(.%'(), .%'1) = Imax {O’b(l'o, .%'1), Jb(m'o, 371), ab(xl, afg), 95

If op(z0,71) < op(21,72), We get
F(stop(z1,22)) < F(op(1,22) — T4
which is a contradiction, then
F(s* Yop(z1,22)) < F(oy(zo, 1)) — 7.
By the same process we obtain
F(s* Yop(z9,23)) < F(oy(z1,22)) — 7.
Continuing in this manner, for all n € N we get
F(s* Yo (zn, 2ni1)) < F(op(Tn_1,20)) — 7.
From the property (Fy), we get
F(s"(sfl)ab(xn, Tnt1)) < F(S("fl)(sfl)ab(xn_l, Tn)) — T,
which gives that
F(s" Doy (2n, 2041)) < F(op(w0,21)) — nr.
Passing to the limit in the last inequality, we get

Tim F(s"C Doy (@, 2041)) = —00.
(Fy) gives
lim s~
n—oo

For some k € (0,1), we have

Ub(xn, $n+1) = 0.

(5° 2o (@n, 2n41)) " [F (55 0y (2n, 2ns1)) — Floy(x0,21))]
< - (sg_lcrb(xn,wnﬂ))kr

Passing to the limit and by using (F3), we get

k
nh_}rglo (s”(‘g_l)ab(a:n,:vnﬂ)) n=0.



Fixed point results for multivalued F-contractions 897

By the definition of the limit, there exits ng € N such that for all n > ng we

have
k

(Sn(sil)ab(‘rrwmn%—l) n < 17

which implies that

1

-1
se )O'b(l‘n,l'n+1 < —-
nk

For n,m € N, we have

m—1

m—1
op(Tn, ) < Y 8 oy (i winn) <) s'op(wi, wiga),
i=n

i=n
which implies that

m—1
op(Tn, Tm) < Si(Q_E)(Si(S_l)O'b(:L'@',337j+1) < Z §i(2—¢)

1=n

S
= =

When m tends to infinity the right side is the rest of a convergence series, so
it tends to 0. Then oy(xy, zm) — 0 as n,m — oo, which implies that {x,}
is a Cauchy sequence. Since the space (X, 0p) is complete, the sequence {z,}
converges to some z € X, that is, nh_)ngo op(zn, z) = op(x,z) = 0.

We show that oy(z,Tz) = 0. Suppose op(z € Tx) > 0, then there exists
no € N such that for all n > ng, we have op(x, € Tz) = 0. Recall that
Oé(l‘n,l') > 32a S0

+ F(a(xn,z)s*Hy (Txy, Tx))

T+ F(op(zny1, Tx)) <7
F(M(zp,x), (3.2)

<
<

where

Ub($n, Tl’) + O’b(l', T-'L'n) }

O'b(fL'n,Jj),O'b(In,T{En),O'b(.CL',TJI), 25

My(zy, ) = max

S max {O’b(fﬁn, LU), O'b(.’En, xn-l—l), O'b(.’E, T'T)a

s(op(zn, ) + op(z,TT)) + 0p(2, Tny1) }
2s

Passing to the limit, we get

lim My(zp,z) < op(z, Tx).

n—o0

On other hand, from Lemma 2.6, we get

lim op(z, Txy,) = op(xn, Tx) = op(z, Tx).
n—oo
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Hence, return to inequality (3.2) and passing to the limit, we get

lim F(op(xps1,T2)) =7+ F(op(x,Tx))

n—oo
< lim My(zp,x) = op(x, Tx),
n—oo
which is a contradiction, then oy(z, Tz) = 0 and z € T'z. O

Remark 3.3. Theorem 3.2 is a generalization of the Theorem 2.2 in [42] in
the context of Wordowski contractive conditions, it improves also some results
as in [2, 14, 22, 44].

Since each a-admissible mapping is also as-admissible, we obtain following
result.

Corollary 3.4. Let (X,d, s) be a complete dislocated b—metric space, a: X X
X — [0,400) be a function and T: X — CB(X) be a multivalued mapping.
Assume that the following conditions hold:

(1) T is an o -admissible;

(2) there exist xo € X and x1 € Txg such that o (zg, 1) > 82;

(3) for every sequence {x,} in X such that {x,} converges to x in X and

a*(Tp, Tng1) > 82 for alln € N. Then o*(zp, ) > 82 for alln € N;
(4) there exist F € F and 7 > 0 such that

T+ F(o(z,y)sHyp(Tx, Ty)) < F(p(My(z,)))

where,

Mb(l'; y) = max {O’b(%, y)a O'b(.T, TLU), Ub(yv Ty)’ DU(vay);;DU el } :

Then T has a fized point.

Theorem 3.5. Let (X, 0y, %) be a complete partially ordered dislocated b—metric
space and T : X — CB(X) be a (F,asc)- contraction with respect to <. Sup-
pose that the following conditions hold:

(1) T is continuous;

(2) T is an as-admissible mapping;

(3) there exist x9 € X and x1 € Txg such that zo = x1.
Then T has a fixed point.

Proof. The result follows from Theorem 3.2 by considering the function «

defined as follows:

827 J/‘jy,

oz, y) = { 0, otherwise.
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Example 3.6. Let X = {1,22,2*}, ¢ = 3 and d(z,y) = |z + y|>. Define
T: X - CB(X)and a: X x X — [0;00) by
_ [ L% we{1,2Y,
re={ oo o)
and 4y (o4 2 94y (94 92
_ 4 (wy) e{(1,29),(251),(25,29), (2%, 29)},
oz,y) = { 0, otherwise.
We claim that T' is an (o ¢, F')-contraction, by taking F'(xz) = Inz and for any
7 € (0,161] we get:
Note that Hy,(Tz,Ty) > 0 and «o(z,y) > 4 if and only if

(z,y) € {(1,2), (24, 1), (2%, 2%), (2%,2)}.
(1) For z = 1 and y = 2* we have H,,(T1,716) = (1 + 1)? = 22 and
op(1,16) = (14 16)? = 172, So we get
2%a(1,16)H, ,(T1,T16) = 27 < 03,(1,16) = 172,
Then for any 7 € (0, 161], we get
7+ 1In(2%a(1,16)H, 5(T1,T16)) < In(op(1,16)) < In(Mp(z, y).

(2) For x = 4 and y = 16, we have H,;(T4,T16) = (1 + 1)> = 4 and
op(22,2%) = (4 +16)? = 400. So we get

28a(2%,2Y)H, (T4, T16) = 27 < 0(4, 16) = 400.
Then for any 7 € (0, 161],
7+ 1n(2%a(4,16)H, (T4, T16)) < In(op(4,16)) < In(My(z, y).

Hence, T' is (o ¢, F')- contraction. It is clear that 7" is ag-admissible and there
exist 9 = 1 and 21 = 16 € T'1 such that « (zo,z1) = 4. Also, it is obvious
that T is continuous. Consequently, all conditions of Theorem 3.2 are satisfied.
Then T has a fixed point which is 1.

4. APPLICATIONS TO FRACTIONAL INTEGRAL INCLUSIONS

Fractional integral inclusions provide a flexible framework for modeling sys-
tems affected by memory or nonlocal interactions, where classical fractional
differential equations prove inadequate. This section explores key applications
of this framework, including feedback control systems and constitutive model-
ing in materials science. By integrating multivalued analysis with fixed point
theory, we demonstrate how existence results translate into physically mean-
ingful predictions, see [11, 21, 24, 34, 36, 37, 38, 39, 41].
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Consider the following problem,
t
x(t) € / K(t,s,xz(s))ds, s,telI=]0,1], (4.1)
0

where K : I x I x R — K(R) is given continuous multivalued function. Then,
clearly, X = C(I) is a complete dislocated b—metric space with the dislocated
b—metric

op(z,y) = sup |z(t) + y(t)|*
0<t<1

We introduce the following hypotheses:
(A1) For each z € X, the multivalued function K, : (t,s) = K(t,s,z(s)) is
lower semi-continuous.
(A2) There exists ¢ : I x I — Ry such that for all z,y € X and for each
s,tel;
|k (t, ) + Ky (t, 8)] < @, 8)|2 + yl,
forall z,y € X, k; € K; and ky € K,.

t -\ 2
(As) There exists 7 > 0 such that sup / o(t, s)ds < (”) )
0<t<1Jo 16

Theorem 4.1. Under (A1) — (A3), the problem (4.1) has a solution in X =
c(I).

Proof. Define an operator
t
Tz(t)={z€ X,z € / K(t,s,x(s))ds forall s,t € I}.
0

It is clear that the problem (4.1) has a solution if and only if 7" has a fixed
point.

The set-valued operator K(t,s) : I x I — KC(R) is lower semi-continuous,
then from Michael’s selection theorem, for x € X there exists a continuous
function k, : I x I — R such that k;(t,s) € K. (¢,s) for all t,s € I. It follows
that

t
/ ky(t,s)ds € Tz,
0

so Tx is nonempty for all € X. Since k, is continuous on I?, its range is
bounded and closed, hence Tz is bounded, that is, T : X — IC(R).

Let x,y € X and let v € Tx. Then v(t) € fg K(t,s,xz(s))ds,t € 1. It follows
that there exists k; € K;(t,s) such that

v(t) = /Ot ke (t,s)ds, (t,s) € I x I.
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From (As), there is k,(t,s) € K,(t,s) such that
|k (t, ) + ky(t, 8)] < o, s)|z + y

for all (¢t,s) € I x I.
Let P be a multi valued operator defined by

P(t,s) = K, (t,5) N {z € R, [ka(t, s) + 2 < Ja(t) + y(O)

for all (t,s) € I x I}. From (A1), P is lower semi-continuous, then there exists
a continuous function ky(t,s) € P(t,s). Hence, we have

u(t):/o ky(t,s)dse/o K(t,s,y(s))ds:t € T

and
fo(t) + u(t)] < / kot 5) + ky (1, 5))|ds
0

t
< [ et s)late) +u(s)ias
which implies that
ap(v, Ty) < |o(t) + u(t)|?

t
<o) sup [ it s
0<t<1J0o

e~ T
< TGO-b(x7 y)
Thus,
160p(v, Ty) < e "op(z,y).
Interchanging the role of x and y, we get
160y(Tx,u) < e "op(z,y).
Consequently, we get

16H0’,b<T‘r7 TZ/) S C_TO'b(l', y):

then
7+ 1n(2*Hy (T2, Ty)) < In(op(z,y)) < In(My(z,y)).
All the hypotheses of Theorem 3.2 are satisfied with F(¢) = Int, s = 2,

a(r,y) = 4 and € = 2. So T has a fixed point, which is a solution of the
problem (4.1). O
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5. CONCLUSION

In this study, we have extended and generalized several results within the
framework of a novel class of multivalued (F, o . )-contractions. For this class,
we have established a fixed point theorem by employing a combination of rel-
evant concepts. The validity of our results is illustrated through an example.
Consequently, we present new fixed point theorems in the setting of complete
dislocated b—metric spaces endowed with a partial order. Finally, we applied
our results to demonstrate the existence of solutions to certain integral inclu-
sions.

Acknowledgments: The authors are grateful to Al-Zaytoonah University of
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