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Abstract. This paper deals with oscillatory properties of solutions of a class of second order
nonlinear damped neutral difference equation of the form:

A(a"(AZ")a) +pn(AZn)a + qnf(l‘nfl) = 07 n Z no. (E)

where z, = x, — bpxn—_k. Some new sufficient conditions are obtained which ensure that
all solutions of equation (F) are oscillatory. The results presented in this paper extend and
improve some of the related results reported in the literature. Examples are provided to

illustrate the importance of the main results.

1. INTRODUCTION

Consider the second order neutral difference equation with damping term
of the form:

Alan(Azp)Y) + pn(Azy)* + gnf(xn—;) =0, n > ny, (1.1)
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where ng is a nonnegative integer, « is a ratio of odd positive integers, and
Zn = Tp — bpThp_k.
Throughout this paper and without further mention, we assume that:
(H1) {an} is a positive real sequence, and {b,} is a real sequence with 0 <
b, < b <1 for all n > ng;
(H2) {pn} is a real sequence, and {g,} is a positive real sequence for all
n 2 no;
(Hs) [ and k are positive integers;
(Hy) f: R — R is a continuous function with wf(u) > 0 for u # 0, and
there exists a positive constant M such that % > M for all u # 0,
where 3 is the ratio of odd positive integers.

Let 8 = max {k,[}. By a solution of equation (1.1), we mean a real sequence
{z} defined for all n > ng — 0, and satisfying equation (1.1) for all n > ny.

A nontrivial solution of equation (1.1) is said to be oscillatory if it is neither
eventually positive nor eventually negative, and it is nonoscillatory otherwise.

From the review of literature, it is known that there are many results avail-
able on the oscillatory behavior of solutions of equation (1.1) when p,, = 0 and
b, < 0 for n > ng, see for example [1, 2, 3, 14, 15] and the references cited
therein. However few results available on the oscillatory behavior of equation
(1.1) when p, =0 and b,, > 0 for n > nyg, see for example [1, 5, 6, 7, 12, 15].

In [7], the authors considered equation (1.1) with p,, = 0 and o = 3, and es-
tablished some new conditions which ensure that any solution {z,} of equation
(1.1) is either oscillatory or converges to zero. In [5, 6], the authors considered
equation (1.1) with p, = 0 and a = 1, and established some new conditions
which ensure that every solution of equation (1.1) is oscillatory.

If p, =0, b, =0 and « = 1, then equation (1.1) considered in [4, 8, 9, 10, 11]
and established sufficient conditions for the oscillation of all solutions of equa-
tion (1.1).

Motivated by the work in [5], [6] and [7], and the papers mentioned above,
in the present paper, by employing Riccati type transformation and summa-
tion averaging technique, we establish some new sufficient conditions which
ensure that every solution of equation (1.1) is oscillatory. Therefore the re-
sults obtained in this paper improve and complement to the results reported
in [4, 5,6, 7,8,9, 10, 11].

2. OSCILLATION RESULTS:

In this section we present sufficient conditions for the oscillation of all so-
lutions of equation (1.1) when

> b 00, (2.1)
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where
n—1

E, = H ( s ) and a,, — p, > 0 for all n > ny. (2.2)

Gs — Ps

s=ng

Note that using (2.2) we can write equation (1.1) in the equivalent form:
A(Enan(AZn)a) =+ En+1‘]nf(xn—l) =0, n > ny, (23)

and it is easy to see that from (2.2) that every solution of equation (1.1) is
oscillatory if and only if every solution of equation (2.3) is oscillatory.

First we study the oscillatory behavior of equation (1.1) when condition
(2.1) and (2.2) hold.

If {z,} is a solution of equation (1.1), then y, = —x, is a solution of the
equation.

Alan(Awp)®) + pn(Awp)* + ¢ f* (Yn—1) = 0, n > ny,

where w, = yn —bpyn—k and f*(ynfl) = _f(_ynfl)v and uf*(u) > 0 for u # 0.
Thus concerning nonoscillatory solution of equation (1.1) we can restrict our
attention only to solutions which are positive for all large n.

Define

n—1 1
R, = —F, N >nyg.
SZ]V (asBs)«

We begin with the following lemma.

Lemma 2.1. Assume conditions (2.1) and (2.2) hold. Let {x,} be an even-
tually positive solution of equation (1.1). Then one of the following two cases
holds for all sufficiently large n :

(1) zp, >0, Az, >0, A(Epan(Azy)®) <05

(2) 2z, <0, Az, >0, A(Epan(Az,)*) <0.

Proof. Assume that x, > 0, 2, > 0 and z,,_; > 0 for all n > ny > ng.
Multiplying equation (1.1) by E,+1 and simplifying we have equation (2.3).
From (Hz), (2.2) and (2.3) we obtain

AlanEn(Azp)Y) = —Eng1gnf(xn—;) <0, n > ny, (2.4)

50 {anFEn(Az,)*} is eventually decreasing for all n > ngy > ni. We claim that
Az, > 0 for all n > ny. If this is not the case, there exists an integer ng > ng
such that Az,, <0. In view of (2.4) there is an integer n4 > n3 such that

Enan(Azp)* < En,an, (Azp,) =c <0, forn > ny.

Hence
1

Ca

Az, < ———
(anEp)«
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from which it follows that

n—1

1
2:7’L§Zn4‘|_cé Z(E’)l
Qglig)e

S=nN4
In view of condition (2.1), the last inequality implies that

lim z, = —o0. (2.5)
n—oo

Therefore, there are two cases to consider:

Case (1): If {x,} is unbounded, then there exists a sequence of integers {n;}
such that lim;_,,, n; = oo and lim;_, Tp; = 00, where Tp; = max{zs : ng <
s <nj}. Since n — k < n, we have

Tp,—k = max{zs:ng <s<n;—k}

N

max{xs : ng < s <nj} = xp;. (2.6)

So from the definition of z,, we see that

an

= Tn; = bp;Tn;— = (1= by,)Tn; > (1= b)an; >0
which is a contradiction with (2.5).

Case (2): If {x,} is bounded, then from the definition of z,, and (Hj), we see
that {z,} is bounded which again contradicts (2.5). Thus we conclude that
Az, > 0 for all n > no, and this completes the proof. [

Lemma 2.2. Assume conditions (2.1) and (2.2) hold. If{xy} is an eventually
positive solution of equation (1.1) such that case (1) of Lemma 2.1 holds, then

Zn > RnE,ll/o‘a,l/o‘Azn, n>N > ng (2.7)
and { -} is eventually decreasing.
Proof. The proof is similar to that of Lemma 2 of [12] and is omitted. O

Theorem 2.3. Let conditions (2.1), (2.2), « = 3, and |l > k be hold. If there
exists a positive nondecreasing sequence {p,} such that

- R, \* Ap
lim su Mp,E Sl> — ® } =00 2.8
e pSZN |: Psltis414s <Rs+1 R?+1 ( )
and
n—1 1 n—1 é b
lim sup Z ( ZEt—HQt) > —, (2.9)
n—o00 i CLSES —e Ma

then every solution of equation (1.1) is oscillatory.
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Proof. Assume that there exists a nonoscillatory solution z,, of equation (1.1),
say T, >0, x,_r > 0 and x,,_; > 0 for all n > N > ng, where N is chosen so
that two cases of Lemma 2.1 hold for all n > N.

Case (1): From the definition of z, and (H;), we have x,, > z,, and set
Enan(Az,)”
2
Then w,, > 0 for n > N, and from equation (1.1), (2.2), (Hy) and (2.10), we

obtain

,n>N. (2.10)

Wn = Pn

Aw,
E A o A(E Azp)® E Azp)®
— Ap, n+1an+01[( Znt1) + pn ( naz( Zn) )—Pn na;z(a Zn) A0
Zn+1 “n+1 “nn+1
E A @ Zy Enan(Azy)*
< Apy n+1an+;( Znt1) _Mann_anan—l _ Pn nZni Zn) Az
Zn-i-l n+1 ann—i-l
(2.11)

By the mean value theorem and the fact that {z,} is nondecreasing, we have

az8 Az, ifa > 1;
o > n (3 - b .
Az = { azg‘;llAzn, ifa < 1. (2.12)
Using (2.12) in (2.11), we obtain
\Y  Ap,E A @
Awn S _Mann—HQn <Zn l) + Pr n—i—laz—&-l( Zn—i—l)
Zn+1 Zn+1
E A a+1
Sl ”21(1 W) s N (2.13)
Zn+1
In view of the fact that Az, > 0 for n > N, it follows from (2.13) that
Zn— Az ¢
Awy, < =M prEni1qy ( = l> + AppEny1an41 ( n+1> . (2'14)
Zn41 Zn+1
Using (2.7) and the decreasing nature of { 7}, (2.14) implies
R,1\* A
Awp, < =M ppEpt1gn ( = l) + apn , n>N. (2.15)
R”+1 Rn+1

Summing the inequality (2.15) from N to n — 1, we have

n—1 o

R,_ A
E (MpsEerIQS (RS l> - Raps ) <wy < o0.
s=N s+1 s+1

Taking limit sup as n — oo in the above inequality, we obtain a contradiction
with (2.8).
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Case (2): From the definition of z, and (Hy), we have

Tppy > <_bZ"> (2.16)

From equation (1.1), (2.2), (H4) and (2.16), we obtain

M
AlanEn(Azp)®) — biaE"Hq”ngHk <0, n>N.

Summing the last inequality from s to n — 1 for n > s 4+ 1, we have

n—1

M
anEn(Azn)a - asEs(Azs)a - le ZEt—i-IQtZ?flJrk <0,n >N,
t=s

it implies that

Ml 1 n—1 o
Az, < E by > N.
Zs = b (asEs ; t+1QtZtl+k> , 2

Again summing the last inequality from n — [ + k to n — 1 for s, we obtain

Mé n—1 1 n—1 o
Zn—it+k — Zn < Zn—l+k E E Eiqe )
b asFEs
s=n—I+k t=s

it implies that

b n—1 ( 1 n—1 é

> Z EEt—l-IQt) .
1

Mo s=n—Il+k asEs t=s

Taking limit sup as n — oo, we obtain a contradiction to (2.9). This completes
the proof. O

Theorem 2.4. Let conditions (2.1), (2.2), « > B, and |l > k be hold. If there
exists a positive nondecreasing sequence {pn} such that, for all sufficiently
large Ny and for N > Ny,

n-l /8 « 1
: R, a asEs(Aps)*t
lim sup Z MpsEsi1qs <5l> _ ( > sEs(Aps) -
n—00 Rs+1 c1p (a + 1)a+1pgRs+l

s=N

(2.17)
with ¢ > 0 and

n—1 1 n—1 é
nh%n;o sup Z (asEs gEt_i_lqt) = 00, (2.18)

s=n—Il+k

then every solution of equation (1.1) is oscillatory.
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Proof. Assume that there exists a nonoscillatory solution z,, of equation (1.1),
say T, >0, x,_r > 0 and x,,_; > 0 for all n > N > ng, where N is chosen so
that two cases Lemma 2.1 hold for all n > N.

Case(1): From the definition of z, and (H;), we have x,, > z,, and set

Epan(Az)®
Wy = anan)’ n> N. (2.19)
Zn

Then proceeding as in the proof of Theorem 2.3, we obtain

8 g
Zn—i A Bpnw g_
Aw, < —Mann+1qn< . ) Pn wn+1—"—”+1 2o (2.20)
Zn+1 Pn+1 143 E
p +1( n)a

Since { >} is decreasing, we have z, < cR, for ¢ > 0 and n > N, from (2.20)
we obtain

1+1
R,\° A 5013 P w
Awn < _Mann—HQn (Rn ) + P Wn+1 — 1+71L+1 . nj_lv (2'21)
n+1 Pn+1 Pt s (anEn)E

1-£ . . . .
where we have used c; = ¢; * and {#} is decreasing. Now using the inequal-
mn

By
_ + ad Act+l . _ Apn . BclanﬁﬂH

ity Au — Bu < FH)QH o for B > 0 with A = o B = T T

Prif (anEn)@

n (2.21), we obtain

Rn—l g
Aw, < ~MpnEni1qn +

« a+1
C RCVRCN
Rn+1 (

7n —
aB) (a+1)HpeR) T

Summing the last inequality from N to n — [, we have

n—1 B « 1

R,_ a Apg)*TlaE
E MpsEs-HQS (RSZ) - <ﬁ> ( Ps iJrl as = <wpy < 00.
= s+1 c1 (o + 1)at1pa Rs+1

Taking limit sup as n — oo in the last inequality, we obtain a contradiction
0 (2.17).
Case(2): Proceeding as in Case (2) of Theorem 2.3, we have

n—1

M
En(Bzn)® — asBa(Aze)* = o7 tZquthHk <0,n>N (222
=s

Let limy,—y00 2, = ¢ = 0. Summing (2.22) from n— [+ k to n— 1 for s, we have

n—1

1
M« 1 8
Zn—itk — 2n < —5 5 E Evaq | 25
a asEs —s

¢ s=n—Il+k
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it implies that

-

P Mi n—1 1 n—1 a
B 23 Z asE. Z Bryiqe ) (2.23)
t=s

Z;L!—l—i-k & s=n—Il+k
. _B
Since %=1tk = |z, k' and 1 — g > 0, we have from (2.23) that
Za
n—Il+k

n—1 1 n—1 é
Jim sup Z (asE ZEt+1Qt> <0,

s=n—Il+k

which contradicts (2.18). Next assume that lim,, o 2, = ¢ < 0. From (2.22),
we have

1 n—1 o
Ma 8 1
A —s | —= E E .
Zs + 55 Zn (asE - t+1Qt>

it implies that

bﬁz n—1 1 n—1 é
CZN

> E E E .
5 = <asEs t+1Qt>

l =
Mo zy s=N t=s

B
In view of ¢ < 0, the term {%} has an upper bound, so
Moz

n—1 n—1 a
. 1
lim Eiiqe ] < oo,
n—00 4 asFs S

s= t=
which again contradicts (2.18). This completes the proof. O
Theorem 2.5. Let conditions (2.1), (2.2), a« > > 1, and | > k be hold.

If there exists a positive nondecreasing sequence {pn} such that, for all suffi-
ciently large integer N, and for N > N,

1
lim sup En: Ry >ﬁ _ c3(Aps)*(asEs)=
n—00 == Rs+1 4BRE_:11PS

with c3 > 0 and condition (2.18) holds, then every solution of equation (1.1)
1s oscillatory.

=00 (2.24)

MpsEst1qs <
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Proof. Assume that there exists a nonoscillatory solution z,, of equation (1.1),
say T, >0, x,_r > 0 and x,,_; > 0 for all n > N > ng, where N is chosen so
that two cases of Lemma 2.1 hold for all n > N.

Case(1): Proceeding exactly as in the proof of Theorem 2.4 (Case(1)), we
obtain (2.21) which can be rewritten as

B_1
R, \? A Beipn RS 1
Aw, < —MpyEni1qy <Rn ) + pnwn+1—1+1n—n+1w72z+1wn+17
n+1 Pn+1 pn+1 (anEn)i
(2.25)
for n > N. From (2.19), we get
19
14 1_ Azpy)* )
Wpip = (Pn+1Eny1ani1)e ! <(g+)>
Zn+1

1 g1 YT (-2
= (pn+1Bn10n41) Aowis Zpi1 . (2.26)
n

From (2.8), we have

a—1
(AZ”“ ) > (Bpp1an1) s ROTL, n> N, (2.27)
Zn+1

Since {7} is decreasing and (o — 1)( — 1) <0, we obtain

a=1)(£— a—1)(&— a—1)(2-
zéﬂl)(a Y > cé nes 1)R£L+11)(" 1), n > N. (2.28)

Substituting (2.27), and (2.28) into (2.26) gives

a1 11 (a-1)(&-1) B-£
Wity = Pyt © 2a R, (2.29)
Using (2.29) in (2.25), we obtain
R, \" A
Aw, < —MppEniiqn <Rn l> + P Wn+1
n+1 Pn+1
R’
Gl TWh 1. (2.30)
CSan(anEn)“

Completing square with w1, it follows from (2.30) that

Ry )ﬁ 103(Apn)2(anEn)é

(2.31)

Awn S _Mann—HQn(
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Summing the last inequality from IV to n leads to

1
Rsfl >B . C3(Aps)2(asE’s)a
Ret1 48R ps

n

D

s=N
which contradicts condition (2.24).

Case(2): The proof is similar to that of Case (2) of Theorem 2.5 and the
proof of the theorem is completed. O

MpsEsi1qs < <wy <00

Theorem 2.6. Let conditions (2.1), (2.2) and o« < 8 be hold. If there exists
a positive nondecreasing sequence {pn} such that, for all sufficiently large N
and for N > N,

n
lim sup E
n—oo
s=N

Rs_; > A co—h
Rs+1

MGS+1ES+1(]3 < ] = o0 (232)

Rg—i—lEerlaerl

with ¢ > 0 and G, = "2 L then every solution of equation (1.1) is

) ) s=ng asEs’
either oscillatory or tends to zero as n — oo.

Proof. Proceeding as in the proof of Theorem 2.4, we see that the two cases
of Lemma 2.1 hold for all n > N > ny.

Case(1): Proceeding as in the proof of Theorem 2.4 (Case(1)), we have

A(Bpan(82,)%) + MEpi1gnzb_, <0, n > N. (2.33)
Define
Enan(Azy)®
Wy = GnLﬁz), n> N. (2.34)
Zn

Then wy, > 0 for n > N, and from (2.33), (2.34), we obtain
B A a
Zn—z> L, (Bznia)

Awn S _MGn+1En+1Qn(

Zn+1 Zni1
Ro\’ Az ol
< —MGui1Eni1n ( n l> + < "“) 2200 (2.35)
R, Zn+1
Since {z,} is nondecreasing, we have z, > ¢ > 0, and from (2.8) we have
A “ 1
( Z”“) < — ,n>N. (2.36)
Zn+1 Rn+1En+1an+1

Using (2.36) in (2.35), we obtain

n > N.

R, ) A B

Aw, < —-MGunE 1q< e
n n+1tn+14n Rn+1 R$+1En+1an+1
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Summing the last inequality from N to n, we have

R, )6 B
Rsi1 R?+1E5+1a3+1

n

D

s=N
which contradicts (2.32).

Case(2): In this case we have z, < 0 and Az, > 0 for all n > N. Then by
Lemma 1 of [7], one can see that lim,,_,o z,, = 0. This completes the proof. [

MGs+1Es—|—1q$ <

]SwN<oo

Remark 2.7. Theorems 2.3 and 2.4 improve and extend the results estab-
lished in [7] in the sense that our criteria ensure the oscillation of all solutions
of equation (1.1). Further the results established in the paper extend and
generalize that of in [4, 5, 6, 8, 9, 10, 11].

3. EXAMPLES
In this section, we provide two examples to illustrate the main results.

Example 3.1. Consider the second order neutral difference equation:

1 51 1 s on
S [ —— = > 1. (3.
A((Arn—gn-2)’ ) =g (Alra—gmn)*+ gl 5 =0, n > 1 (3.1)

Here a,, =1, pn:n%rl, qn:niﬂ, bn:%,l:3,k:2anda:ﬂ:3.80

En:nanan:ZZ:_llﬁanszl.F‘urthear—>ooasn—>ooand

n—1> R, > (n—1)%3. By taking p, = 1, we see that

" S R — " (5 4)
> _—
nhm Sup (S + 1) ( ) n;llm Sup 3 O

s=1

and
n—1 1 n—1 " 1 1
i 8 (50 (o n-1e
s=n—1 t=s
Thus, all conditions of Theorem 2.3 are satisfied and hence every solution of

equation (3.1) is oscillatory. In fact {z,} = {(—1)"} is one such oscillatory of

equation (3.1).

Example 3.2. Consider the second order neutral difference equation:
A(n(Az,)%) + (n —1)(Az,)> +n2p_9 =0, n > 2. (3.2

Where z, = x,, — %xn_l. Here a, = n, pn =n—1, g, = n?, b, = %, l

2, k=1, a=3and =1 S0 B, = 22 (n—1)1/3 > R, > (2=2) and

M = 1. Further R, — oo as n — oo and by taking p, = 1, we see that all

conditions of Theorem 2.4 are satisfied. Hence every solution of equation (3.2)
is oscillatory.

~—
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4. CONCLUSION

In this paper we have established some new oscillation results which can be
easily extended to more general neutral type difference equations and neutral
dynamic equations on any time scales. Further note that the results in the
present paper will contribute to the studies on oscillatory and asymptotic
behavior of solutions of neutral type difference equations with damping term.
It is interesting to extend the results of this paper when the condition (2.1)
fails to hold or a,, — p, < 0. This would be left to further research.
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