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Abstract. In this paper, we suggest an iterative schemes on extragradient methods for find-
ing a common element of the set of solutions of generalized mixed equilibrium problems and
fixed points of a nonexpansive mappings, and the set of solutions of a variational inequality
problems for inverse strongly monotone mappings. We prove the convergence theorems for

the sequences generated by these iterative process in Hilbert spaces.

1. INTRODUCTION AND PRELIMINARIES

There are various problems reduced to finding solutions of equilibrium prob-
lems, which cover variational inequalities, variational inclusions, complemen-
tarity problems, saddle point problems, noncooperative game theory, minimax
theory, fixed point problems as special cases.

Equilibrium problems which was initiated by Blum and Oettli [5] has been
extensively studied as an effective and powerful tools for a wide range of prob-
lems which arises in economics, finance, image reconstruction, ecology, trans-
portation network, engineering and optimization problems [2, 8, 20, 35]. For
the variational inequality problem, projection algorithm is efficient. However,
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they request the involving monotone mapping on inverse strongly monotone
[24]. To relax the restriction on inverse strongly monotone extragradient al-
gorithms, which have been extensively studied [9, 25| are considered for a
variational inequality involving a continuous and monotone mapping in this
works.

Let H be a real Hilbert space with the inner product (-,-) and the norm
| - ||, respectively. Let C be a nonempty closed convex subsets of H. Let
B : C — H be a nonlinear mapping, F' : C' x C' — R be a bifunction and
¢ : C = RU{+0o0} be a function, where R is the set of real numbers.

We consider the generalized mized equilibrium problems for finding x € C
such that

F(z,y) + ¢(y) + (Bz,y — z) = p(z), Vy € C. (1.1)
The set of solutions of (1.1) is denoted by GM EP(F, B, ). It is easy to see
that x is a solution of problem (1.1) implies that = € domp = {x € C': p(x) <
+oo}.
Special cases:

(i) If B =0, then problem (1.1) is reduces to the following mized equilib-
rium problem for finding x € C such that

F(l‘,y) + go(y) - 90(1') > 07 Vy € Ca (12)

studied by Ceng and Yao [7] and also Peng and Yao [26, 27] and its
solution set is denoted by M EP(F,p).

(ii) If ¢ = 0, then problem (1.1) is reduces to the following generalized
equilibrium problem for finding x € C such that

F(z,y)+ (Bx,y —z) > 0Vy € C, (1.3)

studied by Takahashi and Takahashi [29].
(iii) If ¢ = 0 and B = 0 then problem (1.1) is equivalent to the following
equilibrium problem for finding = € C such that

F(z,y) >0, Yy € C, (1.4)

studied by Blum and Oettli [5].

(iv) If F(xz,y) = 0 for all z,y € C, then problem (1.1) is equivalent to
the following generalized nonlinear variational inclusion problem for
finding € C such that

(Bz,y —z) +¢(y) —p(z) >0, Vy € C, (1.5)

which is variant form of [3, 4, 28|.
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(v) If p =0 and F(z,y) =0 for all z,y € C, then problem (1.1) becomes
the following variational inequality problem for finding x € C such that

(Bz,y —x) >0, Yy € C, (1.6)

studied by Lions and Stampacchia [20]. The set of solutions of (1.6)
is denoted by VIP(B,C).

(vi) If B=0and F(z,y) =0 for all x,y € C, then problem (1.1) is reduces
to the following minimization problem for finding x € C' such that

o(y) > ¢(x), Yy € C. (1.7)

In 1976, Korpelevich [16] introduced the extragradient method for the vari-
ational inequality problems in the finite dimensional Euclidean spaces as fol-
lows::

r1=x € C,
Yn = PC(xn - )\an)v (18)
ZTnt1 = Po(xn — AByy), for every n=0,1,---, A € (0, %)

where C is a closed convex subset of R™*, B : C' — R™ is a monotone and
k-Lipschitz continuous mapping and P¢ is the metric projection of R™ onto
C'. She showed that if VIP(B, () is nonempty, then the sequences {z,,} and
{yn} generated by (1.8), converge to the same point x € VIP(B,(C).

Recently, Zeng and Yao [37], and Nadezhkina and Takahashi [21] suggested
some iterative schemes based on the extragradient techniques for finding the
common point for the set of fixed points of nonexpansive mappings and the
set of solutions of a variational inequality problems for a monotone, Lipschitz
continuous mapping. Yao and Yao [34] defined the iterative schemes based
on the extragradient techniques for finding the common point of the set of
fixed points of nonexpansive mappings and the set of solutions of a variational
inequality problems for a k-inverse strongly monotone mapping. Plubtieng
and Punpaeng [23] introduced an iterative schemes based on the extragra-
dient method for finding the common element of the set of fixed points of
nonexpansive mappings, the set of solutions of an equilibrium problem and
the set of solution of a variational inequality problems for a-inverse strongly
monotone mappings.

In 2003, Takahashi and Toyoda [30] defined the following iterative scheme:
Tp+l = QpTp + (1 - an)SPC(SCn - AnTxn)a (19)

where {a,} is a sequence in (0,1) and {\,} is a sequence in (0,2«a). They
show that if F'(S) NVIP(A,C) # 0, then the sequence {z,} defined by (1.9)
converges weakly to some point z € F(S) N VIP(A,C), where F(S) denote
the fixed point set of the mapping S.
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Recently Zeng and Yao [37] introduced the following iterative scheme:

xo=x € C,
Yn = Po(rn — Aazn), (1.10)
Tnt1 = anxo + (1 — apn)SPo(zy, — A\ Ayy),
where{\, } and {a,} satisfy the following conditions:
(i) A\pk C (0,1 =) for some § € (0,1);
(i) @y C (0,1),3°07 1 ay = 00, limy 00 o, = 0.
And, they proved that the sequence {z,} and {y,} generated by (1.10) con-
verge strongly to the some point Pr(g)nvrp(c,n)To provided that

xlglolo [Znt1 — 20| = 0.

In 2010, Noor and Rassias [22], Huang et al. [10], defined the set of projec-
tion residual function by
Ry(z) =z — Po(x — MAux). (1.11)

It is well known that x € C is a solution of variational inequality (1.6) if
and only if z € C is a zero of the projection residual function (1.11). They
proved the strong convergence result of the iterative scheme (1.9) using the
error analysis techniques.

By the recent works [1, 2, 6, 10, 12, 13, 14, 15, 17, 19, 23, 11, 28], we define
an iterative process based on the extragradient method for finding a common
point of the set of solution of a generalized mized equilibrium problems.

r1=x € C,

F(un,y) + (Ban,y — tn) + o(y) — () + -y — tn, up — a5) > 0,y € C,

Yn = PC(un - AnAun)7

Tpt1l = QpTp + ans[ﬁnxn + (1 - ﬁn)PC(yn - )\nAyn)} + apén,

where {e,} is a bounded sequence in C and {a, }, {a,}, {o, }, {Bn}, {Tn}, {0}
satisfied some parameter control conditions.

2. PRELIMINARIES

In this paper, we assume that C' is a closed convex subset of a real Hilbert
space H. Then there exists a unique nearest point in C' denoted by Pc(z)
such that

|z = Pe(z)| < [z —yll, vy € C.
Pc is called the metric projection of H onto C. It is well known that P¢ is a
nonexpansive mapping from H onto C and satisfies

(@ —y, Po(x) = Pely)) = | Po(x) = Pe)|?, Yo,y € H.
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Moreover, Po(x) is characterized by the following properties: Po(z) € C and
(z — Po(z),y — FPoly)) <0, (2.1)
lz = yl* > |z — Pe(@)l” + [ly — Pe(@)|?, Yz € H,y € C.

Definition 2.1. A mapping A : C — H is called monotone if
<A(L’ - Ay7x _y> > 07 V%IU € C7

and «a-inverse strongly monotone if there exists a positive real number a such
that

<A.Z' - Ay,l’ - y) > O‘HA‘/E - AZ/H2aV$7Z/ eC.

Definition 2.2. A mapping S : C' — C is called nonexpansive if
1Sz = Syl < [lo — yll, Va,y € C,
and pseudocontractive if
<S.%' - Syvx - y) < ||.1‘ - yHZaVUC,y € Ca

and also called k-strictly pseudocontractive if there exists a constant k € [0,1)
such that

1Sz — Syl* < ||z — y|* + &l = S)a — (I = S)yl|*,Va,y € C.

Let A : C' — H be a monotone mapping. The variational inequality problem
has the characterization by projection (2.1) as follows:

u€ VIP(A,C) < u= Po(u— NAu),VA > 0. (2.2)

For solving the generalized mixed equilibrium problems, let us give the
following assumptions for the bifunction F', function ¢ and the set C:

(Al) F(xz,z) =0,Vz € C,

(A2) F is monotone i.e.,

F(z,y)+ F(y,z) <0,Vz,y € C;

for any y € C, z - F(z,y) is weakly upper semi-continuous;

for each x € C, y F F(x,y) is convex;

for any x € C, y - F(z,y) is lower semi-continuous;

for each z € H and r > 0, there exists a bounded subset D, C C' and
y> € C Ndomep such that for every z € C' — D,

(43
(A1)
(45)
(B1)
F( ) +0ue) + (B2, 0 — 2) 3 (o — 2,2 = 2) < 9(2);

(B2) C is a bounded set.
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Lemma 2.3. [26] Let C be a nonempty closed convex subset of a Hilbert space

H. Let F : C x C — R be a function satisfying (A1)-(A5) and ¢ : C —

RU{+oc0} be a proper convex lower-semicontinuous. Assume that either (B1)

or (B2) holds. Forr >0 and x € H, define a mapping T, : H — C' as follows:
1

T ={z€C: Fzy)+oy) +(Bzy—2) + ~{y =22 —x) < p(2), Yy € C}.

Then the following statements hold:

(1) for each x € H,T,(x) # 0;
(2) T, is single-valued;
(3) T) is firmly nonexpansive, i.e., for any x,y € H

I (2) = To()I* < (To(2) = To(y), = — y);

(4) F(T,(I - rB)) = GMEP(F, B, p);
(5) GMEP(F, B, ) is closed and convex.

Lemma 2.4. [6] If A : C — H is a-inverse strongly monotone, then for
any A € [0,4a], Ry(x) is (1 — ;>)-inverse strongly monotone and for z* €
VIP(A,C),

(o~ Rafw) = (1= ) [Ra)l”,
where Ry(z) = x — Po(x — AAxz).

Lemma 2.5. [10] For allx € H and X' > X\ > 0, we have

[BA(@)]] < | R ()]
where Ry(z) = © — Po(x — MAx).

Lemma 2.6. [32] Let {a,}22, be a sequence of real numbers in [0, 1] such that
S>> an = 1. Then we have

n=1
[o.¢] o0
1 il < aillzi)?,
i=1 i=1
for any given bounded sequence {x,}5°  in H.

Lemma 2.7. [18] Let {ayn} and {b,} be two sequences of nonnegative numbers
such that Y7 | b, < +00 and
On+1 < ap + by, Vn € N.

If there exists a convergent subsequence of {an} to 0, then lim, . a, = 0.
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Lemma 2.8. [33] Assume that {a,} is a sequence of nonnegative real numbers
such that

An+1 S (1 - pn)an + pn5n7 n Z 17
where {pyp} is a sequence in (0,1) and {6, } is a sequence in R such that
(i) ZSLOZI Pn = 003
(ii) Hmsup,, o0 0n <0, or > > | pndy |< 00.
Then lim,,_,o an = 0.

Lemma 2.9. [36] Let 0 < p <t, < q <1 for alln > 1. Suppose that {x,}
and {yn} are sequences in H such that

| <d

limsup ||z, | < d, limsup ||y,
n—oo n—oo

and
lim ||tpz, + (1 —ty)ynl| = d,
n—oo
for some d > 0. Then
lim ||z, —yn| = 0.
n—oo
It is also known that H satisfies Opial’s condition, that is, for any sequence
{zp} with x,, — z, the inequality
liminf ||z, — z| < liminf ||z, — y||
n—oo n—oo
holds for every y € H with y # x.

Lemma 2.10. [31] Let C' be a nonempty closed convex subset of a real Hilbert
space H and S : C — C be a strictly pseudocontractive mapping. If {x,} is a
sequence in C' such that x,, — = and lim,_o ||z, — Sxy|| = 0, then x = Sz.

Lemma 2.11. [31] Let S : C — C be a k-strictly pseudocontractive mapping.
Define Sy : C — C by

Six =tz + (1 —1t)Sz
foreachx € C. Then fort € [k,1), S; is nonexpansive such that F(S;) = F(S).

Lemma 2.12. [30] Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let {z,} be a sequence in H. Suppose that for any x* € C
[Znr1 — 2% < [lan — 27
Then
lim Po(zy,) =2¢€ C.

n—o0
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3. MAIN RESULTS

Theorem 3.1. Let C be a closed convex subset of a real Hilbert space H. Let
F:C xC — R be a bifunction satisfying (A1)-(A5), and ¢ : C — RU {400}
be a proper lower semicontinuous and convex function. Let A : C' — H be
an «a-inverse strongly monotone mapping and B : C — H be a [-inverse
strongly monotone mapping. Let S : C — C be a nonexpansive and k-strictly
pseudocontractive mapping such that

Q= F(S)NVIP(A,C)NGMEP(F, B, o) # .

Let {a}, {a,}, {a} and {B,} be the sequences of real numbers in (0,1). As-
sume that either (B1) or (B2) holds. Let {xy}, {yn} and {uy,} be the sequences
generated by

x1=x € C,
Yn = Po(un — A\pAuy),
T+l = QpTpn + a;LS[/ann + (]— - /Bn)PC(yn - )\nAyn)} + O‘;;Gny
(3.1)
where {en} is a bounded sequence in C. Suppose that the following conditions
hold:

(i) apnta,+a, =1, 0<a<a,<b<l1;

(i) 0 <rp <28, {M\} C [a,b] for some a,b € (0,2q);
(iii) {a} C [e,d], {B} C [e, f] for some c,d,e, f € (0,1);
(iv) liminf, oo 7 >0, 3200 | v |< 0.

Then {xz,} converges strongly to p* € , where p* = lim,_,+ Pa(zy,).
Proof. We divide the proof into five steps:
Step 1. We claim that {x,} is bounded and

A5, Raltin) = Jimg, Ban (un) =0,

Put v, = Po(yn — M Ayy) and wy, = Bpxy, + (1 — Br)vp, then we have
Ry, (up) = up — Po(un — A\pAuy,)

and
R, (Yn) = yn — Po(yn — AnAyn),

for every n =1,2,--- .

Let p € . Then, for the sequence of mappings {7}, } defined in Lemma
2.3, we have

p=Po(p—M\Ap) =T, (p — rnBp).
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From u, = T, (x, — r,Bx,) € C, the B-inverse strongly monotonicity of B

and 0 < r, < 28, we have

|, _pH2 = T}, (xp — rnBry) = T, (p — ran)H2
< (@n = rnBrn) — (p — Tan)HQ

< l@n — p||? = 2rnl2n — p, Bz, — Bp) + r2||Bx,, — Bp|?

< lzn — pH2 — 2, B|| By, — BpH2 + T’rZLHan - BpH2
<||zn — pH2 + 7n(rn — 28)|| Bz, — BPH2
< [z — pl|*.

Hence, from Lemma 2.4, we have

lyn — sz = |lun — Ry, (un) _pH2
= [Jun — plI* — 2(un — p, Ra,, (un)) + || R, (un)||”

An

<l = plI* = 200 = ) [ B (wn) 7 + [ R, ()
A

<y, — pl2 — (1= 22 Yk

< llun = plI" = (1 = 5 )R, (ua) 17,

which implies from (3.2) that

A
lyn = PI* < llzn = pI* = (1= 52) | B, (wn) |

By the same process an in (3.3), we also have from (3.4) that

A
[on = pI* < llyn = pI* = (1= 521 B, (o) |

A
< n — 2 1— n n 2
< llyn = pIP = (1 = 5 )R, (v )l
A
< llen = pll" = (1= 5 )R, (un)l
An
— (1= Z5)[Ra, (yn) |1

20

(3.3)



702 J. K. Kim and Salahuddin

Further from (3.1) and (3.5), we have
lwn = plI* = Ballzn — plI? +26,(1 = Bu){zn — p,vn —p)
+ (1= Ba)?llon — plI?
= Ballzn — Pl + 26 (1 = Ba) |20 — pII®
+ (1= Ba)?llzn — p)?

(U B 3 B, () (3.
(= B 2 R )]

An
<l = plI* = (1= Ba)*(1 — ﬁ)HRAn(un)HQ

(L B 2R )

Let S,, = Bl +(1—f,)S. Then S, is nonexpansive from the nonexpansivity
of S, for each n € N, and using Lemma 2.11, we find that F(S,) = F(S).
Since 0 < A, < 2« and from (3.6), we have

|Zn+1 _pH2 < agllzn _pH2 + a;LHSnwn - pH2 + a;;Hen -l

< anllen = plI* + apllwn = pl* + anllen - pl
/ A
< anllzn = pl* + anllen = plI* = (1= Ba)*(1 = S2) [ B, (wn) |

An "
— (1= Ba)*(1 - %)llen(yn)HQ] + aylen —pf

’ ’ An
< (an + ag)llwn = pI” = 0y (1= 8a) (1 = 521 Rx, (un)

/ An 1"
= (1= Bn)* (1= S0 Ro, () [ + e =

" ’ )\n
< (1= ag)llan = pl* = (1= Ba) (1 = SR, (wa) |* (3.7)

/ An "
—ay (1= B)?(1 — %)!\Rxn(yn)ﬂz + oy len = pll
< (1= ap)llzn — plI* + anfllen — pl
/ A
_ 1— - 2 1— n n 2
an (1= Bn)"(1 = 5 )[R, (un) |
/ A
an (1= Bn)"(1 = 5O R, (417}
<l = pl* + llen = pll.
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Hence {||z,,—p||} is a bounded and nonincreasing sequence, so lim,,_, o ||, —p]|
exists. Hence {z,} is bounded. Consequently the sets {un}, {vn}, {wn}, {yn}
are also bounded.

By inequality (3.7), we have

/ A
o (1= Bn)* (1= S 1B, () [I* < llwm = plI* = l|#nss = pl* + llen = pll-
From the conditions (i) and (ii), there exists a constant M; > 0 such that
M||R 2 < a1 )1 - 2R 2 -
B ()l = (1= n) (1 = 5 )R, (un) [* + llen — 2

< lan — ol = llzner — ol + llen — pll-
It follows that

o0 (o.9)
MY R )l <0 Ml = 2l = llnsr = pl* + llen = pll]
n=1 n=1
= a1 = pl* + llex —pl
< Q.
Hence, lim,, o0 || Ry, (un)|| = 0. And so, we have

nh_)Holo Ry, (un) = 0.

Since
Ry, (up) = up — Po(up — AMpAuy) = Uy — Yn,

we have

1 [fuy — gl = 0.
Notice that A\, > a, then by Lemma 2.5,

[Ra(un)ll < [|Rx, (un)]l.

Therefore, we have

lim R,(u,) = lim Ry (u,)=0. (3.8)

n—oo n—o0

By the same way, we also obtain

1B, () | = Tim ly, — vnl| =0,
n—oo

lim
n—o0

and thus, we have

lim |u, — v,|| = 0. (3.9)
n—oo
Step 2. We show that
lim ||z, — upl| = lim ||Spzn — x| = 0.
n— oo n—oo
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Indeed, for any p € €, it follows from (3.1) and (3.5) that
lwn = pl* = Bullzn = pl* + (1 = Ba)lvw = plI* = Ba(1 = Bu) |20 — val®
< lon - p||2 = Bn(1 = Bp)llzn — Un||2a

which implies that

|1 = pl* < anllen = plI* + aplwn — plf?
- ana;zHSnwn - anQ + a;;”en —pll
< apllzn — pl* + ayllzn — pl® (3.10)
— apBu(1 = Bn)llwn — val?
- ano‘;zHSnwn - anQ + O‘;lz”en —pll
< (a+a)|lzn = pl* = @Bl = Ba)llzn — val|?
- O‘na;z”snwn - anQ + a;ll”en -l
Thus, it follow from (3.10) that
Wty [[Sntwn — 2 |* < (1= ) |20 = p|I* = 201 = plI* + apllen — -
From the condition (ii), there exists a constant Ma > 0 such that
Ma||Spwn — anQ < O‘na;zHSnwn - $n||2

(1= ap)llzn = plI* = llzns1 = pl* + anllen = pl.

IN

Hence, we have
[o.¢] oo

My Y " [|Snwn — 2> <Y [(1 = ap)ll@n = plI* = [@nr1 = plI* + apllen — p]
n=1 n=1

= |lz1 — p|I* + llex — pll
< 00.

Hence
lim [|Spwy, — x| = 0. (3.11)
n—oo

From (3.10), we also get
(L = B)llzn = vnll* < llon = plI* = llznsr = pl* + ayllen — pll-

Similarly, we obtain

lim ||z, —v,| =0. (3.12)
n—oQ

This combinine with (3.9), then we have
lim ||z, — uy,|| = 0. (3.13)

n—oo
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Since
[Snzn — Znll < |Snan — Snvn|l + [[Spvn — Spwal| + [|Spwn — zn ||

< zn — vnll + |lvn — wa|| + [ Snwn — 24|

< ||@n — vnll + Bullzn — vall + [1Spwn — 2|,
it implies from (3.11)-(3.12) that

lim ||Spzn — zy| = 0. (3.14)
n— oo

Step 3. Next, we prove that there exists a convergent subsequence {x,, } of
{zn} such that limy_,o zy, = p* for some p* € C. Moreover

p € Q=F(S)NVIP(A,C)NnGMEP(F,B, ).

Since {x,} is a bounded sequence, there exists a weakly convergent subse-
quence {zp,} such that z,, — p*. It implies from (3.11) and (3.13) that
Spwy, — p*(k — o0) and uy,, — p*(k — 00). Since A is inverse strongly
monotone with the positive constant a > 0, we have

all Az — Ayl < (Az — Ay,z —y) < | Az — Ayl — |

Hence ||Az — Ay|| < 1|z — y|, it means that A is 1-Lipschitz continuous.

From the é—Lipschitz continuity of A and the continuity of Pg, it follows
that R,(x) = x — Po[x — aAxz] is also continuous. Notice that p, > a, then by
Lemma 2.5, || Ry ()| < ||Rp, (25)||- Then from Step 1,

dm [[Ro(zn, )| = lm [y, (zn,)]| = 0.
—00 k—o0
Therefore from the continuity of R, (z),
R,(p*) = lim Rg(xy,) = 0.
k—o0

This show that p* is a solution of the variational inequality (1.6), that is
p* € VIP(A,C). From (3.12), limy_,« ||zpn, —p*|| = 0, and the property of the
nonexpansivity of the mapping S, it follows that p* = Sp*, that is, p* € F(5).
Finally, from Theorem 3.1 in [5], we prove that p* € GM EP(F, B, ). Thus,
we have

p* € Q= F(S)NVIP(A,C)NGMEP(F, B, ).
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Next, we will prove that z,, — p*(k — oo). From (3.1), (3.6) and (3.7) we
can calculate that

|zns1 = p*I* = (@nan + @, Swn + agen =, Tt — 1)

=ap(ry, —p*, Tp1 —p) + a%(Snwn —p" Xy — D)
+ oa;;(en —p" Tpt1 — %)

< apllan — p*|)? + al, (Spwn — P, ans1 — p¥)
+ o (en — P Tt — D7)

< apl|lzn — 01> + a;(S’nwn —p* Tyl — Ty)
+ 0, (Snwn — P, 2 — D7) + apen — P, Tt — pY)

< anllzn — p*I? + ap |z — P + a (Snwn — P, g1 — )
+ o (en — P T — D7)

< (o + )@ = p*I1* + 0, (Snwn — p*, Tng1 — )

+ap{en — P, Tny1 — P

-

< (1= ay) e =97 + a;(a,,)<5nwn — P Tnt1 — Tn)

3

+ (en — D", Tng1 — D).

Since Spwp, — p* and z,, — p* as k — oo, from Lemma 2.8, we conclude
that

|zn, —p*|| = 0, (k — 00).
Using the Kadec-Klee property of H, we obtain that limy_. z,, = p*.

Step 4. We claim that the sequence {z,} generated by algorithm (3.1) con-

verges strongly to p* € Q:= F(S)NVIP(A,C)NGMEP(F, B, ). From the

result of Step 3, we know that p* € Q. Let p = p* in (3.7). Consequently,
[2nt1 = "Il < llzn —p"| + llen — P7|.

And also, we know that, limg_, ||2n, — p*|| = O from Step 3. Then from
Lemma 2.7, we have

lim |z, —p*|| = 0.
n—oo

Therefore lim,, o xn = p*.

Step 5. Finally, We claim that p* = lim,,_,oc Po2y. From (2.1), we have
(xn, — Poxyn , p* — Poxy) < 0. (3.15)
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By (3.7) and Lemma 2.12, lim,,_, o, Pox,, = ¢* for some ¢* € €. Since lim,,_,o ), =
p* from Step 4, taking the limit in (3.15), we have

P*—q¢ ,p" —q") <0,
and this means that p* = ¢*. Hence

lim Pqoxz, = p".
n—oo

This completes the proof O
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