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Abstract. This paper presents explicit formulas for the optimal ranks of nonlinear matrix

expressions with respect to four variable matrices. As applications, we derive the optimal
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solvable matrix equations. Consequently, we provide equivalent conditions for the existence

of solutions to nonlinear matrix equations.
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1. Introduction

Matrix theory and its applications continue to play a central role in mod-
ern mathematical analysis, particularly in the study of matrix-valued func-
tions, special functions, and nonlinear structures. Recent developments have
highlighted the importance of generalized matrix functions and fractional cal-
culus in extending classical results and providing new analytical tools; see,
for instance, [4, 11, 17]. Moreover, investigations into polynomial structures,
spectral properties, and numerical approximation methods have further en-
riched this field and broadened its applicability in both theoretical and com-
putational contexts [3, 1]. In addition, fractional calculus has emerged as
a powerful framework for modeling complex systems and enhancing the un-
derstanding of matrix-based formulations [2]. These advancements motivate
the continued exploration of nonlinear matrix expressions and their associated
rank properties.

Throughout this work, all m × n complex matrices are denoted by Cm×n,
and the symbols r(A), A∗, and In stand for the rank of A, the conjugate
transpose of A, and the identity matrix of order n, respectively. The Moore–
Penrose inverse of a matrix A ∈ Cm×n is the unique matrix T ∈ Cn×m that
satisfies the following four matrix equations:

(1) ATA = A, (2) TAT = T, (3) (AT )∗ = AT, (4) (TA)∗ = TA.

It is frequently denoted by A+. The Moore–Penrose generalized inverse has
been the focus of extensive research efforts; see ([6, 7, 16, 18]). We denote by
EA = Im − AA+ and FA = In − A+A the two orthogonal projectors induced
by A ∈ Cm×n.

The rank of a matrix is a fundamental concept in linear algebra. It changes
as the matrix’s arguments vary. Since the rank is always a finite nonnega-
tive integer, matrix expressions involving variable arguments must have well-
defined maximum and minimum ranks. In Lemma 2.1 of the following section,
Matsaglia and Styan [15] demonstrate the application of various formulas that
simplify intricate matrix expressions or equalities, thereby enhancing the un-
derstanding of partitioned matrices with orthogonal projectors. The maximal
and minimal ranks of a matrix expression determine the dimensions of the
associated row and column spaces. These ranks can be computed efficiently
using established elementary block matrix operations.

The maximal and minimal ranks of matrix expressions with variable entries
are closely linked to numerous problems in matrix theory and its applications.
For instance, all solutions of the matrix expression A−BXC preserve invariant
rank if and only if max

X
r(A−BXC) = min

X
r(A−BXC). Furthermore, BXC =
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A is solvable for X if and only if min
X
r(A− BXC) = 0. The matrix equation

BXC = A holds for all matrices X if and only if max
X
r(A−BXC) = 0.

The maximization and minimization rank problems for matrix expressions
have been extensively studied by numerous authors. For instance, in [26],
Xiong et al. studied the extremal ranks of the matrix expression A−B1X1C1−
B2X2C2 − B3X3C3 − B4X4C4 with respect to X1, X2, X3, and X4, and then
derived applications to the Schur complement and partial matrices. Tian [20]
provided closed-form formulas for the extremal ranks of the quadratic matrix
function A − (A1 − C1X1B1)D(A2 − C2X2B2) with respect to X1 and X2,
and established equivalent conditions for the solutions of two linear matrix
equations to be orthogonal and proportional.

In [22], He investigated rank, inertia, maximization, and minimization prob-
lems in the Löwner partial ordering for the quadratic Hermitian matrix func-
tion f(X) = (XC+D)M(XC+D)∗−G, subject to a consistent linear matrix
equation XA = B, using straightforward algebraic methods. Guerarra [10]
studied optimization problems for a Hermitian quadratic matrix-valued func-
tion involving two variable matrices. Furthermore, the author established
necessary and sufficient conditions for the existence of solutions satisfying the
associated matrix equation and various Hermitian inequalities.

Several papers have addressed related topics on the extremal ranks of matrix
expressions; see ([5, 8, 9, 12, 14, 13, 19, 21, 23]). Matrix theory encompasses
two primary areas: linear and nonlinear matrix functions and their specific
instances. Problems of maximizing or minimizing a quadratic function subject
to linear constraints are known as quadratic programming or optimization
problems. For example, in [25], Xiong and Qin studied the extremal ranks
of nonlinear matrix expressions with respect to two variable matrices and
provided solvability conditions for nonlinear matrix functions. In [24], Xie et
al. derived sufficient conditions for the existence and uniqueness of a positive
semi-definite solution to the nonlinear matrix equation Xs + AHF (X)A =
Q, and also considered perturbation analysis for the solution of this class of
nonlinear matrix equations.

Consider the nonlinear matrix expression

φ(X1, X2, X3, X4) = Q− (D1 −A1X1B1)N (D2 −A2X2B2)

− (D3 −A3X3B3)M (D4 −A4X4B4) ,
(1.1)

where Q ∈ Cm×n, N ∈ Cl×k, M ∈ Ct×h, D1 ∈ Cm×l, A1 ∈ Cm×p1 , B1 ∈ Cq1×l,
D2 ∈ Ck×n, A2 ∈ Ck×p2 , B2 ∈ Cq2×n, D3 ∈ Cm×t, A3 ∈ Cm×p3 , B3 ∈ Cq3×t,
D4 ∈ Ch×n, A4 ∈ Ch×p4 , and B4 ∈ Cq4×n are given matrices, while X1 ∈
Cp1×q1 , X2 ∈ Cp2×q2 , X3 ∈ Cp3×q3 , and X4 ∈ Cp4×q4 are unknown matrices.
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Our objective in this article is to derive explicit formulas for the optimal
ranks of (1.1) with respect to four variable matrices X1 ∈ Cp1×q1 , X2 ∈ Cp2×q2 ,
X3 ∈ Cp3×q3 , and X4 ∈ Cp4×q4 . We then derive consistency conditions for the
nonlinear matrix equation

Q = (D1 −A1X1B1)N (D2 −A2X2B2)−(D3 −A3X3B3)M (D4 −A4X4B4) .
(1.2)

As applications, we derive the extremal ranks of the generalized Schur com-
plement Q−BH−r C−DL−r T with respect to the reflexive generalized inverses
H−r and L−r of H and L, respectively. Furthermore, we establish the extremal
ranks of the nonlinear matrix expression Q − X1NX2 − X3MX4 subject to
the solutions of four consistent matrix equations, and then provide solvability
conditions for the associated nonlinear matrix equations.

This paper is organized as follows. Section 2 presents essential formulas for
the ranks of matrices and matrix expressions. Section 3 investigates extremal
rank problems for the matrix expression (1.1) and establishes solvability con-
ditions for nonlinear matrix equations. Section 4 presents applications of the
results obtained in Section 3. Finally, Section 5 summarizes the main findings.

2. Preliminaries

Given the importance of rank formulas in this paper, this section presents
essential results on the ranks of matrix expressions and block matrices.

Lemma 2.1. ([15]) Let G ∈ Ct×s, L ∈ Ct×k, and C ∈ Cl×s. Then,

r
[
G L

]
− r(G) = r(EGL), r

[
G L

]
− r(L) = r(ELG),

r

[
G
C

]
− r(G) = r(CFG), r

[
G
C

]
− r(C) = r(GFC),

r

[
G L
C 0

]
= r(ELGFC) + r(L) + r(C),

r

[
G LFP

EQC 0

]
= r

 G L 0
C 0 Q
0 P 0

− r(P )− r(Q).

Lemma 2.2. ([16]) Let A ∈ Ck×s and D ∈ Ck×p be given, and let X ∈ Cs×p

be an unknown matrix. The matrix equation AX = D is consistent if and only
if

R(D) ⊆ R(A), or equivalently AA+D = D. (2.1)

In this case, the general solution can be expressed as

X = A+D + FAV, (2.2)
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where V ∈ Cs×p is arbitrary.

Lemma 2.3. ([6]) Let H ∈ Cn×l. Then the reflexive generalized inverse H−r
of the matrix H can be expressed as

H−r =
(
H+ + FHU1

)
H
(
H+ + U2EH

)
, (2.3)

where U1 and U2 are arbitrary matrices.

Lemma 2.4. ([19]) Let

Ψ(X1, X2) = G− E1X1C1 − E2X2C2,

where G ∈ Ck×s, E1 ∈ Ck×p1, E2 ∈ Ck×p2, C1 ∈ Cq1×s, and C2 ∈ Cq2×s are
given, and X1 ∈ Cp1×q1 and X2 ∈ Cp2×q2 are unknown matrices. Then,

max
X1, X2

r
(
Ψ(X1, X2)

)
= min


r
[
G E1 E2

]
, r

 G
C1

C2

 ,
r

[
G E1

C2 0

]
, r

[
G E2

C1 0

]


, (2.4)

min
X1, X2

r
(
Ψ(X1, X2)

)
= r

 G
C1

C2

+ r
[
G E1 E2

]
+ max{ε1, ε2}, (2.5)

where

ε1 = r

[
G E1

C2 0

]
− r

[
G E1 E2

C2 0 0

]
− r

 G E1

C1 0

C2 0

 ,

ε2 = r

[
G E2

C1 0

]
− r

[
G E1 E2

C1 0 0

]
− r

 G E2

C1 0

C2 0

 .
Obviously, we have the next result regarding the definition of the rank of a

matrix.

Lemma 2.5. Let Υ be a set of matrices over Ck×s. Then

(a) 0 ∈ Υ if and only if min
X∈Υ

r(X) = 0,

(b) Υ = {0} if and only if max
X∈Υ

r(X) = 0.
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3. Main results

In this section, we solve the maximal and minimal rank problems for (1.1)
and establish solvability conditions for certain nonlinear matrix equations. Let
φ(X1, X2, X3, X4) be as defined in (1.1). Based on specific block matrix rank
transformations, we have

r (φ (X1, X2, X3, X4))

= r
(
Q−(D1−A1X1B1)N (D2−A2X2B2)−(D3−A3X3B3)M (D4−A4X4B4)

)

= r


Q (D3−A3X3B3)M (D1−A1X1B1)N

N (D2−A2X2B2) 0 N

M (D4−A4X4B4) M 0

−r(N)−r(M)

= r

(
Q D3M D1N

ND2 0 N

MD4 M 0

−

A3 A1

0 0

0 0


[
X3 0

0 X1

][
0 B3M 0

0 0 B1N

]

−


0 0

NA2 0

0 MA4


[
X2 0

0 X4

][
B2 0 0

B4 0 0

])
−r(N)−r(M)

= r (G0 −G1W1L1 −G2W2L2)− r(N)− r(M), (3.1)

where

G0 =


Q D3M D1N

ND2 0 N

MD4 M 0

 , G1 =


A3 A1

0 0

0 0

 , G2 =


0 0

NA2 0

0 MA4

 ,

L1 =

[
0 B3M 0

0 0 B1N

]
, L2 =

[
B2 0 0

B4 0 0

]
and

W1 =

[
X3 0

0 X1

]
, W2 =

[
X2 0

0 X4

]
are arbitrary matrices.
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Now, applying Lemma 2.4 to the linear matrix expression in (3.1) leads to
the main result of this paper.

Theorem 3.1. Let φ(X1, X2, X3, X4) be as given in (1.1). Then,

max
Xi∈Cpi×qi , i=1,4

r
(
φ(X1, X2, X3, X4)

)
= min

{
r
[
Q−D1ND2 −D3MD4 A3 A1 D1NA2 D3MA4

]
,

r


Q−D1ND2 −D3MD4

B3MD4

B1ND2

B2

B4

 , r

 Q−D1ND2 −D3MD4 A3 A1

B2 0 0
B4 0 0

 ,

r

 D1ND2 +D3MD4 −Q D1NA2 D3MA4

B3MD4 0 B3MA4

B1ND2 B1NA2 0

}
and

min
Xi∈Cpi×qi , i=1,4

r
(
φ(X1, X2, X3, X4)

)

= r


Q−D1ND2 −D3MD4

B3MD4

B1ND2

B2

B4


+ r
[
Q−D1ND2 −D3MD4 A3 A1 D1NA2 D3MA4

]
+ max{ω1, ω2},

ω1 = r

 Q−D1ND2 −D3MD4 A3 A1

B2 0 0
B4 0 0



− r


Q−D1ND2 −D3MD4 A3 A1

B3MD4 0 0
B1ND2 0 0
B2 0 0
B4 0 0


− r

 Q−D1ND2 −D3MD4 A3 A1 D1NA2 D3MA4

B2 0 0 0 0
B4 0 0 0 0





960 S. Guerarra et al.

and

ω2 = r

 D1ND2 +D3MD4 −Q D1NA2 D3MA4

B3MD4 0 B3MA4

B1ND2 B1NA2 0



− r


D1ND2 +D3MD4 −Q D1NA2 D3MA4

B3MD4 0 B3MA4

B1ND2 B1NA2 0
B2 0 0
B4 0 0



− r

 D1ND2 +D3MD4 −Q A3 A1 D1NA2 D3MA4

B3MD4 0 0 0 B3MA4

B1ND2 0 0 B1NA2 0

 .
Regarding the consistency of some nonlinear matrix equations, we derive

immediate consequences of Theorem 3.1 in the following part of this section.

Corollary 3.2. Let φ(X1, X2, X3, X4) be as defined in (1.1), and suppose that
the matrix equations Di = AiXiBi are consistent; that is, R(Di) ⊆ R(Ai) and
R(D∗i ) ⊆ R(B∗i ) for i = 1, . . . , 4. Then,

max
Xi∈Cpi×qi , i=1,4

r(φ(X1, X2, X3, X4))

= min



r
[
Q A3 A1

]
, r

 Q
B2

B4

 ,

r

 Q A3 A1

B2 0 0
B4 0 0

 , r(B1NA2) + r(B3MA4) + r(Q)


and

min
Xi∈Cpi×qi , i=1,4

r(φ(X1, X2, X3, X4))

= max


r

 Q
B2

B4

+ r
[
Q A3 A1

]
− r

 Q A3 A1

B2 0 0
B4 0 0

 ,
r(Q)− r(B1NA2)− r(B3MA4)

 .

Hence, the equation

(D1 −A1X1B1)N (D2 −A2X2B2) + (D3 −A3X3B3)M (D4 −A4X4B4) = Q



Optimal ranks of nonlinear matrix expressions with applications 961

is consistent if and only if

R(Q) ⊆ R
[
A3 A1

]
, R(Q∗) ⊆ R

[
B∗2 B∗4

]
,

R(Q) ≤ r(B1NA2) + r(B3MA4).

Setting B1 = Ip1 , B3 = It, A2 = Ik, and A4 = Ih in Theorem 3.1, we obtain
the subsequent result.

Corollary 3.3. Let

φ(X1, X2, X3, X4) =Q− (D1 −A1X1)N (D2 −X2B2)

− (D3 −A3X3)M (D4 −X4B4) ,
(3.2)

where Q ∈ Cm×n, N ∈ Cl×k, M ∈ Ct×h, D1 ∈ Cm×l, A1 ∈ Cm×p1, D2 ∈
Ck×n, B2 ∈ Cq2×n, D3 ∈ Cm×t, A3 ∈ Cm×p3, D4 ∈ Ch×n, and B4 ∈ Cq4×n are
given matrices, while X1 ∈ Cp1×l, X2 ∈ Ck×q2, X3 ∈ Cp3×t, and X4 ∈ Ch×q4

are unknown matrices. Then,

max
X1 ∈ Cp1×l, X2 ∈ Ck×q2 ,
X3 ∈ Cp3×t, X4 ∈ Ch×q4

r(φ(X1, X2, X3, X4))

= min



r
[
Q A3 A1 D1N D3M

]
, r


Q

MD4

ND2

B2

B4

 ,

r

 Q−D1ND2 −D3MD4 A3 A1

B2 0 0
B4 0 0

 , r(Q) + r(N) + r(M)


and

min
X1 ∈ Cp1×l, X2 ∈ Ck×q2 ,
X3 ∈ Cp3×t, X4 ∈ Ch×q4

r(φ(X1, X2, X3, X4))

= r


Q

MD4

ND2

B2

B4

+ r
[
Q A3 A1 D1N D3M

]
+ max{τ1, τ2},
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where

τ1 = r

 Q−D1ND2 −D3MD4 A3 A1

B2 0 0
B4 0 0


− r

 Q A3 A1 D1N D3M
B2 0 0 0 0
B4 0 0 0 0



− r


Q A3 A1

MD4 0 0
ND2 0 0
B2 0 0
B4 0 0

 ,

τ2 = r(Q)− r(N)− r(M)

− r
[
Q A3 A1

]
− r

 Q
B2

B4

 .
Hence, the equation

(D1 −A1X1)N (D2 −X2B2) + (D3 −A3X3)M (D4 −X4B4) = Q

is consistent if and only if

R(Q) ⊆ R
[
A3 A1 D1N D3M

]
,

R(Q∗) ⊆ R
[
D∗4M

∗ D∗2N
∗ B∗2 B∗4

]
,

r

 Q−D1ND2 −D3MD4 A3 A1

B2 0 0
B4 0 0

 = r
[
A3 A1

]
+ r

[
B2

B4

]
,

r


MD4

ND2

B2

B4

+ r
[
A3 A1 D1N D3M

]
6 r (N) + r (M)

+ r
[
Q A3 A1

]
+ r

 Q
B2

B4

− r (Q) .

Setting B2 = B4 = In, A1 = A3 = Im in Theorem 3.1 yields the following
result.
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Corollary 3.4. Let

φ(X1, X2, X3, X4) = Q− (D1 −X1B1)N (D2 −A2X2)

− (D3 −X3B3)M (D4 −A4X4),

where Q ∈ Cm×n, N ∈ Cl×k, M ∈ Ct×h, D1 ∈ Cm×l, B1 ∈ Cq1×l, D2 ∈ Ck×n,
A2 ∈ Ck×p2, D3 ∈ Cm×t, B3 ∈ Cq3×t, D4 ∈ Ch×n, and A4 ∈ Ch×p4 are given
matrices, while X1 ∈ Cm×q1, X2 ∈ Cp2×n, X3 ∈ Cm×q3, and X4 ∈ Cp4×n are
variable matrices. Then,

max
X1 ∈ Cm×q1 , X2 ∈ Cp2×n,
X3 ∈ Cm×q3 , X4 ∈ Cp4×n

r(φ(X1, X2, X3, X4))

= min

m, n, r
 D1ND2 +D3MD4 −Q D1NA2 D3MA4

B3MD4 0 B3MA4

B1ND2 B1NA2 0


and

min
X1 ∈ Cm×q1 , X2 ∈ Cp2×n,
X3 ∈ Cm×q3 , X4 ∈ Cp4×n

r(φ(X1, X2, X3, X4)) = max{0, σ},

where

σ = r

 D1ND2 +D3MD4 −Q D1NA2 D3MA4

B3MD4 0 B3MA4

B1ND2 B1NA2 0


− r

 D1NA2 D3MA4

0 B3MA4

B1NA2 0


− r
[
B3MD4 0 B3MA4

B1ND2 B1NA2 0

]
.

Hence, the equation

(D1 −X1B1)N (D2 −A2X2) + (D3 −X3B3)M (D4 −A4X4) = Q

is consistent if and only if

r

 D1ND2 +D3MD4 −Q D1NA2 D3MA4

B3MD4 0 B3MA4

B1ND2 B1NA2 0


≤ r

[
B3MD4 0 B3MA4

B1ND2 B1NA2 0

]
+ r

 D1NA2 D3MA4

0 B3MA4

B1NA2 0

 .
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Next, let D3, A3, B3, D4, A4, and B4 vanish. We then obtain the following
result, as derived by Tian in [20].

Corollary 3.5. Let

g(X1, X2) = Q− (D1 −A1X1B1)N (D2 −A2X2B2) , (3.3)

where Q ∈ Cm×n, N ∈ Cl×k, D1 ∈ Cm×l, A1 ∈ Cm×p1, B1 ∈ Cq1×l, D2 ∈
Ck×n, A2 ∈ Ck×p2, and B2 ∈ Cq2×n are given matrices, while X1 ∈ Cp1×q1

and X2 ∈ Cp2×q2 are unknown matrices. Then,

max
X1∈Cp1×q1 , X2∈Cp2×q2

r(g(X1, X2))

= min


r
[
Q−D1ND2 A1 D1NA2

]
, r

 Q−D1ND2

B1ND2

B2

 ,
r

[
Q−D1ND2 A1

B2 0

]
, r

[
D1ND2 −Q D1NA2

B1ND2 B1NA2

]


and

min
X1∈Cp1×q1 , X2∈Cp2×q2

r(g(X1, X2))

= r

 Q−D1ND2

B1ND2

B2

+ r
[
Q−D1ND2 A1 D1NA2

]
+ max{θ1, θ2},

where

θ1 = r

[
Q−D1ND2 A1

B2 0

]
− r

 Q−D1ND2 A1

B1ND2 0
B2 0


− r
[
Q−D1ND2 A1 D1NA2

B2 0 0

]
,

θ2 = r

[
D1ND2 −Q D1NA2

B1ND2 B1NA2

]
− r

 D1ND2 −Q D1NA2

B1ND2 B1NA2

B2 0


− r
[
D1ND2 −Q A1 D1NA2

B1ND2 0 B1NA2

]
.
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4. Some applications

This section presents direct applications of the results from Section 3, begin-
ning with the maximal and minimal ranks of the generalized Schur complement
Q − BH−r C − DL−r T . In addition, we provide solvability conditions for the
matrix equation Q = BH−r C +DL−r T . Further applications are presented at
the end of this section.

Theorem 4.1. Let Q ∈ Ck×n, B ∈ Ck×s, C ∈ Cl×n, D ∈ Ck×p, T ∈ Cq×n,
H ∈ Cl×s, and L ∈ Cq×p be given. Then

max
H−

r , L−
r

r
(
Q−BH−r C −DL−r T

)

= min



r
[
Q D B

]
, r

 Q
C
T

 , r(Q) + r(H) + r(L),

r

 Q D −B
C 0 H
−T L 0

− r(H)− r(L)


(4.1)

and

min
H−

r , L−
r

r
(
Q−BH−r C −DL−r T

)
(4.2)

= r

 Q
C
T

+ r
[
Q D B

]
+ max{s1, s2},

where

s1 = r

 Q D −B
C 0 H
−T L 0

− r
 Q D B 0 0
C 0 0 H 0
T 0 0 0 L



− r


Q D B
C 0 0
T 0 0
0 L 0
0 0 H

+ r(H) + r(L),
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s2 = r(Q) + r(H) + r(L)− r

 Q D B
0 L 0
0 0 H


− r

 Q 0 0
C H 0
T 0 L

 .
Proof. From Lemma 2.3, we have

H−r =
(
H+ − FHU1

)
H
(
H+ − U2EH

)
, (4.3)

L−r =
(
L+ − FLU3

)
L
(
L+ − U4EL

)
, (4.4)

where Ui, for i = 1, 4, are arbitrary matrices. Substituting (4.3) and (4.4) into
Q−BH−r C −DL−r T yields

Q−BH−r C −DL−r T = Q−
(
BH+ −BFHU1

)
H
(
H+C − U2EHC

)
−
(
DL+ −DFLU3

)
L
(
L+T − U4ELT

)
. (4.5)

Applying Corollary 3.3 to (4.5) yields

max
H−

r , L−
r

r
(
Q−BH−r C −DL−r T

)
= min

{
r
[
Q DFL BFH BH+H DL+L

]
,

r


Q

LL+T
HH+C
EHC
ELT

 ,

r

 Q−BH+C −DL+T DFL BFH

EHC 0 0
ELT 0 0

 ,
r(Q) + r(H) + r(L)

}
, (4.6)
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min
H−

r , L−
r

r
(
Q−BH−r C −DL−r T

)
(4.7)

= r


Q

LL+T
HH+C
EHC
ELT

+ r
[
Q DFL BFH BH+H DL+L

]
+ max{s1, s2},

where

s1 = r

 Q−BH+C −DL+T DFL BFH

EHC 0 0
ELT 0 0



− r

 Q DFL BFH BH+H DL+L
EHC 0 0 0 0
ELT 0 0 0 0



− r


Q DFL BFH

LL+T 0 0
HH+C 0 0
EHC 0 0
ELT 0 0

 ,

s2 = r(Q)− r(H)− r(L)− r
[
Q DFL BFH

]
− r

 Q
EHC
ELT

 .
Applying Lemma 2.1 and elementary block matrix operations, we obtain

r
[
Q DFL BFH BH+H DL+L

]
= r

 Q D B BH+H DL+L
0 L 0 0 0
0 0 H 0 0

− r(H)− r(N)

= r

 Q D B 0 0
0 0 0 0 L
0 0 0 H 0

− r(H)− r(N) = r
[
Q D B

]
. (4.8)
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r


Q

LL+T
HH+C
EHC
ELT

 = r


Q 0 0

LL+T 0 0
HH+C 0 0
C H 0
T 0 L

− r (H)− r (N) = r

 Q
C
T

 , (4.9)

r

 Q−BH+C −DL+T DFL BFH

EHC 0 0
ELT 0 0



= r


Q−BH+C −DL+T D B 0 0

C 0 0 0 H
T 0 0 L 0
0 L 0 0 0
0 0 H 0 0

− 2r(H)− 2r(L)

or

r

 Q−BH+C −DL+T DFL BFH

EHC 0 0
ELT 0 0



= r


Q D B DL+L BH+H
C 0 0 0 H
T 0 0 L 0
0 L 0 0 0
0 0 H 0 0

− 2r(H)− 2r(L)

= r


Q D B 0 0
C 0 0 0 H
T 0 0 L 0
0 L 0 L 0
0 0 H 0 H

− 2r(H)− 2r(L)

= r

 Q D −B
C 0 H
−T L 0

− r(H)− r(L). (4.10)
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r

 Q DFL BFH BH+H DL+L
EHC 0 0 0 0
ELT 0 0 0 0



= r


Q D B BH+H DL+L 0 0
C 0 0 0 0 H 0
T 0 0 0 0 0 L
0 L 0 0 0 0 0
0 0 H 0 0 0 0

− 2r(H)− 2r(L)

= r


Q D B 0 0 0 0
C 0 0 0 0 H 0
T 0 0 0 0 0 L
0 0 0 0 L 0 0
0 0 0 H 0 0 0

− 2r(H)− 2r(L)

= r

 Q D B 0 0
C 0 0 H 0
T 0 0 0 L

− r(H)− r(L). (4.11)

r


Q DFL BFH

LL+T 0 0
HH+C 0 0
EHC 0 0
ELT 0 0

 = r



Q D B 0 0
0 0 0 0 L
0 0 0 H 0
C 0 0 0 0
T 0 0 0 0
0 L 0 0 0
0 0 H 0 0


− 2r(H)− 2r(L)

or

r


Q DFL BFH

LL+T 0 0
HH+C 0 0
EHC 0 0
ELT 0 0

 = r



Q D B 0 0
C 0 0 0 0
T 0 0 0 0
0 0 0 0 L
0 0 0 H 0
0 L 0 0 0
0 0 H 0 0


− 2r(H)− 2r(L)

= r


Q D B
C 0 0
T 0 0
0 L 0
0 0 H

− r(H)− r(L), (4.12)
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r
[
Q DFL BFH

]
= r

 Q D B
0 L 0
0 0 H

− r(H)− r(L), (4.13)

r

 Q
EHC
ELT

 = r

 Q 0 0
C H 0
T 0 L

− r(H)− r(L). (4.14)

Substituting (4.8)-(4.10) into (4.6) and (4.8)-(4.14) into (4.7) yields respec-
tively (4.1) and (4.2). �

We next derive the consistency conditions for EquationQ = BH−r C+DL−r T
in the following corollary.

Corollary 4.2. Let Q ∈ Ck×n, B ∈ Ck×s, C ∈ Cl×n, D ∈ Ck×p, T ∈ Cq×n,
H ∈ Cl×s, and L ∈ Cq×p be given. Then

(1) The equality Q = BH−r C +DL−r T holds for all H−r ∈ Cs×l and L−r ∈
Cp×q if and only if any one of the following equalities holds:

[
Q D B

]
= 0,

 Q
C
T

 = 0, r

 Q D −B
C 0 H
−T L 0

 = r(H) + r(L),

Q = 0 and H = 0 and L = 0.

(2) The equation Q = BH−r C +DL−r T is consistent if and only if

R(Q) ⊆ R
[
D B

]
, R(Q∗) ⊆ R

[
C∗ T ∗

]
,

r

 Q D −B
C 0 H
−T L 0

 = r

[
C 0 H
T L 0

]
+ r

 D B
L 0
0 H

− r(H)− r(L),

r

[
C
T

]
+ r
[
D B

]
+ r(Q) + r(H) + r(L) ≤ r

 Q D B
0 L 0
0 0 H


+ r

 Q 0 0
C H 0
T 0 L

 .
In the remainder of this section, as a direct application of the results in

Section 2, we assume that Q ∈ Cm×n, N ∈ Cl×k, M ∈ Ct×s, T1 ∈ Cl×p1 ,
T2 ∈ Cq2×k, T3 ∈ Ct×p3 , T4 ∈ Cq4×s, S1 ∈ Cm×p1 , S2 ∈ Cq2×n, S3 ∈ Cm×p3 ,
and S4 ∈ Cq4×n are given matrices, while X1 ∈ Cm×l, X2 ∈ Ck×n, X3 ∈ Cm×t,
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and X4 ∈ Cs×n are unknown matrices. We determine the extremal ranks of
the following nonlinear matrix equation:

ϕ(X1, X2, X3, X4) = Q−X1NX2 −X3MX4 (4.15)

subject to X1, X2, X3, and X4 being solutions of the consistent linear matrix
equations X1T1 = S1, T2X2 = S2, X3T3 = S3, and T4X4 = S4, respectively.
As a consequence, we establish equivalent conditions for the consistency of the
nonlinear equation Q = X1NX2−X3MX4. From Lemma 2.2, if we adopt the
following representations of the sets Ωi for i = 1, 4, then

Ω1 =
{
X1 ∈ Cm×l ∣∣X1T1 = S1, S1T

+
1 T1 = S1

}
,

Ω2 =
{
X2 ∈ Ck×n ∣∣T2X2 = S2, T2T

+
2 S2 = S2

}
,

Ω3 =
{
X3 ∈ Cm×t ∣∣X3T3 = S3, S3T

+
3 T3 = S3

}
,

Ω4 =
{
X4 ∈ Cs×n ∣∣T4X4 = S4, T4T

+
4 S4 = S4

}
,

(4.16)

then the sets Ωi, for i = 1, 4, are nonempty.

Theorem 4.3. Let ϕ (Xi) and Ωi for i = 1, 4 be as given in (4.15) and (4.16)
respectively. Then,

max
Xi∈Ωi, i=1,4

r
(
ϕ(Xi)

)
= min

{
m, n, r


−Q S3 S1 0 0
S2 0 0 T2 0
S4 0 0 0 T4

0 T3 0 0 M
0 0 T1 N 0

−
4∑

i=1

r(Ti)

}
,

(4.17)

min
Xi∈Ωi, i=1,4

r
(
ϕ(Xi)

)
= max{0, δ}, (4.18)

where

δ = r


−Q S3 S1 0 0
S2 0 0 T2 0
S4 0 0 0 T4

0 T3 0 0 M
0 0 T1 N 0

− r


0 0 M T3 0
0 N 0 0 T1

S2 T2 0 0 0
S4 0 T4 0 0



− r


0 0 S3 S1

0 M T3 0
N 0 0 T1

T2 0 0 0
0 T4 0 0

+

4∑
i=1

r(Ti).
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Proof. From formula (2.2) in Lemma 2.2, the general expressions of Xi for
i = 1, 4 in (4.16) are given by

X1 = S1T
+
1 + V1ET1 , (4.19)

X2 = T+
2 S2 + FT2V2, (4.20)

X3 = S3T
+
3 + V3ET3 , (4.21)

X4 = T+
4 S4 + FT4V4, (4.22)

where Vi, for i = 1, 4, are arbitrary matrices of appropriate sizes. Substituting
(4.19)–(4.22) into ϕ(Xi) in (4.15) yields

ϕ(Xi) = Q−X1NX2 −X3MX4

= Q−
(
S1T

+
1 + V1ET1

)
N
(
T+

2 S2 + FT2V2

)
−
(
S3T

+
3 + V3ET3

)
M
(
T+

4 S4 + FT4V4

)
. (4.23)

Applying Corollary 3.4 to ϕ(Xi) in (4.23), we obtain Set

Λ = S1T
+
1 NT

+
2 S2 + S3T

+
3 MT+

4 S4 −Q.
Then

max
Xi∈Ωi, i=1,4

r(ϕ(Xi))

= max
Vi

r
[
Q− (S1T

+
1 + V1ET1)N(T+

2 S2 + FT2V2)

q − (S3T
+
3 + V3ET3)M(T+

4 S4 + FT4V4)
]

= min

m, n, r
 Λ S1T

+
1 NFT2 S3T

+
3 MFT4

ET3MT+
4 S4 0 ET3MFT4

ET1NT
+
2 S2 ET1NFT2 0

 . (4.24)

min
Xi∈Ωi, i=1,4

r(ϕ(Xi)) = max{0, δ1},

where

δ1 = r

 S1T
+
1 NT

+
2 S2 + S3T

+
3 MT+

4 S4 −Q S1T
+
1 NFT2 S3T

+
3 MFT4

ET3MT+
4 S4 0 ET3MFT4

ET1NT
+
2 S2 ET1NFT2 0


− r
[
ET3MT+

4 S4 0 ET3MFT4

ET1NT
+
2 S2 ET1NFT2 0

]

− r

 S1T
+
1 NFT2 S3T

+
3 MFT4

0 ET3MFT4

ET1NFT2 0

 . (4.25)
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Applying Lemma 2.1 and three types of elementary block matrix operations,
and simplify by S1T

+
1 T1 = S1, T2T

+
2 S2 = S2, S3T

+
3 T3 = S3 and T4T

+
4 S4 = S4,

we get

r


S1T

+
1 NT

+
2 S2 + S3T

+
3 MT+

4 S4 −Q S1T
+
1 NFT2 S3T

+
3 MFT4

ET3MT+
4 S4 0 ET3MFT4

ET1NT
+
2 S2 ET1NFT2 0



= r



S1T
+
1 NT

+
2 S2 + S3T

+
3 MT+

4 S4 −Q S1T
+
1 N S3T

+
3 M 0 0

MT+
4 S4 0 M T3 0

NT+
2 S2 N 0 0 T1

0 T2 0 0 0

0 0 T4 0 0



−
4∑

i=1

r(Ti)

or

r


S1T

+
1 NT

+
2 S2 + S3T

+
3 MT+

4 S4 −Q S1T
+
1 NFT2 S3T

+
3 MFT4

ET3MT+
4 S4 0 ET3MFT4

ET1NT
+
2 S2 ET1NFT2 0



= r



−Q 0 0 −S3T
+
3 T3 −S1T

+
1 T1

0 0 M T3 0

0 N 0 0 T1

−T2T
+
2 S2 T2 0 0 0

−T4T
+
4 S4 0 T4 0 0


−

4∑
i=1

r(Ti)

= r



−Q S3 S1 0 0

S2 0 0 T2 0

S4 0 0 0 T4

0 T3 0 0 M

0 0 T1 N 0


−

4∑
i=1

r(Ti), (4.26)
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r

[
ET3MT+

4 S4 0 ET3MFT4

ET1NT
+
2 S2 ET1NFT2 0

]

= r


MT+

4 S4 0 M T3 0

NT+
2 S2 N 0 0 T1

0 T2 0 0 0

0 0 T4 0 0

−
4∑

i=1

r(Ti)

= r


0 0 M T3 0

0 N 0 0 T1

−T2T
+
2 S2 T2 0 0 0

−T4T
+
4 S4 0 T4 0 0

−
4∑

i=1

r(Ti)

= r


0 0 M T3 0

0 N 0 0 T1

S2 T2 0 0 0

S4 0 T4 0 0

−
4∑

i=1

r(Ti), (4.27)

r

 S1T
+
1 NFT2 S3T

+
3 MFT4

0 ET3MFT4

ET1NFT2 0



= r



S1T
+
1 N S3T

+
3 M 0 0

0 M T3 0

N 0 0 T1

T2 0 0 0

0 T4 0 0


−

4∑
i=1

r(Ti)

or

r

 S1T
+
1 NFT2 S3T

+
3 MFT4

0 ET3MFT4

ET1NFT2 0


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= r


0 0 −S3T

+
3 T3 −S1T

+
1 T1

0 M T3 0
N 0 0 T1

T2 0 0 0
0 T4 0 0

−
4∑

i=1

r(Ti)

= r


0 0 S3 S1

0 M T3 0
N 0 0 T1

T2 0 0 0
0 T4 0 0

−
4∑

i=1

r(Ti). (4.28)

Substituting (4.26) into (4.24) and (4.26)-(4.28) into (4.25) leads respectively
to (4.17) and (4.18). �

Corollary 4.4. Let ϕ(Xi) and Ωi, for i = 1, 4, be as given in (4.15) and
(4.16), respectively. Then

(1) The nonlinear matrix equation Q = X1NX2 + X3MX4 holds for all
Xi ∈ Ωi, for i = 1, 4, if and only if

r


−Q S3 S1 0 0
S2 0 0 T2 0
S4 0 0 0 T4

0 T3 0 0 M
0 0 T1 N 0

 =
4∑

i=1

r (Ti) .

(2) There exist Xi ∈ Ωi for i = 1, 4 such that Q = X1NX2 + X3MX4 if
and only if

r


−Q S3 S1 0 0
S2 0 0 T2 0
S4 0 0 0 T4

0 T3 0 0 M
0 0 T1 N 0

 ≤ r


0 0 M T3 0
0 N 0 0 T1

S2 T2 0 0 0
S4 0 T4 0 0



+ r


0 0 S3 S1

0 M T3 0
N 0 0 T1

T2 0 0 0
0 T4 0 0

−
4∑

i=1

r(Ti).

As a special case of the nonlinear function ϕ in (4.15), the following corollary
determines the extremal ranks of the nonlinear expression Q−X1NX2, subject
to the two consistent matrix equations X1T1 = S1 and T2X2 = S2, where T1 ∈
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Cl×p1 , T2 ∈ Cq2×k, S1 ∈ Cm×p1 , and S2 ∈ Cq2×n. We also establish equivalent
conditions for the consistency of the nonlinear equation Q = X1NX2.

Corollary 4.5. Let Q ∈ Cm×n, N ∈ Cl×k, T1 ∈ Cl×p1, T2 ∈ Cq2×k, S1 ∈
Cm×p1, S2 ∈ Cq2×n be given, and let Ω1, Ω2 be as defined in (4.16). Then

max
X1∈Ω1, X2∈Ω2

r(Q−X1NX2) = min

{
m, n, r

 −Q S1 0
S2 0 T2

0 T1 N

−r(T1)−r(T2)

}
,

min
X1∈Ω1, X2∈Ω2

r(Q−X1NX2) = max{0, β}, (4.29)

where

β = r

 −Q S1 0 0
S2 0 T2 0
0 T1 N 0

− r[ 0 N T1

S2 T2 0

]

− r

 0 S1

N T1

T2 0

+ r(T1) + r(T2).

Hence

(1) All solutions of X1T1 = S1 and T2X2 = S2 satisfy Q = X1NX2 if and
only if

r

 −Q S1 0
S2 0 T2

0 T1 N

 = r(T1) + r(T2).

(2) There exist X1 ∈ Ω1 and X2 ∈ Ω2 such that Q = X1NX2 if and only
if

r

 −Q S1 0
S2 0 T2

0 T1 N

 6 r [ 0 N T1

S2 T2 0

]
+ r

 0 S1

N T1

T2 0

− r (T1)− r (T2) .

5. Concluding remarks

In this paper, we use generalized matrix inverses and elementary block ma-
trix operations to derive explicit formulas for the optimal ranks of the nonlinear
matrix equation (1.1). We also establish consistency conditions for the non-
linear matrix equation (1.2). As applications, we determine properties of the
generalized Schur complement with respect to reflexive generalized inverses of
given matrices. Furthermore, we obtain the extremal ranks of the nonlinear
matrix expression (4.15), subject to the solutions of four consistent matrix
equations, and provide solvability conditions for the corresponding nonlinear
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matrix equations. These results contribute to matrix theory and may benefit
researchers in optimization theory.

References

[1] I.M. Batiha, Restriction method for approximating square roots, International Journal
of Open Problems in Computer Science and Mathematics, 4(3) (2011), 146–151.

[2] I.M. Batiha, S. Alshorm, I.H. Jebril and M.A. Abu Hammad, A brief review about
fractional calculus, International Journal of Open Problems in Computer Science and
Mathematics, 15(4) (2022), 39–56.

[3] I.M. Batiha, I. Jebril, S. Alshorm and A.A. Al-Nana, Some results on zeros of the monic
polynomial of the Frobenius companion matrix, Advances in Fixed Point Theory, 13(1)
(2023), Article ID 13.

[4] I.M. Batiha, I.H. Jebril, S. Alshorm, N. Anakira and S. Alkhazaleh, On generalized
matrix Mittag–Leffler function, IAENG International Journal of Applied Mathematics,
54(3) (2024), 576–580.

[5] R. Belkhiri and S. Guerarra, Some structures of submatrices in solutions to the pair of
matrix equations AX = C, XB = D, Mathematical Foundations of Computing, 6(2)
(2023), 231–252.

[6] A. Ben-Israel and T.N.E. Greville, Generalized Inverses: Theory and Applications, 2nd
ed., Springer, New York, (2003).

[7] S.L. Campbell and C.D. Meyer, Generalized Inverses of Linear Transformations, SIAM,
Philadelphia, (2009).

[8] S. Guerarra, Positive and negative definite submatrices in a Hermitian least-rank solu-
tion of the matrix equation AXA∗ = B, Numerical Algebra, Control and Optimization,
9(1) (2019), 15–22.

[9] S. Guerarra, Maximum and minimum ranks and inertias of the Hermitian parts of the
least-rank solution of the matrix equation AXB = C, Journal of Numerical Algebra,
Control and Optimization, 11(1) (2020), 75–86.

[10] S. Guerarra, Optimization problems of Hermitian quadratic matrix-valued functions and
applications, Axioms, 15(1) (2026), 21, https://doi.org/10.3390/axioms15010021.

[11] S. Jain, I.M. Batiha, D. Baleanu and P. Agarwal, An extension of the k-type hyperge-
ometric matrix functions, Journal of Inequalities and Special Functions, 16(2) (2025),
1–25.

[12] Y. Liu and Y. Tian, More on extremal ranks of the matrix expressions A−BX±X∗B∗

with statistical applications, Numerical Linear Algebra with Applications, 15(4) (2008),
307–325.

[13] Y. Liu and Y. Tian, Extremal ranks of submatrices in a Hermitian solution to the
matrix equation AXA∗ = B with applications, Journal of Applied Mathematics and
Computing, 32(1) (2010), 289–301.

[14] Y. Liu and Y. Tian, Maxmin problems on the ranks and inertias of the matrix ex-
pressions A−BXC ± (BXC)∗ with applications, Journal of Optimization Theory and
Applications, 148(3) (2011), 593–622.

[15] G. Marsaglia and G.P.H. Styan, Equalities and inequalities for ranks of matrices, Linear
and Multilinear Algebra, 2(3) (1974), 269–292.

[16] R. Penrose, A generalized inverse for matrices, Mathematical Proceedings of the Cam-
bridge Philosophical Society, 51(3) (1955), 406–413.



978 S. Guerarra et al.

[17] H. Qawaqneh, G. Al-Musannef and H. Alsamir, Structural properties and applications
of generalized fractional multivariate q-Laguerre polynomials, International Journal of
Analysis and Applications, 24 (2026), 50.

[18] C.R. Rao and S.K. Mitra, Generalized inverse of a matrix and its applications, Proceed-
ings of the Sixth Berkeley Symposium on Mathematical Statistics and Probability, Vol.
1, University of California Press, Berkeley, (1972), 601–620.

[19] Y. Tian, Upper and lower bounds for ranks of matrix expressions using generalized
inverses, Linear Algebra and its Applications, 355(1-3) (2002), 187–214.

[20] Y. Tian, Extremal ranks of a quadratic matrix expression with applications, Linear and
Multilinear Algebra, 59(6) (2011), 627–644.

[21] Y. Tian, Some optimization problems on ranks and inertias of matrix-valued functions
subject to linear matrix equation restrictions, Banach Journal of Mathematical Analysis,
8(2) (2014), 148–178.

[22] Y. Tian, Solutions of a constrained Hermitian matrix-valued function optimization prob-
lem with applications, Operators and Matrices, 10(4) (2016), 967–983.

[23] Y. Tian and Y. Liu, Extremal ranks of some symmetric matrix expressions with appli-
cations, SIAM Journal on Matrix Analysis and Applications, 28(3) (2006), 890–905.

[24] Y. Xie, C. Ma and Q. Zheng, On the nonlinear matrix equation Xs + AHF (X)A = Q,
AIMS Mathematics, 8(8) (2023), 18392–18407.

[25] Z. Xiong and Y. Qin, Extremal ranks of some nonlinear matrix expressions with appli-
cations, Journal of Optimization Theory and Applications, 163(2) (2014), 595–613.

[26] Z. Xiong, Y. Qin and S. Yuan, The maximal and minimal ranks of matrix expressions
with applications, Journal of Inequalities and Applications, 2012(1) (2012), Article ID
1, 1–15.


