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Abstract. In this paper, a new definition of neutrosophic inner product spaces is proposed
under fewer axiomatic conditions, ensuring consistency with the classical notion of inner
product spaces. Based on this formulation, several fundamental analytical results are rig-
orously established, including convergence theorems, a neutrosophic analogue of Schwarz’s
inequality, and a precise characterization of orthogonality in neutrosophic inner product
spaces. Furthermore, neutrosophic Hilbert spaces are introduced, and a corresponding neu-
trosophic form of the Riesz representation theorem is derived. In addition, a number of
significant results in fixed point theory are proved and subsequently employed to investigate

the existence and uniqueness of solutions to Uryson’s integral equation.

1. INTRODUCTION

Fuzzy sets (FSs), introduced by Zadeh [36], have played a fundamental role
in modeling uncertainty across a wide range of scientific disciplines. Despite
their effectiveness in representing imprecise information, fuzzy sets are not
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always sufficient for addressing certain complex real-world problems, leading
to the development of several generalized frameworks.

Among these extensions, intuitionistic fuzzy sets were proposed by Atanassov
[1] and later formalized by Smarandache [26]. The notion of neutrosophy was
conceived in 1998, providing a more flexible structure by incorporating de-
grees of truth,indeterminacy and falsity. This approach gave rise to neutro-
sophic sets(NSs) and their various generalizations, including interval-valued
fuzzy sets, paraconsistent and pythagorean fuzzy sets, and interval-valued in-
tuitionistic fuzzy sets [25, 27, 29, 32]. Subsequently, Wang [30] introduced
single-valued neutrosophic sets, where all membership functions take values
in the interval [0,1]. There has been growing attention on single-valued neu-
trosophic sets owing to their theoretical richness and practical applicability in
decision-making problems [18, 33, 34, 35]. Further developments in neutro-
sophic logic, such as neutrosophic algebras, filters, and triplet groups, form an
essential foundation for this theory [19, 31, 37]. Throughout this paper, the
term neutrosophic sets refers to single-valued neutrosophic sets. A fundamen-
tal distinction between neutrosophic sets and intuitionistic fuzzy sets lies in
the independence of the truth, indeterminacy, and falsity-membership func-
tions, which are not required to satisfy mutual constraints. This characteristic
provides a broader and more adaptable framework for uncertainty modeling.

The notation of fuzzy normed structures was first introduced by Katsaras
[14] and later developed through various definitions, leading to fuzzy inner
product spaces and fuzzy Hilbert spaces [2, 3, 5, 6, 7, 8, 9, 17]. Parallel devel-
opments gave rise to intuitionistic fuzzy normed, inner product, and Hilbert
spaces [10, 20, 22, 23], followed by more recent extensions to neutrosophic
metric, normed, and inner product spaces [15, 16, 21]. Recent research has in-
creasingly focused on fixed points and their applications across various fields.
Fixed point theory has become fundamental in understanding the stability
of dynamical systems, with significant implications in mathematics, econom-
ics, computer science, and engineering ([4, 11, 12]). In 2025, researchers N.
Sarkar, J. Das, and Ashoke presented a groundbreaking study that explored
the results related to the fixed point in the Neutrosophic Normed Space [24].
Additionally, in the same year, researchers M. Sornavalli, R. Selvarani, and
others presented fixed point theorems in common neutrosophic metric spaces,
applying neutrosophic logic to provide new insights in the study of metric
spaces with indeterminate information [28].

Despite these advances, the formulation of an appropriate neutrosophic
Hilbert space remains a challenge. In this paper, we propose a modified defi-
nition of a neutrosophic inner product space with fewer conditions, making it
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more consistent with classical inner product space, and based on this defini-
tion, we introduce the notation of a neutrosophic Hilbert space. In addition,
we establish several fixed-point theory outcomes on top of investigating the
presence and distinction of solutions for Uryson’s integral equation as an ap-
plication.

2. PREMINARIES

Proposition 2.1. ([13]) Assume that G* = {k = (K1, k2, k3)\K1, K2, K3 €
[0,1]} and <g+ operation on G* defined by k <g+ < if and only if k1 <
1, K2 > <2, kg > g3 for every k,s € G*. Then (G*, <g~) is a complete lattice.

Definition 2.2. ([13]) Let A # () and E C A. A neutrosophic set (briefly NS )
E in A is defined by three functions: truth-membership ® g (k), indeterminacy-
membership ¥g(k), and falsity-membership Tg(k). Then, a NS E can be
described to be

E={(r,®5(r), Vp(r), T(x)\r € A},

where ®gp(k),¥p(k), Tp(k) € [0,1] provided that 0 < ®p(k) + Yp(k) +
Tr(k) <3.

Definition 2.3. ([13]) Assume that E = {(k, Pr(k), Ye(k), Te(k)\k € A}
and F = {(k,®p(k),Yp(k),Trp(k)\k € A} are two NS in a set A # (). The
initial type inclusion relation C and its fundamental algebraic operations are
delineated as follows:
(1) EUF ={< k,max(Pg(k),®r(k)), min(VYg(k), Vr(x)), min(Tg(k),
Ti(k) > \n € A}
(2) ENF ={< k,min(Pg(k), Pr(k)), max(Vg(k), Vr(k)), max(Te(k),
Ti(k) >\ € A}
(3) E - F & (I)E(H:) < @F(FJ),\IJE(IQ) > \I/F(K),TE(KJ) > TF(H);
(4) B¢ ={<k,YE(k),1 = Tg(k),Pr(k) > \k € A}.

Remark 2.4. ([13]) We write the units as Og- = (0,1,1) and 1lg~ = (1,0,0).
Classically, a triangular norm (TN) x = R on [0,1] such that % : [0, 1] —
[0, 1] satisfying:

i) commutative;
(ii) associative;
(iii) increasing;
(iv) R(1,a) = 1%a=a, Ya € [0,1].
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and trangular conorm(T-co-N) o = 9 on [0, 1] such that 97 : [0,1]2 — [0, 1]
satisfying:
(i) commutative;
(ii) associative;
(iii) increasing;
(iv) M(0,a) =00a = a, VYa € [0,1].
these concepts can be straightforwardly expanded.

Definition 2.5. ([13]) A function Ty : (G*)? — G* is termed neutrosophic
t-norm (briefly, NTN) provided that the subsequent conditions hold for each
p7 q7 t?‘s G G*:

(2) Tu(p, Tu(q,v)) = Tu(g, Tulp, v));

(3) Tu(p,q) <g- Tu(r,s) where p <g- v,q <~ 5;

(4) Tu(a, 1a-) = a.

Theorem 2.6. ([13]) Let Ty denote a binary function (operation) defined
through G*.  Then, for all a,b € G*, Ty(a,b) = (R(a,b1), My (ag, ba),
Mo (as,b3)) is an NTN such that My and My are T — co — Ns, while R
is a TN on [0,1].

Definition 2.7. ([13]) Let Ty be an NTN on G*.Then Ty is said to be repre-
sentable(briefly, RNTN) if and only if there exist two i, My are two T-co-Ns
and R is a TN on [0,1] such that for any a,b € G*,

Tu(a, b) = (R(ar, b1), M1 (az, ba), Ma (a3, b3)).
Now, establish a sequence T} recursively through T} = Ty as follows
Ti(a®, ., at ) = Ty(Ty" V(@) .., a™), 0l )

for n > 2 and ald € G*.

Definition 2.8. ([13]) Let Ty be an NTN on G*. Then Ty is said to be
standard representable if and only if there exist SR, 97 TN and T-co-N on
interval [0,1] respectively, such that for any a,b € G*,

TN(a, b) = (ER(CU, [11), m(CLQ, [12), Dﬁ(ag, bg)).

Definition 2.9. ([13]) If a function & : G* — G* fulfills the conditions stated
below, it is hence known as a neutrosophic negator (briefly, Nyeq):

(1) €(0G+) = 1+

(2) €(1g+) = Og;
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(3) &(a) >g+ &(b), for all a,b € G* such that a <g« b.
Furthermore, if &(&(a)) = a for all a € G* then & is designated as an
involutive Npeg.

Remark 2.10. An involutive Nye4, & : G* — G™ is said to be a standard
Npeg if Es(ar,a2,a3) = (a3, 1 — ag,a1) for all (ar,a2,a3) € G*. Certainly,
&(a) = (a3,1 —az,a1),&(a) = (ag, ar, a;) are standard Npegs.

Remark 2.11. Let Ty,, Ty, be two continuous RNTN, we call Ty, < Ty, if
T, (a,b) <g+ Ty, (a,b) for all a,b e G*.

Definition 2.12. Let @,V and T be fuzzy sets defined as ®,¥,T : A X
(0, +00) — [0, 1] such that ®(a, o) + V(a,0) + Y(a,0) <3 forallaec A,p > 0.
The 3-tuple (A,Bg,w v, Ty) is designated as a neutrosophic normed space
(briefly, NNS) if A is a vector space, Ty is a continuous RNTN and Bg 4 v
defines a mapping from A x (0, +o00) — G* is a neutrosophic set fulfilling the
following requirements for any a,b € A and p,0 > 0,

(NNS-1): B¢7¢,7T(a, 0) >a+ 0g+;

(NNS-2): By r(a,0) = 1g+ if and only if a = 0;

(NNS-3): By r(aa, 0) =By r(a, WQI) for each a # 0;

(NNS-4): By yr(a+b,040) >a Tu(Bgyx(a,0),Bgyr(b,0));

(NNS-5): By r(a,-): (0,00) = G* is continuous;

(NNS-G): limg_wo Bdm/,x(a, Q) = 1g*, and limg_>0 BQ&T(C(, Q) = OG*.

In the current case, By v are referred to as a neutrosophic norm. Here,
Byyx(a,0) = (¢(a, 0),¥(a, 0), Y(a, 0)).

Example 2.13. Consider the normed space (A, ||.||) and Ty(a,b) = (a1b1, a2+
bo — agbs, as + by — Cl353) for all a = (al, a2,a3) and b = (bl, bo, b3) € G* and
let ¢, 1, Y be fuzzy sets in A x (0,00), for o > a ||:
0 lall g
)

By yr(a,0) = (¢(a,0),¥(a,0),Y(a,0) = (Q+ al’ o+ [la]’ 0

for all a,b € A and o > 0. If we take o < ||a||, the By 4 r(a,0) = 0g+. Then
(A, By v, Ty) is a NNS.

Definition 2.14. A sequence {a;} in a NNS (A, By v, Ty) is said to be N-
convergent sequence to an element a € A, where 0 < e < 1,9 > 0, if and only
if there is an element kg € N such that By y v(a; — a,0) >a+ (&5(€), €, €) for
each every k > kg. This is represented as the limit lim, o0 By v(a; —a, 0) =

B,y r
lg+ and ay Sl LI
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Definition 2.15. Let (A, By v, Tx) be a NNS, the sequence {a} is said to
be N-Cauchy sequence 0 < € < 1 and ¢ > 0, if and only if there exists kg € N
such that By y v(ap — am, t) >a= (&5(€), €, €) for each k,m > ko.

Definition 2.16. An NNS is said to be complete if every N-Cauchy sequence
is a N-convergent sequence.

Remark 2.17. Suppose that (A, By v, Ty) is a NNS.Then the following is
true for all o > 0:

(i) By r(a, o) is non-decreasing relative to o.

(i) Byyr(a—b,0) =Bgyr(b—a0).

Definition 2.18. Let (A, By v, Ty) be a NNS, we define the neutrosophic
open ball By (a,r, ¢) with radius 0 < r < 1 and center a for all p > 0 as

By (a,r,0) ={b € A;Byyx(a—b,0) > (&(r),r7)}
A subset F C A is designated as neutrosophic open if for each a € E, there
exist positive real numbers ¢ > 0 and 0 < r < 1 such that By(a,r,0) C E.
Let 78 denote the collection of all neutrosophic open subsets of A, then g
is referred to as the topology induced by Bg 4 -

Remark 2.19. A topology 7g is identical to the topology produced by the
neutrosophic metric space (NMS), which is Hausdorff. (see remark and theo-
rem [16]).

Definition 2.20. Assume that (A, By, Ty) isa NNS. If p >0, 0<r <1
such that By v (a,0) >g* (&5(r),r,r) for each a € E, then a subset E of A
is N-bounded set.

Theorem 2.21. Every N-compact set in a NNS is N-bounded set.
Proof. Its proof is very similar to that in NMS (see theorem [16]). O

Corollary 2.22. In a NNS, every N-compact set is both N-closed and N-
bounded set.

3. NEUTROSOPHIC INNER PRODUCT SPACE (NIPS)

In this section, we define neutrosophic inner product spaces in a way that
aligns with the classical inner product framework. We then examine some
of their basic properties and establish several related results. Moreover, we
introduce a new notion of neutrosophic Hilbert spaces and prove the Riesz
representation theorem in this context.
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Definition 3.1. Let ®, ¥ and Y be fuzzy sets such that A2 x (0,00) — [0, 1]
and ®(a,b,0) + ¥(a,b,0) + Y(a,b,0) < 3, for all a,b € A and o > 0. A
neutrosophic inner product space (briefly, NIPS) is a triplet (A, Fg v v, Ty),
where A is a vector space over the real field, Ty is a continuous RNTN and
Fo vy is a neutrosophic set on A? x R fulfilling the following requirements
for every a,b,c € A and 9,0, € R:
(NIPS-1): Fo g v(a,a,0) = Og- and Foy y(a,a,0) >g+ Og+ for ev-
ery o > 0.
(NIPS-2): Fq>7q/7'r(a, b, Q) = Fq>7\1/7’r(b, a, Q).
(NIPS-3): Foy r(a,a,0) # V(t) for some o € R if and only if a #
. 1G* 0> 0
0, where V(o) = { 0g: 0<0
(NIPS-4): For any a € R,
F<I>,\I/,T(a7 bv g) o> 07
Foyr(aab,0) =< V(o) a =0,
gS(F@7\p7T(a, b, g)) a < 0.
(NIPS_5): Supo—l—g:g{TN(F@,\P,T((aa ¢, 0—)7 F@,Q/,T((bv ¢ §))}

= FCP,\I/,T(Q + ba ¢, Q)
(NIPS-6): Foy v(a,b,.): R—[0,1] on R — {0}, is continuous.

(NIPS—7): hmgﬁoo Fqu\y’r(a, b, Q) = 1(;* .
Example 3.2. Consider a vector space A together with inner product struc-
ture < -,- >, and let Tn(p,q) = (p1q1, min(p2 + q2,1), min(p3 + g3, 1)) for

all p = (p1,p2,p3) and q = (q1,92,q93) € G*. Furthermore, let ®, ¥, and T
represent FSs in A? x (0, 00) and

(@(p,q,0), ¥(p,q,0), T(p,4g,0))

B ko™/? m|<p,g>['/2 m|<p7q>|”2)
= \ke"Zrm[<p,a>[1/27 k"2 Am|<pa>[/20 T kg2 )
Fourx(p,q,0 = 0>0,k,m,neRT,
OG;*7 Q S O

Then (A,Fg v v, Ty) is a NIPS. In particular if K = m =n = 1, we have

[ (®(p,q,0),Y(p,q,0), T (p,q,0))

1/2 1/2 1/2
_ 0 |<p,q>| |<p,q>|
F<I>,\I/,T(p, q, Q) — (91/2+|<p,q>|1/27 o2 <pg> 1720 o172 )7 o> 0,

\
This is known as the ordinary (standard) neutrosophic inner product space,
generated by the inner product.
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Remark 3.3. Consider (A,Fg vy, Ty) is a NIPS and & = {Fo v r(a,c,.) \
a € A} for every ¢ € A The scalar multiplication and addition on &, are
defined,

a©®Four(ac o) =Four(aarc o).
Fowx(a,c,0) ®Fowr(b,c,0)=Fouwr(atb,cp) foral a,e€ R
The Schwarz’s inequality in NIPS will now be proven.

Lemma 3.4. Assume that (A, Fo w v, Tx) is a NIPS and Ty is a continuous
RNTN such that Ty(p,p) >g+ p. Then for all p,q € A with g,0 > 0, we
obtain

F‘D,‘I’,T(p> q, QU) ZG* TN(FfI’,\I/,T(pv p, 92)7 F@,W,T(qa q, 0-2))'
Proof. Let a = %’, that is, ap + o = 0. Setting, & = Fo .y r(p,p, 0?),v =
Fowr(ag,p,ao0),w = Fq;yg,x(aq,ozq,azgg). By (NIP-1) and (NIP-2), we
have
F@,‘P,T(p + aq, p + aq, (aQ + 0)2) zG* TN(TN(ﬁa ‘7)’ TN(\}a VAV))

= Tﬁ(‘% (TN (\A"’ \7)7 VAV)

ZG* TN(ﬁ, TN(‘A/?W )7
since W = Four(aq,aq,0?0%) = &(Faur(q,09,00%) = Fou1(q,49,0%)
and v =Fo v v(aq,p,000) = &(Fo,wr(q,p, 00)). Substituting ¥ and w into
the above inequality, we have

OG* zG* Tﬁ(FqD,\I’,T(pv p, 0-2)7 gS(F@,\P,T(Cb p, QU))a F‘I),\I’,T(q’ q, Q2))a

@[{)S<F<I>,\I/,T(q7pa QU)) >G* ((q)(p7p702) * (I)(q7 q, 92) +1- (b(pa q, QU) - 17
(\I](papa 02) © \Il(q7 q, 02) + 1- \Il(pa q, QU) - 17
(Y(p,p,0%) 0 T(q,9,0%) +1 = Y(p,q,00) - 1).
O

Lemma 3.5. Let (A,Fo vy, Ty) be a NIPS with a continuous RNTN Ty.
Then, Fo wx(a,b,.) is non-decreasing with regard to o for all a,b € A.

Proof. Let p < 0. Then kK = 0 — 9 > 0. In such a case, we obtain
Fo v r(a,b,0) = Tx(Fovr(ab,0),1la)
= Ty(Fo v x(a,b,0),Fo v r(0,b,k))
<G+ Fowr(a,b,o+k)
= Fq;vq/,'r(a, [17 0').
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Theorem 3.6. Let (A, Fg v v, Ty) be a NIPS with a continuous RNTN Ty.
Then, it constitutes a real NNS.

Proof. We define

F‘P,\I/7T P, P, Q2)7 0> 07
Byyx(p,0) = { 0. (g< 0.

We are going to prove that By, v satisfy the requirements of Definition 2.12.
The conditions (NIP-1)-(NIP-4) yield the conditions (NN-1)-(NN-3).
Additionally, assuming
i =Four(p,p,00). ¢ =Four(p,q,0002), % =Four(q4,05)

for any given p,q € A, 01,02 >0 .
From (NIP-5), we have

Boyr(p+d,01+02) =Faouwr(p+a,p+0, (e +02)°)

>+ Ty(Ty(w, ¥), Tn(v, W))
= Ti(, ¥, (Tw(¥, ¥)))
>a+ Tu(d, Tu(W, 7))
= Tu(Tx(d, V), W)
>a+ Tu(Tu(e, 9), Tule, 9))
>G+ T(e, g)
= Tu(Bg,p,x(p, 01), Bg,y,x(a, 02))-

The remaining conditions are obvious from (NIP-6) and (NIP-7). O

Remark 3.7. As mentioned in ([15],[16]), every NNS is NMS and every NMS
is Hausdroff space. Since each NIPS is NNS, therefore this is a Hausdroff
space in topology 7y caused by the family of neighborhoods {a,(e,\),r €
A e>0,0 < A< 1} such that

ar ={be A:Byyr(b—1€ >a &N}

Definition 3.8. Assume that (A, Fg v v, Ty) is a NIPS that fulfills the con-
ditions of Theorem 3.6. If for every ¢ > 0 and 0 < A < 1, there exists
Ny = No(e, ) € Z such that By v(a, — a,€) >g+ &5()\), whenever n > N,
then the sequence {a,} C A is said to be mg-convergent to a € A (we
write a, — a).
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Theorem 3.9. Assume that (A, Fe vy, Ty) is a NIPS that fulfills the condi-

tions of Theorem 3.6. The sequence {a,} C A such that a, I2,0. Then for
any b € A and € > 0,0 < X\ < 1, there exists N = N(e,\) € Zt such that

F@,\P,T(anv b7 6) >G* gs()\)a
whenever n > N.
Proof. We may identify p,q € (0,1) such that Ty(&%(p), &5(q)) >+ &s(N) for

any 0 < A < 1. According to Lemma 3.5 and the concept of NIPS, there is
0o > 0 such that

Foux(b,b,00) >c+ &(q).

As a, —25 0 means that for any given number p, there is ng such that
€
Foux(tn, tn, (5)2) >G+ ()

for all n > ng. Applying the Cauchy- inequality, it can be deduced that

€
F<I>7\II7T(an7 ba 6) - Fq),\I/,T(ana b7 (g)go)

€
>Gr TN(F'iI),\II,T(any Qn, (g)Q)a F@,‘P,T(b7 bv 902))

>G* TN(éas(p)ags(q))
>ar 65(A), (b€ A).
g

Definition 3.10. Let (A,Fg w v, Ty) be a NIPS and {a,} be a sequence in
A such that a, SN ap € A. Then Fg g v is called N-continuous if

lim Fo v r(an,b,0) =Fowr(ap,b,0), Vb € A.

0— 00

We now define the notion of orthogonality in a NIPS.

Definition 3.11. Let (A,Fg v v, Ty) be a NIPS and p,q € A. We say that
p is orthogonal with q if Fo v v(p,q,0) = V(o) for each p € R and is repre-
sented as p Ly q.

Theorem 3.12. Assume that (A,Fo v, Ty) is a NIPS. Orthogonality pos-
sesses the subsequent characteristics:
(i) 0 Ly p,Vp € A;
i) ifplnva=qLlyp;
(i) f p Ly p=p=0;
(iv) ifp Ly pr, (K =1,2,3,...,n), then p Ly (E7_1px);
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(v) if p Ly q then p Ly aq,Va € R;
(vi) let Fo w x be a N-continuous. If p, B poand qlypn(n=1,2,3,..),
then q Ln p.

Proof. (i)- (iii) are obtained directly from conditions (NIPS-4), (NIPS-2) and
(NIPS-3), respectively.
(iv)
Fowr(p, X5—1Pk 0) = (Fowr(p, p1,.) © Foux(p,p2,.)
& ... ®Four(p,pn:.))(0)
=VaeVae..aV)(e)=V(o), Yo € R.
(v) For p L q,
if a > 07 we have, F@,@,T(pv adq, Q) = F‘P,@,T(pv q, g)v (VQ S R)a
it a = 0’ we have F<I>,\I/,T(P704qa Q) = V(Q)’ (VQ € R)7
if < 0, we have

Faux(p,aq,0) = &(Fowr(p,q, g)) = 55(V(£)) = {

«

0 0<0,
1 o>0.
Hence, Fo v v (p, aq, 0) = V(o) for all o € R.
(vi) Since q Lo pp(n=1,2,3,...) and Fo v v (p,q,.) is continuous on R, {0}
and by (NIPS-1), we deduce that

V(Q) = FfD,\P,T(paqa 0)7 (Q € R)

Hence q Ly p. g

Theorem 3.13. (Pythagorean theorem in NIPS) Assume that (A, Fe v v, Tx)
is a NIPS and let p L q. Then

Byyr(p+4,0) = Tu(Bgyx(p, 0), By, r(a, 0))-
Proof. For (Vo1, 02 € R),

B,y r(p+49,0)=Fowr(p+9,p+4,0°)

= sup [Tx(Foux(p,p+q,01),Foux(q,p+4q,0))]
01+02=0?

= sup TN[ sup TN(F‘I),‘IJ,T(p¢ p, 9\1)7 F‘b,\I’,T(pa q, 9\2))7
01+02=0? o) +oh=01

sup TN(FQD,\I’,T(qapa Q\l\)aF@,\II,T(qvqa 9\2\))]
oY +oy=02
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Byyr(p+q,00= sup Ty sup Fowr(p,p,01), sup Fowr(d,q,05)]

o1+02=0% o)tob=01 oy +ob=02
<g+ sup Ty[Fowr(p,p, 01),Fowr(q,q,02).
01+02=0?

By using Lemma 3.5, (NIP-1) and Theorem (3.4),

Byyr(p+4,0) =Tu(Bsyr(p, o),Brir(g,0), Vo€ R.
[l

Remark 3.14. For notational convenience, we shall treat the operations on
G* as if they were the standard (ordinary) operations: Replacing >g+, >g+
,<a+, <g+ with >,>, <, < and replacing 1g+,0g+ with 1,0 respectively.

Theorem 3.15. Let (A, Fo v, Ty) be a NIPS with a continuous RNTN Ty
and for each p,q € A,

sup{o € R: Fo v r(p,B,0) < 1} < c0.
Let < .,. > wv: A XA — R be defined as
<p,q>ouyr=sup{o € R:Four(p,q,0) <1}
Then (A, < .,. >g¢yy) is an inner product space.

Proof. According to (NIPS-2) and < .,. >4 y y is commutative and by (NIPS-
4), we have

<ap,q>pur =a<pP,q>ggr, VP,9E€ A and a € R.
By applying Lemma 3.5 and (NIPS-1), it follows that
<pp >eur =0, Vp,q€ A
Assume now that sup{o € R : Fo v v (p,p,0) <1} =0, Vo > 0. Then
Fowr(p,p,0) =1

Using the non-decreasing characteristic of Fo vy and (NIPS-3), then p = 0.
On the other hand, let’s say that p = 0. By (NIPS-4)

sup{o € R:Fo v 1(0,0,0) <1} =sup{o € R, V(o) <1} =0.
Lastly, for every p,q,t € A, we prove that
<PFLt > r =<Pt >0 <4, >0 7
By (NIPS-5), for any A > 0,

A
Four(p+a.5,<p.e >+ <t >+0) > Ty (Fowr(pr,<pr>+3).

A
Four (qvta <g,t> +§))-
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This mean that
sup{o€ R:Four(p+4q,t,0) <1} <sup{o€ R:Fopwr(p,t,0) <1}
+sup{o € R:Fowr(q,v,0) <1} + A
Since A is arbitrary, it is an indication that
<P+t >0y S <Pt >Spur <4, >p 0y (3.1)

Meanwhile, if we choose

A A
A=1- Ty [éaS(Fq),‘I’,T(patv <p,t> _5))7é&s(F®,\If,T(qata <q,v> _5)):|7

then, from (NIPS-4) and (NIPS-5), we have

A A
A=1- TN |:F<I>,\P,T(_pat7 <p,t> _§)>F<I>,\II,T(_qata <q,t> _5)]

2(F¢7\1,7T(p+q,t,< pr>+<g,v> —)\).
Since Fowr(p,t,< p,t > —3) < LFour(q,t,< g,t > —3) < 1, and by
(NT-3) in definition, we have
<F¢,\P,T<p +gn<pr>+<gq,t> _)‘>> < 17 VPaq € A7
and this implies that
sup{o € R:Foux(p+q,v,0) <1} >sup{o € R: Fowx(p,v,0) <1}
+sup{t € R:Fowr(q,v,t) <1}

Then

<PHAr >0y <Pt >pur <4, >p 9y (3.2)
From (3.1) and (3.2), we get

<p+g,t>evyr=<p,t>pvr +<qt >0y .

Therefore, (A, < .,. >¢ g ) is an inner product space. O

Corollary 3.16. Let (A, Fo v, Ty) be a NIPS with a continuous RNTN Ty
and for each p,q € A sup{p € R: Fowr(p,q,0) <1} < oo. If we define

(S

Ipllowr = [SUP{Q €ER:Fourqo0) < 1}] ;

then (A, HH<1>\1,T> is a normed space.
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Lemma 3.17. Let (A, < .,. >) be a Hilbert space and ||.| induced norm by
the Hilbert space. Suppose that (A, Fe w v, Ty) is a NIPS, where

0 |[<a,b> [<a,b>]
o+ |<a,b>| ot |<a,b>| 0

Foyr(a,b,o) = ( ),Va, be A VoeR.

Then for each {a,} C A, the following assertions are equivalent
(1) lim, 0 ||an — al] = 0;
(2) hmn—mo Han - aH¢.7\1/7’r =0.

Proof. Based on the definition, we obtain
lla, — aprjq,’T =sup{o € R,Fo v r(a, —a,a, —a,0) <1}
=max{p € R,Fo gy v(a, —a,a, —a,0)}
=<a,—a,a,—a>
= [lan —afl?.

g

Definition 3.18. Let (A,Fg g v, Ty) be a NIPS with a continuous RNTN
Ty and for each p,q € A sup{t € R: Fo v v(p,q,0) < 1} < oo such that

1

o,U,T = [SUP{Q €ER:Four(p,q,0 < 1}] .

[l

We say that (A, Four, TN) is a neutrosophic Hilbert space (briefly, NHS) if

(A, ||||q>q;T> is a complete normed space.

Theorem 3.19. Let (A, Fg v, Ty) be a NHS with inner product

<p,q ><I>,\I/,T: SUP{Q eER: F@,\I!,T(paqv Q) < 1}7 va qe A.

Then a sequence {pn} in A is Tos-convergent to p (b —= p) if Pn M »

Proof. Since p, M p, then lim,,_, ||pp, — pllo,w,r = 0. This implies that

lim < Pn =P, Pn — P >o 0= 0.

n—=oQ

Hence, we have

lim _sup{¢ € R: Fowx(pn —ppn—p,0) <1} =0.



Neutrosophic inner product spaces and the construction 919

Therefore, for e > 0 and 0 < A < 1,
sup{o € R: Fo g x(pn — P pn —p,0) < 1}
=sup{o € [0,¢] : Fo v x(pn — b pn —p,0) < 1}
+ sup{o € (¢,00) : Fo w v (pn — p.pn —p,0) < 1}
> esup{o € (6,00) : Fo v x(Pn — p.pn — b, 0)}

= e(l — qo.0,7(Pn — P.Pn — b, 0, e)).
0

Theorem 3.20. (Rieszs theorem for NHS) Let (A, Fg w v, Ty) be a NHS with
7. If fis a linear functional on A that is continuous relative to o5, then there
exists exactly one element q € A such that for allp € A,

f(p) =sup{o € R:Fowr(p,q,0) <1}.

Proof. Let p,, —2 p. Then f(p,) = f(p) for all {p,} € A, so f is a continuous
linear functional at p(my — cont) .

If p, I-lo.2.x p then by theorem (3.19), f(pn) —> f(p). So f continuous on
NHS like an ordinary Hilbert space. Therefore, by the Riesz representation
theorem, the proof is complete. O

4. COMMON FIXED POINT THEOREMS

In this section, we will attempt to obtain some common fixed point theorems
in NHS. However, we firstly attempt to prove an important theorem in the
sequel and of which is true in the Banach space.

Theorem 4.1. ([9]) Suppose that ¢ and ¢ be two continuous self-mappings
(CSM) that fulfil the following requirement on the Banach space (A, ||.||)

> ll¢Fa— ¢"b|| < oo, Va,b € A.
k=0

Then there exists an element a* € A such that:
(1) The mappings ¢ and ¢ have a single common fixed point(CFP) a*.
(2) The iterative sequences {¢*}3° and {Q*}2,, converge to the same
point a* for every ag € A.

Corollary 4.2. ([9]) Let (A, ||.||) be a Banach space and {¢;}2, be a sequence
of CSMs on A. Assume that for alli,j € Z* and i # j, the condition holds;

Z [¢Fa—@hb|| < oo, Va,b € A.
k=0
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Then there exists an element a* € A such that

(1) The sequence {¢;}3°, has a single CFP a*.
(2) The iterative sequence {¢Fag}3e, converge to the same point a*, for
every ag € A and any positive integer i.

Definition 4.3. Let ¢ be a self-mapping on the NHS (A, Fg v v, Ty). We
say that ¢ is a continuous mapping if a,, — a implies that ¢a,, — ¢a.

Theorem 4.4. Let (A,Fowx,Ty) be a NHS and ¢, : A — A be self-
mappings on the NHS. Assume that there exists an element o € (0,1) such
that

Fo.ux(da— b, ¢a— b, 0) > Feyx(a—ba—b, g),\m, be A andVoc R.

(4.1)
Then the results stated in the Theorem 4.1 are satisfied.

Proof. By using (4.1), for every a,b € A and o € R, we get
sup{o € R,Fo v v(¢a — @b, ¢a — ¢b,p) < 1}
<sup{o € R, Fo.yr(a—b,a—b, g) <1)
=asup{po € R,Foyr(a—b,a—b,p) <1} (4.2)
Thus, for any k € N, it follows that
sup{o € R,Fo v r(¢pa — @b, ¢a — b, o) < 1}
< afsup{po € R, Fopyx(a—Dba—b,0) <1}
This implies that

o & oo
Yo lefa—grol <az ) fla—b < oo
k=0 k=0

Through the application of equation (4.2) together with Corollary 3.16, it can
be deduced that

[¢a — ¢b]| < |lpa — ¢al| + [la — ¢b]|

< (sup{o € R,Foyx(a—a,a—a, Q) < 1})%
o
+ (supfo € R Foyr(a—ba—b2)<1})
=0+ afja —bl.
Consequently, ¢ is a CSM on (A,Fg v v, Ty). Applying the same proof, we
deduce that ¢ is also CSM on (A, Fg v v, Ty). Thus the proof is complete. [
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Remark 4.5. In contrast to the normal case, the above theorem does not need
continuity, even though condition (4.1) indicates that ¢ is 7s-continuous.

Corollary 4.6. Let ¢, be two self-mappings on (A,Fe vy, Ty) and a se-
1

quence {ay}°, of positive constants under the condition that $3° ja < co.
Assume that for any k € N,k =0,1,2,...,

Fou1(¢"a—¢"b,¢"a—¢"b,0) > Fo v y(a—b,a—b, §>,Va, beAandVo€ R.

(4.3)
Then the result stated in the Theorem 4.1 is satisfied.

Proof. We can show that ¢ and ¢ are CSMs on (A, F¢ g v, Ty) using the same
proof as in the above theorem and equation (4.3) (for £ = 1). Additionally,
for every a,b € A, we have

o0 o0
1
> léFa—¢Fb| < (sup{o € R, Foux(a—b,a—b, §> <1})2
k=0 k=0 k
1
= X2 00) [|la — b < oo.

Thus, the proof is completed. O

5. APPLICATIONS

Based on the results obtained in Section 4, we study the solvability of the
following Uryson integral equation in terms of existence and uniqueness on

2(E)
a(0) = b(o) + /E K (0, 0,a(0))do (5.1)

such that E C R™ is bounded and closed, £2(E) is the collection of all functions
on E whose squares are Lebesgue integrable, equipped with the usual vector
space structure.

Theorem 5.1. Assume that K(o, 0,0)(0,0 € E, —00 < v < +00) is separable
and K (o, 0,0) = k(o, 0)v. Assume further that [}, |k(o, 0)|*dodo < 1. Let ¢

be a self-mapping on £2(E) given by
da(a) = b(e) + | K(e0.a(0))de (52)

with the following condition

S [[¢6"a — ¢™0]le2(s) < 00, Va(o),0(0) € LX(E). (5.3)
n=0
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Then ¢ has a unique fized-point a*(c) € £2(E) which represents the unique
solution for equation (5.1), for any b(c) € £2(E) and any ag(c) € £3(E), and
the iterative sequence

apt1(0) =b(o) + /EK(J, 0,a,(0))do, (n=0,1,2,...),

converges to a point a*(o) in norm |.||c2(g)-

Proof. Let us define

0 Jpa(o)v(o)do [, a(a)n(o*)da>

F@,‘P,T(aa v, Q) = <Q + fE a(a)b(o‘)d07 o+ fE Cl(O')U(O') 7 0

for all p € R and for all a(o),v(0) € £2(E), then by using Lemma 3.17, we
prove that (£2(E),Fq>7\p,’r, Ty) is an NHS and

la = vllowx = la = vlle2(m), Ya,0 € L2(E). (5.4)

It also follows from equations (5.3) and (5.4), we obtain

> l¢"a— ¢l
n=0

Therefore, taking ¢ = ¢, we satisfy all the conditions for Theorem 4.1, which
then ensures the presence and distinction of a fixed-point a*(c) € £2(E).
Hence, equation (5.1) admits a unique solution a*(¢). In addition for each
given ag(o) € £2(E), the iterative sequence

tns1(0) = b(o) +/EK(J, 0.0 (0))do, (n=0,1,2,..),

o0
sux =Y [[¢"a—¢"0|g2p) < 0.
n=0

converges to a point a*(c) in [|.|[¢2(g). This completes the proof. O

6. CONCLUSION

In this paper, a formulation of neutrosophic inner product spaces is intro-
duced under less restrictive conditions, while remaining consistent with the
classical framework. Based on this formulation, a flexible construction of neu-
trosophic Hilbert spaces is established, preserving the essential features of their
classical counterparts and allowing for further generalizations.

The proposed setting provides a convenient framework for simplifying the
proofs of several fundamental results associated with classical Hilbert spaces.
In particular, it supports research on the fixed-point theory and leads to results
that may be of interest in various applied contexts.
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