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Abstract. The purpose of this paper is to first define the notion of (G, H)-weakly closed
relation, supported by non-trivial examples. Utilize this notion to common fixed point
theorem for pair of mappings satisfying generalized contraction involving rational terms
and auxiliary functions in the context of relation theoretic metric space, without imposing
completeness of the space. Further, to guarantee the uniqueness of fixed point, we assume
that the space X is R-directed. Additionally, examples with graphical representations are

provided to validate the main results.

1. INTRODUCTION

Fixed point theory is an important field of research with broad applications,
especially in the sciences and engineering. Its wide applicability makes it a
powerful component of Mathematical analysis. The Banach contraction prin-
ciple [6] is widely recognized as a fundamental theorem in nonlinear analysis.
Over the past 100 years, many researchers have built on this finding by making
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the class of underlying metric spaces better and lowering the conditions for
contraction [4, 8, 9, 25].

Jungck [11] was the first person to put forward the idea of coincidence
and common fixed point in a formal way. Jungck came up with the idea of
commuting mappings, added a pair of self-maps to the Banach contraction
principle, and proved the common fixed point theorem in a complete metric
space. In subsequent year, numerous authors have developed several general-
izations satisfying several kind of contractions. Few of them can be found in
[12, 18, 27, 32] and references there in.

On the other side, there have been numerous exciting developments in the
field of existence of fixed point for self-mappings in metric spaces endowed
with arbitrary binary relation. To have a more thorough understanding, we
encouraged the readers to explore the work of Turinici [29, 30, 31], Ran -
Reurings [24], Nieto and Lopez [20, 21], Nashine and Samet [19], Samet and
Turinici [26], Ben-El-Mechaiekh [7], Mani [15, 16, 17], Pingale et al. [5, 22]
and the references there in.

Another new variant of Banach contraction principle was proposed by Alam
and Imdad [2], in 2015, on complete metric space endowed with a binary rela-
tion. Such kind of fixed point results are commonly knows as relation theoretic
metrical fixed point theorems. Contraction conditions proposed, extended or
generalized in relation theoretic metric spaces are relatively weaker than the
usual contractions, as it only needs to be satisfied for elements which are closed
under the arbitrary binary relation. In 2021, Faruk et al. [13], coincidence
point theorems are established for weak contraction type mappings by employ-
ing a novel auxiliary function, within the framework of a metric space equipped
with an arbitrary binary relation in the setting of (G, H)-closedness. In 2022,
Sun and Liu [28] obtained some coincidence and common fixed point theo-
rems for mappings via hybrid contractions and auxiliary functions in relation
theoretic extended rectangular b-metric spaces. In last few years, numerous
researchers have expanded and diversified the fixed point results equipped
with binary relation in various manners. For further details, one can refer
[1, 10, 23, 33, 34].

A metrical coincidence and common fixed point theorems are usually proved
by utilizing the notions of R-commutativity, R-continuity, R-completeness
along with the contraction conditions. Our main purpose of this work is to
relax these assumptions and derive some common fixed point theorems. In
order to prove our result, we first define the notion of (G, H)-weakly closed
relation supported by illustrative examples, and utilized this notion to give the
existence of common fixed point for pair of self mappings in relation theoretic
metric spaces. To guarantee the uniqueness of the common fixed point, we
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further assumed that the space X is R - directed. Finally, in support of our
findings, some illustrative examples along with graphical representations are
presented.

2. PRELIMINARIES

As abbreviations, throughout the paper, we will use the nonempty set X,
nonempty binary relation R on X, set of nonzero positive integers N and set of
whole numbers Ny. Let us recall some notable notations and related findings
on binary relations, which will be quite useful in proving our main result.

Definition 2.1. ([2]) Let X be a nonempty set. A subset R of X? is said to
be a binary relation on X, if for each pair o,¢ € X, the following conditions
are satisfied:

(1) (o,5) € R; means that p is R-related to ¢ or p relates to ¢ under R.
(2) (0,5) ¢ R ; means that p is not R-related to ¢ or p does not relates to
¢ under R.

Remark 2.2. Trivially, X? and () being subsets of X? are binary relations on
X, which are respectively called the universal relation (or full relation) and
empty relation.

Definition 2.3. (][2]) Let X be a nonempty set and R is a binary relation on
X.

(1) The inverse, transpose or dual relation of R, denoted by R ™!, is defined
by
R ={(0,5) €X?:(s,0) €R}.
(2) The symmetric closure of R, denoted by RS, is defined to be the set
RUR™! (ie., RS = RUR™Y). Indeed, R® is the smallest symmetric
relation on X containing R.

Proposition 2.4. ([2]) For a binary relation R defined on a nonempty set X,
(0,¢) € R if and only if [0,5] € R.

Definition 2.5. ([2]) Let X be a nonempty set and R be a binary relation on
X. A sequence {p,} C X is called R-preserving, if

(Qna Qn+1) €R, Vn € Ny.

Definition 2.6. ([2]) Let X be a nonempty set and R be a binary relation on
X. Then a map G : X — X is said to be G-closed, if for each p,¢ € X,

(0,5) € R implies (Gp,Gs) € R.
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Definition 2.7. ([3]) Let X be a nonempty set and R be a binary relation
on X. Then the maps G,H : X — X are said to be (G, H)-closed, if for each
0,6 € X,

(Ho,Hs) € R implies (Go,Gs) € R.

Definition 2.8. ([26]) Let X be a non empty set and R is a binary relation
on X. A subset D C X is called R®-directed if for each pair o,¢ € D, there
exists z € X such that (9,2) € R and (s, z) € R.

Definition 2.9. ([14]) A function « : [0,00) — [0,00) is known as altering
distance function, if the following properties are satisfied:

(1) « is monotone increasing and continuous,
(2) a(t) =0 implies t = 0.

3. (G, H)-WEAKLY CLOSED RELATION: DEFINITION AND EXAMPLES

We start this section by presenting the definition of weakly closed relation
followed by examples with graphical representation.

Definition 3.1. Let X be a nonempty set and G, H : X — X are maps. Then
a relation R defined on X is said to be (G, H)-weakly closed, if for each ¢ € X

(Go,HGo) € R and (Ho,GHo) € R.

The following are some examples of (G, H)-weakly closed relations.
Example 3.2. Let X = [1,00). Define mappings G, H : X — X by
Go=2p and Ho = ¢° for all p € X.
Further, define a binary relation R on X by
R = {(0,6) € X*:p <<}
Then for each g € X,
HGo = H(Go) = 80" > 20 = Go,

implies that (Go, HGo) € R.
Again,
GHo = G(Ho) = 20° > 0® = Ho,
implies that (Ho,GHo) € R. Thus the relation R defined on X is (G, H)-
weakly closed.



On relation theoretic common fixed point theorems 983

80 T T T T T 16

70

60

50

40

30

20

10

(a) (b)

FIGURE 1. (a) Graphical Behaviour of inequality Go < HGo,
and (b) Graphical Behaviour of inequality Ho < GHp in the
context of Example 3.2. Then, the maps G and H are weakly-
closed relation.

Example 3.3. Let X = [0, 30]. Define mappings G, H : X — X by
Go=o0+1 and Hp = e® for all p € X.
Further, define a binary relation R on X by
R ={(0,5) € X*: 0 <}
Then for each g € X|
HGo = H(Go) = ¢#*' > 0 +1=Go,

implies that (Go, HGo) € R.
Again,
GHo=G(Hp) =e?+1>e® =Hop,

implies that (Ho,GHo) € R. Therefore, the relation R defined on X is (G, H)-
weakly closed.

Example 3.4. Let X = (0,2). Define mappings G, H : X — X by

ggzg and Ho = o? for all p € X.

Further, define a binary relation R on X by
R={(0.5) €X?: 0>},



984 Anjana, Naveen Mani and Rahul Shukla

Then for each g € X,

¢ o
HGo =H(Go) = T <3~ Go,
implies that (Go, HGo) € R.
Again,
2
GHo=G(He) = % < 0 =Ho.

implies that (He,GHo) € R. Then for each p € X, the relation R defined on
Xis (G, H)-weakly closed.

Example 3.5. Let X = (0,1). Define mappings G, H : X — X by
1 1
Go=- and Ho= —— for all p € X.
0 L

Further, define a binary relation R on X by
R = {(0,5) € X*: 0> ¢}.
Then for each g € X,

1
HGo =H(Go) = Vo < 2 =Go,

implies that (Go, HGo) € R.
Again,

1
GHo=G(Ho) = Vo< — =Ho,
(Ho) = Ve 7
implies that (He,GHo) € R. Then for each p € X, the relation R defined on
X'is (G, H)-weakly closed.

Remark 3.6. It is important to note that the mappings and relation defined in
Example 3.5, are neither G-closed nor H-closed. However, the pair of mappings
(G, H)-weakly closed.
Indeed, let o = % and ¢ =
(3,1) € R. But
1

g(ﬁ) —244= g(i) = 4 implies (Q(;)ﬁ(i)) ¢R.

are such that % > i. This implies that

=

Similarly,

1

M(3) = 1414214 % H(;) = 2 implies (H(;),H(4)> ¢R.
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4. COMMON FIXED POINT RESULTS UNDER (G, H)-WEAKLY CLOSED
RELATIONS

In this section, we utilize the definition of (G, H)-weakly closed relation to
prove the existence of common fixed point for pair of self mappings in relation
theoretic metric spaces. Later, we prove another result that guarantees the
uniqueness of common fixed point for maps under certain assumptions on the
space X.

For a given binary relation R, and self-mappings G and H on a nonempty
set X, we use the following notations:

(1) X(G,R) = {00 € X: (00,G00) € R},
(2) X(gvHvR) = {QO e X: (gQO7HQO) S R}

Theorem 4.1. Let R be a arbitrary binary relation defined on a nonempty
set X, and let d be a metric defined on X such that (X, d) is a relation theoretic
metric space. Define self-maps G, H : X — X such that the following conditions
hold:

(1) X(G,H,R) #0,
(2) R is (G, H)-weakly closed,
(3) for all o,s € X with (o,5) € R, the mappings G and H satisfy

a(d(Go, Hs)) < B(M(e,9)), (4.1)
where
d(s, Hs)d(0,Go) d(s, Hs)[1 + d(e,Go)]
Mo <\ S e 2 6

a :[0,00) — [0,00) is an altering distance function and 3 : [0,00) —
[0,00) is a continuous function such that

0 < B(s) <als), ¥s>0. (4.3)
Then G and H have a common fized point in X.

Proof. Since X(G,H,R) is nonempty, therefore, there exists gp € X such that
(Goo, Hoo) € R. If Goo = Hoo = 00, then gp is a common fixed point of maps
G and H. This established the proof.
Assume that Goy # Hoo # 0o- Therefore there exist some other points, say
01,02 € X, and a sequence {g;} such that
So =Goo = 01 and ¢; = Ho1 = 09.
Since 0o, 01, 02 € X, and the relation R is (G, H)-weakly closed, then, we have

(Goo,HGoo) € R and (He1,GHo1) € R,
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implies
(01,Ho1) € R and (p2,G092) € R,
further, implies
(01,02) € R and (o2,03) € R.

Proceeding in this manner we can, in a general sense, choose two sequences
{02}, {02i+1} C X, and a sequence {¢;} such that

02i+1 = G02i = <2,
02i+2 = Ho2it1 = 2i+1, Vi€EN. (4.4)

Further, on using the fact that relation R is (G, H)-weakly closed, we have
(Go2i, HGo2i) € R and  (Ho2i1,GHo2i11) € R,
implies
(02041, Ho2i41) € R and  (02i42,G02i42) € R,
this gives that
(02i+1, 02i+2) € R and  (02i42, 02i+3) € R
and so,
(s2iy52i41) € R and  (S2i41,%i4+2) € R, for all i € N,

which yields that the sequence {¢;} is R-preserving.
Assume that

G2i = S2i41 for ¢ ¢ N. (4-5)

Since ¢o; and ¢g;41 are R-preserving. Therefore, for all ¢ € N, on substituting
0 = 02; and ¢ = 9,11, and making use of Eq.(4.4) in Eq.(4.1), we get

(d(Go2i, Ho2it+1))

a(d(s2i, s2i41)) = «
< B(M(02i; 02i41)), (4.6)
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where
d(02i+1, Ho2i+1) d(02i, G02i)

o 1 + d(02i, 02i+1)
Me2is 02i41) € d(02i41, Ho2i+1) [1 + d(02i, Go2i)]

1+ d(02i, 02i+1)
d(02i+1, 02i+2) d(02i, 02i+1)

1+ d(02i, 02i+1)
d(02i+1, 02i+2) [1 + d(02i, 02i+1)]

1+ d(02i, 02i+1)

d(02i41, 02i+2) d(02i, 02i+1)
= ) d 02i+1, 02i+2
{ 1+ d(02i, 02i+1) (024 +2)

d(s2i, 2i+1) d(S2i—1,2:) }
C , d(S2i, 2 . 4.7
- { 1+ d(s2i—1,%2i) (521> aie) (1)

N

This implies that: Either

d(<2i, $2i+1)d(2i—1,2i)
1+ d(s2i—1,%2i)

M(in, sz'+1) =
or
M(02i, 02i+1) = d(S2i, S2i+1)-
d(<2i, $2i+1)d(s2i—1,<2i)
1+ d(s2i—1,%2i)

d(<2i, S2i+1)d(S2i—1, S2i
a(d(S2i; s2i+1)) = a(d(Go2i, Hozit1)) < ﬁ( <§21 f;(lglf? QI‘)Q )> (4.8)

Suppose, M(09;, 02i+1) = , then from (4.6), we get

d($2i, $2i+1)d(2i—1,$2i)
1+ d(s2i—1,%2i)
d($2i, $2i+1)d(S2i—1,$2i) d(<2i, $2i+1)d(S2i—1,$2i)
I3 <« i
1+ d(s2i—1,%2i) 1+ d(s2i—1,%2i)
d(<2i—1,2i)
1+ d(s2i—1,%2i)

d($2i, S2i4+1)d(S2i—1, S2i) )
< d G2y S2i 9
( 1+ d(s2i—1,2i) (52irs2in)

and hence, by using the monotonic property of a, we have
d(<2i, S2i+1)d(S2i-1, §2i)) ( )
« < af d(s9;, <2 . 4.10
( 1+ d(c2i—1,2i) (<2is i) (4.10)
Combining Eq. (4.8), Eq.(4.9) and Eq.(4.10), we get

Since

> 0, then on using the condition (4.3), we get

(4.9)

Since 0 <

< 1 for all 7 € N, we have

a(d(s2i, s2i+1)) < a(d(s2i, $2i41))-
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If M(02i,02i+1) = d(s2i,%2i+1), then again from (4.6), we get

a(d(s2i s2i41)) = a(d(G o2, Ho2it1))
< B(d(s2i,S2i41))
< a(d(S2i5 $2i+1))- (4.11)

Thus, we arrive at a contradiction due to the positivity of a/(d(s2;, 2i+1)) when
d(s2i,s2i4+1) > 0, since « is an altering distance function. So our assertion in
(4.5) is false. Therefore, ¢o; = 2,41 for some i € N. That is, for some i = k,
we have ¢, = ¢or11. Hence, from Eq. (4.3), we obtain

Ho2it1 = 02i42 = 02i41 = V (say).

Consequently, we have Hv = v.
Next, we claim that v is also fixed point of map G. Since v € X(G,H,R).
Thus, we have (Gv, Hv) € R. Substitute, o = ¢ = v in Eq. (4.1), we have

a(d(Gr,v)) = ald(Gr, Hv)) < BM(v, 1)), (4.12)

where

M(v,v) € { d(v, Hv) d(v,Gv) d(v, Hv) [1 + d(v,Gv)] }

1+d(v,v) 1+d(v,v)
d(v,v)d(v,v) d(v,v)[l1+d(v,v)]
< { 1+d(v,v) ’ 1+d(v,v) }

= {0}. (4.13)
In view of Eq.(4.12), we have
a(d(Gv,v)) = a(d(Gr, Hv)) = B(0).
On using Eq.(4.3) and the fact that o and § are continuous at 0, taking
s — 01 gives 4(0) = 0. Thus, d(Gv,v) = 0. that is, Gv = v. Therefore, we get

Gv = Hv = v. This proves that v is the common fixed point of maps G and
H. O

Remark 4.2. From Eq.(4.1) it can be observed that if [ is a fixed point of H,
then Gv =1V (v,1) € R. This implies that every fixed point of H is also a
fixed point of G.

In the subsequent result, we build upon the foundation established in Theo-
rem 4.1 by extending its scope to guarantee the uniqueness of a common fixed
point, under the assumption that the space X is R® - directed.

Theorem 4.3. Under the assumptions of Theorem 4.1, further suppose that
the space X is RS-directed. Then the mappings G and H admits a unique
common fixed point.
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Proof. Assume on contrary that maps G and H have two common fixed points,
say v, p with v # p such that

Gv=Hv=v and Gu=Hp=p. (4.14)
Since v # u, then d(v, u) > 0. We are required to show that v = p.

To prove this, we will consider two different cases:

Case-1: If v is related to p i.e., (v,u) € R. Then, from Eq.(4.14), v = Gv
is related to u = Hp, and so (Gv,Hu) € R. Further, from Remark 4.2, we
have Gv = p. Thus from Eq. (4.1), on substituting o = v and ¢ = u, we have

o(d(v, 1)) = a(d(Gr, Hr)) < BM(v, 1), (4.15)
where
d(p, Hp)d(v, Gv) d(p, Hp)[1 + d(v,Gv)]
M(”’“)e{ Trdw ] [+ dw) }
. {d(m Wd(,v) d(u, )1 + d(v, )] }
Nt do] [+ )]
— {0} (4.16)

Eq. (4.15) gives that
a(d(v, 1)) < B(0). (4.17)
On using Eq.(4.3) and the fact that o and S are continuous imply that

B(0) = 0. Therefore, d(v,u) = 0. This is a contradiction to our assump-
tion that d(v, u) > 0. So, our assumption is wrong and hence v = p.

Case-2: If v is not related to y, that is, (v,u) ¢ R. Since R°-directed,
therefore there exist a 0 € X, different from v and p, such that 0 is related to
v and 0 is related to pu. That is,

(r,0) e R and (u,0) €R.
Conversely, on using Eq.(4.14), we have
(Grv,HO) € R and (Gu,HO) € R.
It implies that
(v,H0) € R and (u,HO) € R.

(1) First assume that if (v, H8) € R. Then from Eq. (4.1), on substituting
o=v and ¢ = 6, we have

a(d(v,HO)) = a(d(Gr, HO)) < B(M(v,0)), (4.18)
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where
d(0,HO)d(v,Gv) d(0,HO)|1+ d(v,Gv
<, 20301t
c {d(&,@)d(v, V)’ d6,0)[1+d(v,v)] }
14 d(v,0)] 1+ d(v,0)]
= {0}. (4.19)
Eq. (4.18) gives that
a(d(v,HO)) < 5(0). (4.20)

Again, on using Eq.(4.3) and the fact that o and § are continuous
gives that 5(0) = 0. Therefore, d(v, Hf) = 0, i.e., HO = v.

(2) Secondly, if (u, Hf) € R, then again from Eq. (4.1), on substituting
o= and ¢ = 6, we have

a(d(p, 1)) = a(d(Gu, HO)) < B(M(1,0)), (4.21)
where
d(0, HO)d(p, Gp) d(6, HO)[L + d(p, Gp)]
e R TR
c {d(&@)d(ﬂ, p) d(8,0)[1+ d(u,u)]}
— L +d,0)] 7 1 +d(w,0)]
= {0}. (4.22)
Eq.(4.21) gives that
a(d(p, 16)) < 5(0). (4.23)

Again, on using Eq.(4.3) and the fact that « and § are continuous
gives that 5(0) = 0. Therefore, d(p, H6) = 0. Thus Hé = p.

As the function H is well-defined, we get HO = 1 = v. This competes the
proof of the Theorem 4.3. O

Remark 4.4. In proving our main result, R-continuity of maps, and R-
completeness of the space not necessary required to guarantee the existence
and uniqueness of common fixed points of maps.

Remark 4.5. If we let G = #H, in above theorems (Theorem 4.1 and Theorem
4.3), is it possible to get fixed point of the map without R-continuity, and
without R-completeness of the space. Here we are leaving this problem for
future research.
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5. COROLLARIES AND NUMERICAL ILLUSTRATION

In this section we first give some consequence finding of our main result,
some of them are generalizations of existing results but some of them are noval
in nature.

On letting «(s) = s in the Theorem 4.1 and in Theorem 4.3, we have the
following results:

Corollary 5.1. Let R be a arbitrary binary relation defined on a non-empty
set X, and let d be a metric defined on X such that (X, d) is a relation theoretic
metric space. Define self-maps G, H : X — X such that the following conditions
hold:

(1) X(G, 1, R) #0,

(2) R is (G, H)-weakly closed,

(3) for all 0,s € X with (9,5) € R, maps G and H satisfies,

d(Go, Hs) < B(M(o,5)), (5.1)
where
d(s, Hs)d(e, Go) d(s, Hs)[1 + d(e,G0)]
M € (G T e
and (3 : [0,00) — [0,00) is a continuous function such that

0<p(s)<s, ¥s>0. (5.2)

Then G and H have a common fized point in X. Further, suppose that the
space X is R°-directed. Then the mappings G and H have a unique common
fixed point.

Lets recall Eq. (4.2) as
d(s, He)d(o,Go) d(s,Hc)[1 + d(e,Go)]
Mle,c) € { [1+d(o,5)] [1+d(o,<)] } '
Then we have following possibilities for M(p,<): Either
B d(s, He)d(o,Go) d(s,Hs)[1+ d(o,Go)]
M(e,s) = max { 1+d(e,s)] = [1+d(e,)] } ’
d(s, H<)d(0,Go) d(s, Hs)[1 + d(o,Go)] }
[1+d(o,s)] *  [1+d(o,)] ’
d(s,Hs)d(o,Go)
[1+d(o,<)]

d(s,Hs)[1 4 d(o, Go)]
[1 +d(e,5)] '

M(o;¢) = min{

M(o,¢) =

or

M(o,¢) =
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On substituting any one of the above possibilities, our next corollary is a
sharpened version of our main result (Theorem 4.1 and Theorem 4.3).

Corollary 5.2. Let R be a arbitrary binary relation defined on a non-empty
set X, and let d be a metric defined on X such that (X, d) is a relation theoretic
metric space. Define self-maps G, H : X — X such that the following conditions
hold:

(1) X(G,H,R) #90,
(2) R is (G, H)-weakly closed,
(3) for all 0,5 € X with (o,5) € R, maps G and H satisfies,
a(d(Go, Hc)) < B(M(e,<)), (5.3)

where « is an altering distance function and [ : [0,00) — [0,00) is a
continuous function such that

0<B(s) <als), Vs>0. (5.4)

Then G and H have a common fized point in X. Further, suppose that the
space X is RS -directed. Then the mappings G and H have a unique common
fixed point.

Next, we provide an example of a metric space equipped with a binary
relation where the mappings are not necessarily continuous, but relation R is

(G, H)-weakly closed.
Example 5.3. Let X = (0,0.7] and let d be a metric defined on X by

lo—]
d = -

Define a binary relation R on X by

R = {(Q, ¢) € X% : oRs implies |o — ¢| > 0},

Then (X,d,R) is a relation theoretic metric space.
Define mappings G, H : X — X by

e if 0,0.7 e if 0,0.7
Go= 41 Te€O0T) 1y gy, 5 Fee0,07)
0.7, if o =0.7 0.7, if o=0.7

Then, clearly, relation R is (G, H)-weakly closed.



TABLE 1. Behaviour of the inequality (4.1) in context of Ex-
ample 5.3 for random values of ¢ and ¢ in X.
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0 S Go Ggs Ho Hs L.H.S R.H.S
Ry Ry
0.100 0.690 0.025 0.172 0.012 0.086 0.003 0.019 0.227
0.110 0.100 0.028 0.025 0.014 0.012 0.000 0.006 0.079
0.150 0.200 0.038 0.050 0.019 0.025 0.000 0.014 0.135
0.200 0.180 0.050 0.045 0.025 0.022 0.001 0.017 0.131
0.250 0.660  0.062 0.165 0.031 0.082 0.000 0.043 0.247
0.300 0.680  0.075 0.170 0.038 0.085 0.000 0.051 0.257
0.350 0.210 0.088  0.052 0.044 0.026 0.003 0.028 0.143
0.400 0.130 0.100 0.032 0.050 0.016 0.006 0.019 0.094
0.450 0.310 0.112 0.078 0.056 0.039 0.005 0.046 0.192
0.500 0.590 0.125 0.148 0.062 0.074 0.002 0.079 0.286
0.550 0.460 0.138 0.115 0.069 0.058 0.005 0.072 0.255
0.600 0.670 0.150 0.168 0.075 0.084 0.004 0.097 0.312
0.650 0.640 0.162 0.160 0.081 0.080 0.006 0.104 0.321
0.690 0.140 0.172 0.035 0.086 0.018 0.018 0.027 0.097
0.700 0.700 0.700 0.700 0.700 0.700 0.000 0.000 0.000

Further, define two mappings 3, « : [0,00) — [0, 00) by

B(e)

4

and a(p) = ¢* for all o > 0.

On referring Table 1, we can see that for all g, € X with (p,¢) € R, we have

where

with

R =

a(d(Ge, Hs)) < BM(e;9)),

M(Qv §) € {R17 RQ}

d(s, Hs)d(e, Go)

[1+d(0,9)]

and

Ry

d(<, Ho)[L + d(e, Ge)]

[1+d(o,9)]

Thus, all the assumptions of Theorem 4.1 are satisfied. Moreover, the maps
G and H have a unique common fixed points 0.7 € X.
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6. CONCLUSION

This article presents the concept of a weakly closed relation for two map-
pings and employs this concept to establish common fixed point theorems in
relation-theoretic metric spaces. The findings were obtained without enforc-
ing the conventional assumption of continuity on the mappings or imposing
the completeness property of the underlying space. We also present several
remarks and illustrative examples to support and validate the significance of
our findings. Graphical representations were provided to illustrate and vali-
date the obtained results.
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