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Abstract. This paper gives general base iα and jβ , which are similar with two bases i and

j in quaternions. From properties of iα and jβ , we present an expression of a generalized

quaternion. Based on the analytic properties of real and complex analysis, we propose

a regularity which is related to a differentiability of functions of generalized quaternionic

variables.

1. Introduction

The quaternions are represented by the form z =
∑3

r=0 xrer, where each
er is non-commutative base for four dimensional real field R4 and xr ∈ R
(r = 0, 1, 2, 3). By the algebraic and analytic properties of quaternions, many
theories of functions of quaternionic variables have been studied. Fueter [3]
gave a definition of hyperholomorphic functions of quaternionic variables in
R4. Deavours [2] and Sudbery [11] developed theories of quaternionic analysis
and refined differential operators and integral formulae in complex analysis to
use in quaternionic analysis. Naser [10] and Koriyama et al. [8] investigated
the notions and arithmetic operations of hyperholomorphic functions and gen-
eralized holomorphic functions with values in quaternions. Kajiwara et al. [5]
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showed that for any complex-valued harmonic function f1 in a quaternion
domain D, there exists a function f2 in D such that the function f1 + f2j is
hyperholomorphic in D. Kim et al. [6] obtained some results for the regularity
of functions on the reduced quaternion field in Clifford analysis. Also, Kim and
Shon [7] researched corresponding Cauchy-Riemann systems and properties of
a regularity of functions with values in dual split quaternions.

Generalized quaternions have been introduced for studying the quadratic
form theory. This construction is a natural generalization of quaternions.
Actually, there are studies on the algebraic aspect of generalized quaternions
(see [1, 4, 9, 12]). We investigate what features are available in generalized
quaternions, by comparing with differentiability of functions of quaternionic
variables. From these results, if the differentiability and regularity of functions
of generalized quaternionic variables is well-defined, we can induce analytic
properties of generalized quaternion-valued functions without the process of a
generalization of quaternionic analysis.

In this paper, we consider generalized quaternions, represented by base iα
and jβ. We study representations and some characteristics of differentiability,
and regularity of generalized quaternionic functions.

2. Notations and Preliminaries

For non-zero scalar numbers α and β, the algebra of the elements of the
following form

z = x0 · 1 + x1iα + x2jβ + x3k, xr ∈ R (r = 0, 1, 2, 3),

is said to be a generalized quaternion which is a four-dimensional noncom-
mutative and associative real field and is composed of bases iα, jβ and k,
where

i2α = α, j2β = β, k = iαjβ = −jβiα.
Especially, if α = β = −1, then z is said to be a quaternion. Also, if α = −1
and β = 1, then z is said to be a split quaternion. If α = −1 and β = 0, then z
is said to be a dual quaternion. We consider the set of generalized quaternions
as follows:

GH = {z | z = x0 · 1 + x1iα + x2jβ + x3k},
where the element 1 is the identity of GH and GH is isomorphic to R4.

The conjugate number z∗ of z in GH is given by the form:

z∗ = x0 − x1iα − x2jβ − x3k.

Also, the norm |z| of z and the inverse z−1 of z are given by the forms:

|z|2 = z(z∗) = z∗(z) = x20 − x21α− x22β + x23αβ
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and

z−1 =
z∗

|z|2
,

respectively. The existence of z−1 is guaranteed except two cases:

[x0 = ±x1
√
α, x2 = ±x3

√
α] or [x0 = ±x1

√
α, β = 0].

From the form of z, the scalar part of z, denoted by Sc(z), is Sc(z) = x0 and
the pure generalized quaternion of z, denoted by Pu(z), is Pu(z) = x1iα +
x2jβ + x3k.

We give the addition and multiplication of two generalized quaternions z =
x0 + x1iα + x2jβ + x3k and w = y0 + y1iα + y2jβ + y3k, where ym ∈ R (m =
0, 1, 2, 3), as follows:

z + w = (x0 + y0) + (x1 + y1)iα + (x2 + y2)jβ + (x3 + y3)k

and

zw = x0y0 · 1 + x1y1α+ x2y2β − x3y3αβ + (x1y0 + x0y1 + x3y2β − x2y3β)iα

+ (x2y0 − x3y1α+ x0y2 + x1y3α)jβ + (x3y0 − x2y1 + x1y2 + x0y3)k,

respectively. We have a vector space GH = R
⊕
V, where V is a three-

dimensional Euclidean vector space, which has the product of two elements
Pu(z) and Pu(w) of P as follows:

Pu(z)Pu(w) = Pu(z) ·G Pu(w) + Pu(z)×G Pu(w),

where

Pu(z) ·G Pu(w) = x1y1α+ x2y2β − x3y3αβ
and

Pu(z)×G Pu(w) = (x3y2 − x2y3)βiα − (x3y1 − x1y3)αjβ + (x1y2 − x2y1)k.
We consider differential operators as follows:

D :=
1

2

( ∂

∂x0
+

∂

∂x1
α−1iα +

∂

∂x2
β−1jβ −

∂

∂x3
α−1β−1k

)
and

D∗ :=
1

2

( ∂

∂x0
− ∂

∂x1
α−1iα −

∂

∂x2
β−1jβ +

∂

∂x3
α−1β−1k

)
,

where α−1 satisfies αα−1 = 1 and β−1 satisfies ββ−1 = 1. When α, β = 0,
for example, if z is a dual quaternion, the differential operators are defined
by another ways. Then by the express of differential operators, the Laplacian
operator in generalized quaternions is

DD∗ = D∗D =
∂2

∂x20
− ∂2

∂x21
α−1 − ∂2

∂x22
β−1 +

∂2

∂x23
α−1β−1.
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3. Differentiability of generalized quaternion-valued functions

Let Ω be an open subset of R4. For z in GH, consider a function f : Ω → GH
such that

f(z) := f(x0, x1, x2, x3) = u0 + u1iα + u2jβ + u3k,

where ur = ur(x0, x1, x2, x3) (r = 0, 1, 2, 3) are real-valued functions.

Definition 3.1. Let Ω be an open subset of R4. A function f : Ω → GH is
said to be generalized quaternionic differentiable at z on the left if the following
limit

df

dz
:= lim

h→0
h−1(f(z + h)− f(z))

exists, where h → 0 is set such that the norm |h| of h is approximated to 0
and

|h|2 = h20 − h21α− h22β + h23αβ 6= 0.

Similarly, if the limit
lim
h→0

(f(z + h)− f(z))h−1

exists, a function f is said to be generalized quaternionic differentiable at z
on the right.

Remark 3.2. By properties of the calculation of the differential operators D
and D∗, we have the following results:

Df =
∂u0
∂x0

+
∂u1
∂x1

+
∂u2
∂x2
− ∂u3
∂x3

+
(∂u0
∂x1

α−1 +
∂u1
∂x0
− ∂u2
∂x3

α−1 − ∂u3
∂x2

)
iα

+
(∂u0
∂x2

β−1 +
∂u1
∂x3

β−1 +
∂u2
∂x0

+
∂u3
∂x1

)
jβ

+
(
−∂u0
∂x3

α−1β−1 − ∂u1
∂x2

β−1 +
∂u2
∂x1

α−1 +
∂u3
∂x0

)
k

and

D∗f =
∂u0
∂x0
− ∂u1
∂x1
− ∂u2
∂x2

+
∂u3
∂x3

+
(∂u1
∂x0
− ∂u0
∂x1

α−1 +
∂u2
∂x3

α−1 +
∂u3
∂x2

)
iα

+
(∂u2
∂x0
− ∂u0
∂x2

β−1 − ∂u1
∂x3

β−1 − ∂u3
∂x1

)
jβ

+
(∂u3
∂x0
− ∂u2
∂x1

α−1 +
∂u0
∂x3

α−1β−1 +
∂u1
∂x2

β−1
)
k.

Definition 3.3. Let Ω be an open subset of R4. A function f ∈ C1(Ω), where
C1(Ω) is a class which is composed of continuously differentiable functions, is
said to be regular if f satisfies the equation D∗f = 0.
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Theorem 3.4. Let Ω be an open subset of R4. Suppose that a function f is
defined on Ω. Then f is differentiable if and only if it is regular on Ω.

Proof. From Definition 3.1 and referring [11], if f is differentiable, then we
have the following equation:

h
df

dz
= dfz(h),

that is,

dz
df

dz
= dfz.

By equaling coefficients of dx0, dx1, dx2 and dx3, we have

∂f

∂x0
= α−1

∂f

∂x1
iα = β−1

∂f

∂x2
jβ = −α−1β−1 ∂f

∂x3
k. (3.1)

Let z = z1 + z2jβ, where z1 = x0 + x1iα and z2 = x2 + x3iα, and let
f(z) = f1(z1, z2) + f2(z1, z2)jβ, where f1 and f2 are complex-valued functions
of complex variables z1 and z2. Then we have

∂f

∂x0
=
∂f1
∂x0

+
∂f2
∂x0

jβ,

α−1
∂f

∂x1
iα = α−1

(∂f1
∂x1

+
∂f2
∂x1

jβ

)
iα = α−1

(∂f1
∂x1

iα +
∂f2
∂x1

iα jβ

)
,

β−1
∂f

∂x2
jβ = β−1

(∂f1
∂x2

+
∂f2
∂x2

jβ

)
jβ = β−1

(∂f1
∂x2

jβ +
∂f2
∂x2

β
)

and

−α−1β−1 ∂f
∂x3

k = −α−1β−1
(∂f1
∂x3

+
∂f2
∂x3

jβ

)
k

−α−1β−1
(∂f1
∂x3

iα jβ −
∂f2
∂x3

β iα

)
.

By equation (3.1), we obtain the following equations:

∂f1
∂x0

= α−1
∂f1
∂x1

iα =
∂f2
∂x2

= α−1
∂f2
∂x3

iα

and

∂f2
∂x0

= α−1
∂f2
∂x1

iα = β−1
∂f1
∂x2

= −α−1β−1 ∂f1
∂x3

iα.
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Conversely, from Remark 3.2, we have

D∗f = (
∂

∂x0
− ∂

∂x1
α−1iα −

∂

∂x2
β−1jβ +

∂

∂x3
α−1β−1k)

× (u0 + u1iα + u2jβ + u3k)

=
∂u0
∂x0
− ∂u1
∂x1
− ∂u2
∂x2

+
∂u3
∂x3

+ (−∂u0
∂x1

α−1 +
∂u1
∂x0

+
∂u2
∂x3

α−1 +
∂u3
∂x2

)iα

+(−∂u0
∂x2

β−1 − ∂u1
∂x3

β−1 +
∂u2
∂x0
− ∂u3
∂x1

)jβ

+(
∂u0
∂x3

α−1β−1 +
∂u1
∂x2

β−1 − ∂u2
∂x1

α−1 +
∂u3
∂x0

)k.

Hence, the equation D∗f = 0 is equivalent to the following corresponding
Cauchy-Riemann system in GH:

∂u0
∂x0
− ∂u1
∂x1
− ∂u2
∂x2

+
∂u3
∂x3

= 0,

∂u0
∂x1

α−1 +
∂u1
∂x0

+
∂u2
∂x3

α−1 +
∂u3
∂x2

= 0,

−∂u0
∂x2

β−1 − ∂u1
∂x3

β−1 +
∂u2
∂x0
− ∂u3
∂x1

= 0,

∂u0
∂x3

α−1β−1 +
∂u1
∂x2

β−1 − ∂u2
∂x1

α−1 +
∂u3
∂x0

= 0.

Therefore, these equations are equivalent to

∂f1
∂x0

= α−1
∂f1
∂x1

iα =
∂f2
∂x2

= α−1
∂f2
∂x3

iα

and

∂f2
∂x0

= α−1
∂f2
∂x1

iα = β−1
∂f1
∂x2

= −α−1β−1 ∂f1
∂x3

iα.

This completes the proof. �

Example 3.5. Let Ω be an open subset of R4. Suppose that a function
f(z) = z is defined on Ω. Since

df

dz
:= lim

h→0
h−1(f(z + h)− f(z)) = lim

h→0

h∗

|h|2
((z + h)− z) = 1,
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the function f is differentiable on Ω. Also, from Remark 3.2, we have

D∗f =
∂x0
∂x0
− ∂x1
∂x1
− ∂x2
∂x2

+
∂x3
∂x3

+
(∂x1
∂x0
− ∂x0
∂x1

α−1 +
∂x2
∂x3

α−1 +
∂x3
∂x2

)
iα

+
(∂x2
∂x0
− ∂x0
∂x2

β−1 − ∂x1
∂x3

β−1 − ∂x3
∂x1

)
jβ

+
(∂x3
∂x0
− ∂x2
∂x1

α−1 +
∂x0
∂x3

α−1β−1 +
∂x1
∂x2

β−1
)
k

= 1− 1− 1 + 1 = 0.

So, the function f is regular on Ω.

Example 3.6. Let Ω be an open subset of R4. Suppose that a function
f(z) = z∗ is defined on Ω. Since the limit

df

dz
:= lim

h→0
h−1(f(z + h)− f(z)) = lim

h→0

h∗

|h|2
((z + h)∗ − z∗) = lim

h→0

(h∗)2

|h|2

goes to infinity, the function f is not differentiable on Ω. Also, from Remark
3.2, we have

D∗f =
∂x0
∂x0
− ∂(−x1)

∂x1
− ∂(−x2)

∂x2
+
∂(−x3)
∂x3

= 2 6= 0.

So, the function f is not regular on Ω.

Theorem 3.7. Let Ω be an open subset of R4. If a function f is regular on
Ω, then it satisfies the following equations:

Df = Sc(D)f = Pu(D)f,

where Sc(D)f = ∂f
∂x0

and

Pu(D)f = iα
∂f

∂x1
α−1 + iβ

∂f

∂x2
β−1 − k ∂f

∂x3
α−1β−1.

Proof. Since f satisfies the equation D∗f = 0, we have

Df =
∂u0
∂x0

+
∂u1
∂x0

iα +
∂u2
∂x0

jβ +
∂u3
∂x0

k =
∂f

∂x0
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and

Df =
∂u1
∂x1

+
∂u2
∂x2

+
∂u3
∂x3

+
(∂u0
∂x1

α−1 − ∂u2
∂x3

α−1 − ∂u3
∂x2

)
iα

+
(∂u0
∂x2

β−1 +
∂u1
∂x3

β−1 +
∂u3
∂x1

)
jβ

+
(∂u2
∂x1

α−1 − ∂u0
∂x3

α−1β−1 − ∂u1
∂x2

β−1
)
k

= iα
∂f

∂x1
α−1 + jβ

∂f

∂x2
β−1 − k ∂f

∂x3
α−1β−1.

Therefore, we obtain the following desired result:

Df = Sc(D)f = Pu(D)f.

�

Example 3.8. Let Ω be an open subset of R4. For a function f(z) = z, from
Example 3.5, f is regular on Ω. By the definitions of D, Sc(D) and Pu(D),
we have

Df = 1 , Sc(D)f =
∂f

∂x0
= 1

and

Pu(D)f = iα
∂f

∂x1
α−1 + jβ

∂f

∂x2
β−1 − k ∂f

∂x3
α−1β−1

= iαiαα
−1 + jβjββ

−1 − kkα−1β−1 = 1.

Thus, f satisfies

Df = Sc(D)f = Pu(D)f.
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