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1. INTRODUCTION

Matrix theory and its applications continue to play a central role in mod-
ern mathematical analysis, particularly in the study of matrix-valued func-
tions, special functions, and nonlinear structures. Recent developments have
highlighted the importance of generalized matrix functions and fractional cal-
culus in extending classical results and providing new analytical tools; see,
for instance, [4, 11, 17]. Moreover, investigations into polynomial structures,
spectral properties, and numerical approximation methods have further en-
riched this field and broadened its applicability in both theoretical and com-
putational contexts [3, 1]. In addition, fractional calculus has emerged as
a powerful framework for modeling complex systems and enhancing the un-
derstanding of matrix-based formulations [2]. These advancements motivate
the continued exploration of nonlinear matrix expressions and their associated
rank properties.

Throughout this work, all m x n complex matrices are denoted by C"*",
and the symbols r(A), A*, and I, stand for the rank of A, the conjugate
transpose of A, and the identity matrix of order n, respectively. The Moore—
Penrose inverse of a matrix A € C™*" is the unique matrix 7" € C™*™ that
satisfies the following four matrix equations:

(1) ATA=A, (2)TAT =T, (3)(AT)" = AT, (4) (TA)" =TA.

It is frequently denoted by AT. The Moore-Penrose generalized inverse has
been the focus of extensive research efforts; see ([6, 7, 16, 18]). We denote by
Ep=1, — AA" and Fy = I, — AT A the two orthogonal projectors induced
by A € C™*",

The rank of a matrix is a fundamental concept in linear algebra. It changes
as the matrix’s arguments vary. Since the rank is always a finite nonnega-
tive integer, matrix expressions involving variable arguments must have well-
defined maximum and minimum ranks. In Lemma 2.1 of the following section,
Matsaglia and Styan [15] demonstrate the application of various formulas that
simplify intricate matrix expressions or equalities, thereby enhancing the un-
derstanding of partitioned matrices with orthogonal projectors. The maximal
and minimal ranks of a matrix expression determine the dimensions of the
associated row and column spaces. These ranks can be computed efficiently
using established elementary block matrix operations.

The maximal and minimal ranks of matrix expressions with variable entries
are closely linked to numerous problems in matrix theory and its applications.
For instance, all solutions of the matrix expression A— BX C' preserve invariant
rank if and only if m)e(xxr(A—BXC) = m)}nr(A—BXC). Furthermore, BXC =
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A is solvable for X if and only if rr}}nr(A — BX(C) = 0. The matrix equation
BXC = A holds for all matrices X if and only if m)z(xxr(A — BXC(C)=0.

The maximization and minimization rank problems for matrix expressions
have been extensively studied by numerous authors. For instance, in [26],
Xiong et al. studied the extremal ranks of the matrix expression A— B1 X1C1 —
By X9(C9 — B3 X3(C3 — B4 X4Cy4 with respect to X7, Xo, X3, and X4, and then
derived applications to the Schur complement and partial matrices. Tian [20]
provided closed-form formulas for the extremal ranks of the quadratic matrix
function A — (A1 — C1X1B1)D(A2 — C2X9Bs) with respect to X; and Xo,
and established equivalent conditions for the solutions of two linear matrix
equations to be orthogonal and proportional.

In [22], He investigated rank, inertia, maximization, and minimization prob-
lems in the Lowner partial ordering for the quadratic Hermitian matrix func-
tion f(X) = (XC+D)M(XC+ D)*—G, subject to a consistent linear matrix
equation XA = B, using straightforward algebraic methods. Guerarra [10]
studied optimization problems for a Hermitian quadratic matrix-valued func-
tion involving two variable matrices. Furthermore, the author established
necessary and sufficient conditions for the existence of solutions satisfying the
associated matrix equation and various Hermitian inequalities.

Several papers have addressed related topics on the extremal ranks of matrix
expressions; see ([5, 8, 9, 12, 14, 13, 19, 21, 23]). Matrix theory encompasses
two primary areas: linear and nonlinear matrix functions and their specific
instances. Problems of maximizing or minimizing a quadratic function subject
to linear constraints are known as quadratic programming or optimization
problems. For example, in [25], Xiong and Qin studied the extremal ranks
of nonlinear matrix expressions with respect to two variable matrices and
provided solvability conditions for nonlinear matrix functions. In [24], Xie et
al. derived sufficient conditions for the existence and uniqueness of a positive
semi-definite solution to the nonlinear matrix equation X* + A7 F(X)A =
@, and also considered perturbation analysis for the solution of this class of
nonlinear matrix equations.

Consider the nonlinear matrix expression

d(X1, X2, X3, X4) =Q — (D1 — A1 X1B1) N (Dy — A2 X2Bo)

1.1
— (D3 — AngBg) M (D4 — A4X4B4) R ( )
where Q € C™*", N € CI*F, M € C**", D, € C™*!, A} € C™*P1 By € C1 XL,
Dy € Ckxn, Ay € (Cksz, By € (quxn7 D5 € Cth, As € (mem, Bs € (CQ3><t,
D,y € Chn Ay € CM*Ps) and By € CH*" are given matrices, while X; €
Crixa X, € CP2*%2, X3 € CP3*%, and X, € CP4+*% are unknown matrices.
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Our objective in this article is to derive explicit formulas for the optimal
ranks of (1.1) with respect to four variable matrices X; € CP1*% X,y € CP2%42,
X3 € CP3*8 and X, € CP4+*%, We then derive consistency conditions for the
nonlinear matrix equation

Q = (Dl — A1X1Bl) N (D2 — AQXQBQ) — (Dg — AngBg) M (D4 — A4X4B4) .
(1.2)
As applications, we derive the extremal ranks of the generalized Schur com-
plement Q — BH C'— DL_T with respect to the reflexive generalized inverses
H_- and L. of H and L, respectively. Furthermore, we establish the extremal
ranks of the nonlinear matrix expression Q — X1 N Xo — X3M X, subject to
the solutions of four consistent matrix equations, and then provide solvability
conditions for the associated nonlinear matrix equations.

This paper is organized as follows. Section 2 presents essential formulas for
the ranks of matrices and matrix expressions. Section 3 investigates extremal
rank problems for the matrix expression (1.1) and establishes solvability con-
ditions for nonlinear matrix equations. Section 4 presents applications of the
results obtained in Section 3. Finally, Section 5 summarizes the main findings.

2. PRELIMINARIES

Given the importance of rank formulas in this paper, this section presents
essential results on the ranks of matrix expressions and block matrices.

Lemma 2.1. ([15]) Let G € C***, L € C***, and C € C'**. Then,
T‘[ G L ] —r(G) =r(EgL), r[ G L ] —r(L) =r(ELG),

7“[ g } —1(G) =r(CFg), r[ g ] —7(C) = r(GFg),

Lemma 2.2. ([16]) Let A € C**% and D € C**P be given, and let X € C5*P
be an unknown matriz. The matriz equation AX = D is consistent if and only
if

R(D) C R(A), or equivalently AATD = D. (2.1)
In this case, the general solution can be expressed as

X = ATD + FaV, (2.2)
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where V€ C%*P is arbitrary.
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Lemma 2.3. ([6]) Let H € C"*!. Then the reflexive generalized inverse H,
of the matriz H can be expressed as

H = (H + FyU)) H (HY + U2 Ey)

where Uy and Us are arbitrary matrices.

Lemma 2.4. ([19]) Let

U(X1,X2) =G — E1 X101 — E3 X004,

where G € Ck*s, By € CH*P1| By, € CF*P2 € € C1*5, and Cy € C2*° qre
given, and X1 € CPL*1 gnd X9 € CP2X%2 gre unknown matrices. Then,

PU(X1,X2)) =mi
)1(1;1?))((27‘( (X1, X2)) = min

G
min T(\I’(Xl,XQ)) =r| 4
X1, X2 Cy
where
e B ]
g1 =T —Tr
L 02 0 _
¢ B ]
g9 =T —7r
L Cl 0 -

T[G E1 Eg],
G E
"o, o |”
—i—r[G
[ G E, E
| C, 00
[ G E, E
G 00

r

|

G Ey
Cy

G
Ch
Co

0

)

|

(2.3)

. (24)

E, Ey ] + max{eq, g2}, (2.5)

G Ep
Ci 0
Cy 0

G B
Ci 0
Cy 0

Obviously, we have the next result regarding the definition of the rank of a

matrix.

Lemma 2.5. Let Y be a set of matrices over CF*5. Then
(a) 0 €Y if and only if g{nirﬁ}r(X) =0,
€
(b) T = {0} if and only if I)?a%(r(X) =0.
€
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3. MAIN RESULTS

In this section, we solve the maximal and minimal rank problems for (1.1)
and establish solvability conditions for certain nonlinear matrix equations. Let
o(X1, Xo, X3, X4) be as defined in (1.1). Based on specific block matrix rank
transformations, we have

r (¢ (X13X27X3aX4))

- T(Q—(Dl—AleBl) N (Dy— Ay XoBo)— (D — A3 X3B3) M (D4—A4X4B4)>

Q (D3—A3X3Bs)M (D1—A1X1B1)N
=7 | N(Dy—A3X2Bs) 0 N —r(N)—r(M)
M (Dy— Ay X4 By) M 0
Q DgM DlN A3 Al
X3 0 0 BsM 0
=7 NDy 0 N — 0 0
0 Xi 0 0 BN
MDy M 0 0 0
0 0
X2 0 BQ 0 0
— | NA; 0 —r(N)—r(M)
0 X4 By 0 0
0 MAy
=T (GO — G1W1L1 — GQWQLQ) — T(N) - T‘(M), (31)
where
Q DsM D{N As A 0 0
Go=| ND, 0 N , G1 = 0 0 , Go=| NA; 0 ,
| MD, M 0 0 0 0 MA,
[0 BsM 0 By, 00
Ll = ) L2 =
| 0 0 B1N By, 0 0
and

are arbitrary matrices.
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Now, applying Lemma 2.4 to the linear matrix expression in (3.1) leads to
the main result of this paper.
Theorem 3.1. Let ¢(X1, Xo, X3, Xy) be as given in (1.1). Then,

max 77‘(¢(X1, Xo, X3, X4))
X;€CPix9i j=14

= min {r[ Q—DINDy —DsMD, A3 A DINAy DsMA, |,

[ Q— DiNDy — D3sMDy
BsMD, Q—DNDy —DsMD, Az A;
T BlNDQ y T BQ 0 0
Bo By 0 0
L B4
[ DiNDy+DsMDy—Q DiNAy DsMAy
T BsM D, 0 BsMAy }
i BlN.DQ BlNA2 0
and
min _ r(¢(X1, X2, X3, X4))
X;€CPi¥4i i=14
Q —DiNDy— DsMD,
BsMDy
=T BlNDQ
By
By
—|—T’[ Q —D1NDy— DsMD,y As A1y DiNAy DsMAy ]
+ max{wi,ws},
Q—DiNDy —DsMD, Az Ay
wi=r By 0 O
By 0 O
[ Q— D NDy—DsMDy As A
BsMD, 0O O
—r BIND, 0O O
By 0O O
i By 0O O
[ Q—DNDy—DsMDy As Ay Di{NAy, DsMA,
—r By 0O O 0 0
i By 0O O 0 0
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and

D\NDy+ DsMDy—Q DiNAy, D3sMAy

Wy =T BgMD4 0 BgMA4
Bi{ND, BN A, 0
[ D{NDy+ DsMD,—Q D{NAy; D3MA,
BsMD, 0 BsM Ay
—T Bl ND2 B1 NAQ 0
By 0 0
By 0 0
[ DINDy+DsMD, —Q As Ay Di{NAy, DsMA,
- T BgMD4 0 0 0 BgMA4
I B{ND, 0 0 BiNA, 0

Regarding the consistency of some nonlinear matrix equations, we derive
immediate consequences of Theorem 3.1 in the following part of this section.

Corollary 3.2. Let ¢(X1, X2, X3, X4) be as defined in (1.1), and suppose that
the matriz equations D; = A; X;B; are consistent; that is, R(D;) C R(A;) and
R(D}) C R(B) fori=1,...,4. Then,

max  r(¢(X1, Xo, X3, X4))
X,€CPi%a;i i=T4

Q
rlQ A3 Ar], r| By |,
By
= min
Az Ay
r| Bo 0 0 |, r(BiNAy)+r(BsMAs)+7(Q)
By 0 0 )
and
min (X1, X2, X3, X4))
X;€CPix9i j=14
Q Q Az A
r| Bs —i—T[Q As Al]—T By, 0 0 s
= max B, B, 0 0

7(Q) — r(B1NAg) — r(B3sM Ay)
Hence, the equation

(Dl — A1X1B1> N (D2 — AQXQBQ) -+ (Dg — A3X3Bg) M (D4 — A4X4B4) = Q
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1s consistent if and only if

R(Q) < T’(BlNAg) + ’I”(BgMA;;).

Setting By = I,,,, B3 = I;, Ap = I, and A4 = I}, in Theorem 3.1, we obtain
the subsequent result.

Corollary 3.3. Let

O(X1, X2, X3, X4) =Q — (D1 — A1 X1) N (D2 — X2Bo)

3.2

— (D3 — A3X3) M (Dy — X4By), (3:2)
where Q € C™ ", N € C*F, M € C*", D, € C™*!, A € C™*P1, Dy €
Ckxn By € C®2%" D3 € C™*t, A3 € C™*P3, Dy € C'*", and By € C#*™ gre
given matrices, while X1 € CPX!, Xy € CF*® | X3 € CP*t, and X, € Ch*a
are unknown matrices. Then,

max T‘(¢(X1,X27X3,X4))
X]_ c (Cp1><l7 )(2 c (Cqu27
X3 c (CEPSXt7 X4 c (ChX(M
( Q
MDy
’I“[Q A3 Al DlN DgM], T ND2 ;

= min By

Q — Di1NDy— DsMD, As A

r By 0 0 |, rQ)+7r(N)+r(M)
B, 0 0
and
min r(p(X1, Xo, X3, Xy))

X, e crxl X, € Ckxae,
X3 € CPSXt, X, € Ch*a

Q
MDy
=r| ND, —i—?"[ Q A3 Ay DN DsM ] —|—max{7'1,7'2},
By
By
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where
Q—DNDy —DsMD, Az A
T =T BQ 0 0
By 0 0
[ Q A3 Ay DN D3M
—r| By O 0 0 0
i By, O 0 0 0
Q As A
MD, 0 0
—r| NDy O 0 ,
By 0 0
i By 0 0

T2 =1(Q) —r(N) —r(M)

Q
—T[Q A3 Al]—T’ BQ
By
Hence, the equation
(D1 — A1 X1) N (Dy — X9B3) + (D3 — A3 X3) M (Dy — X4By) = Q
1s consistent if and only if

R(Q)CR[ A3 A1 DIN DsM |,
R(Q*) C R[ DiM* D;N* B; Bj |,

Q— DNDy — DsMD, As A

r By 0 0 :T[Ag A1]+T|:B2:|,
By
By 0 0
MD,
NBIZZ +r[ Ay A1 DiIN DsM | <r(N)+r(M)
By
Q
+’I“[Q Az Al]Jr’I“ By *’F(Q).
By

Setting By = By = I,, A1 = A3 = I, in Theorem 3.1 yields the following
result.
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Corollary 3.4. Let
d(X1, X9, X3, X4) =Q — (D1 — X1B1) N (Dy — A2 X5)
— (D3 — X3B3) M (Dg — Ay Xy),
where Q € C™*" N € C*F M e C**" D, e Cm*l, B, € C1xl Dy € CF*n,
Ay € CF*P2 Dy € C™*t, By € CB*t, Dy € C™, and Ay € CP+ gre given

matrices, while X1 € C™*0 X5 € CP2*" X3 € C™*B, and X4 € CPA*"™ gre
variable matrices. Then,

max r(p(X1, Xo, X3, X4))
Xl c (Cqul, )(2 c (Cp2><n7
X3 c (Cqu?’, X4 c CP4><n

DiNDy+ DsMDy—@Q DiNAys DsMA,

=min{ m, n, T BsMDy 0 BsM A,
B1ND» Bi1NA, 0
and
min T(¢(X1’X2,X3,X4)) = maX{O7G}7
X € (Cm><q17 Xy € szxn’
X3 S meq:),’ Xy € Cpaxm
where

DiNDy+ DsMDy—@Q Di{NAy, DsMAy
g =T BgMD4 0 BgMA4
B1ND- B1NAs 0
D{NAy; DsMA,
—-T 0 BgMA4
BN A, 0
[ BsMD,4 0 BsM Ay
"l BIND, B/NAy, 0
Hence, the equation
(D1 — X1B1) N (Dy — A3 X5) + (D3 — X3Bs) M (Dy — Ay X4) = Q
1s consistent if and only if
DiNDs+ DsMDy—Q DiNAy DsMAy
r BgMD4 0 BgMA4
B1ND, Bi1NA, 0
DiNAs DsMAy
0 BsM A4
Bi1N A, 0

BsMD, 0 B3M A,
=" BIND, B/ NA, 0
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Next, let D3, As, B3, D4, A4, and B4 vanish. We then obtain the following
result, as derived by Tian in [20].

Corollary 3.5. Let
g(Xl,XQ) = Q — (Dl — AleBl) N (D2 — AQXQBQ) s (3.3)

where Q € C™*", N € C*k, D; e C"*t, Ay e C™*P1, B € C1¥l, D, €
Ckxn Ay € CF*P2, and By € C®2*™ are given matrices, while X, € CP1¥a
and Xy € CP2*%2 gre unknown matrices. Then,

max r(g(X1,X2))
X1ECP1Xa1, X,€CP2% a2
Q — DiND,
T’[Q—DlNDQ A1 DlNAQ], r BlNDQ y
. By
— min
Q- Di;NDy A DINDs—Q DiNA,
" By 0 |° "l BNDy B NA,
and
min r(g(X1, X2))
X1€CP1X41, XoeCP2%X92
Q — D1NDs
=r B{ND, —|—’I“[ Q—DiNDy Ay DiNA, ] —|—max{91, 92},
By
where
B Q- DiINDy A
91:7{@ glND? /(1)1}_ B1ND, 0
2 B 0
[ Q-DiNDy Ay DiNA,
" By 0 0 :
pyer| DND2—@ DINA ] | P @
2=" BNDy BiNA, 1B 2 10 2
2

B DlNDQ—Q A1 DlNA2
"' B.ND, 0 BiNAy |-
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4. SOME APPLICATIONS

This section presents direct applications of the results from Section 3, begin-
ning with the maximal and minimal ranks of the generalized Schur complement
Q—BH C— DL T. In addition, we provide solvability conditions for the

matrix equation Q = BH,_ C + DL T. Further applications are presented at
the end of this section.

Theorem 4.1. Let Q € Ck*", B € Ck*s, C € C**, D € Ck*P, T e CI*",
H € C™*, and L € C9*P be given. Then

max 7(Q — BH, C — DL;T)

Hy Ly
Q
rlQ D B, r| C|, r@Q)+r(H)+r(L),
T
= min (4.1)
QO D —-B
rf ¢ 0 H |—-r(H)—r(L)
k T L 0
and
min r(Q — BH,C — DL;T) (4.2)
Hi Ly
Q
=r| C +r[Q D B]—l—max{sl,sQ},
T
where
QO D -B Q D B 0 0
si;=r| C 0 H |—-r|C 0 0 H O
-T L O T 0 0 0 L
Q D B
C 0 0
—r| T 0 0 | +r(H)+r(L),
0 L 0
0 0 H



966 S. Guerarra et al.

Q D B
so=r(Q)+r(H)+r(L)—r| 0 L 0
0 0 H
Q@ 0 0
—r| C H 0
T 0 L
Proof. From Lemma 2.3, we have
H = (H'"—FyU))H (H" —UEy) , (4.3)
L. = (LJr — FLU3) L (LJr — U4EL) , (4.4)

where Uj;, for i = 1,4, are arbitrary matrices. Substituting (4.3) and (4.4) into
Q — BH-C — DL-T yields

Q- BH;C—DL;T=Q — (BH* — BFgU) H (H*C — Uy EC)

— (DL — DFpUs) L (L™T — UsELT) . (4.5)
Applying Corollary 3.3 to (4.5) yields

max 7(Q — BH, C — DL;T)
H:, L:

::mm{r[Q DF, BFy BH'H DL'L |

Q
LLtT
r| HHTC |,
ExC
E.T
[ Q- BHTC - DL™T DF;, BFpy
r EyC 0 0 :
E;T 0 0

r(Q)+r(H)+ r(L)}, (4.6)
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min 7(Q — BH,C — DL T) (4.7)
Hy Ly
Q
LL*T
=r| HH'C | +r[ Q DF, BFy BH'H DL'L |+ max{sy, s2},
EyC
E.T
where
Q- BHYC —DLYT DF;, BFy
S1 =7 EyC 0 0
E.T 0 0
Q DF, BFy BHYH DL*'L
—r| EgC 0 0 0 0
| ELT 0 0 0 0
[ Q DF;, BFy
LLtT 0 0
—r| HHTC 0 0 )
ExC 0 0
E.T 0 0
Q
so=r(Q)—r(H)—r(L) —r[ @QQ DF;, BFy ] —r| EgC
E.T

Applying Lemma 2.1 and elementary block matrix operations, we obtain

r[ Q DF, BFy BH'H DL'L ]

@ D B BH'H DL'L
=r|{ 0 L O 0 0 —r(H)—r(N)
00 H 0 0
[Q D B 0 0
=r|{ 0 0 0 0 L |—rH)-r(N)=r[Q D B].
| 0 0 0 H 0

(4.8)
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Q Q 0 0
LL*T LL*T 0 0 Q
r| HHYC | =r| HHC 0 0 | —-r(H)-r(N)=7r| C |,
EyC C H 0 T
BT T 0 L

Q- BH"C - DL™T DF;, BFy

r EyC 0 0
ErT 0 0
Q—-BH'C-DL*T D B 0 0
C 0 0 0 H
=r T 0 0 L 0 |—-2r(H)-—2r(L)
0 L 0 0 0
0 0 H 0 0

or

Q—-BHTC—-DL*T DF;, BFy

T EyxC 0 0
E.T 0 0
Q D B DLTL BHtH
C 0 0 0 H
=r| T 0 0 L 0 —2r(H) —2r(L)
0 L 0 0 0
0 0 H 0 0
[Q D B 0 0
cC 0 0 0 H
=r| T 0 0 L 0 |—-2r(H)-2r(L)
0 L 0 L 0
| 0 0 H 0 H
' Q D -B
=r| C 0 H |—-r(H)-—r(L).
-T L 0

(4.10)
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SO K~

—2r(H) —2r(L)
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or
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O D B
r[Q DF, BFy|=r| 0 L 0 |—r(H) —r(L), (4.13)
0 0 H
Q Q@ 0 0
r| EgC | =r| C H 0 | —r(H)—r(L). (4.14)
ELT T 0 L
Substituting (4.8)-(4.10) into (4.6) and (4.8)-(4.14) into (4.7) yields respec-
tively (4.1) and (4.2). O

We next derive the consistency conditions for Equation Q = BH, C+DL_; T
in the following corollary.

Corollary 4.2. Let Q € Ck*", B € CF*s, ¢ € C**, D € CF*P, T € CI*",
H € C™*, and L € C9*P be given. Then

(1) The equality Q = BH,C + DL, T holds for all H- € C**! and L, €
CP*49 4f and only if any one of the following equalities holds:

Q Q D -B
[Q D B]|=0, c|=0 r| C 0 H |=rH+rL),
T -T L 0

Q=0 and H=0 and L=0.
(2) The equation Q = BH,C + DL T is consistent if and only if
RQCR[D B], RQ)CR[C" T"],

Q D -B c
rf C 0 H —T[T
-T L 0

d

D B
glg]w L 0| —r(H) (D)
0 H

HQ
oo

D B
]—i—r[D B|+7r@Q)+rH)+r(L)<r L 0]
0 H
0
0
L

Q 0
+r| C H
T 0

In the remainder of this section, as a direct application of the results in
Section 2, we assume that Q € C™" N € C*F M e C*, Ty € CP1,
€ Cexk Ty e C*P3, Ty € C1*5, S € C™*P1, Gy € C2X", S5 € C™*Ps3,
and S, € C#*™ are given matrices, while X; € C™*!, X, € CF*", X3 € C™*,
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and X4 € C%*" are unknown matrices. We determine the extremal ranks of
the following nonlinear matrix equation:

(X1, X, X3, X4) =Q — X1 NXo — XsM Xy (4.15)

subject to X1, X9, X3, and X, being solutions of the consistent linear matrix
equations X117 = S, 15 X9 = So, X315 = S5, and Ty X4 = Sy, respectively.
As a consequence, we establish equivalent conditions for the consistency of the
nonlinear equation Q = X1 N Xy — X3M X4. From Lemma 2.2, if we adopt the
following representations of the sets ; for i = 1,4, then

O ={X; e C™| X\ Ty = 81, SITY T = S1},
Qp = {Xp € CF" | b Xy = Sy, ToTy So = Sa},
Qs = {X3 € C™" | X3T5 = S5, S3T5 15 = S3},
Q= {X4 € C" | Ty Xy = Sy, TyTy Sy =S4},

(4.16)

then the sets Q;, for i = 1,4, are nonempty.

Theorem 4.3. Let ¢ (X;) and Q; for i =1,4 be as given in (4.15) and (4.16)
respectively. Then,

-Q S3 S1 0 0
S, 0 0 Ty O
max _ 7(p(X;)) :min{m, n,r| S¢4 0 0 0 Ty —Zr(ﬂ-)},
Xiell, i=1.4 0 T3 0 0 M i=1
0 0 77 N 0

(4.17)
min __ r(¢(X;)) = max{0, 0}, (4.18)
X;€Q;,1=1/4
where

-Q S3 S 0 0

S 0 0 m o 0 0 M T3 0
0O N 0 0 Ty
5 =T 54 0 0 0 T4 - T
0 T3 0 0 M S T, 00 0
3 S, 0 T, 0 0

0 0 Ih N O

0 0 S3 S
0 M T3 0 4
—r| N 0 0 Ty |+ r(T)
0 0 0 i=1
0 Ty 0 0
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Proof. From formula (2.2) in Lemma 2.2, the general expressions of X; for
i=1,4in (4.16) are given by

Xy = STy + ViEr, (4.19)
Xy =Ty Sy + Fr,Va, (4.20)
X3 = S3Ty + V3Er,, (4.21)
Xy =T, Sy + Fr,Vy, (4.22)

where V;, for i = 1,4, are arbitrary matrices of appropriate sizes. Substituting
(4.19)—(4.22) into ¢(X;) in (4.15) yields

0(Xi) =Q — X1NXo — X3M Xy
=Q — (S1T" + ViBr,) N (T5 Sy + Fr,Va)
— (83T + VsEp,) M (T, S4 + Fr, Vi) . (4.23)
Applying Corollary 3.4 to ¢(X;) in (4.23), we obtain Set
A= ST NTY Sy + SsTy MT; Sy — Q.
Then

max __ r(p(X;))
X,€Q;,i=14

= m&xr[@ — (51T1+ + VIETI)N(T;SQ + FT2V2)

k3

q — (S3T5 + VaEp ) M (T, Sy + FT4V4)]

A SiT,"NFr, SsTy MFr,
=min{ m, n, r| Er,MT, S, 0 Er,MFr, . (4.24)
Ep,NTy Sy Er NFr, 0
min __ r(p(X;)) = max{0, d; },
X;€9Q;,i=1,4
where
SiTENTy Sy + SsTy MT, Sy — Q  SiTy NFr, SsTy MFr,
Si=r Er, MT; S, 0 Er,MFr,
Ep,NT, Ss Ep, NFr, 0
| Bny MT, S, 0 Ep,MFr,
Er,NTy Sy FEr,NFr, 0

SiT"NFr, SsT; MFr,
—-T 0 ETgMFT4 . (425)
Er, NFr, 0
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Applying Lemma 2.1 and three types of elementary block matrix operations,
and simplify by S1T7 Ty = Sy, ToTy So = Sa, S3Ty T = S3 and TyT, Sy = S,

we get

S1TNTS S + STy MT Sy — Q  Si\TyPNFr, SsTyMPFr,

r Er,MT; S, 0 Er,MFr,
Ep NT; Sy Er,NFr, 0
[ S1Ty NT, Sy + SsTyr MT) Sy — Q SiTEN  SsTyPM 00 0 ]
MT,; Sy 0 M T3 0
=7 NT, S, N 0 0 T
0 T 0 0 0
i 0 0 T, 0 0 |
4
—> (1)
=1
or
SiTy P NTS So + STy MT)F Sy — Q  SiTy P NFr, SsTy MFr,
r Er, MT,t Sy 0 Ep,MFr,
Er, NT, S, Er, NFr, 0
[ -Q 0 0 =S3T3Ty —SiTT 7
0 0 M T3 0 A
_ 0 N 0 0 Ty - (T
~TyT5 Sy Ty 0 0 0 =t
| -TuT} Sy 0 Ty 0 0 _
[—Q S3 S1 0 0 ]
S, 0 0 T» 0 A
=r| S¢ 0 0 0 Ty|-> r(Ty), (4.26)
0o 73 0 0 M| !
0 0 T4 N 0 |
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"| BrNTS S, ErNFp, 0

ETgMFT4 :|

[ MT4+S4 0 M Ty 0
NTSSs N 0 0 Ty
: >
0 . 0 0 0 .

=1

0 N 0 0 Ty
; —>_n(T)
| -TWT Sy 0 Ty 0 0

0 0 M 13 0
0N 0 0 Ty 4

>_ (@), (4.27)
So T, 0 0 0

L Sy 0 Ty O 0

SlTlJrNFTQ SngJrMFT4

r 0 Ep,MPFr,
Er, NFr, 0
[ SITIN SsTEM 0 0]
0 M T3 0 ,
=r N 0 0 7 | - Z r(T})
13 0 0 0 i=1
0 Ty 0 0 |

SlTl—’—NFTg Sg,T?j_]\JFT4

T 0 ET3 M FT4

Er, NFr, 0
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0 0 —-S:T3T3 —SiT T
0o M Ty 0
=r| N 0 0 T - r(Ty)
T, 0 0 0 i=1
0T, 0 0
[0 0 S3 5
0 M Ty 0 s
=r| N 0 0 T |-) r(T). (4.28)
> 0 0 O i=1
0 Ty 0 0
Substituting (4.26) into (4.24) and (4.26)-(4.28) into (4.25) leads respectively

to (4.17) and (4.18). O

Corollary 4.4. Let o(X;) and Q;, for i = 1,4, be as given in (4.15) and
(4.16), respectively. Then
(1) The nonlinear matriz equation Q = X1 NXo + XsM Xy holds for all
X; € Q, fori=1,4, if and only if
—-Q S3 S1 0 0
Sy 0 0 Ty 0
r| Sa 0 0 0 Ty =) r(T.
0O 173 0 0 M i=1
0 0O 7Tn N 0

(2) There exist X; € Q; fori = 1,4 such that Q = X1NXy + XsM X, if
and only if

“Q S5 S 0 0

s 0 0om o 0 0 M T3 0
0O N 0 0 Ty
rl{ S4 0 0 0 Ty |<r
0 o0 o A So T, 0 0 0
3 S, 0 Ty 0 0

0 0 Ih N O

As a special case of the nonlinear function ¢ in (4.15), the following corollary
determines the extremal ranks of the nonlinear expression () — X1 N X, subject
to the two consistent matrix equations X177 = 51 and T Xo = Sy, where 17 €
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CHP1 Ty € C2¥F 8 € C™*P1 and Sy € C2*". We also establish equivalent
conditions for the consistency of the nonlinear equation QQ = X1 N Xo.

Corollary 4.5. Let Q € C™", N € C*F, Ty € CP1, Ty € CBXF ) €
CmxpPr_ Sy € C2*™ be given, and let 1, Qo be as defined in (4.16). Then

-Q S1 0
_ — mi T | — _
X16f12111,a)}(<2692r(62 X1NX3) mln{m, n, r| Se 0 T |—r(Th) T(T2)},
0 T N
i — X1NXy) = 0 4.29
X1€QI{1,1§2€QQT(Q 1N X5) = max{0, 3}, (4.29)
where
@ S5 000 0 N Ty
ﬁerQOTQO—rSTO
0 Ty N 0 2 02
0 S
—r|{ N Th +7’<T1>—|—7“<T2).
T 0
Hence
(1) All solutions of X111 = S1 and To X9 = Sy satisfy Q = X1 N Xs if and
only if
-Q S1 0
r Sy 0 1T = T(Tl) + T(TQ).
0 T N
(2) There exist X1 € Q1 and X2 € Qg such that Q = X1 N Xy if and only
if
-Q S1 0 0 S
T SQ 0 T2 §7’|:SO év j(—;l:|+T N T1 —T(Tl)—T’(TQ).
0 T4 N 2 02 T, 0

5. CONCLUDING REMARKS

In this paper, we use generalized matrix inverses and elementary block ma-
trix operations to derive explicit formulas for the optimal ranks of the nonlinear
matrix equation (1.1). We also establish consistency conditions for the non-
linear matrix equation (1.2). As applications, we determine properties of the
generalized Schur complement with respect to reflexive generalized inverses of
given matrices. Furthermore, we obtain the extremal ranks of the nonlinear
matrix expression (4.15), subject to the solutions of four consistent matrix
equations, and provide solvability conditions for the corresponding nonlinear
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matrix equations. These results contribute to matrix theory and may benefit
researchers in optimization theory.
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