Nonlinear Functional Analysis and Applications

Vol. 31, No. 3 (2026), pp. 1023-1039

ISSN: 1229-1595(print), 2466-0973(online) ‘;
cHF A

https://doi.org/10.22771 /nfaa.2026.31.03.20

http://nfaa.kyungnam.ac.kr/journal-nfaa 1spress

EXPLORING ¢-FIBONACCI NUMBERS IN GEOMETRIC
FUNCTION THEORY: UNIVALENCE AND SHELL-LIKE
CONVEX CURVES

Abdullah Alsoboh!, Ala Amourah?, Elarbi Elkaroui?,
Omar Alnajar?, Abed Al-Rahman M. Malkawi® and Tala Sasa’

LCollege of Applied and Health Sciences, A’Shargiyah University,
P.O. Box 42, Post Code 400, Ibra, Sultanate of Oman
e-mail: abdullah.alsoboh@asu.edu.om
2Department of Mathematics, Faculty of Education and Arts,
Sohar University, Sohar 311, Oman;
Department of Mathematics, Faculty of Arts and Science, Amman Arab University,
Amman 11953, Jordan
e-mail: AAmourah@su.edu.om

3SBCM/IEM program, Faculty of resilience - Rabdan Academy, Abu Dhabi UAE
e-mail: eelkaroui@ra.ac.ae

“Department of Mathematics, Faculty of Science and Technology,

Irbid National University, P.O. Box: 2600 Irbid 21110, Jordan
e-mail: o.alnjar@inu.edu.jo

5Department of Mathematics, Faculty of Arts and Science, Amman Arab University,

Amman 11953, Jordan
e-mail: a.malkawi@aau.edu. jo

SDepartment of Mathematics, Faculty of Science, Applied Science Private University,

Amman, Jordan
e-mail: t_sasa@asu.edu.jo

Abstract. This paper presents a new subclass of convex functions associated with g-
Fibonacci numbers, which is closely connected to shell-like starlike curves. Using the prin-
ciple of subordination and exploiting the inherent properties of g-Fibonacci sequences, we
perform a detailed investigation of the geometric and analytic features of this subclass. In
particular, we identify the ranges of univalence and non-univalence for certain functions be-
longing to this class and clarify their relationship with previously known families of convex
functions.

OReceived January 24, 2026. Revised March 24, 2026. Accepted March 31, 2026.

92020 Mathematics Subject Classification: 46E35, 49K20, 76D05, 35Q30.

9Keywords: Analytic functions, univalent functions, starlike functions, convex functions,
Fibonacci numbers, Fibonacci polynomials, Shell-like curves, quantum calculus.

9Corresponding author: Ala Amourah(AAmourah@su.edu.om) .



1024 A. Alsoboh, A. Amourah, O. Alnajar, A.M. Malkawi, M.M.Al Hatmi and T. Sasa

1. INTRODUCTION AND PRELIMINARIES

Let us denote the family of all analytic functions defined on the open unit
disk @, where € is the set of all complex numbers z = a + b (with a,b € R)
satisfying |z| < 1. Geometrically, & represents the collection of all points in
the complex plane that lie strictly inside the unit circle centered at the origin.

The function f € A is normalized to satisfy the following initial conditions:

J(0)=0 and f(0) =
For every function f € & the Taylor-Maclaurin series expansion can be ex-
pressed in the following form:

[e.e]

z+ZaszS, (ze 0).

s=2

f(2) (1.1)

The concept of subordination [12] has led to a lot of research on the class
of starlike functions S*. Ma and Minda [24] introduced the class

zf/(z)
f(z)

Contemporary research produces several subclasses of starlike functions
with the application of specific forms of 2. Scholars demonstrate adaptability
in their research employing several methodologies. Table 1 delineates these
subfamilies and emphasizes the many starlike characteristics arising from the
different choices 2.

S*(Q):{fesz/: < Q(z), where QeP and zeﬁ}.

TABLE 1. Several subclasses of starlike functions defined via subordination.

Family of starlike functions Author | Ref.
5+ (2 + N ey ) 1tz Janowski | [23]
f(z) 1—2z
"( 1-2
{fEJZ/ 2 ) (1_219)2', 0<19<1} Robertson| [25]
zf’ ) 1 4+ 9222 11— V5 i
{ B gy ¥ = 5 Sokdl | [27]
zf'(z) 3 .
{fe% <3+(19—3)z—192z2’ Ve (-3, 1]} Sokdl | [28]
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Recently, quantum calculus, also known as g-calculus, has garnered signif-
icant interest in the fields of physics and mathematics. Its historical origins
date back to the 19th century when Jackson [21, 22] introduced the g-difference
operator and integral. Subsequently, Aral and Gupta [18, 19] expanded on this
foundational research by examining q analogs of many operators, particularly
in the realm of geometric function theory. Quantum calculus, grounded in
g-differences, extends classical calculus and offers a robust framework for ex-
ploring specific subclasses of analytic functions, such as starlike and convex
functions. In this context, the parameter q is anticipated to satisfy 0 < q < 1,
ensuring the necessary convergence and essential attributes necessary for these
analyzes.

Definition 1.1. ([12]) The g-bracket [x], is defined as follows:

L 0<q<1, AeC*=C\ {0},
1, qg— 0T, e C*,
(K], =1 A, q— 17, AeC*,

v—1
P g2+ +g+1l= 3¢, 0<g<l A=y€eN

\ s=0

Definition 1.2. ([12]) The g—derivative, also known as the g-difference op-
erator, of a function f is defined by

(f(z2) = fa2))(z—q2)7", for 0<g<1, z2#0,
0q(f(2)) = f(0), for z=0,
f'(2), for q— 17, z#0.

In accordance with the foundational principles governing the definition of
the g-difference operator, the associated theoretical framework and corre-
sponding results can be systematically derived. These derivations align with
the established methodologies presented in the reference [17]:

(1) By(z%) = [s],2".

(2) B4(1(2) + 9(2)) = Bg{f(2)) + Bylg(2))

(3) By((2) - 9(2)) = £(32) By (9(2)) + 9(2) . B (02)).
() 1 (162 = BT 000 = 10 Dufo(e),

5@ 9@)9(a)
o 0q(f(z
(5) 8 (log, f(2)) = 2 (W)
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Additionally, Jackson [22] introduced the concept of the g-integral concern-
ing any function f, characterizing it as

[rome=0-nz> e s ), (1.2)
0 s=1

As a specific instance of the g-Jackson integral, we obtain the following
equation:

[0f(Q) o a1,
o/f“) 04 = St Tog, F(2) (1.3

The g-Jackson difference operators have played a crucial role in extending
classical function theory to the realm of g-calculus, by using the principle of
subordination between analytic functions Ucar [29] introduce the starlike class
S5 by
204(f(2)) 1+z

=<

fz) 1—qz

Further, Wongsaijai and Sukantamala [30] introduce S (c) the starlike class
of order o where 0 < a < 1 by

Si(a) = {f c . D) 1+(1-2a)

Szz{fed: (zeﬁ)}, (1.4)

(ze ﬁ)}. (1.5)

f(2) 1—qz
Ismail et al. [20] introduced the class S*(A, B;q) by
. L - 204(f(z)) 1+ Agz
S (A,B,q)—{fed. ) < I+ Byz (ze O)y, (1.6)

where
(A+1)+(A—-1)q (B+1)+(B-1)q
2 2 '

In 2016, Seoudy and Aouf [26] defined the g-convex class Kq(c) for (0 <

a <1) by
1+zc’)§(f(z)>] > a, for all (zeﬁ)}.

Ag = and By =

0q(f(2))

More recently, Alsoboh et al. [4] introduced a significant class of functions,
termed g-starlike functions and denoted by SL;. This class is formally defined

- 28,07 (2))
e

Kq(a):{feﬂzﬂ?e

SLq:{fEd: < Y(z;q) (zEﬁ)}, (1.7)
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where the function Y(z;q) is explicitly given by
1+ qfﬁng

Y(z;q) = 1—Ugz— q19c2‘22 (1.8)
and . n -
R e (1.9)

2q
denotes the g-analogue of the Fibonacci numbers.

A fundamental property of Y(z;q) is its non-univalence in the domain &.
Specifically, it attains the same value at two distinct points:

1
T(0:q)=1 and YT |———q) =1.
(0;9) an ( Qqﬂq,q>

Furthermore, Alsoboh et al. [4] established a fundamental link between the g-
analogue of Fibonacci numbers, denoted by 14, and their associated Fibonacci
polynomials s(q). In particular, they showed that if

o
T(zq) =1+ B,
s=1

then the coefficients ps satisfy the recurrence relation:

Vg, fors=1,
~ 2 1)92 f -9
.= ( q+ ) ga or s R (110)
(3q -+ 1)7g, for s = 3,
(ps+1(q) +aps-1(q)) 95, for s> 4.
where the g-Fibonacci polynomials ¢s(q) are defined as
_ s _ s
(1 —qYq)" — (Yy) ceN. (L11)

vs(q) = NZrES] )

This result establishes a unified framework for investigating the intricate
interplay between g-deformed Fibonacci numbers and their associated poly-
nomial structures, thereby providing deeper insight into their analytical and
geometric behavior within the unit disk. Building on this perspective, the
emergence of g-calculus has played a pivotal role in advancing analytic func-
tion theory, as it enables the construction of new subclasses endowed with
rich geometric and algebraic properties. Consequently, the integration of spe-
cial functions, subordination principles, and quantum operators has become a
central theme in modern geometric function theory.

In this direction, several recent contributions have focused on the devel-
opment of analytic and bi-univalent function classes associated with special
polynomials and g-operators. For instance, Alnajar et al. [3] introduced a
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subclass linked to Touchard polynomials, providing significant coefficient esti-
mates, while Alsoboh et al. [5] investigated bi-univalent functions in leaf-like
domains via subordination and quantum calculus, and later extended these
results to bi-convex classes in [8]. These studies highlight the importance of
geometrically defined domains in shaping the analytic behavior of such func-
tions.

Furthermore, the role of special polynomials in coefficient problems has
been systematically explored. In particular, the application of Faber poly-
nomials in [9] led to sharp coefficient bounds for subclasses of bi-univalent
functions. This line of research was further enriched by linking geometric
structures with special sequences, as demonstrated in [7], where bi-starlike
and bi-convex classes associated with shell-like curves and the g-analogue of
Fibonacci numbers were introduced. In addition, the use of g-ultraspherical
polynomials together with fractional integral operators in [2], as well as sub-
classes subordinate to Gegenbauer polynomials studied in [1], further illustrate
the effectiveness of special functions in capturing geometric properties.

Parallel to these developments, recent works have also emphasized the
synthesis between subordination theory and quantum calculus techniques.
Amourah et al. [15] constructed a bi-starlike class in a leaf-like domain using
g-calculus, offering a novel geometric viewpoint, whereas Alsoboh et al. [10] de-
rived Fekete—Szego inequalities for subclasses associated with g-ultraspherical
polynomials. Moreover, the incorporation of probabilistic structures into geo-
metric function theory was explored in [14, 16], where subclasses defined via
the bell distribution and subordinated to Gegenbauer polynomials were ana-
lyzed.

From an operator-theoretic perspective, the differential sandwich approach
introduced by Yousef et al. [31] provides a powerful framework for studying p-
valent functions involving generalized differential and integral operators. This
approach complements the operator-based developments in quantum calculus,
such as the study of harmonic functions associated with g-operators in [6]
and the introduction of new subclasses defined by g-differential operators with
respect to k-symmetric points in [11, 13].

Overall, these contributions collectively demonstrate that the interaction
between special functions, geometric domains, and g¢-calculus forms a rich
and evolving framework for the study of analytic and bi-univalent functions,
thereby motivating further investigation into more generalized subclasses and
their associated coefficient problems.
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2. DEFINITION AND EXAMPLE

Motivated by g-Fibonacci numbers, this section will now look at a novel
subclass of analytic functions. This subclass unifies the conventional theory
of analytic functions and highlights other geometric and analytic features re-
vealed by such functions by means of q Fibonacci numbers. This subclass
develops new ideas for comprehending the connections among geometric an-
alytic functions, Fibonacci-type sequences, and g-calculus and enhances the
previous theory.

Definition 2.1. The function f belongs to the class KSL, if and only if
207 (f(2))
9q(f(2))
where Y(z;q) is given by (1.8).

1+ < Y(z;q) (ze€ 0), (2.1)

Remark 2.2. If f € KSLg, then by (2.1)

KSLq C Kq(0), (2.2)
where o = zv(f:'jrrll) which means that if f € KSLg, then it is convex of order o

and hence univalent on the unit disk &.

Example 2.3. If ¢ — 17 in Definition 2.1, we obtain the class KSL =
lim KSL, defined as follows: A function f belongs to the class KSL if and

q—1-

only if
zf"(2)
14— < T(z),
7w <T@
where
1 + 9222 1-+5
T(Z) - 1 o 02 o 192227 ’19 - 2 . (23)

3. PRELIMINARY LEMMAS

For an in-depth understanding of the class KSLg, it would be worthwhile
here to find the shape of the curve Qg = T(e'%;q), 0 € [0,27) \ {7}. We
begin our study by noting that

1 1+4q
T(0;q) =T <2q19 ;q> —1 and T(L;q) =T (q'0;q) = \/T
q

Moreover, the curve €y has the following cases:
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(1) In the range of q where q € (§,1), we observe that

Y

T (ej:i arccos(1/4q)> _ Vig+1

4q+1

imply that the curve € intersects itself on the real axis at the point

VEIRRY Consequently, € forms a loop that intersects the real axis at

4q9+1
. _ VA4g+1 _ VA4gq+1 .
two points, e; = ¥—-— and ey = “TgrT 0 See Fig 1.

(¢) ¢ =10.50 ! (d) ¢ =10.30

FIGURE 1. Boundary curves Q, = Y(e'; q) for selected values
of ¢, where 6 € [0,27) \ {w}. The plots illustrate the variation
in the geometry of 2, as the parameter ¢ decreases from 1 to
0.30.
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9  VAq+1 B 1
q q €1 = B €2 = \/m

1.00 | —0.6180 1.1180 0.4472

0.84 | —0.6477 1.0440 0.4789

0.50 | —0.7321 0.8660 0.5774

0.30 | —0.8054 0.7416 0.6742
At these intersections, along with the presence of the asymptote and loop,

we have

: x €Y. _ : x €Y. _

51_137{17 Sm (T(e);q) = —o0  and 51_1>r71r1+ Sm (T(e'%); q) = oo.

(2) In the range of q where q € (0, %), the curve takes a similar appearance of
a conchoid without any loops. See Fig. 7?7 for visual representations of €2,
corresponding to various q values.

2 S(w) 21 §(w)
1.5 1 1.5
1 1l
0.5 %(’w) 0.5 %(w)
012 0.‘4 0.6 018 i 1.‘2 012 014 0.6 0.‘8 i 1‘.2
—0.5 —05 |
—1 -1
—1.5 —-1.5
) —9
(a) ¢ =0.20 (b) ¢ =0.10

FIGURE 2. Boundary curves §}; = Y(e?;q) for ¢ = 0.20 and
q = 0.10, where 0 € [0,27) \ {7}.

If we denote
Re {T(e’f; q)} = and Sm {T(e’f; q)} =y, 0 €[0,2m) \ {r},
then after simple calculations, we get the following.

VIgF1 2@%&9)(4‘1‘3050_1)

p— d pu—
X T o1+ 29— 2qcos0) Y T T (14 29 — 2qcos6)

, (0 €[0,2m)\{7}).

(3.1)
It is useful here to use (2.1) to find the corresponding Cartesian equation of
the curve €)y. This curve is described by the equation

[2(1 +4q)s — \/ﬂ} y2 = (\/m— 2%) (\/M,%f 1)2. (3.2)
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The curve known as the conchoid of Sluze is described by the equation:
o = 0) (5 +y*) + 17" =0, (o,n>0). (3.3)

It is worthy to point out that for n = 2p, the equation for the conchoid of
Sluze (3.3) becomes the trisectrix of Maclaurin

3 4 (3 — 0)y* + 305 = 0, (3.4)
If we express equation (3.2) in the following form:

(W _%>3+ (49— 1)y/Aq + 1 <\/4q+1 _%>2

4q9+1 2(4q9 + 1) 49+ 1 (3.5)
KWH_}Q_MH} 2_
1 +1 24q+ 1|7 ~

The image of the unit circle under the function Y(z;q) is therefore converted
into a curve specified by Eq. (3.4), where

C1-2q9,  VAqFI
®ToUg+r1)  2Mdq+1)

Therefore the curve €1y displays a shell-like configuration and is symmetric
about the real axis, as illustrated in Fig. 1 and Fig. 2.

Lemma 3.1. ([4]) The function Y(z;q) is univalent within the disk

1+q- (1+q)2+1} 56)

Dq:{z:\z]<rq: 70
q

and is not unialent in any disk with a radius equal to or greater than ry.

Lemma 3.2. ([4]) Let f be given by (1.1) and belong to the class SLq. Then,
the coefficients satisfy the bound

’a5| < |§q|571905(q)7 s=2,3,4,---, (37)
where Vg = 1=+l ”;:qﬂ and @s(q) is given by (1.10). Moreover, this bound is

sharp and is attained by the function

~ z

Y(z;q) = .
(27 q) 1 19qZ — C|19¢2,22

(3.8)
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4. MAIN RESULTS

In the first theorem, we determine the sharp upper bound for the coefficients
of functions boling to the class KSL,.

Theorem 4.1. Let f be given by (1.1) and belong to the class KSLy. Then,
the coefficients satisfy the bound

s—1
’a5| SMﬂ 52273747"' ) (41)
[s],
where ¥4 = l—v;:q—&-l and @s(q) is given by (1.10). Moreover, this bound is
sharp and is attained by the function
~ qg—1 1+z
f(z) = log <> . (4.2)
(logq)(1+qv2) ~'\1 - qv2z

Proof. A function f is in the class KSL, if and only if there exists a function
g € SL, such that

g(z) =z94(f(2)) for all (z € 0), (4.3)
or equivalently
= / @ or all (z
f(z) = / c 0q¢ for all (z € 0). (4.4)

The relations (4.3) and (4.4) follow directly from (1.7) and (2.1). Therefore,
if

zﬁq(f(z)>:z+2(sjqaszs (ze 0), (4.5)
s=2

belongs to the class SL, then by Lemma 3.2, we conclude that

[s],las] < 94" os(a),

which establishes (3.7) is such that z94( f(z)) = Yo(z; q), where the function

T(z;q) is given in (3.8), and hence by (4.3), it follows f € KSL;. Moreover,
by (3.8), we get

- o0 s—1
f@) =2+ Wzs (ze 0). (4.6)
s=2 q

Thus, the result (4.1) is sharp. O
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Corollary 4.2. If a function f of the form (1.1) is in the class KSL =
lim KSL,, Then, the coefficients satisfy the bound

q—1-
|19’571905
)

’as| <
S

52273747“"

where 9 = 155, Moreover, this bound is sharp and is attained by the function

2
~ 1 1+z
o) = gy o <1 - 1922) '

Corollary 4.3. ([27]) If the function f belongs to the class SL, then

s < s—1
Jim fas| <[9P s

This result is sharp for the function

~ z 1—\/5
T(2;1):17292715‘2227 V= 2

Theorem 4.4. A function f of the form (1.1) is in the class KSLq if and only
if there exists a function p where p < Y such that

flz) = <1°gq>2/ozequ [/OC“(f)é_lmg] 9,¢, zed.  (47)

q—1
Proof. 1t is known that a function g € SL; can be expressed by
lo z -1
g(z) =z <gq> equ/ &5‘15, (4.8)
q—1 0 §

where p1 < Y. In view of (4.3), we infer that f € KSLq if and only if g(z) =
z04(f(z)) with g € SL;. Applying g-Jackson integral on (4.8), we obtain
(4.7). O

Corollary 4.5. A function f of the form (1.1) is in the class KSL = lim KSL,

q—1-
if and only if there exists a function p where p <Y such that

£(z) = /0 exp [/OC ““2‘%} i, z€0. (4.9)

Theorem 4.4 provides us a method of finding the members of the class KSL,.

Theorem 4.6. If a function f belongs to the class KSLy, then there exists a
function g € S*(0, —19?'; q) and a function h € S;(%) such that

20,(f(2) = 9(2)-hz)  (z¢€ O). (4.10)
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Proof. f € KSLg, then by Theorem 4.4, there exists analytic function w(z)
with w(0) =0 and |w(z)| < 1 for z € & such that

20,(/(2)) = 2 2 exp, [/OW aqg]. (4.11)
Observe that
T(W(E)q) = g — 1, (4.12)

1—q2qw(z) 1+ w(z)

so we can rewrite (4.12) in the form

logq\? * e L * T~
220 z :< )zgex /_quz5 —I—/“5
1
log q / ? e L
= zex — = 5
qg—1 pqlo § *

log q 1 1()_1
+w(z

X zexp /5

qg—1 q[o 3 q§]

— 9(2) - h(2).

(4.13)

Using the structural formulas for the class S*(A, B;q) and the class S;(«)
we can find the functions g and A defined by (4.13) satisfies g € S*(0, 192 )
and a function f € Sg( 1), respectively.

Theorem 4.7. If f € KSL,, then

1+t -1 1 1+ qv;
( +2r(i_1 < |f(2) ]<‘f—r’ 1+q1921gq< 1jrqr> (4.14)
and
1 . L
< 0q(f(2)] < 0g(f(=1)) = ; . (4.15)

L+ (14 qi2)r + qiar L+ Jqr — qar?

Proof. Let f € KSL4 be of the form (1.1) , and let us denote by p the coefficients

of the function f given by (4.6). Then by (4.1), we have |as| < [ps| for each

s—1
integer s > 0. Notice that the even coefficients ps = %4 (st(q) are negative,
q

while the odd coefficients are positive. If z = re??, then from the coefficient
inequality |as| < [ps|, we obtain

o oo [oe)
2 =r+ ) as[r <r+ D Bl =r+ > Pe(—1) = —f(-r),
s=2 s=2 s=2
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which yields the upper bound of (4.14). Analogously, we obtain

|8q<f(z)>’ =1+ Z(SansZ%l
s=2

00

<1+ [s],las|lz*!
s=2
00

<1+ [s],[psllz*™
s=2

[e%S)
<1+ fs],[pslr
s=2

= 1—[2],por + [3],psr* — [4] par’ + - --

= 0q(f(-=1)),
and we obtain the upper bound of inequality (4.15). It is easy to see that
the upper bounds are sharp, being attained by the function f € KSL, at
the point z = —r. To find the left-hand side of the inequality (4.14), since
g € S*(0, —ﬁg;q), then for z=r for 0 <r < 1, we have
r
— < . 4.16
g <19 (1.16)
Moreover, if h € Sa‘(%), z=rfor 0 <r < 1, we obtain
r
1+4r
By Theorem 4.6, we have |22 8,(f(2))| = |g(z)| - |h(z)| with g € S*(0, —95; q)
and h € S;(%), and multiplying the respective sides of (4.16) with those of
(4.17), we thus obtain the left-hand side of (4.15).
To prove the left-hand side of the inequality (4.14), we note that by (2.2)

if f € KSLyq, then f € Ky(o) is convex of order o. The desired inequality will
now follow from the well-known inequality for |f(z)| with f € Kq(o). O

< |h(z)|. (4.17)

Corollary 4.8. If a function f of the form (1.1) is in the class KSL =
lim KSLg, then

q—1-
L4+r)2-t—1 ~ 1 1+ 92
B = <@l < [Fen| = o ()

20 -1 1—r

and
1 ~ 1

<|f@)| < fl(-r)= —————
1+(1+192)r+192r_|f(2)’_f( ") 1+ 0r —92r2’
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where ¥ = %

5. CONCLUSION

This study introduces and rigorously investigates a novel subclass of convex
functions associated with g-Fibonacci numbers and g-polynomials, intricately
linked to shell-like starlike curves. Employing subordination principles and
using the structural properties of g-Fibonacci sequences, we perform a com-
prehensive analysis of the geometric and analytic characteristics of the sub-
class. Specifically, we delineate the intervals of univalence and nonunivalence
for certain functions within this class and establish its connections with ex-
isting convex function families. Furthermore, we derive sharp upper bounds
for growth and distortion of the coefficients associated with functions in this
convex class, thereby providing significant insights into the interplay between
Fibonacci-type sequences and the geometric behavior of analytic functions.

The results given are expected to inspire curiosity among the scholarly com-
munity and encourage more research on the uses of g-calculus in geometric
function theory and related fields. This work underlines the prospect for new
interactions between Fibonacci-type sequences and the geometric features of
analytic functions, therefore laying a basis for next investigations and advanc-
ing both theoretical and practical realms.
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