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Abstract. In this paper, we proposed and study a new two-step iteration scheme of hybrid
mixed type for two generalized asymptotically nonexpansive self mappings and two asymp-
totically nonexpansive non-self mappings and establish some strong and weak convergence
theorems for mentioned scheme and mappings in uniformly convex Banach spaces. Our re-

sults extend and generalize the corresponding results given in the current existing literature.

1. INTRODUCTION AND PRELIMINARIES

Let K be a nonempty subset of a real Banach space £ and T: K — K
be a nonlinear mapping. F(T") denotes the set of fixed points of 7', that is,
F(T)={re K:Tx =z} and

F = F(Sl) N F(SQ) N F(Tl) N F(TQ)

denotes the set of common fixed points of the mappings Sy, So, T7 and T5.
Recall the following definitions.
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T is said to be nonexpansive if
1T(z) =Tl < llz —yll, Va,y € K.

T is said to be asymptotically nonexpansive [6] if there exists a positive se-
quence {ky} in [1,00) with lim,_,~ &k, = 1 such that

[T%(z) =TIl < kullz —yll, Yo,y K, n>1

It is easy to see that every nonexpansive mapping is asymptotically nonexpan-
sive with the constant sequence {1}. The class of asymptotically nonexpansive
mappings was introduced by Goebel and Kirk [6] as a generalization of the
class of nonxpansive mappings. They proved that if K is a nonempty closed
convex subset of a real uniformly convex Banach space and T is an asymptot-
ically nonexpansive mapping on K, then T" has a fixed point.

T is said to be asymptotically nonexpansive in the intermediate sense [2] if
it is continuous and the following inequality holds:

limsup sup (| T"(z) = ()]l — = — yl]) < 0. (1.1)

n—oo z,yck

Putting ¢, = max {0,sup, e g ([|T"(x) — T"(y)|| — [|= — y|) }, we see that
¢n — 0 as n — oco. Then (1.1) is reduced to the following:

[T (2) =T (W)l < llz = yll + e, Va,ye K, n>1.

The class of asymptotically nonexpansive mappings in the intermediate sense
was introduced by Bruck et al. [2] as a generalization of the class of asymp-
totically nonxpansive mappings. It is known that if K is a nonempty closed
convex and bounded subset of a real Hilbert space, then every asymptotically
nonexpansive self mapping in the intermediate sense has a fixed point; see [18§]
for more details.

In 2011, Agarwal et al. [1] introduced the notion of generalized asymptoti-
cally nonexpansive mapping as follows:

Definition 1.1. A mapping T: K — K is said to be generalized asymptoti-
cally nonexpansive if it is continuous and there exists a positive sequence {h,, }
in [1,00) with lim, 0 hy, = 1 such that

limsup sup (||7" (@) = T ()| = hulle —yll) < 0. (1.2)

n—oo z,yeK

Putting d,, = max {0, sup, e x (|T"(z) = T"(y)|| — hnllz —yl|) }, we see that
d, — 0 as n — oo. Then (1.2) is reduced to the following:

[T"(x) = T*(Y)|| < hnllz =yl +dn, Vz,ye K, n=1
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We remark that if h, = 1, then the class of generalized asymptotically
nonexpansive mappings is reduced to the class of asymptotically nonexpansive
mappings in the intermediate sense.

Definition 1.2. A subset K of a Banach space E is said to be a retract of
E if there exists a continuous mapping P: F — K (called a retraction) such
that P(z) = x for all x € K. If, in addition P is nonexpansive, then P is said
to be a nonexpansive retract of F.

If P: E — K is a retraction, then P? = P. A retract of a Hausdorff space
must be a closed subset. Every closed convex subset of a uniformly convex
Banach space is a retract.

Chidume et al. [3] introduced the concept of non-self asymptotically non-
expansive mappings as follows.

Definition 1.3. Let K be a nonempty subset of a real Banach space E and
let P: £ — K be a nonexpansive retraction of F onto K. A non-self mapping
T: K — F is said to be asymptotically nonexpansive if there exists a positive
sequence {k,} in [1,00) with lim,,_ k, = 1 such that

|1 T(PT)" Y (z) = T(PT)" Y(y)|| < knllz—yl, Yo,y € K, n>1.(1.3)

Example 1.4. Let £ =R be a normed linear space, K = [0, 1] and P be the
identity mapping. For each z € K, we define

| Az, ifx#0,
T(x)_{ 0, ifz=0,

where 0 < A < 1. Then
Tz —T"y| = X"z —y| < |z —y|

forall x,y € K and n > 1. Thus T is an asymptotically nonexpansive mapping
with constant sequence {k,} = {1} for all n > 1 and uniformly L-Lipschtzian
mappings with L = sup,,~;{kn}.

In 2006, Wang [15] studied the iteration process as follows:

r1=x € K,
Tpi1 = P((1 — ap)xpn + Ty (PT) Lyy), (1.4)
Yn = P((1 = Bn)zn + BuTo(PTy)" 12,), n>1,
where 11, To: K — FE are two asymptotically nonexpansive non-self mappings
and {a,}, {8,} are real sequences in [0, 1), and proved some strong and weak
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convergence theorems for asymptotically nonexpansive non-self mappings .
In 2012, Guo et al. [8] generalized the iteration process (1.4) as follows:

r1 =z € K,

Tn1 = P((1 = on)S{2n + anT1(PT1)" 'yn), (1.5)

Yn = P((1 = Bn) S8 xn + BuTo(PT2)" 'ay), n > 1,
where 51, So: K — K are two asymptotically nonexpansive self mappings
and Th, To: K — FE are two asymptotically nonexpansive non-self mappings
and {ay,}, {B,} are real sequences in [0, 1), and proved some strong and weak
convergence theorems for mixed type asymptotically nonexpansive mappings.

Recently, Wei and Guo [17] studied the following: Let E be a real Banach
space, K be a nonempty closed convex subset of £ and P: F — K be a non-
expansive retraction of ¥ onto K. Let S1, So: K — K be two asymptotically
nonexpansive self mappings and 77, To: K — E be two asymptotically nonex-
pansive non-self mappings. Then Wei and Guo [17] defined the new iteration
scheme of mixed type with mean errors as follows:

r1=x €K,

Tni1 = PanStay + BuTi(PTY)™ Yy, + ynn), (1.6)

Yn = P(al,S8x, + B To(PTe)" Lo, +yhul,), n > 1,
where {u, }, {u},} are bounded sequences in E, {a,}, {Bn}, {1}, {aL}, {5,},
{~,,} are real sequences in [0,1) satisfying ay, + Bp, + v = 1 = al, + B, + 7,
for all n > 1, and proved some weak convergence theorems in the setting of
real uniformly convex Banach spaces.

If v, = ), = 0, for all n > 1, then the iteration scheme (1.6) reduces to the
scheme (1.5).

Inspired and motivated by [8, 17] and many others, we proposed the follow-
ing hybrid mixed type iteration scheme:

Let S1, So: K — K be two generalized asymptotically nonexpansive self
mappings and T, T5: K — FE are two asymptotically nonexpansive non-self
mappings, then we define the hybrid mixed type iteration scheme as follows:

r1 =z € K,
Tnt1 = P((1 —an — ) STxn + an Ty (PTY)" Yy, + cattn), (1.7)
Yn = P((1 — by, — dy)S5xn + bnTg(PTg)”_lxn +dpvyn), n>1,

where {a,}, {bn}, {cn}, {dn} are four real sequences in [0, 1] satisfying a,, +
en <1, by, +dy, <1and {u,}, {v,} are bounded sequences in K.
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The aim of this paper is to study and establish some strong and weak
convergence theorems of iteration scheme (1.7) for above mentioned mappings
in the setting of uniformly convex Banach spaces. Our results extend and
generalize several results from the current existing literature.

For the sake of convenience theorems, we restate the following notion and
results.

Let E be a Banach space with its dimension greater than or equal to 2. The
modulus of convexity of F is the function dz(¢): (0,2] — [0, 1] defined by

. 1
5p(e) = inf {1 = 5@+ y)l: 2l =1, Jyll =1, = = [}z — ] }.

A Banach space E is uniformly convex if and only if dg(e) > 0 for all
e € (0,2].

Definition 1.5. Let S = {x € E : ||z| = 1} and let E* be the dual of E,
that is, the space of all continuous linear functionals f on E. The space E
has:

(i) Gateaux differentiable norm if
t —
et tyl
t—0 t
exists for each z and y in S.
(ii) Fréchet differentiable norm [13] if for each x in S, the above limit exists

and is attained uniformly for y in & and in this case, it is also well
known that

1
(hy J(@)) + S ll2]* < Sllw+ b

N

(1.8)
<

—~

h, J(x)) + %IIJ«"H2 +0([lz[])

for all x, h € E, where J is the Fréchet derivative of the functional
1% at € E, (., .) is the pairing between E and E*, and b is an

increasing function defined on [0, 00) such that lim;_, @ = 0.

(iii) Opial condition [9] if for any sequence {z,} in E, z, converges to x
weakly it follows that limsup,,_, ||zn — | < limsup,,_, ||zn —y|| for
all y € E with y # x. Examples of Banach spaces satisfying Opial
condition are Hilbert spaces and all spaces IP(1 < p < o0). On the

other hand, LP[0, 27| with 1 < p # 2 fail to satisfy Opial condition.

Definition 1.6. A mapping T: K — K is said to be demiclosed at zero, if
for any sequence {x,} in K, the condition {z,} converges weakly to x € K
and {Tz,} converges strongly to 0 imply Tz = 0.
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Definition 1.7. ([12]) A Banach space E has the Kadec-Klee property, if for
every sequence {z,} in F, x,, — x weakly and ||z,| — ||z| it follows that
|lxn — x| — 0.

Next we state the following useful lemmas to prove our main results.

Lemma 1.8. ([14]) Let {an}22, {Bn}o2, and {r,}52, be sequences of non-

n=1»
negative numbers satisfying the inequality

ant1 < (14 Bp)ap + 1y, V> 1.

If Y20 B < 00 and Y07 | 1y < 00, then limy, o0 oy exists.
In particular, if {an}22 1 has a subsequence which converges strongly to zero,
then lim, o, an = 0.

Lemma 1.9. ([11]) Let E be a uniformly convex Banach space and 0 < a <
t, < B <1 for alln € N. Suppose that {z,} and {y,} are sequences of E
such that imsup,,_, ||zn| < a,limsup,,_,, ||yn]| < a and

lm |tpzy, + (1 —tn)ynll = a
n—oo
hold for some a > 0. Then limy,_ ||z, — yn| = 0.

Lemma 1.10. ([12]) Let E be a real reflexive Banach space with its dual
E* has the Kadec-Klee property. Let {x,} be a bounded sequence in E and
D, ¢ € Wy(zy,) (where Wy, (xy,) denotes the set of all weak subsequential limits
of {xn}). Suppose limy, o ||tz + (1 — t)p — q|| exists for all t € [0,1]. Then
p=gq.

Lemma 1.11. ([12]) Let K be a nonempty convex subset of a uniformly convex
Banach space E. Then there exists a strictly increasing continuous convex
function ¢: [0,00) — [0,00) with ¢(0) = 0 such that for each Lipschitzian
mapping T : K — K with the Lipschitz constant L,

1
¢72 + (1 = )Ty = T(tz + (1 = D) < Lo~ (o —yl - |7z — Ty]))

for all z, y € K and all t € [0,1].

2. STRONG CONVERGENCE THEOREMS

In this section, we prove some strong convergence theorems of iteration
scheme (1.7) for two generalized asymptotically nonexpansive self mappings
and two asymptotically nonexpansive non-self mappings in real uniformly con-
vex Banach spaces. First, we shall need the following lemmas.
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Lemma 2.1. Let E be a real Banach space, K be a nonempty closed convex
subset of E. Let S1, So: K — K be two generalized asymptotically nonexpan-
sive self mappings with sequence {k,} C [1,00) and Ty, To: K — E be two
asymptotically nonexpansive non-self mappings with sequence {h,} C [1,00).
Put

Gy =max {0, sup (IIS7a = S{yll — kalle — ] ).

z,ye K, n>1

swp  (Is52 = Sgyll —kalle =)} (21)

z,ye K, n>1

such that Yo7 | Gy < 0o. Suppose that

Fi=F(S1)[F(S2) [ F(Th) () F(T2) # 0.
Let

p=supa,, wi=supk, >1, wy=suph, >1
n n n

and {an}, {bn}, {cn}, {dn} be four real sequences in [0,1] which satisfy the
following conditions:

() 2opet (knhn — 1) < 00y
(i) Donty e <00, Yooy dn < 00;
(iii) pwiws <1 orp < @

Let {xy,} be the sequence defined by (1.7). Then lim, o ||z —¢|| and lim,,_,
D(xy, F) both exist for each q € F', where D(xy, F) = infoep ||z, — g

Proof. Let g € F. From (1.7) and (2.1), we have

lyn — qll

= ||P((1 = by — dy)SExp + b, To(PT2)" Lz, + dyvy) — Pq)|
<|[(1 = by — dp)S3y 4 by Ta(PT2)" ay, + dyvn — g

= |(1 = by — dn)(S5zn — q) + bu(T2(PT2)" ' 2n — q) + dn(vn — 9|
< (1= by — dn)||S5 w0 — ql| + bu|T2(PT2)" 20 — gl + dnllvn — gl
< (1 =bn = dp)lknllzn — qll + Gn] + bnhnllzn — gl + dnllvn — 4

< (1 =bp)knllzn — qll + bphnllzn — qll + dullvn — gl + Gn

< (1 = bp)knhnllTn — gl + buknhallzn — || + dnllvn — ql| + Gn

:knhonn_qn +dnan_QH + Gh. (22)
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Again using (1.7) and (2.1), we have

[2n+1 —qll

=[[P((1 — an — cn)STxn + anTl(PTl)n_lyn + cpun) — P(q)||

< —an —cn)Stan + anTl(PTl)n_lyn + ety — g

= (1 = an = ) (ST@n — ) + an (T (PT1)" g — ) + ca(un — 9|

< (1= apn — )17 @0 — gl + an | T (PT)" Yy — qll + cnllun — gl

(1 —an — cp)lknllzn — qll + Gn] + anhn|lyn — qll + cnllun — 4|

(1 = an)knllzn — qll + anhallyn — qll + callun — gl + Gn

(1 = an)knhnl|zn — qll + anknhnllyn — gl + cenllun — gl + Ga. (2.3)

ININ A

Using equation (2.2) in (2.3), we obtain
[Zn41 —all < (1 — an)knhnllzn — gll + ankphnlknhn|lzn — 4]
+ dpllon — qll + Gn] + cnllun — qll + Gn
<(1- an)kihin"vn —qll+ ankihiul‘n — 4l
+ anknhndn|lvn — gl + callun — gl + anknhnGy + Gy
= k%hinffn —qll + ankphndy|lvn — gl + cnllun — q|
+ (anknhn +1)G,,
= [+ (k2h — D]llzn — qll + anknhndn|vn — gl
+ callun — gl + (anknhn +1)Gy
— 1+ malzn — all + fo (2.4)
where
my, = (kpihy —1)
and
fr = anknhndn||vn — qll + cnllun — ql| + (ankphn +1)Gh.

By assumption of the lemma, we get

S omy o= Y (kRhE = 1) = (knhy + 1) (knhy — 1)
n=1 n=1 n=1
< (wiwp + 1) (kphy — 1) < o0
n=1

and boundedness of the sequences {||u, — ¢}, {||vn — ¢||} with condition (ii)
of the lemma
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Z fn = Z anknhndnuvn - QH + Cn”un - QH + (anknhn + 1)Gn]

n=1

= anknhn Zd lvn— q||+2cn||un qll + (anknhn +1) ) G
n=1

n=1 n=1

00
< pwiws Z dp ||Un - QH + chHun - QH Hwiwa + 1 Z Gn
n=1

n=1 n=1
< 0.

Now taking p, = ||z, — ¢ in (2.4), we obtain
Pn+1 < (1 + mn)pn + fn

Hence by Lemma 1.8, we have lim,_,o ||z, — ¢|| exists.
Now, taking the infimum over all ¢ € F' in (2.4), we have

D(xpi1, F) < [14+mp)D(xp, F)+ fn (2.5)
for all n > 1. It follows from » 2, my < 00, > o7 fn < 0o and Lemma 1.8
that lim,, oo D(2y, F') exists. This completes the proof. O

Lemma 2.2. Let E be a real uniformly convex Banach space, K be a nonempty
closed convex subset of E. Let S1, So: K — K be two generalized asymptoti-
cally nonexpansive self mappings with sequence {k,} C [1,00) and Ty, To: K —
E be two asymptotically nonexpansive non-self mappings with sequence {h,} C
[1,00) and Gy, be taken as in Lemma 2.1. Suppose that

F:=F(S) (| F(S2) [ F(T) [ F(T2) # 0,
Let
W =supa,, wi=supk, >1, wy=suph, >1

n n

and {an}, {bn}, {cn}, {dn} be four real sequences in [0,1] which satisfy the
following conditions:

(i) Xopzi(knhy — 1) < oo;
(i) 07 en <00, Do 1d < 00;
(iil) pwiwa <1 or p < 2 3
(iv)
lz = T (PT)"y|| < [|ST2 — Tu(PT1)" 'yl
and
lz — T;(PT;)" " x| < |[Sfa — Ti(PT)" x|
for all x,y € K and fori=1,2.
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Let {x,,} be the sequence defined by (1.7). Then lim,_ o ||Zn, — Sizy| = 0 and
limy, 00 ||zn — Tizp|| = 0 for each i =1,2.

Proof. By Lemma 2.1, lim,_, ||z, — ¢|| exists for all ¢ € F and therefore
{zy,} is bounded. Let lim, oo ||z, — ¢|| = 71. Then r; > 0 otherwise there is
nothing to prove.

Now (1.7) implies that

limsup [y, —ql| < 1. (2.6)
n—oo
Also, we have

1S52n — gl < knllzn —ql| + Gn, Yn>1,

I(PT2)" an —qll < hallwn —qll, VR 21

and
STz, —qll < knllzn —ql| + Gn, V> 1.
Hence
limsup | Sgan —all < 7, 2.7)
n—oo
lim sup | To(PT)" 'an — gl < 71 (2.8)
n—oo
and
limsup | SPzn — g < 1. 2.9)
n—oo
Next,

ITi(PT)"  yn =gl < hallyn —al
gives by virtue of (2.6) that
limsup || 71 (PT1)" 'yn —gll < 71 (2.10)

n—oo

Also, it follows from

re = lim [zn41 — gl

lim
n—oo
= lim [[(1 —ap — ¢)STan + anTl(PTl)"_lyn + cpun — ql|

n—oo
— lim (1= an)[(S7n — 6) + nlttn — STa)]

n—oo
+an[(Ti(PT)" 'y — q) + cnlun — ST,
and Lemma 1.9 that
Tim [|S7@, — Ty(PT1)" 'yl = 0. (2.11)
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By condition (iv), it follows that
|z = Ti(PT)" ynll < (|STn — T1(PT)"™ 'yl

and so, from (2.11), we have

Tim |2y — Ty (PT1)" gl = 0. (2.12)
Since
lzn —gll < llzn = T (PT)™ yall + 1T (PT)™  yn — gl
< law = T (PTY)™ yull + Pallyn — dll,

taking limit infimum on both sides in the above inequality, we have
liminf ||y, —q|] > r
n— oo

by (2.12) and so
lim ||y, — ¢l = r1. (2.13)
n—oo

Now, note that

r1 = lim |y, — 4|
n—oo
= lim [|(1 = by — dp) S5y + by To(PTo)" 2y, + dpun — q||

n—o0

lim [|(1 = bp)[(S5xn — q) + dn (v — SPay)]

n—oo
+ bn[(TZ(PT2)n_len —q) + dp(vn — Sywy)]||
and Lemma 1.9 that
lim ||S5a, — To(PT2)" || = 0. (2.14)
n—oo

By condition (iv), it follows that
lzn = To(PTo)"anll < [|S5an — To(PT2)" ™ an||
and so, from (2.14), we have
lim |2, — To(PTy)" 'z, | = 0. (2.15)

Since S§x, = P(S¥xy,) and P: E — K is a nonexpansive retraction of F onto
K, we have

lyn — Szan| = [[(1 — by — dn)S3zn + bnT2(PT2)n_lfL’n + dnvp — Sy
< by | S3wy — T2(PT2)n_1$n” + dplvn — S3n ||
< by | S5y — TZ(PT2)n_1$n” + dnlvn — S3n ||
and so
Jim |y, — Syzn[| = 0. (2.16)
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Again, we have
lyn = @nll < llyn — S5@nll + 1552, — To(PT2)" " 2

T2 (PT2)" @, — .
Thus, it follows from (2.14), (2.15) and (2.16) that

T [lyn — 20 = . (2.17)
Since ||z, — T1(PTY)" Yyn || < 1S, — T1(PTy)" 'y, by condition (iv) and

IS0 = To(PT)" tanll < [|ST@n — T2(PTL)" |
H T (PT)" yy — To(PTH)™ |
1Sz — T (PT)" yall + hallyn — s
using (2.11), (2.17) and h,, — 1 as n — oo, we have
lim |[S7zy, — T (PT)" 'z, =0 (2.18)

IN

and by condition (iv), we have
Jim [l — Ty (PT1)" | = 0. (2.19)
It follows from
[#n41 — STan||
= | P((1 = an — ¢p) S0 + an T (PT1)™ yn + coun) — P(ST@y)||
<1 = an — ) STz + an Ty (PTY)™ Yy + cpttn — Sian|
< ap||ST@n — Ti(PT)™ 'yl + cnllun — STn||
< pllStzn — T (PTL)" ynll + cnllun — St
(2.11) and ¢, — 0 as n — oo that
lim ||zp41 — STan| =0. (2.20)

n—oo

In addition, we have

[Zns1 — T (PT)" 'yl < Nangr — Stanll + 115720 — TL(PTY)™  yall.

Using (2.11) and (2.20), we have
lim ||z,y1 — T (PT)™ Yyl = 0. (2.21)

n—oo

Now, using (2.18), (2.19) and the inequality
1720 = anll < [[ST2n — T (PTY)" 2l + ITA(PTY)" 20 —

we have lim,,_,o || ST@n — 2, || = 0. It follows from (2.15) and the inequality

ST 0 — T2(PT2)n7133nH < |ISTon — x| + |20 — T2(PT2)nilxn”



Convergence theorems for generalized asymptotically nonexpansive mappings 791

that
lim ||STx, — To(PTy)" ta,|| = 0. (2.22)
n—o0

Since

|n+1 = To(PT2)" " 'yall < l@nsr = STwnll + 18720 — Ta(PT2)" |
+ halln = ynll,

from (2.17), (2.20), (2.22) and h, — 1 as n — oo, it follows that
lim ||z, 1 — To(PT)" Ly, = 0. (2.23)
n—oo

Since T; for ¢ = 1,2 is uniformly continuous, P is nonexpansive retraction, it
follows from (2.23) that

ITPT)™ s = Tiall = [ TPT(PT)™ )] = Ti(Pa)|
— 0 as n — oo, (2.24)
for i = 1,2. Moreover, we have
Jns1 = all < Nonss — T3 (P2 g
I TU(PT)" o — x| + |20 — yal-
Using (2.12), (2.17) and (2.21), we have
T 41— yal] = 0. (225)
In addition, we have
Jn = Tywall < llzn — TPl + [Ty (PT2)" 0 — T1(PT)" gy
T (PT)" g1 — Tin||
< flzn — Tl(PTl)n_lan + hal|zn — Yn-1|
+ T (PT)"  yp—1 — Tinl.
Thus, it follows from (2.19), (2.24), (2.25) and h,, — 1 as n — oo, that
nh_)rrolo |z, — Thay| = 0. (2.26)
Similarly, we can prove that
nl;n;o |zn, — Toxy| = 0. (2.27)
Finally, by condition (iv), we have
lzn = S12nll < 20 — Ta(PT1)" 'l + [|S12 — Ta(PT1)" |
<l = T (PT)" g || + [[STan — To(PTY)" |-
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Thus, it follows from (2.18) and (2.19) that

lim |z, — Siz,] = 0. (2.28)
n—oo

Similarly, we can prove that
lim |z, — Sazy| = 0. (2.29)
n—oo

This completes the proof. O

Theorem 2.3. Let E be a real Banach space, K be a nonempty closed convex
subset of E. Let S, So: K — K be two generalized asymptotically nonexpan-
sive self mappings with sequence {k,} C [1,00) and T, To: K — E be two
asymptotically nonexpansive non-self mappings with sequence {h,} C [1,00)
and G, be taken as in Lemma 2.1. Suppose that

F:=F(S1)(F(S2) [ F(T) () F(Ty) #0,
and is closed. Let

W =supa,, w;=supk,>1, wy=suph, >1
n n n

and {an}, {bn}, {cn}, {dn} be four real sequences in [0,1] which satisfy the
following conditions:

(i) >y (knfin —1) < 00;

(i) D02y en <00, Yo7 dp < 00;

(iii) pwiws <1 orp < ﬁ

12

Let {x,} be the sequence defined by (1.7). Then {x,} converges strongly to a
common fized point of S1, So, T1 and T if and only if

liminf D(z,, F) =0,

n—oo

where D(x, F) = inf{||x — p|| : p € F'}.
Proof. The necessity is obvious. Indeed, if x,, — ¢ € F as n — oo, then

D(an, ) = inf |lon = gl < [lza =g = 0 (n = o0).

Thus liminf,_,~ D(z,, F') = 0.

Conversely, suppose that liminf,, o, D(xy,, F') = 0. By Lemma 2.1, we have
that limy, oo D(zp, F') exists. Further, by assumption liminf,,_,o D(xy,, F) =
0, from (2.3) and Lemma 1.8, we conclude that lim,_,oc D(zy, F') = 0. Now,
we show that {z,} is a Cauchy sequence in E. Indeed, from (2.4), we have

H$n+1 - QH < [1 + mn]Hxn - ‘IH + fn
for each n > 1, where
my = (k2h2 — 1)
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and
fn = anknhndnan - QH + CnHun - QH + (anknhn + 1>Gn
with Y07 m,, < 00, > o7, fn < oo and g € F. For any m,n with m >n > 1,
we have
1+ mpm_1]l|Tm-1 — gl + frm—1

lzm —q| <
< et @1 — gl + fe

IN

m—1
m—1__ m—1 .
(=5 o = gl 4+ (X0 ) 37
i=n

m—1
Zlaa—ql+2 Y f;

=n

IN

where Z = e2i=n™i_ Thus for any q € F, we have

[en —xml < llen = gll + l2m — 4l

m—1
< len —qll + Zllan — gl +2 Y
=n
o
< E+D|m—adl+ 2> S

i=n

Taking the infimum over all ¢ € F', we obtain
oo
l#n = 2mll < (Z2+1)D(xn, F)+Z)_ fi.
i=n

Thus it follows from lim,, o D(zy, F) = 0 and f, — 0 as n — oo that {z,}
is a Cauchy sequence in K. Since K is closed subset of E, the sequence {x,}
converges strongly to some y* € K. Next, we show that y* € F. Now,
lim,, 00 D(xy, F)) = 0 gives that D(y*, F) = 0. Since F is closed, y* € F.
Thus y* is a common fixed point of Sy, Sz, 71 and T5. This completes the
proof. O

Theorem 2.4. Let E be a real Banach space, K be a nonempty closed convex
subset of E. Let Sy, So: K — K be two generalized asymptotically nonexpan-
sie self mappings with sequence {k,} C [1,00) and Ty, To: K — E be two
asymptotically nonexpansive non-self mappings with sequence {h,} C [1,00)
and Gy, be taken as in Lemma 2.1. Suppose that

Fi=F(S) (| F(S2) [ F(T1) [ F(T2) # 0.
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Let
p=supa,, w1 =supk, >1, wy=suph, >1
n n n

and {an}, {bn}, {cn}, {dn} be four real sequences in [0,1] which satisfy the
following conditions:

(1) Yopei1(knhy — 1) < ooy
(i) D02 en <00, Dot dy < 00;
(iil) pwiwa <1 orp < ﬁ;

12
(iv) [lo — Ti(PTy)" " y|| < ||Sfa — T1(PTh)"y|| and ||z — Ti(PT;)" x|
< ||Srx — T;(PT;)" ‘x| for all z,y € K and fori =1,2.

Let {xy,} be the sequence defined by (1.7). If one of S1, S2, Th and T is semi-

compact, then {x,} converges strongly to a common fized point of S1, Sa2, Th
and T5.

Proof. By Lemma 2.2, we have that

lim ||z, — Sizy| = lim ||z, — Tiz,|| =0
n—00 n—oo
for ¢ = 1,2 and one of Sy, So, T1 and T, is semi-compact, there exists a

subsequence {xy, } of {x,} such that {z,, } converges strongly to some f* € K.
Moreover, by the continuity of S, So, T1 and Ts, we have

If* = Sif*l = lim [z, — Sizn,|| =0
r—00

and
1 = Tof = lim |, — Tia, | = 0
T—00

for i = 1,2. Thus it follows that f* € F' = F(S1)(\F(S2) N\ F(T1) N F(12).

Since limy, o0 ||z — f*| exists by Lemma 2.1, we have lim,, o ||z, — f*|| = 0.
This shows that the sequence {x,,} converges strongly to a common fixed point
of Sy, S, T and T,. This completes the proof. O

Theorem 2.5. Let E be a real Banach space, K be a nonempty closed convex
subset of E. Let S1, So: K — K be two generalized asymptotically nonexpan-
sive self mappings with sequence {k,} C [1,00) and T, To: K — E be two
asymptotically nonexpansive non-self mappings with sequences {hy} C [1,00)
and G, be taken as in Lemma 2.1. Suppose that

Fi=F(S)[\F(S2) [ F(T) [ F(T2) # 0.
Let
p=supa,, wi=supk, >1, wy=suph, >1

n n

and {an}, {bn}, {cn}, {dn} be four real sequences in [0,1] which satisfy the
following conditions:
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(i) 2,
(i) D02y en <00, Y02 dp < 00;

) 2 (knhy — 1) < 00;

)
(iii) pwiws <1 orp <

)

1 .
(iv wies’
|z — Ty (PT)" Yy|| < ||STz — T1 (PT1)" Ly||
and
|z — T;(PT;)" 'a|| < ||SP'a — Ty(PT;)" |
for all z,y € K and fori=1,2.

Let {x,} be the sequence defined by (1.7). If S1, S2, T1 and Ty satisfy the
following conditions:
(C1) limpseo ||Tn — Sizy|| = limpy oo || 2n — Tizn|| =0 fori=1,2;
(Ca) there exists a continuous function ¢: [0,00) — [0,00) with ¢(0) = 0
and o(t) > 0 for all t € (0,00) such that

o(D(x, F)) < aillz = Siz| + az|lz — Saa|
+as||z — Thz|| + a4z — Tox||

forallx € K, and a1, as, as, aq are nonnegative real numbers such that
a1 +az+az+ag =1.

Then the sequence {x,} converges strongly to a common fized point of Sy, Sa,
Tl and TQ.

Proof. 1t follows from the hypothesis that

lim o(D(xn, F)) < ay.||zn — Sixa|| + ag.||xn — Sox,||

Nn—00
+ CLS'HJI'n - Tlan + a4'H=Tn - T233n||
-0,

that is,
lim o(D(zy, F)) = 0.

n—o0

Since ¢: [0,00) — [0,00) is a continuous function and ¢(0) = 0, therefore we
have

lim D(zp, F)=0.

n—o0

Therefore, Theorem 2.3 implies that {z,,} must converges strongly to a com-
mon fixed point of Sy, So, T and T5. This completes the proof. O
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3. WEAK CONVERGENCE THEOREMS

In this section, we prove some weak convergence theorems of iteration
scheme (1.7) for two generalized asymptotically nonexpansive self mappings
and two asymptotically nonexpansive non-self mappings in real uniformly con-
vex Banach spaces. First, we shall need the following lemmas.

Lemma 3.1. Under the assumptions of Lemma 2.1, for all q1,q2 € F =
F(Sl) N F(SQ) N F(Tl) N F(TQ), the limit

Jim [[tz, + (1= t)g1 — g
exists for all t € [0,1], where {z,} is the sequence defined by (1.7).

Proof. By Lemma 2.1, lim,,_, ||z, — z|| exists for all z € F' and therefore {x,}
is bounded. Letting

an(t) = [[tzn + (1 = t)q1 — g

for allt € [0,1]. Then lim,,—, o a5 (0) = ||q1 —¢q2|| and lim,, o0 ay (1) = lim ||z, —
g2|| exists by Lemma 2.1. Now it remains to prove the Lemma 3.1 for ¢ € (0,1).
For all x € K, we define the mapping R,,: K — K by:

An(x) = P((1—b, —dp)SEx + b, To(PTy)" ' a + dyvy)
and
Ru(x) = P((1—ap —cp)Ste + an Ty (PTY)" ' An(2) + couy).

Then it follows that z,+1 = Ruxn, Rpp = p for all p € F. Now from (2.2)
and (2.4) of Lemma 2.1, we see that

[An(z) = An ()l < Fnhnllz =yl

and
[Rn(z) = Ru)ll < [L+mu]llz —yll + fn
= Tnlz =yl + fa, (3.1)
where
mp = (kihgz - 1)
and

fn = anknhndn||vn — ql| + enllun — ql| + (anknhn +1)G,
with 0% my, < 00, Y 02y fo <00, T =1+my and J, — 1 as n — oo.
Setting

Sn,m = Rotm-1Rntm—2--Rn, m2>1 (32)

)

and
bn,m = ”Sn,m(txn + (1 - t)q1> - (tSn,m$n + (1 - t)Sn,mq2>H-
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From (3.1) and (3.2), we have

[[Sn,m(z) = Sn,m()l
= [Rntm-1Rnsm—2---Rn(2) = Rnpm-1Rntm—2- - Rau(y)|
< Tntm-1Rutm—2 - - Ru(2) = Rogm—2- - Ra(Y)|| + fatm—1
< Tntm—1Intm—2(Rntm—-3 - - Rn(®) — Rypm—3 - .- Ru(y) |l

+ frotm—1+ fnrm—2

n+m—1 n+m—1

< ( 11 i)l =yl + > f
=N n+m_1 =N
= Hullz —yl| + Z fi (3.3)

for all z,y € K, where H,, = H?j;n*l Ji and Sy, @y = Tyym and Sy pmp =p
for all p € F. Thus

an+m(t) = [tTntm + (1 =)@ — g2
< bn,m + HSn,m(tl'n + (1 - t)ql) - QQH
n+m—1
< bpom o+ Hoan(t) + > fi (3.4)
=N
By using Theorem 2.3 in [5], we have
bn,m < gb_l(Hxn - UH - HSn,me'n - Sn,muH)
< ¢_1(Hxn —ul = [Tn4m — u+u— Sy mull)
< ¢ llen — ull = (Jengm — wll = 1| Snmu — ul]))

and so the sequence {by, ,, } converges uniformly to 0, i.e., by, ,, — 0 as n — oo.
Since limy, oo Hp, = 1 and lim,, o fr, = 0, from (3.4), we have

limsupa,(t) < lm by + liminf a, () = liminf a, (¢).
n—oo0 ,M—00 n—0o0 n—oo

This shows that lim,,_,~ a,(t) exists, that is,
lim Htxn + (1 — t)q1 — QQH
n—oo

exists for all ¢ € [0,1]. This completes the proof. O
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Lemma 3.2. Under the assumptions of Lemma 2.1, if E has a Fréchet dif-
ferentiable norm, then for all q1, g2 € F = F(S1)NF(S2)NF(Th)NF (1), the
limit

lim (2, J(q1 — ¢2))

n—oo

exists, where {x,} is the sequence defined by (1.7). If Wy,({zn}) denotes the
set of all weak subsequential limits of {xy}, then (w1 —ua, J(q1 —q2)) =0 for
all q1, g2 € F' and uy, uz € Wo,({25,}).

Proof. Suppose that = ¢q; — g2 with ¢1 # ¢2 and h = t(x,, — q1) in inequality
(1.8). Then, we get
1
tan — a1, I = a2)) + 5la - el
1
< Slten + (1=t — aa®

1
<t(zn—qi, J(q1 — @) + §HQ1 — @ + b(t||lzn — 1))

Since sup,,> ||7n — q1]| < M for some M > 0, we have

_ 1
tlimsup (z, — g1, J(q1 = ¢2)) + 5llor = e@l?

n—oo

1.
< 5 lim |tz, + (1 —t)q1 — ga|?

n—oo

.. 1
< tliminf (z, — q1, J(¢1 — q2)) + §||Q1 — QQ||2 + b(tM),

n—oo

that is,

. . b(tM
lim sup (x,, — q1, J(q1 — q2)) < hnIr_1>IOIéf (Tn —q1, J(@1 — @2)) + ( )M

n—o0 tM
If t — 0, then lim, o (zn — q1, J(q1 — q2)) exists for all ¢1, g2 € F; in par-
ticular, we have (u; — ug, J(q1 — ¢2)) = 0 for all uy, ug € Wy,({z,}). This
completes the proof. O

Theorem 3.3. Under the assumptions of Lemma 2.2, if E has Fréchet dif-
ferentiable norm, then the sequence {x,} defined by (1.7) converges weakly to
a common fixed point of S1, S2, T1 and T5.

Proof. By Lemma 3.2, (u; — ug, J(q1 — g2)) = 0 for all uj, ug € Wy,({z,}).
Therefore ||t* — s*||? = (t* —s*, J(t* — s*)) = 0 implies t* = s*. Consequently,
{zn} converges weakly to a common fixed point in F' = F'(S1)NF(S2)NF(T1)N
F(T3). This completes the proof. O
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Theorem 3.4. Under the assumptions of Lemma 2.2, if the dual space E* of
E has the Kadec-Klee (KK) property and the mappings I — S; and I —T; for
1 = 1,2, where I denotes the identity mapping, are demiclosed at zero, then
the sequence {x,} defined by (1.7) converges weakly to a common fized point

ofSl, 52, T1 and TQ.

Proof. By Lemma 2.1, {x,} is bounded and since E is reflexive, there exists
a subsequence {x,,} of {z,} which converges weakly to some u* € K. By
Lemma 2.2, we have

TILI& Hxnr - SanrH =0 and 'rll{go Hxnr - Exnr” =0

for ¢ = 1,2. Since by hypothesis the mappings I — S; and [ — T; for i = 1,2
are demiclosed at zero, therefore S;u* = u* and Tju* = u* for i = 1,2,
which means u* € F' = F(S1) N F(S2) N F(T1) N F(T2). Now, we show that
{zn} converges weakly to u*. Suppose {zy,} is another subsequence of {z,}
converges weakly to some v* € K. By the same method as above, we have
v* € F and v*, v* € W,,({z,}). By Lemma 3.1, the limit

lim |[[tx, + (1 —t)u™ — v

n—oo
exists for all ¢ € [0,1] and so v* = v* by Lemma 1.10. Thus, the sequence
{z} converges weakly to u* € F. This completes the proof. O

Theorem 3.5. Under the assumptions of Lemma 2.2, if E satisfies Opial’s
condition and the mappings I — S; and I —T; for i = 1,2, where I denotes
the identity mapping, are demiclosed at zero, then the sequence {x,} defined
by (1.7) converges weakly to a common fixed point of S1, Sz, Th and Ts.

Proof. Let b, € F, from Lemma 2.1 the sequence {|x, — bs||} is convergent
and hence bounded. Since F is uniformly convex, every bounded subset of F
is weakly compact. Thus there exists a subsequence {z,,} C {z,} such that
{zy, } converges weakly to y* € K. From Lemma 2.2, we have

7«1320 @, — Sizn, || =0 and rlggo @, — Tizn, || =0

for i = 1,2. Since the mappings I — S; and I — T; for i = 1,2 are demiclosed
at zero, S;y* = y* and T;y* = y* for i = 1,2, which means y* € F. Finally, let
us prove that {z,} converges weakly to y*. Suppose on contrary that there is
a subsequence {z, } C {z,} such that {z,,} converges weakly to z* € K and
y* # z*. Then by the same method as given above, we can also prove that
z* € F. From Lemma 2.1 the limits lim, oo ||z, — y*|| and lim, . ||z — 2|
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exist. By virtue of the Opial’s condition of E, we obtain
lim [lzn, —y*f| = lim |z, —y7|
n—o00 Nyp—00
< lim ||zn, —2%|| = lim ||z, — 2| = lm |z, — 27|
Ny —>00 n—oo Ng—>00
< lim |[zn, — o7
Ng—r00
= lim ||z, — y*|,
n—oo

which is a contradiction, so y* = z*. Thus {z,} converges weakly to a common
fixed point of S7, So, T1 and T5. This completes the proof. O

Example 3.6. Let R be the real line with the usual norm |.| and let K =
[—1,1]. Define two mappings S, T: K — K by

_ ) —2sing, ifxe(0,1],
T(x)_{ 2sinZ, if z € [~1,0).

and

B xz, ifzel0,1],
S(z) = { —z, ifze[-1,0).

Then both S and T are asymptotically nonexpansive mappings with constant
sequence {ky} = {1} for all n > 1 and uniformly L-Lipschtzian mappings with
L = sup,~;{kn}. Also the unique common fixed point of S and T, that is,
F=F(S)nF(T) = {0}.

4. CONCLUSION

In this paper, we study hybrid mixed type iteration scheme for two gen-
eralized asymptotically nonexpansive self mappings and two asymptotically
nonexpansive non-self mappings and establish some strong convergence the-
orems using semi-compactness condition and the condition which is weaker
than that of compactness and some weak convergence theorems using the fol-
lowing conditions: (c1) the space E has a Fréchet differentiable norm (c2) dual
space E* of E has the Kadec-Klee (KK) property (c3) the space E satisfies
Opial’s condition. Our results extend and generalize the corresponding results
of 3,4, 7, 8, 10, 11], [14]-[17] and many others from the existing literature to
the case of more general class of mappings and newly proposed hybrid mixed
type iteration scheme considered in this paper.
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