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Abstract. We consider the non-instantaneous impulsive fractional neutral differential equa-
tions with a nonlocal condition. Here the resolvent operator technique is used to derive the
mild solution of the desired problem. The existence results are proved by using fixed point

theorem and measure of noncompactness.

1. INTRODUCTION

Impulsive differential equations are considered most important in recent
literature simulated by their numerous applications. These equations are suit-
able to model the natural description of several evolutionary processes subject
to certain perturbations whose duration is negligible in comparison with the
duration of the process. Many of the literature treated with the instantaneous
impulsive differential equations and studied the existence and qualitative prop-
erties of these equations, see [1, 5, 6, 9, 23, 32, 33].

On the other hand, Herndndez and O’Regan [18] introduced a new type
of impulsive differential equations, in which the impulses are not instanta-
neous. In this case the impulses start abruptly at a certain point and their

9Received December 19, 2016. Revised June 3, 2017.

92010 Mathematics Subject Classification: 34A08, 34K30, 34A37, 35R11, 47HOS.

YKeywords: Fractional differential equations, non-instantaneous impulsive conditions, re-
solvent operator, measure of noncompactness.



724 A. Anguraj and S. Kanjanadevi

action continues on the finite time interval. This theory is involved with cer-
tain dynamics of evolution processes in pharmacotheraphy. In [28] Pierri et al.
analyzed the existence results of non-instantaneous impulsive differential equa-
tions with values in fractional spaces. The relevant research topic is presented
in some recent papers [8, 11, 21, 25, 29, 36, 38].

Hernandez et al. [19] discussed the theory on non-instantaneous impulsive
differential equations improving the results which were studied in [18]. They
demonstrated this problem with an example of the hemodynamical equilib-
rium of a person. In the case of a decompensation (for example, high or low
levels of glucose) one can prescribe some intravenous drugs (insulin). Since the
introduction of the drugs in the bloodstream and the consequent absorption
for the body are gradual and continuous processes, we can interpret the above
situation as an impulsive action which starts abruptly and stays active on a
finite time interval. In this example Herndandez et al. mentioned the advan-
tages of the new model presented in [19], that is the introduction of the drug
at time t; depend on the level of glucose observed in time intervals previous
to the time ¢;.

Fractional impulsive differential equations have received more attention in
the recent studies. It is because of fractional derivatives have the memory and
hereditary properties of various materials and processes. Also fractional differ-
ential equations can be found in many scientific applications like viscoelasticity,
electrochemistry, porous media, control problem, polymer rheology and aero-
dynamics. For further information and detailed study about this theory refer
[17, 22, 30, 39]. The nonlocal conditions have been studied in numerous scien-
tific fields, since it has the nature to take additional information. Byszewski
and Lakshmikandam [3], Anguraj and Karthikeyan [2], Hernandez [17], Zhang
et al. [39] and Chadha and Pandey [4] have investigated some existence and
uniqueness results for nonlocal problem.

The neutral differential equations are depending on present and previous
values but that involve derivatives with delays as well as function itself [14, 15].
These features direct to study fractional neutral impulsive differential equa-
tions in many real life applications. The existence of mild solution of fractional
impulsive neutral integro-differential equations with infinite delay have been
studied by using the solution operator in [10] and by using the analytic a-
resolvent family in [12] for the non-instantaneous impulsive fractional neutral
differential equations. The Riemann-Liouville fractional derivative was con-
sidered in [37] to study the non-instantaneous impulsive neutral functional
differential equations with infinite delay. In [27] Pandey et al. established the
existence results of second-order neutral non-instantaneous impulsive differen-
tial equations with state delay by using Darbo-Sadovskii fixed point theorem.
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The concept of measure of noncompactness is used by many authors to
study the existence results for impulsive fractional differential equations (see
[4, 7,13, 24, 29, 34, 35]). Here they used Darbo fixed point theorem or Ménch
fixed point theorem to prove the existence theorems.

Here we study the existence results for non-instantaneous impulsive frac-
tional neutral differential equations with nonlocal conditions of the form

& DY (u(®) + p(t,u(t), ue))

= A (u(t) + /0 t (t — s)u(s)d5>

+ S,L.Igfaq(t,u(t),ut), te (sitiy1], i=0,1,---,m, (1.1)

u(t) = gi(t, uhi(t)), te (tis), i=1,---,m, (1.2)

u(t) = ¢+ h(u), t € (—o0,0], (1.3)

where A is the closed and unbounded operator in X with dense domain D(A),
0 =1ty =59 <t <s1 <+ < tjp1 are prefixed numbers. The functions

us @ (—00,0] = X, us(0) = u(s + ), and ¢ belongs to some abstract phase
space B described axiomatically. Here p,q : [0,a] x X x B — X, h: B — B
and k € L} (RT) are appropriate functions. The relation ¢ — I;(t) defines a
2004_set valued function, each function g;(t,-) is a continuous function defined
from a Banach space C;(t) into X, the spaces C;(t) are formed by function
defined from [;(t) into X. § Df" is a Caputo fractional derivative with lower

limit s;, where 0 < o < 1.

In this paper we first concentrate to derive the mild solution of the equations
(1.1)-(1.3) in more appropriate way under the resolvent operator involved in
[16, 31] with perturbation results. Next we prove the existence results for the
problem (1.1)-(1.3) by using contraction mapping principle and fixed point
theorem for condensing map. Further we relax the compactness of the resovent
operator to prove the existence of mild solution by the concept of Hausdorff
measure of noncompactness and Darbo-Sadovskii fixed point theorem.

2. PRELIMINARIES

Let X and Y be Banach spaces and £(X,Y") denote the space of all bounded
linear operators with norm || - || z(x,y). The domain of A is endowed with the
graph norm |- ||pcay = |[ul|+[|Au||. In addition, B, (u, X) represents the closed
ball with center at u and radius r in X. The space C([0,a]; X) denotes the
space of all continuous functions with norm || - [[¢(j0,a1;x) = SUPsejo,q) lu(?)] x

and C7([0,al; X),y € (0,1) denotes the space formed by all the functions

u € C([0,al; X) such that [ucn (oafix) = SUP eefo.a) s i ix

endowed with the norm ||ul|cv(j0,q):x) = ullc(o,a:x) + [Uler((0,.a):x)-

is finite,



726 A. Anguraj and S. Kanjanadevi

We introduce the space PC(X) which is formed by all the functions w :
[0,a] — X such that u(-) is continuous at t # t;, u(t;) = u(t;) and u(t})
exists for all ¢ = 1,2,---, N, is a Banach space with respect to the norm
[ullpo(x) = supiejo,q) llu(t)||. For a functionu € PC(X) andi € {0,1,--- , N},
we introduce the function 4; € C([t;, tiy1]; X) given by

’U,(t), for t € (ti7ti+1],

ait) = {u(tj), for t =1,

In addition, for B C PC(X)and i€ {0,1,---, N}, we use the notation B; for
the set B; = {4; : u € B}. We note the following Ascoli-Arzela type criteria.

(2.1)

Lemma 2.1. ([18]) A set B C PC(X) is relatively compact in PC(X) if and
only if each set B; is relatively compact in C([t;, tiz1]; X).

We consider the notation (C;(t), ||-|l¢,)), with ¢ € (¢;, 5] and i € {1,--- , N},
to represent an abstract Banach space formed by functions defined from I;(t) C
[0, s;] into X. In addition, for a set I C [0, a], we use the notation PC(X)|, for
the space PC(X)|, = {u‘lim :u € PC(X)} endowed with the uniform norm.

We consider the phase space (B, ] - ||g), is a linear space of function wuy
mapping from (—oo, 0] into X with respect to the seminorm || - ||z, which is
previously addressed in Hino et al., [20] to examine the infinite delay problem.

We assume the space B meets the axioms given below:

(1) fu:(-oo,v+a] - X, v €R, a> 0such that u, € B, and ul}, 44 €
PC([v,v+al; X), then the subsequent conditions hold for all ¢t € [v, v+
a)

(i) ut € B,

(i) [u(®)llx < $luls,

(iii) Jluells < R(E—v)sup{llu(s)x : v <s <t} + Mt —v)l|lw |5,
where 9, & : [0,00) — [1,00), is locally bounded and continuous re-
spectively; $ > 0 is a constant. £, $), 91 are independent of u(-).

(2) The phase space B is complete.

The Caputo fractional derivative of order o > 0 of a function u defined as
follows:

ZD?“(t) = A7 Diu(t), n = [al,

where o I§u(t) = (aq * u)(t) = ﬁ f(f(t — ) lu(s)ds, an = %a)(t)afl, t>
0, a > 0. Also, in general the Caputo derivative is a left inverse of Riemann-

Liouville fractional integral 1 but not a right inverse, i.e., we have § D', If'u =
u, and o I§¢ D§u(t) = u(t) — u(a), for 0 < a < 1.
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Note that the following perturbed convolution equation
u(t) = (aq+aq*k)xAu(t)+ f(t), t € 0,a], (2.2)

has a corresponding resolvent operator (S(t))i>0 on X and f € C([0,a]; X),
see [16] and [31, Section 1.4].

Definition 2.2. ([31, Definition 1.3]) A family (S(t)):>0 C £(X) of bounded
linear operators in X is called resolvent for (2.2)(or solution operator for (2.2)),
if the following conditions are satisfied

(S1) S(t) is strongly continuous on R™ and S(0) = I,

(S2) S(t) commutes with A, which means that S(¢)D(A) C D(A) and
AS(t)x = S(t)Ax for all z € D(A) and t > 0;

(S3) The resolvent equation holds

S(t)yr =x 4+ agA*xS(t)xr + k*xa,A*xS(t)z,
for all z € D(A), t > 0.
Definition 2.3. ([31, Definition 1.4]) A resolvent operator S(t) for equation
(2.2) is said to be differentiable, if S(-)u € WH([0,00); X) for every u € D(A)

and there is ¢ € L},.([0,00)) with [|S"(¢t)u] < @(t)[|ulp(a), a-e. on [0,00), for
every u € D(A).

Definition 2.4. ([31]) A function u € C([0,a]; X) is called a mild solution of
(2.2) on [0,a] if (aq + aq * k) xu € D(A) for all t € [0,a] and

u(t) = A(ag + aq * k) xu(t) + f(t), t € [0,a].

The next result follows from [16, Lemma 1.1] and [31].

Lemma 2.5. Suppose equation (2.2) admits a differentiable resolvent S(t).
(i) If u(-) is a mild solution of (2.2) on [0,a], then the function t —
fg S(t —s)f(s)ds is continuously differentiable on [0, a], and

u(t) = C‘llt/o S(t— ) f(s)ds, t < [0,d],

in particular, mild solutions of (2.2) are unique.
(i) If f € C([0,a]; D(A)) then the function u : [0,a] — X defined by

u(t) :/0 S'(t—s)f(s)ds+ f(t), t €]0,a,

is a mild solution of (2.2) on [0, a].
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To derive the mild solution of the problem (1.1)-(1.3), we first write the
corresponding integral equation of the system (1.1)-(1.3) as follows.

¢>+h( ) — p(t, u(t), ur) + p(0 ¢+h( ), uo)
fot—salA( s)+ [ k(s — T)u(r)dr) ds

—i—fo s),us)ds, t € [0,t1],

gi(t, u|Ii(t)), te (tis], i=1,---,m, (2.3)

gi(siuy, ) — p(t,u(t), ut)+p(s@-,g¢(s@-,uh(é ) Us;)

—l—ﬁ f; (t— S)O‘_lA ( )+ fo s—T)u )dT) ds

\_’_f;i q(svu(8)7u8)d87 le [317tz+1]7 1=1,--

3. EXISTENCE AND UNIQUENESS RESULTS

In this section we define the mild solution of the problem (1.1)-(1.3) and we
prove the existence and uniqueness results.

From the Definition 2.4 and from the integral equation (2.3), we introduce
the mild solution of (1.1)-(1.3) as follows.

Definition 3.1. A function u : (—o00,a] — X is called a mild solution of the

equations (1.

1)-(1.3), if (aq + aq x k) x u € C([0,a]; D(A)),

u(t) = {¢+h(u), t € (—o0,0]

and

Now since

giltuy, ) t € (tiysi], i=1,--- ,m,

¢+ h(u) — p(t, u(t), ut)+p( ¢+h( ) 0)

+ Ay Jo(t = )27 (uls) + fg k(s — T)u(r))drds
—i—fot q(s,u(s),us)ds, t € [O,tl],

gi(siuy, ) P(tau(t) Ut)+p(8i,gi(8¢,U|, o) Usi)
+ Ay Jo (t =92 (uls) + Jo k(s —7) )dT)ds
—l—fstl q(s,u(s),us)ds, te [Sz,tl_l'_l], i= 17

the equation (2.3) has an associated resolvent operator, from

Lemma 2.5, we have the following result.

Proposition 3.2. Assume that (S(t))i>0 is differentiable resolvent operator
and ¢ € D(A), p,q € C([0,a]x X xB;D(A)), h € C(B;D(A)), g; € C((ti,si]
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Ci(t); D(A)), then
u(t) (3.1)

¢+h( ) p(t7 ( ) ut) +p( 7¢+h(u)7u0) +fg Q(Syu(s),us)ds

+f0 St —s) (¢ + h(u) — p(s,u(s),us) + p(0, ¢ + h(u),up)

+ fo (T)auf)dT) ds, tel0,ty],

gl(t Uy, (t))v te (tz,Si], i=1---,m,

gl(s“u\li(si ) _p(tau(t)vut) +p(8ivgi<si’u|Ii(s7~,))7u5i)

+ft q(s,u(s),us)ds

+f S'(t—s) ( (Sz,uwxsi)) —p(s,u(s),us) +p(s“gi(siv“\zi(%))msi)
+ [, a(r,u(r )7ur)dr) ds, t € [si tiga], i=1,---,m,

is a mild solution of (1.1)-(1.3).

We will adopt the subsequent hypotheses:

(H1) q¢ : [0,a] x X x B — D(A) is a continuous function and let L, €
C([0,a); RT) such that

la(t, ur, 01) = q(t, uz, v2)llpay < Le()([lur — uzll + [lvr = valls),

t €0,a], uy, ug € X, vy, v € B.
(H2) The function m, belongs to C([0, a]; R™) and a non-decreasing function
W :[0,4+00) — (0,+00) such that

la(t, u, v)Ipeay < mg(O)W ([[ull + [lv]l5),

t €[0,al], (u,v) € X x B.
(H3) p:[0,a]x X xB — D(A) is a continuous function and L, € C([0,a]; RT)
with

Ip(¢, w1, v1) = p(t, ug, va)lpay < Lp(t)([[ur — wal| + [lor — v2|B),

t €0,a], uy, ug € X, vy, vo € B.
(H4) Cy > 0 and C5 > 0 such that

Ip(t, u, v)|5 < Cr(llull + [[vlls) + Co,

te[0,a],ue X, vebB.
(H5) The function h : B — D(A) is a continuous and there exists L €
C([0,a); RT) such that

[[7(w) = h(v)llpay < Li(t)]lu — vl|5,

for all u,v € B.
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(H6) For all + = 1,---,N and each t € (¢;,s;], the function g;(¢,-) €
C(Ci(t); D(A)) and there is a bounded function L, € C((t;, s;]; RT)
such that

lg:(t,u) — gi(t, v)[lpay < Ly, () llu — vlle, ),

for all u,v € C;(t).
(H7) For alli=1,--- , N and each u € PC(X), the function

t— gi(t,um(t}) € C((t;,si]; X)
and
ltlftn git ;)

exists.
(H8) For all t € (t;,s;] and i € {1,---, N}, the map
U;(t) : PC’(X)hN) = {u|1¢<t) cu € PC(X)} — Ci(t)
given by W;(t)u = u|, (v is a bounded linear operator and we always
assume that the set of operators {¥;(¢) : t € (¢;,si],i = 1,--- ,N} is
bounded. For our simplicity, we use the notation

Uy(s)= 1Wi(s)llepecy, it

Remark 3.3. We will use the notations K}, for Kp, = sup{||h(u)| : v € B}.

Let a function x : (—oo, a] — X be defined by zo = ¢ + h(u) and

z(t) = ¢(0) + h(u) —|—/0 S'(t — 5)(¢(0) + h(u))ds
for all t € [0, a]. It is easily say that

el < (RaH (1 + [l L1 (j0,a):r+)) + Pa) ([958 + Kh),
where M, = sup;e(g o) M(t), Ka = supe(p ) K(E)-

Theorem 3.4. Assume that (H1), (H3), and (H5)-(H8) are satisfied and if

ma {[Lgi(si)‘i’z’(s) + Ly((1+ Ra) + Ly, (50) Wi(s) + Ka)

i=1,-.m
+ ti"rlLQ(l + ‘ﬁ(l)Kl + ||90HL1([8i,ti+1];R+))7
[Lp(2LpRa + 1+ KRa) +t1Lg(1 + Ra)](1 + ‘|<PHL1([0,t1];R+))7

Ly (s)Wils) } <1,

then (1.1)-(1.3) has a unique mild solution.
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Proof. Let the space
E(a) ={u: (—00,a] = X :ug = 0,ulp 4 € PC(X)}

endowed with the sup-norm. Now by Proposition 3.2, we consider the operator
% :&(a) = &(a) by

Zu(t)
0, t € [—00,0],
p(0, ¢(0) + h( )(0),u0) = p(t; u(t) + (t), ur + 1)
+f0 )+ a(s), us + x5)ds
iy ! s) (5(0, 6(0) + () 0), o) — p(s, u(s) + (5), us +.)
+ [ a( )+ 2(7),ur + x-)dr) ds, t € [0,t1],

gilt, uw) te (s, i=1,-,m,

gi(si,uy, () — p(tu(t) +@(t), we + x1) + p(si, gi(sis uy, ,)sus, + @s,)
1 als,uls) + w(s),us + w)ds + 1St 5) (gi(siv, ()
—p(s,u(s) + @(s),uy + 23) + plsi, gilsiu, ))stts, + ;)

+ J3 a(ru(m) + 2(r),ur + 2 )dr) ds, € [sitipl, 1= 1,0 m.

It is easily seen that

lut + z¢l|l5 < Rallulle + (RaH(1 + (@l L1 (j0,01r+)) + D) (|@]]8 + Kn),

where ||ul|; = supg<s<; [|u(s)]|. Let u € £(a) and from the assumption (H1),
(H3), we get that

/ 1S'(t — $)(p(0, B(0) + h(u)(0), ) — p(s, u(s) + 2(s), us + )
+ /0 a(r,u(r) + 5(r), ur + 7)) |ds

t
< /0 ot —s) (Ilp(0,¢(0) + h(u)(0),uo)|| + [lp(s, u(s) + (), us + 5)||

Ftallg(s, uls) + (s), us + x5)||) ds
< ([Ip(0, ¢(0) + h(u)(0), uo)ll + [Ip(s, u(s) + 2(s), us + =)

+t1llg(s, uls) + x(s), us + x) 1) el 1 ([0,01)m+)
which follows that

s = S'(t—s)(p(0,$(0) + 1(u)(0), uo) — p(s, u(s) + x(s), us + xs)

; / a(s,u(s) + 2(s), v + 25)ds)

is integrable on [0, ¢], for all t € [0, ¢1].
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In the similar way we will say that the function

s — S'(t—s)(gi(si, u|1i(5i)) —p(t,u(t) + z(t), up + )

t
+p(3iygi(8i7u|li(si))a Ug; + xsi) + / Q(Sv u(s) + %(8), Us + [I}S)d3>
Si

is also integrable on [0, ¢], for all ¢ € [s;,t;41], @ = 1,--- ,m. Then, the operator
Z is well defined and 2 have the values in £(a). Now, we consider u,v € &(a)
and for t € [s;,tiy1], i=1,---,m,
[ Zu(t) — Zo(t)]]
< ||gi(8i’ u|1i(3i)) - gl(S’H U|Ii(s7¢))||D(A)
+ Ip(t, u(t) + (), ue + x¢) — p(t, v(t) + 2(t), v + 2¢) [ D(a)

+ ||p(3i7gi(siau\li(si))vusi +xsl) _p(siagi(sivvhi(si))avsi + xsi)
t
+ [ lla(s, u(s) +x(s),us + @) — q(s,v(s) + z(s), vs + ;)| p(ayds

Si

t
[ = o0 (o) = s, o

+ [Ip(s, uls) + x(s), us + x5) — p(s,v(s) + (5),vs + @5)||p(4)
+ ||p(8iagi(5i7u\1i(si))7’U'Si + xsi) _p(siagi(8i7’U|1i(si))7vsi + 'rs1)||D(A)

D(A)

[ ot u(r) + () +-20) = atr,07) 4 (). 00+ )l ) ds

< Ly (sollug oy = 0110 leson + Lol = vl + llug — vel)
Ly (L, ()l o, = V1 oo Il 1ty = 0, 1) 4+ i Ly (= vl + e — vel)

t
+ [ olt = Ly, = V1
S

k3

Ci(si) T LP(”u - UH + ||us - Us”)

+ Lp(Lg, (si)llwgy oy = Oy, o | s, = vs,ll) + tiga Lg ([ — vl + [lus — vs][))ds
< [Ly, (si)”\Iji(s)“L(PC(X)‘Ii(S),Ci(s)) [u—= vl + Lp([lu — vl + Rallu — v]|¢)
+Lp(Lg: (si) [¥i(s)ll ecpocxy,
+ tiv1Lg([lu — vl + Rallw — vll)](X + ol L2 (51 t141)58+))
< [Lg, (s:)Wi(s) + Lp((1 + 8a) + Ly, (5:)Wi(5) + Ra)
+ tit1Lq(1 + Ra)](1+ ([l L1 (st 01w +) [t = 0l
which implies that

ng(t) - gv(t)HC([Si,tﬂ»l];g(a))

< [Lg, (i) Wi(s) + Lp((1 + 8Ra) + Ly, (5:)Wi(s) + Ka)
+tir1 Lg(1 + Ra)](1 + @l 1 (it )Mw = 0l

,Ci(s))”u - U” + ﬁa”“’ - U”Si)
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for all t € [s;,ti11], i =1,--- ,m. We proceed for the interval ¢t € [0, t1],

1 Zu(t) = Zv(®)llc o))
< [Ip(0, ¢(0) + h(u)(0), u0) = p(0, ¢(0) + h(v)(0), vo)||

+ |lp(t,u(t) + x(t), us + x) — p(t, v(t) + z(t), ve + x1)||

+ / llg(s,u(s) + x(s),us + xs) — q(s,v(s) + z(s),vs + zs)||ds

/ 15°(¢ = $)1l (lp(0, $(0) + h(w)(0), uo) — p(0, $(0) + h(v)(0), vo)]|
+ [Ip(s, uls) + x(s), us + x5) — p(s, v(s) + 2(s), vs + )|

+/O llg(m,u(T) + 2(7),ur + 2:) — q(7,0(7) + 2(7), v + CL’T)HdT> ds

|u = ol + [lue = vel])

< L,2Ly)l|lu — vlls + Ly

t
-ty Lyl — ol| + lue — ve]) + / ot — $)(Lp(2Ln) | — o]l
Ly(lu = o] + [lts — vs])) + t1 Lol — v]| + s — vall))ds
Lp(2Lnfa + 1+ K)llu— o]l + 1 Lo(1 + Ra)llu— o)1+ [0l 1 0a12))
< [Lp(2Lpfa + 1+ Ra) + 11 Lg(1 + Ka)](1 + H‘P”Ll([o,tl];Rﬂ)Hu — vy

Similarly, we have for ¢t € [t;,s;], i=1,--- ,m,
| Zu(t) = Zo)lle@,sge@) < Ngilt ) = git v, )l
< Lgi(si)H\I’i(S)”L(PC(X)|I_(S) ,ci(s))HU — |

< L, () Wi(s)[[u — vlls,-
It says form the above three inequalities that

| Zu(t) — Z0(0) e
< max {[Ly,(5)Wi(s) + Lp((1+ Ka) + Ly, () Fils) + Ka)

=1, m
+tit1Lg(1 + Ka)](1 + @l (510418 H))
[Lp(2Lnfa + 1+ Ra) +t1Lg(1 + Ra)(1 + ([0l L1 j0,01)5m4) )

Ly, ()0i(s) } llu = vlleay
Hence we infer that Z(-) is a contraction map and there exists a unique mild
solution of the problem (1.1)-(1.3). O
In the subsequent part of the work, the existence results follows from the

fixed point theorem for condensing map.
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Theorem 3.5. Suppose that the resolvent operator (S(t))i>0 is a compact, the
functions g;(-,0), i = 1,--- ,m are bounded and that the condition (H2)—(H8)
are satisfied. If

Ly, (s:)Wi(s) + Cr(1 4 Ra) + C1(Lg, (5:)Ti(s) + Ra)

+ tip1mg(t) lim sup W<7"(1 + 8Ra) + ((1 +lell) + KaH (A + el 21 (f0,0)m+))

r—00

+zma)<||¢|s +Kh>)<1 el nmn) < L.
Ci(1+ Rq) + timg(t) lim sup W(r(L + &) + (1 + [l¢l)
T—>00

+ 8a5(1+ [0l 2 0.a)) + T) % (161l + i) (1 + [@lleonmn) < 1
max | {[Ly, (5)8i(5)+ Ly((14+-8a)+ (L, (5 Fi() 8 L] 01 1 11

i=1,,

L, (1)Wi(s), [Lp(2Lnfa + 1+ 8a)](1+ IIsDIILl([o,tl];Rﬂ)} <1

then the problem (1.1)-(1.3) has at least one mild solution.

Proof. We consider the fixed point operator Z as presented in previous Theo-
rem 3.4. Here we going to prove that 2 is a condensing map from B, (0,£(A))
into B;(0,E(A)). Choose r > 0 such that

Ly, (8:)Wi(s)r + [lgi(si, 0) | + Cr(r(1 + Ka) + (1 + [[ol])
+ RO+ @l (o.arm+)) + Ma)(16]l5 + Kn)) + 202 + Cu(Lg, (s:) Wi(s)r
+119i(5i, Ol + Kar + (RaH (L + [l (0,a1:m+)) + M) (|9]l5 + Kn))

+ tigimg (W (r(1 + Ra) + <(1 + llell) + RaH( + @l L1 ([0,01m+)) + ma)

< (1615 + En)(1+ lollogoniaz) < &

(201 (1615 + Kn) + 205 + Cy (ru R+ ((1 el + 8B+ ol oagn)
N sm) (1éls + m) g (W (r(1+ 8) + (1 + ]}

8250+ [0l o) + M) (6lls + KD+ [elloomnan) < &

for all s > r.
In this sequel first we prove that 2 has values in B,(0,£(A)), i.e.,

ZB,(0,E(A)) C B,(0,E(A)).

Consider u € B,(0,E(A)). For t € [s;,tit1], i =1,---,m, we get
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[ Zu(®)]l
< gi(siruyy,.,,) = 9i(s ) + llgi(si, )| + [Ip(8; w(t) + 2 (t), ue + 1)l

t
(i g5, )+ )+ [ (s, u(s) + () e+ ) s
t
+ / 15" (= )| lgiCsir .., )~ iCsis O) 1+ g O) 1+ 1p(s, uls) +(s), usta)|

(i (s, )+ )+ [ llaru(r) + (), ur -+ ) dr)ds
< Ly (s Wi () ulleay + llgi (e, Ol + Ca(llull + el + llue + i) + Co

+ C1(llgi(si uyy, )+ llus;, + 2,

t
)+ Co +/ mg(OOW ([ull + [[z]| + [Jus + zs[))ds

t
+/ p(t = 8)(Lg; () Wi(s)|ulleay + lgi(si; ) + Colllull + [l2]l + [Jus + 2s]) + Ca

+Ci(llgi(si, u|1,3(s71))|| +us; +s,

)+Cz+/ mg(T)W ([[ul[+]2]|+[[ur +2- ) dT)ds

< Ly, (50)Wi(s)|[ullecay + 1gi (53, 0)[| + Crl[ull + (M5 + Kn)(X + [lll) + Rallulls
+ (ReH (L + [l L1 0,01k +)) + Da)([9ll8 + Kn)) + 2C2
+ C1(Lyg, (s:) Wi (5) |ull e ay + 19 (56, 0) |+ Rallulls, + (RaH 1+ 12l L1 (f0,a)2+)) +Pa)
x ([[¢lls + Kn)) + tiv1mq(@OW ([lull + ([[¢]ls + Kn)(1 + llell) + Kallull
+ (R + ([l (0,08 +)) + MMa)(10]l8 + Kn)) (L + l@llo s tira)ir+))
< Ly, (s:)Wi(s)r + [lgi(si, 0) | + Ca (r(1 + Ra)
+ (A [lell) + RaH A+ [l L1 (j0,a1:m+)) + IMa) (915 + Kn)) 420,
+ C1(Lg, (s:)Ti(s)r + [|gi(s:, 0) || + Rar + (RaH(L + |2l 11 (0,017)) + Ma)
X ([[¢lls + Kn)) + tis1mq(O)W(r(1 + Ra)
+ (T4l +RaH X+ el L1 ([0,a)m+)) + ) (18l 5+ Kn)) L+l (s, t511:R+))
<r.
Proceeding for the interval ¢t € [0, t1],
[ Zu()|

< [1p(0, 6(0) + h(w) (0), o) + lplt, u(t) + 2(t), us + 22)]
" / s, uls) + 2(s), e + ) ds + / 15°(t — )| (1p(0, 6(0) + h(w)(0), o)
0 0

+ llp(s, u(s) + 2(s), us + 24)[| + / la(,u(r) + 2(7), ur + 2-)||dT)ds
0
<2C (191l + [[(u)]]) +2C2 + Collull + [l]| + [[ur + 2:])
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+timg(OW ([Jull + 2]l + [lus + z:]]) + /0 ot —5)2C1([9ll5 + [IA(u)]]) + 2C:

+ Col(lull + [zl + [lus + 2 [1) + tamg ()W (ull + (2] + lus + zs[]))ds
< 2C1([19lls + Kn) +2C2 + Cr(r + ([9lls + Kn)(1 + [l@ll) + Rallull:

+ (RaH (1 + ol L1 o,apsm+)) + Ma) (4]l + Kn))

+ timg (W (r + ([¢lls + Kn)(1 + [l¢l)

+ Rallulle + (RaH(M + |2l L1 (0,01 )) + Da) ([0l]5 + Kn))) (X + [l@llco,0m)

< (2C1(|l¢lls + Kn) +2C2 + C1(r(1 + Ra)
+ (L + llell) + RaH(1 + @l L1 ([0,a1:r+)) + DMa)([[@]l5 + Kn))
+timg ()W (r(1+ 8Ra) + (1 + [[ell) + RaH( + [0l L1 (0,01 +)) + M)

x ([[#lls + Kr))) (1 + [lelloqo.r))
<.

Likewise we get for t € (t;, 8], i =1,--+,m,

|2 u(t )|| <llgi(t, uy, ) = 9@ 0)[[ + llgi (-, Ollc((es,sa:p0a))
Ly, (6) @i (s) [l + 11gi (- O)llees ()
Ly, (6)Wi()r + [|gi (-, O) |t D))

r.

IN I/\

Hence from the above find outs that

[Zu()lleay < 7

Thus we get the operator 2 has a values in B,.(0,£(A)). To continue the
remaining proof we divide the operator 2 like follows 2 = 27 + 25 + 253,

where
0, t € [—00,0],
p(0,9(0) + h(u)(0),uo) — p(t, u(t) + z(t), ur + x4)
+ fy 8"t = $)(p(0, $(0) + A(u)(0), uo)

Frult) = —p(s,u(s) + z(s),us + x5)ds, t € [0,t1],

giltsup, ), tE (tiysi], i=1,---,m,
gi(siup,, ) =p(tu() +(t), uetz)+p(si, gi(si, vy, L)) s, +2s,)
+ f; Sl(t — S)(gi(si, u|1i(8i)) _ p(s,u(s) + $(S)7u5 + «Ts)
+p(8i’gi(si,uhi(sn),usi +xg,))ds, t € [si,tiva], i=1,---,m,

¢
Zou(t) —/ q(s,u(s) + x(s),us + xs)ds, t € [si,tix1], i =0,---,m,

%u / Sl t—s / q(T,U(T) +Jf(7’),u7— —I—ZIJ.,-)dT)dS, te [Si7ti+1]a 1= 07
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In the first step we prove that the operator 2 is a contraction.
Step 1. Let u,v € B.(0,E(A)). For t € [s;,tiy1], i=1,---,m,

| Z1u(t) — Ziv(@)|

< Ly (so)lluy oy = 011 oo leston) + Lol = ol + llug = vel)
+ Ly (L, (si)llug ) = vy, 1+ Thts, = v 1)

t

+ / ol = ) Lgn sl oy = U leston + Lol = vl + llus = v,
+ Ly (L, (si)llugy ) = v, 14 ts, = v )

< [Lg (sl Wi(s)llecpecx), ) catoplle = vll + Lyp(llu = vl + Kallu = vlje)
+ Lp(Lg, (s:)1¥i(s) | cpe(x)
X (L4 Nl ((sitiga)mH))

< [Lg (s0)Wils) + Ly((1 + 8a) + Ly, (5:) ¥i(s) + Ra)]

X (1 + H(pHLl([si,ti+1];R+))”u - UHti+1

ci(splle = vl + Rallu —vl|s,)]

Ir;(s)

which implies that
I Z21u(t) — Z10()llc (s tisle(@)

< [Lg,(5:)Wi(s) + Lp((1+ 8a) + Ly, (5:) Wi(s) + Ra)]
X (1 + HSOHLI([Si,tH_ﬂ;R+))Hu - thi+1
Similarly, for ¢ € [t;,s;], i=1,---,m,
| Ziu(t) = Ziv)llcsge@) < Lo @Pis)lu—vls,

and for ¢ € [0,t1], we get

[Z21u(t) = Z1v()llc(0,11):(a)

< [Lp(2LpRa + 1+ Ra)l(1 + [l L1 o,6)m+) [ — e,
which implies that

[ Z1u(t) — Z3v(t)| e (a)

< max {[Lo,(s:)Wi(s) + Lp((1+ Ka) + Lo, (50) Wi(s) + Ko

=1,
X (L4 1@l 1 (st m+))s Lgs (E)Wi(s),
[Ly(2LpRa + 1+ Ra)l(1+ [l 1o ta)r+)) } 1w — vllga)-
Thus we say that %7 is a contraction on B, (0,£(A)).

Next, we prove the operators 2% and Z3 are completely continuous.
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Step 2. The map 25 is completely continuous. We can easily see that 2% is
continuous. So the remaining we only prove that %5 is a compact operator.

Fori=1,--- N and s; < ¢ <t < t;41. From the mean value theorem for
the Bochner integral [26], for u € B, (0,E(A)), we see that

Zu(t) = /6 q(s,u(s) + z(s),us + xs)ds + / q(s,u(s) + z(s),us + zs)ds

€ Bee(0,X) + (t — €)co({q(s,u(s) + z(s),us + zs); s € [¢,t]})

where
c = [|mg|[|W(r(1+8a)+((1+][el) +RaH 1+ 1@l 21 (0,a1m+)) +) (|6l 5+ KR)).-

Since the map i, is compact ([16, Lemma 2.2]) and ¢ € C([0,a] x X x B; D(A)),
from the above result we obtain that

{Z:ue B.(0,E(A)} C Bee(0,X) + K,

where K, is compact and diam(B.(0, X)) — 0 as € — 0, it follows that the
set {25 :u € B,(0,E(A))} is relatively compact in X for all t € (s;,t41], i =
1,---,N.

On the other hand, for ¢t € (s;,t;+1) and h > 0 such that ¢t + h € (s;,ti41],
we get

| Zoult + b) — Zout)| = | Zou(t + ) — Zou(t)]

< [[mg ()W (r(1 4+ Ra) + (1 + [[])
+ RaH (1 + el L1 0,018 +)) + M) ([0l + Kn))h

for all u € B,(0,&(a)), which asserts that the set of functions [22B,(0,E(A))]
is an equicontinuous subset of C'((s;, ti+1]; X). This completes the proof that
%5 is completely continuous.

Step 3. The map Z3 is completely continuous. First, we prove that the set
{Z3u(t) : uw e B,(0,E(A))} is relatively compact in X for all ¢ € (s;,t;41], @ =
1,---,N. Let s; < € <t < tip1. We know that the set S = {Z5u(t) : u €
B,(0,E(A)),t € (s;,ti+1]} is relatively compact in X from the above Step 2.
If u e B-(0,£(A)), from the mean value theorem for the Bochner integral we
get

Zau(t) = /6 S'(t — s) Zou(s)ds + /t S'(t — s) Zou(s)ds

€ Be, (0, X) + (t—€)co({S'(t — s)x : s € [e, 1],z € S})
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where

Ce = [[mg[[W (r(1 + Ra) + (1 + llel]) + Ra$H(1 + [0l L2 (0,ar+)) + Da)
x (llolls + En) el L1 (54,6 -
Hence, {Z3u(t) : v € B.(0,£(A))} C Bc, (0,X) + K.. Since K, is compact

and diam(Bc, (0,X)) — 0 as ¢ — 0, from the above we infer that the set
{Z3u(t) : uw e B.(0,E(A))} is relatively compact in X.

Next, we prove that the set of functions [23B (O,S(A))] =1,---,Nis
an equicontinuous subset of C((s;,ti+1]; X).

Let t € (sistit1), € € (8i,t) and |[@|| 1 penprty < € for every 0 < h < e,
S'() € C((siytiv1]; L(X)). For u € B,(0,E(A)) and € > h > 0 such that
t+h <tiy1, we get

H%uﬂrh) Zu(t)| = | Zault + h) — Zyu(t)|

= ||/ "(t+h—s) /S q(t,u(r) + z(7),u, + z,)d7ds
_ / S'(t — s) / q(t,u(r) + (1), ur + . )drds||
< / S (t+h—s)—S"(t—s) /9 llg(m,u(r) + (1), ur + 2,)||d7ds

t+h s
[ IS e n= 9l [ latralr) + 20 + o) drds
t

Si

< ellmg[W(r(1+ Ra) + (L +[l@l]) + RaH (L + ([l L1 (0,a1+)) +Da)

x (¢l + Kn)) / (s = si)ds + tipa[[mqg[W(r(1 + Ra) + ((1 + [[¢l])

t+h
+ RN+ @l 0,a1m+)) + M) ([18]l5 + Kn)) / p(t+h—s)ds
t
< ti+1qu||W(r(1 +8Rq) + (1 + ”‘P”) + R H(1 + ”‘PHLl([O,a];RH) + gﬁa)

tiy1
X ([olls + Kn))( ; e+ lpallor(te+nr))

which implies that [23B,(0,€(A))] is right equicontinuous at t.
Proceeding as above, for t = s; and h > 0 with s; + h < t;41, we have that

| Z5ult + h) — Zu(t)|

t+h s
/ S'(t+h—s) / q(r,u(t) + 2(7), ur + 2, )drds

i @
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< tip1[mg[W(r(1 + KRa) + (L + llel) + RaH (L + ([0l 21 (0,01:2+))
+ Ma) (9118 + Kr)) @l ((si,5+n):8),

P

which implies that [253B,(0,£(A))] is right equicontinuous at s;. A similar
argument permit us to show that [Z3B,(0,E(A))] is left equicontinuous at

t € (8;,ti4+1]. This completes the proof that the set [23B,.(0,E(A))] is equicon-
tinuous.

From the above steps and Lemma 2.1, we have that 27 is a contraction and
Z;, j = 2,3 is completely continuous. We conclude from these results 2 is
a condensing operator from B,(0,E(A)) into B,(0,E(A)). Finally, from [26,
Theorem 4.3.2] we infer that there exists a mild solution of (1.1)-(1.3). O

In the next section we analyze the existence result when the resolvent op-
erator (S(t)):>0 is not compact and the nonlinear growth function does not
have the Lipschitz type condition. The result is proved based on the concept
of measure of noncompactness.

4. EXISTENCE RESULTS BY THE CONCEPT OF MEASURE OF
NONCOMPACTNESS

First we recollect the concept of measure of noncompactness and their prop-
erties to prove the existence results for problem (1.1)-(1.3).

Here we consider the Hausdorff measure of noncompactness due to its ap-
plicability in the real field.

Definition 4.1. The Hausdorff measure of noncompactness 3 of the set E in
a Banach space X is the greatest lower bound of those € > 0 for which the set
FE has in the space X a finite e-net, that is

B(E) = inf{e > 0 : E can be covered by finite number of balls with radii e},

for every bounded subset F in a Banach space X.

Lemma 4.2. For any bounded set U,V C X, where X is a Banach space.
Then, we have the following results:
(1) B(U) =0 iff U is precompact;
(2) B(U) = B(colU) = B(U), where coU and U denotes the convex hull and
closure of U, respectively;
) B(U) C B(V), whenU C V;
) BU+V)<BU)+B(V), where U +V ={u+v;uc Uy eV};
) BUUV) <max{B(U),B(V)};
) BAAU) = AB(U), for any X € R;
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(7) If the map Q : E(Q) C X — Y is Lipschitz continuous with constant
k then By (QU) < kB(U) for any bounded subset U C E(Q),X and Y

are Banach spaces.

Lemma 4.3. Let E C X be bounded closed and convex. If the continuous
map Q : E — E is a B-contraction, then the map Q has a fized point in E.

We note that § be the Hausdorff measure of noncompactness of X, 8. be the
Hausdorff measure of noncompactness of C([0, a]; X'), and Sy, be the Hausdorff
measure of noncompactness of PC([0,al; X).

Lemma 4.4. We have the following statements:
(1) If E C C([0,a]; X) is bounded, then B(E(t)) < B.(E), V t € [0,a],
where E(t) = {u(t);u € E} C X.
(2) If E is equicontinuous on [0,a], then B(E(t)) is continuous on [0,al
and
Be(E) = sup {B(E(®)}.
t€[0,a]

(3) If E C C(]0,a]; X) is bounded and equicontinuous, then B(E(t)) is
continuous and

5(/0 E(s)ds) g/o B(E(s))ds, ¥ € [0,a,
where fot E(s)ds = {fg u(s)ds,u € E}.

Lemma 4.5. We have the following statements:
(1) If E C PC([0,a]; X) is bounded, then B(E(t)) < Bpc(E), ¥V t € [0,a],
where E(t) = {u(t);u € E} C X.
(2) If E is piecewise equicontinuous on [0,a|, then B(E(t)) is piecewise
continuous for t € [0,a] and

Bpe(E) = sup{B(E(?)), t € [0,a]}.

Subsequent hypotheses is considered.

(H11) The nonlinear function f : [0, a]x X xB — X is satisfies the caratheodary
condition; i.e., f(t,-,-) is continuous for a.e. ¢t € [0,a] and for each
ue X, u€B, f(-,u,uy) : [0,a] — X is strongly measurable.

(H12) There exists a function n € L} ([0,a]; RT) such that

loc

/B(f(tvaDl)) < 77(5(17) + Sl<11€)<0/6(D1(0)))7 te [07(1}7

every bounded subset D C X and D; C PC((—o0,0]; X), where
D1(9) = {u(@) Tuc Dl}.
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Theorem 4.6. Assume that (H2)-(H8), (H11) and (H12) are satisfied. Then
the problem (1.1)-(1.3) has at least one mild solution.

Proof. Here we consider the fixed point operator 2 as in Theorem 3.4 which
is well defined. At first we can easily shown that £ is continuous from the
assumption of the function p, ¢, and g;.

Next we claim that 2B, ([0,a];E(a)) C By ([0,a];E(a)), from the previous
Theorem 3.5.

We consider the decomposition operator 2 = 2 + 25 + 23, where

0, t € [—00,0],

p(0,9(0) + h(u)(0),uo) — p(t,u(t) + x(t), us + x:)

+ Jo S'(t = $)(p(0, $(0) + h(w)(0), uo)

—p(s,u(s) + x(s),us + x), t € [0,t1]

gi(t,uy, ), t € (iys], i=1,---,m,

gi(si,uy, ,,)) — ptut) + x(t)vut + 1) +p(si, gilsis uy, () us, + @s,)
LS = 8) (g, ) — p(s,u(s) + 2(5), us + )
+p(si, 9i(si, ), () )s s, +2s,))ds, ¢ € [si,tipa], i=1,--- ,m.

Zu(t) =

t
Zou(t) :/ q(s,u(s) + x(s),us + xs)ds, t € [si,tit1], i=0,--+,m

Zsu(t) / S'(t—s (/ q(T,u(T)—i—x(T),uT—i-xT)dT)ds, t € [siytiy1], i=0,-+-,m

Our aim is to prove that 2 is f—contraction. From Step 1 of Theorem 3.5,
we have that

| Z1u(t) — Z10(t)le(a)
< max{[Lg, (s:)Wi(s) + Lp((1 + Ra) + Ly, (s:) Vi(s) + Ka)]
X (L4 10l (sitiimH))s Lo () Ti(s),
[Lp(2Lp8a + 14 Ka)I(1 + |loll L1 (j0,0m+)) Hiw — vlleca)

it follows that 2 is Lipschitz continuous with Lipschitz constant

T = o { L, (5)Wi(s) + Lp((1+ Ra) + (Ly, (50) Bils) + o)

X (L4 [l 1 ((si.tiim+))s Lg, (E)Wi(s),
[Lp(2LpRa + 14 Ra)l(1+ ([l L1 ot)m)) } 1 — vllga

Let E be an arbitrary subset of B, (0,&(a)). From the hypothesis (H2) and
(H11), we get q(t,u + x,u; + x¢) is equicontinuous.
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Now consider,

BBEW) < 5[ als. B+, B+ .)ds)

K3

t
< [ Blals. B+, B, +x,))ds

Si

< [ nBEE) + sup A+ 0) +als+0))ds

—00<0<0

< [ nBEE) + sup HEE))s

0<s<a

t
5l 24(E)) < 26,(E) | ()i
si
Since S’(t—s)q(s,u(s)+x(s), us+x5) is equicontinuous, see Step 3 in Theorem
3.5. Then we consider

B(Z5(E(1)) < B( / St~ $)als, B+ 0, B+ a3)ds)
< / o(t —s)B(q(s, B+ x, Es + x5))ds

< [ elt = ) BEG) + sup BE(s))ds.

0<s<a
Bye( Z3(E)) < 2Bye(E) / gt~ s)n(s)ds.

Finally, we see that

Bpe( ZE) = Bpe( 4E + 25E + 2BE)
< Bpe(ZAE) + Bpe( ZHE) + Bpe(Z3E)

< (14 [ nspts + [ ole = i) ) 3l),

Thus, we get 2 is S-contraction. Follows from the Darbo-Sadovskii fixed point

theorem, we conclude that 2 has atleast one fixed point in B,(0,£(a)) and the
equation (1.1)-(1.3) has at least one mild solution. The proof is completed. [

5. APPLICATION

As an application of the abstract fractional non-instantaneous impulsive
integro-differential problem (1.1)-(1.3), we consider the following example.
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‘. D§ (xu,g) rat s o) +ne [ [ " 11 (5. 0)as (0, 2(t — s,e»deds)

2

.+ [ b s0006.905| + 1 | j(t 0 (6t )

~ 022

+72(t, 5)/7 /OTF pa(7,€)ba (g, 2(t — T, s))d5d7'> ds, (5.1)
for (t7€) € Uﬁil[siati—i-l] x [0,7(],
x(t,0) = z(t,m) =0, t €[0,a], (5.2)
2(0,€) = /0” c1(&,0)x(t,o)do + z(£), t € (—00,0), 0 <& <, (5.3)
z(1,&) = G4(t, &, ) Ci(s)x(s,&)ds), €€ [0,7|, t € (tiy84], i=1,---, N, (5.4)

where « € (0,1), z € B, the numbers 0 < #; < 1 < ty < --- < ty are prefixed.
The functions a1, b1 : [0,a] x [0,7] x R — R are continuous, v, : [0,a] x [0,7] = R,
i (00,0] x [0,71] = R,j = 1,2, as,bs € [0,71] xR = R, ¢; : [0,7] x [0,7] = R,
G;: (tiysi] x [0,71] x R—=Rand ¢ : (¢;,8;] > Rforalli=1,---, N are continuous.
Here we consider in the space X = L?([0, n1]) and the phase space B = Cox L?(I; X).
Take the operator A as A{ = £ with
D(A) = {¢ € X : ¢" € L*([0n]), £(0) = &(m) = 0}

The analytic semigroup (T'(t));>0 is generated by an operator A and this opera-
tor A has a discrete spectrum with eigenvalues of the form —n?, n € N. The set
{2n(&) == (2)"/?sin(n€)} is a normalized eigenfunctions corresponding to A and it is
an orthonormal basis for X.

T()E =Y e e 2z, for E€X,
n=1

AL = — Zn2<§,zn>zn for z € D(A).
n=1
From the results in [31] that the integral equation

t
u(t) = L/ (t—s)*" Y1 4+ (1% k))(t — s)Au(s)ds, t >0,
I'(a) Jo
has an associated analytic resolvent operator (S(t));>o on X which is given by
g [ ML= (L+ k(\)A"A) LA, £ >0,
SO=111 20

where T,y denotes a contour consisting of the rays {re®” : > 0} and {re=" : r > 0}
for some v € (w,7/2).
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Let the maps p,q: [0,a] x X x B = X, h:C([0,a]; X) = X, I : (t;, 5] — 25l
and g;(t,-) : C;(t) — X given by I;(t) = (t;, ],

3t 0O = Gilt.&. [ Gs)als )ds),

0 T
Pt u,w) (€) = ar (1, €, 2(t,€)) + (4, €) / / i1 (5,0)as (0, (s, 0))dods,

it ) = s [ ¢ (it att ©)

Si

+a(t,€) [ 000 /0 i ug(T,5)b2(5,x(—7,5))dadr>ds,

hu)(€) = / " 16, 0)x(t, o)do + 2(6).

From the above observation the problem (5.1)-(5.4) represents the abstract form
(1.1)-(1.3). The considered functions p, ¢, g; and h satisfy the required hypotheses of
Theorem 3.5. Hence the equations (5.1)-(5.4) has at least one mild solution.
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