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Abstract. This paper presents novel characterization results for a function, a linear opera-

tor, and an integral operator constructed using the generalized normalized imaginary error

function, with emphasis on their inclusion in two distinct subfamilies of analytic functions

defined on the open unit disk.

1. Introduction

Special functions are central in pure and applied mathematics, with signifi-
cant applications in areas such as probability theory, statistics, and quantum
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mechanics, particularly in geometric function theory (GFT). Among these
functions, the classical error function and its various extensions have received
considerable attention due to their rich analytical properties and practical
effectiveness in modeling diverse phenomena.

Recently, the generalized imaginary error function has emerged as a valu-
able tool in defining new subfamilies of analytic functions on the open unit
disk { := {℘ ∈ C : |℘| < 1}. Within the framework of GFT, such operators
have been instrumental in characterizing significant function families, includ-
ing starlike, convex, and close-to-convex functions of complex order. Through
the convolution of the generalized imaginary error function with established
families of analytic functions, researchers have derived sufficient conditions for
inclusion in certain subfamilies.

These developments extend foundational work by classical GFT scholars
such as Pommerenke and Goodman and align with ongoing advancements in
special function theory [7, 22]. A growing body of literature explores the role
of special functions in establishing inclusion criteria for subfamilies of analytic
functions, for examples, [3, 14, 15, 16, 24, 25]. Notably, Abramowitz and
Stegun [1] introduced the classical error function erh(℘), defined by

erh (℘) =
2√
π

∫ ℘

0
e−t

2
dt =

2√
π

∞∑
ð=0

(−1)ð℘2ð+1

(2ð + 1)ð!
, ℘ ∈ C.

Its counterpart, the imaginary error function, is defined as

erhi (℘) =
2√
π

∫ ℘

0
et

2
dt =

2√
π

∞∑
ð=0

℘2ð+1

(2ð + 1)ð!
, ℘ ∈ C.

Generalizations of these functions introduce a positive integer parameter s ∈
N0 and are defined, respectively, as

erhs (℘) =
s!√
π

∫ ℘

0
e−t

s
dt =

s!√
π

∞∑
ð=0

(−1)ð℘sð+1

(sð + 1)ð!
, ℘ ∈ C, (1.1)

erhis (℘) =
s!√
π

∫ ℘

0
et

s
dt =

s!√
π

∞∑
ð=0

℘sð+1

(sð + 1)ð!
, ℘ ∈ C. (1.2)

For specific values of s, these generalizations recover classical forms. In par-
ticular,

erh0(℘) = ℘
e
√
π
, erh1(℘) = 1−e℘√

π
= −erhi1(℘), erh2(℘) = erh(℘),

and erhi2(℘) = erhi(℘).
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However, the functions erhs(℘) and erhis(℘) do not, in general, belong to
the family of normalized analytic functions. Consequently, Frasin [12] intro-
duced the transformed functions:

µs(℘) =

√
π

s!
℘1− 1

s erh
(
℘1/s

)
= ℘+

∞∑
ð=2

(−1)ð−1

((ð− 1)s+ 1)(ð− 1)!
℘ð, s ∈ N, (1.3)

µis(℘) =

√
π

s!
℘1− 1

s erhis

(
℘1/s

)
= ℘+

∞∑
ð=2

1

((ð− 1)s+ 1)(ð− 1)!
℘ð, s ∈ N. (1.4)

These operators have normalized expansions suitable for function-theoretic
analysis. For instance:

µ1(℘) =
√
π · erh1(℘) = 1− e℘, µi1(℘) =

√
π · erhi1(℘) = e℘ − 1,

µ2(℘) =

√
π℘

2
· erh (

√
℘) , µi2(℘) =

√
π℘

2
· erhi (

√
℘) .

In the next section, we establish a foundational framework to facilitate our
investigation. This includes recalling essential subfamilies of analytic func-
tions along with their generalized forms involving complex parameters. We
also introduce a function, a linear convolution operator, and an integral opera-
tor defined via the generalized imaginary error function, which plays a central
role in deriving our main results. Several supporting lemmas and inequali-
ties are presented to provide the necessary analytical tools for characterizing
membership in the targeted function families.

2. Preliminaries

Let z denote the family of analytic functions of the form

h(℘) = ℘−
∞∑
ð=2

að℘
ð, að ≥ 0, ℘ ∈ {, (2.1)

and Uz ⊂ z represent the subfamily of functions that are univalent in {, [8].

We recall several geometric subfamilies of z defined via differential subor-
dination involving a complex order ℵ ∈ C∗ = C \ {0}:

(1) A function h ∈ z is said to be starlike of complex order ℵ if

Re

{
1 +

1

ℵ

(
℘h′(℘)

h(℘)
− 1

)}
> 0, ℘ ∈ {.
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This family, denoted by S(ℵ), was introduced by Nasr and Aouf [18]
(see also [19]).

(2) A function h ∈ z is convex of complex order ℵ if

Re

{
1 +

1

ℵ
· ℘h

′′(℘)

h′(℘)

}
> 0, ℘ ∈ {.

The family of such functions, C(ℵ), was introduced by Wiatrowski [23]
(see also [9, 17]).

(3) A function h ∈ z is close-to-convex of complex order ℵ if

Re

{
1 +

1

ℵ
(h′(℘)− 1)

}
> 0, ℘ ∈ {.

This family, denoted by R(ℵ), was introduced by Halim [13] and
Owa [20] (see also Aouf and Mostafa [10]).

More general subfamilies involving parameters `1, `2 ∈ [0, 1] are defined as
follows:

• The family S(ℵ, `1, `2) consists of functions h ∈ z satisfying∣∣∣∣ 1ℵ
(

℘h′(℘) + `1℘
2h′′(℘)

(1− `1)h(℘) + `1h′(℘)
− 1

)∣∣∣∣ < `2. (2.2)

• The family R(ℵ, `1, `2) is defined by∣∣∣∣ 1ℵ (h′(℘) + `1℘h
′′(℘)− 1

)∣∣∣∣ < `2. (2.3)

These families, introduced and studied by Altintas et al. [5], generalize S(ℵ),
C(ℵ), and R(ℵ). Their relationships are summarized in the following remark.

Remark 2.1. The following inclusions and equivalences hold:

(1) S(ℵ, 0, 1) ⊂ S(ℵ), S(ℵ, 1, 1) ⊂ C(ℵ), R(ℵ, 0, 1) ⊂ R(ℵ).

(2) S(ℵ, 0, `2) = S(ℵ, `2) =
{
h ∈ z :

∣∣∣ 1ℵ (℘h′(℘)h(℘) − 1
)∣∣∣ < `2

}
.

(3) S(ℵ, 1, `2) = C(ℵ, `2) =
{
h ∈ z :

∣∣∣ 1ℵ (℘h′′(℘)h′(℘) − 1
)∣∣∣ < `2

}
.

(4) R(ℵ, 0, `2) = R(ℵ, `2) =
{
h ∈ z :

∣∣ 1
ℵ(h′(℘)− 1)

∣∣ < `2
}

.

We also consider the family Gτ (Q1, Q2), introduced by Dixit and Pal [11],
defined as follows.

Definition 2.2. ([11]) Let τ ∈ C \ {0}, −1 ≤ Q2 < Q1 ≤ 1. A function h ∈ z
belongs to Gτ (Q1, Q2) if∣∣∣∣ h′(℘)− 1

(Q1 −Q2)τ −Q2(h′(℘)− 1)

∣∣∣∣ < 1, ℘ ∈ {.
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Setting τ = 1, Q1 = %, and Q2 = −%, yields the subfamily of functions
satisfying ∣∣∣∣h′(℘)− 1

h′(℘) + 1

∣∣∣∣ < %, ℘ ∈ {, 0 < % ≤ 1,

which was studied by Padmanabhan [21].

Now, define the function Υis(℘) as

Υis(℘) = 2℘− µis(℘) = ℘−
∞∑
ð=2

1

((ð− 1)s+ 1)(ð− 1)!
℘ð, ℘ ∈ {, (2.4)

and introduce the linear convolution operator Iis : z→ z, defined by

Iis(h)(℘) = µis(℘) ∗ h(℘) = ℘+

∞∑
ð=2

1

((ð− 1)s+ 1)(ð− 1)!
að℘

ð. (2.5)

Moreover, we define the Alexander transform (see, [2, 4]) Kis of Υis(℘) by

Kis(℘) :=

∫ ℘

0

Υis(t)

t
dt, ℘ ∈ {.

We now state several lemmas that are instrumental for proving the main
results of this study.

Lemma 2.3. ([6], with ð = 1) A sufficient condition for a function h of the
form (2.1) to belong to S(ℵ, `1, `2) is

∞∑
ð=2

[
`1ð2 + (1 + `1(`2|ℵ| − 2))ð + (`2|ℵ| − 1)(1− `1)

]
|að| ≤ `2|ℵ|.

Lemma 2.4. ([6], with ð = 1) A sufficient condition for a function h of the
form (2.1) to belong to R(ℵ, `1, `2) is

∞∑
ð=2

[`1ð + (1− `1)]ð|að| ≤ `2|ℵ|.

Lemma 2.5. ([11]) If h ∈ Gτ (Q1, Q2), then for ð ≥ 2,

|að| ≤
(Q1 −Q2)|τ |

ð
.

This bound is sharp for the function

h(℘) =

∫ ℘

0

(
1 +

(Q1 −Q2)τt
ð−1

1 +Q2tð−1

)
dt, ℘ ∈ {.
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We will also use the following well-known summation identities:
∞∑
ð=2

1

(ð− 1)2ð
=

1

2
ln 2, (2.6)

∞∑
ð=3

1

(ð− 1)2ð
=

1

2
ln 2− 1

4
, (2.7)

∞∑
ð=u

1

(ð− 1)2ð
=

1

2
ln 2−

u−1∑
ð=2

1

(ð− 1)2ð
, u = 3, 4, . . . . (2.8)

Alongside these, we shall frequently apply the inequalities:

(ð− 1)s+ 1 > (ð− 1)s, ð, s ∈ N, (2.9)

ð! ≥ 2ð−1, ð ∈ N. (2.10)

In this study, we aim to establish sufficient conditions for a function, a
linear convolution operator, and an Alexander transform constructed using the
generalized normalized imaginary error function to belong to the subfamilies
S(ℵ, `1, `2) and R(ℵ, `1, `2).

3. Main results

We start this section with the sufficient conditions for the function Υis to
be in the subfamilies S(ℵ, `1, `2) and R(ℵ, `1, `2).

Theorem 3.1. If s ∈ N, then sufficient conditions for the function Υis (℘) to
belong to the family S(ℵ, `1, `2) are

[4`1(`2 |ℵ|+ 3) + 2(`2 |ℵ|+ 2)] ln 2− 4`1 ≤ s`2 |ℵ| (3.1)

and

[(`1 + 1)(`2 |ℵ|+ 1) + `1] .e ≤ `2(s+ 2) |ℵ| − `1. (3.2)

Proof. In light of Lemma 2.3, it suffices to demonstrate that L1(`1, `2) ≤ `2 |ℵ| ,
where

L1(`1, `2) =

∞∑
ð=2

[
`1ð2 + (1 + `1 (`2 |ℵ| − 2))ð + (`2 |ℵ| − 1) (1− `1)

]
× 1

((ð− 1) s+ 1) (ð− 1)!
.

Putting

ð = (ð− 1) + 1 (3.3)

and

ð2 = (ð− 1)(ð− 2) + 3(ð− 1) + 1, (3.4)
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we get

L1(`1, `2) = `1

∞∑
ð=2

(ð− 1)(ð− 2)

((ð− 1) s+ 1) (ð− 1)!

+ (`1 (`2 |ℵ|+ 1) + 1)
∞∑
ð=2

ð− 1

((ð− 1) s+ 1) (ð− 1)!

+ `2 |ℵ|
∞∑
ð=2

1

((ð− 1) s+ 1) (ð− 1)!

= `1

∞∑
ð=3

1

((ð− 1) s+ 1) (ð− 3)!

+ (`1 (`2 |ℵ|+ 1) + 1)

∞∑
ð=2

1

((ð− 1) s+ 1) (ð− 2)!

+ `2 |ℵ|
∞∑
ð=2

1

((ð− 1) s+ 1) (ð− 1)!
.

By (2.9), we get

L1(`1, `2) ≤
`1
s

∞∑
ð=3

1

(ð− 1) (ð− 3)!

+
`1 (`2 |ℵ|+ 1) + 1

s

∞∑
ð=2

1

(ð− 1) (ð− 2)!

+
`2 |ℵ|
s

∞∑
ð=2

1

(ð− 1) (ð− 1)!
.

From equation (2.10), we get

L1(`1, `2) ≤
16`1
s

∞∑
ð=3

1

(ð− 1) 2ð

+
8(`1 (`2 |ℵ|+ 1) + 1)

s

∞∑
ð=2

1

(ð− 1) 2ð

+
4`2 |ℵ|
s

∞∑
ð=2

1

(ð− 1) 2ð
.
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Using the series sums (2.6) and (2.7), we get

L1(`1, `2) ≤
`1
s

(8 ln 2− 4) +
`1 (`2 |ℵ|+ 1) + 1

s
(4 ln 2) +

`2 |ℵ|
s

(2 ln 2)

=
4`1(`2 |ℵ|+ 3) + 2(`2 |ℵ|+ 2)

s
ln 2− 4`1

s
.

But `2 |ℵ| is the bound above the final expression if (3.1) holds.
Next, since the function

ð 7→ 1

(ð− 1)s+ 1

is decreasing on (1,∞) for each s > 0, we obtain

L1(`1, `2) = `1

∞∑
ð=3

1

((ð− 1)s+ 1)(ð− 3)!

+
(
`1(`2|ℵ|+ 1) + 1

) ∞∑
ð=2

1

((ð− 1)s+ 1)(ð− 2)!

+ `2|ℵ|
∞∑
ð=2

1

((ð− 1)s+ 1)(ð− 1)!

≤ e`1
2s+ 1

+
(
`1(`2|ℵ|+ 1) + 1

) e

s+ 1
+ `2|ℵ|

e− 1

s+ 1

<
e`1
s+ 1

+
(
`1(`2|ℵ|+ 1) + 1

) e

s+ 1
+ `2|ℵ|

e− 1

s+ 1

=

[
(`1 + 1)(`2|ℵ|+ 1) + `1

]
· e+ `1 − `2|ℵ|

s+ 1
,

and the final expression is bounded above by `2|ℵ| provided that condition
(3.2) holds. �

Theorem 3.2. If s ∈ N, then sufficient conditions for the function Υis (℘) to
belong to the family R(ℵ, `1, `2) are

[22`2 + 6(1− `1)] ln 2− 4`1 ≤ s`2 |ℵ| (3.5)

and

(3`1 + 2)e ≤ `2(s+ 1) |ℵ|+ 1. (3.6)
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Proof. Since Υis (℘) is given by (2.4) and due to Lemma 2.4, it suffices to
show that L2(`1, `2) ≤ `2 |ℵ| , where

L2(`1, `2) =

∞∑
ð=2

[(`1ð + (1− `1))ð]
1

((ð− 1) s+ 1) (ð− 1)!

=
∞∑
ð=2

[
(`1ð2 + (1− `1)ð

] 1

((ð− 1) s+ 1) (ð− 1)!
.

Writing ð and ð2 as given in (3.3) and (3.4), and by a similar method of
Theorem 3.1, we realize that

ðis (℘) ∈ R(ℵ, `1, `2)
if (3.5) holds.

Next, since the function

ð 7→ 1

(ð− 1)s+ 1

is decreasing on (1,∞) for each s > 0, we obtain

L2(`1, `2) = `1

∞∑
ð=3

1

((ð− 1)s+ 1)(ð− 3)!

+
(
2`1 + 1

) ∞∑
ð=2

1

((ð− 1)s+ 1)(ð− 2)!

+
∞∑
ð=2

1

((ð− 1)s+ 1)(ð− 1)!

≤ e`1
2s+ 1

+
(
2`1 + 1

) e

s+ 1
+
e− 1

s+ 1

<
e`1
s+ 1

+
(
2`1 + 1

) e

s+ 1
+
e− 1

s+ 1

=
(3`1 + 2) · e− 1

s+ 1
,

and the final expression is bounded above by `2 |ℵ| provided that condition
(3.6) holds. �

Figure 1 demonstrates the graphical representations of the sufficient condi-
tions for the function Υis (℘) to be in the family S(ℵ) and the family C(ℵ).
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Figure 1. Admissible regions in the (s, |ℵ|)-plane where the
sufficient conditions for Υis (℘) ∈ S(ℵ) hold in the particular
case (`1, `2) = (0, 1) (left figure) and for Υis (℘) ∈ C(ℵ) hold in
the particular case (`1, `2) = (1, 1) (right figure). The shaded
area indicates the pairs (s, |ℵ|) for which the inequalities are
satisfied.

As direct consequences, we have the corollaries below.

Corollary 3.3. For (`1, `2) = (0, 1), the function Υis (℘) belongs to the family
S(ℵ) if

2( |ℵ|+ 2) ln 2 ≤ s|ℵ|, ( |ℵ|+ 1)e ≤ (s+ 2)|ℵ|.
Similarly, Υis (℘) belongs to the family R(ℵ) if

28 ln 2 ≤ s|ℵ|, 2e ≤ (s+ 1)|ℵ|+ 1.

Corollary 3.4. For (`1, `2) = (1, 1), the function Υis (℘) belongs to the family
C(ℵ) provided

(6|ℵ|+ 16) ln 2− 4 ≤ s|ℵ|, (2|ℵ|+ 3)e ≤ (s+ 2)|ℵ| − 1.

Next, we shall determine the action of the linear convolution operator Iis(℘)
on the subfamilies S(ℵ, `1, `2) and R(ℵ, `1, `2).
Theorem 3.5. Let s ∈ N. If h ∈ Gτ (Q1, Q2). Then the sufficient conditions
for Iis(℘) to belong to the family S(ℵ, `1, `2) are

(`2 |ℵ| (`1 + 1)) + 3`1 + 1) ln 2 ≤ s`2 |ℵ|
(Q1 −Q2)|τ |

(3.7)

and

(`1 + `2 |ℵ|) e+ (`1 − 2) (`2 |ℵ| − 1)− 1 ≤ `2(s+ 1) |ℵ|
(Q1 −Q2)|τ |

. (3.8)
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Proof. In light of Lemma 2.3 it suffices to demonstrate that

M1(`1, `2) =
∞∑
ð=2

[
`1ð2 + (1 + `1 (`2 |ℵ| − 2))ð + (`2 |ℵ| − 1) (1− `1)

]
× 1

((ð− 1) s+ 1) (ð− 1)!
|að|

≤ `2 |ℵ| .

Since h ∈ Gτ (Q1, Q2), then by Lemma 2.5, we have

M1(`1, `2) ≤ (Q1 −Q2)|τ |

( ∞∑
ð=2

`1ð
((ð− 1) s+ 1) (ð− 1)!

+
∞∑
ð=2

1 + `1 (`2 |ℵ| − 2)

((ð− 1) s+ 1) (ð− 1)!
+
∞∑
ð=2

(`2 |ℵ| − 1) (1− `1)
((ð− 1) s+ 1)ð!

)
.

By (3.3), we get

M1(`1, `2) ≤ (Q1 −Q2)|τ |

( ∞∑
ð=2

`1(ð− 1)

((ð− 1) s+ 1) (ð− 1)!

+
∞∑
ð=2

1 + `1 (`2 |ℵ| − 1)

((ð− 1) s+ 1) (ð− 1)!
+
∞∑
ð=2

(`2 |ℵ| − 1) (1− `1)
((ð− 1) s+ 1)ð!

)

= (Q1 −Q2)|τ |

( ∞∑
ð=2

`1
((ð− 1) s+ 1) (ð− 2)!

+
∞∑
ð=2

1 + `1 (`2 |ℵ| − 1)

((ð− 1) s+ 1) (ð− 1)!
+
∞∑
ð=2

(`2 |ℵ| − 1) (1− `1)
((ð− 1) s+ 1)ð!

)
.

By (2.9) and (2.10), we get

M1(`1, `2) ≤
(Q1 −Q2)|τ |

s

(
8

∞∑
ð=2

`1
(ð− 1) 2ð

+ 4

∞∑
ð=2

1 + `1 (`2 |ℵ| − 1)

(ð− 1) 2ð

+2
∞∑
ð=2

(`2 |ℵ| − 1) (1− `1)
(ð− 1) 2ð

)
.

By (2.6), we get

M1(`1, `2) ≤
(Q1 −Q2)|τ |

s
(`2 |ℵ| (`1 + 1)) + 3`1 + 1) ln 2.

But `2 |ℵ| is the bound above the final expression if (3.7) holds.
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Next, since the function

ð 7→ 1

(ð− 1)s+ 1

is decreasing on (1,∞) for each s > 0, we obtain

M1(`1, `2) ≤ (Q1 −Q2)|τ |

( ∞∑
ð=2

`1
((ð− 1) s+ 1) (ð− 2)!

+
∞∑
ð=2

1 + `1 (`2 |ℵ| − 1)

((ð− 1) s+ 1) (ð− 1)!
+

∞∑
ð=2

(`2 |ℵ| − 1) (1− `1)
((ð− 1) s+ 1)ð!

)

≤ (Q1 −Q2)|τ |
( e`1
s+ 1

+
(1 + `1 (`2 |ℵ| − 1)) (e− 1)

s+ 1

+
(`2 |ℵ| − 1) (1− `1) ( e− 2)

s+ 1

)
= (Q1 −Q2)|τ |

(
(`1 + `2 |ℵ|) e+ (`1 − 2) (`2 |ℵ| − 1)− 1

s+ 1

)
,

and the final expression is bounded by `2 |ℵ| provided that condition (3.8)
holds. �

Theorem 3.6. Let s ∈ N. If h ∈ Gτ (Q1, Q2), then the sufficient conditions
for Iis(℘) to belong to the family R(ℵ, `1, `2) are

2 (2`1 + 1) ln 2 ≤ s`2 |ℵ|
(Q1 −Q2)|τ |

(3.9)

and

(`1 + 1)e− 1 ≤ `2(s+ 1) |ℵ|
(Q1 −Q2)|τ |

. (3.10)

Proof. In light of Lemma 2.4 it suffices to demonstrate that

M2(`1, `2) =

∞∑
ð=2

[(`1ð + (1− `1))ð]
1

((ð− 1) s+ 1) (ð− 1)!
|að|

≤ `2 |ℵ| .

Since h ∈ Gτ (Q1, Q2), then by virtue of Lemma 2.5, we have

M2(`1, `2) ≤ (Q1 −Q2)|τ |
∞∑
ð=2

(`1ð + (1− `1))
1

((ð− 1) s+ 1) (ð− 1)!
.
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By (3.3), we get

M2(`1, `2) ≤ (Q1 −Q2)|τ |
( ∞∑

ð=2

`1(ð− 1)

((ð− 1) s+ 1) (ð− 1)!

+

∞∑
ð=2

1

((ð− 1) s+ 1) (ð− 1)!

)
= (Q1 −Q2)|τ |

( ∞∑
ð=2

`1
((ð− 1) s+ 1) (ð− 2)!

+
∞∑
ð=2

1

((ð− 1) s+ 1) (ð− 1)!

)
.

By (2.9) and (2.10), we get

M2(`1, `2) ≤
(Q1 −Q2)|τ |

s

(
8
∞∑
ð=2

`1
(ð− 1) 2ð

+ 4
∞∑
ð=2

1

(ð− 1) 2ð

)
.

By (2.6), we get

M2(`1, `2) ≤
(Q1 −Q2)|τ |

s
(4`1 + 2) ln 2.

But `2 |ℵ| is the bound above the final expression if (3.9) holds.
Next, since the function

ð 7→ 1

(ð− 1)s+ 1

is decreasing on (1,∞) for each s > 0, we obtain

M2(`1, `2) ≤ (Q1 −Q2)|τ |
( ∞∑

ð=2

`1
((ð− 1) s+ 1) (ð− 2)!

+
∞∑
ð=2

1

((ð− 1) s+ 1) (ð− 1)!

)
≤ (Q1 −Q2)|τ |

(
e`1
s+ 1

+
e− 1

s+ 1

)
= (Q1 −Q2)|τ |

(
(`1 + 1) e− 1

s+ 1

)
,

and the last expression is bounded by `2 |ℵ|, if (3.10) holds. �

Finally, we investigate the action of the Alexander transform Kis(℘) on the
subfamilies S(ℵ, `1, `2) and R(ℵ, `1, `2).
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Theorem 3.7. Let s ∈ N. The sufficient conditions for the Alexander trans-
form Kis(℘) to belong to the family S(ℵ, `1, `2) are

(`2 |ℵ| (`1 + 1)) + 3`1 + 1) ln 2 ≤ s`2 |ℵ| (3.11)

and

(`2 |ℵ|+ `1)e+ (`2 |ℵ| − 1)(`1 − 2) ≤ `2(s+ 1) |ℵ|+ 1. (3.12)

Proof. According to (2.4) it follows that

Kis(℘) = ℘−
∞∑
ð=2

1

((ð− 1) s+ 1) (ð− 1)!

℘ð

ð
, ℘ ∈ {. (3.13)

Using Lemma 2.3, the Alexander transform Kis(℘) belongs to S(ℵ, `1, `2) if

∞∑
ð=2

[
`1ð2 + (1 + `1 (`2 |ℵ| − 2))ð + (`2 |ℵ| − 1) (1− `1)

]
× 1

ð((ð− 1) s+ 1) (ð− 1)!

=
∞∑
ð=2

`1ð
((ð− 1) s+ 1) (ð− 1)!

+
∞∑
ð=2

1 + `1 (`2 |ℵ| − 2)

((ð− 1) s+ 1) (ð− 1)!

+
∞∑
ð=2

(`2 |ℵ| − 1) (1− `1)
((ð− 1) s+ 1)ð!

≤ `2 |ℵ| .

By a similar proof of Theorem 3.5 we get that Kis(℘) ∈ S(ℵ, `1, `2) if (3.11)
holds.

Next, since the function

ð 7→ 1

(ð− 1)s+ 1

is decreasing on (1,∞) for each s > 0, we obtain

∞∑
ð=2

`1ð
((ð− 1) s+ 1) (ð− 1)!

+

∞∑
ð=2

1 + `1 (`2 |ℵ| − 2)

((ð− 1) s+ 1) (ð− 1)!

+

∞∑
ð=2

(`2 |ℵ| − 1) (1− `1)
((ð− 1) s+ 1)ð!
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=

∞∑
ð=2

`1
((ð− 1) s+ 1) (ð− 2)!

+

∞∑
ð=2

1 + `1 (`2 |ℵ| − 1)

((ð− 1) s+ 1) (ð− 1)!

+

∞∑
ð=2

(`2 |ℵ| − 1) (1− `1)
((ð− 1) s+ 1)ð!

≤ e`1
s+ 1

+
(1 + `1 (`2 |ℵ| − 1))(e− 1)

s+ 1
+

(`2 |ℵ| − 1) (1− `1) (e− 2)

s+ 1

=
(`2 |ℵ|+ `1)e+ (`2 |ℵ| − 1)(`1 − 2)− 1

s+ 1
,

and `2 |ℵ| is the bound above the final expression if (3.12) holds. �

Theorem 3.8. Let s ∈ N. The sufficient conditions for the Alexander trans-
form Kis(℘) to belong to the family R(ℵ, `1, `2) are

2 (2`1 + 1) ln 2 ≤ s`2 |ℵ| (3.14)

and

(`1 + 1)e+ `1 ≤ `2(s+ 1) |ℵ|+ 2. (3.15)

Proof. Since Kis(℘) is given by (3.13) and by Lemma 2.4, the Alexander
transform Kis(℘) belongs to R(ℵ, `1, `2) if

∞∑
ð=2

[(`1ð + (1− `1))ð]
1

ð((ð− 1) s+ 1) (ð− 1)!

=
∞∑
ð=2

`1ð
((ð− 1) s+ 1) (ð− 1)!

+
∞∑
ð=2

1− `1
((ð− 1) s+ 1)ð!

≤ `2 |ℵ| .

By a similar proof of Theorem 3.6 we get that Kis(℘) ∈ R(ℵ, `1, `2) if and
only if (3.14) holds.

Next, since the function

ð 7→ 1

(ð− 1)s+ 1
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is decreasing on (1,∞) for each s > 0, we obtain
∞∑
ð=2

`1ð
((ð− 1) s+ 1) (ð− 1)!

+
∞∑
ð=2

1− `1
((ð− 1) s+ 1)ð!

=
∞∑
ð=2

`1
((ð− 1) s+ 1) (ð− 2)!

+
∞∑
ð=2

`1
((ð− 1) s+ 1) (ð− 1)!

+

∞∑
ð=2

1

((ð− 1) s+ 1)ð!

≤ e`1
s+ 1

+
`1(e− 1)

s+ 1
+

(1− `1)(e− 2)

s+ 1

=
(`1 + 1)e+ `1 − 2

s+ 1
,

and `2 |ℵ| is the bound above the final expression if (3.15) holds. �

Remark 3.9. By specializing the parameters ℵ, `1, and `2 in our theorems,
we obtain several results related to the subfamilies S(ℵ, `1, `2) and R(ℵ, `1, `2).
For example, from Remark 2.1, we get some results for the subfamilies S(ℵ, `2),
C(ℵ, `2), R(ℵ, `2), S(ℵ), C(ℵ), and R(ℵ). These particular cases not only sim-
plify the general inequalities but also demonstrate the flexibility of our ap-
proach in capturing well-known geometric function families.

4. Conclusion

In this study, we established sufficient conditions for the function Υis, de-
fined via the generalized normalized imaginary error function, to be in the
subfamilies of analytic functions S(ℵ, `1, `2) and R(ℵ, `1, `2) defined on the
open unit disk {.

Furthermore, we investigated the action of the linear convolution operator
Iis(℘) and the Alexander transform Kis(℘) on these subfamilies.

The results obtained in this work may motivate further research aimed at
developing new sufficient conditions for functions and operators involving the
generalized normalized imaginary error function to belong to other subfamilies
on {.
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