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Abstract. In this papere, we have extended the result of Perov [5] for a sequence of multi-
valued mappings in two different ways. First, we discuss the result for a sequence of ad-
missible multi-valued self mappings, secondly our discussion is for sequence of nonself type
multi-valued mappings. As consequence of our results, we have obtained some new fixed

point theorems.

1. INTRODUCTION AND PRELIMINARIES

Banach contraction principle is the basis of metric fixed point theory. This
result has been generalized by several authors in different ways. One of them
is the result of Semat et al. [7] for the admissible mappings. The results of
Perov [5] are considered from the earlier and worthwhile generalizations of
Banach contraction principle. Ali et al. [1] generalized the results of [5] by
extending the concept of admissible mappings. Here, we extend the result
of Perov [5] for a sequence of multi-valued mappings in two different settings.
The consequences of our results contain many new results. Some consequences
can be concluded as an extension of the result of Ali et al. [1].

Now, we introduce some basic notions and results: Let X be a nonempty
set and R,, be the set of all m x 1 real matrices. If a,8 € R,,, a =

OReceived May 12, 2016. Revised June 23, 2017.

92010 Mathematics Subject Classification: 47H10, 54H25.

9Keywords: Generalized metric space, Perov contraction, admissible multi-valued map-
pings, vector-valued metric, A.-admissible sequence of mappings.



900 M. U. Ali and J. K. Kim

(ar,a2,...,am)T, B = (B1,P2,...,Bm)" and ¢ € R, then by a < 3 (resp.,
a < () we mean «; < f3; (resp., a; < f3;) for each i € {1,2,...,m} and
by @ > ¢ we mean that a; > ¢ for each i € {1,2,...,m}. A mapping
d: X x X — R, is called a vector-valued metric on X if the following prop-
erties are satisfied:

(d1) d(z,y) >0 for all z,y € X; if d(x,y) = 0 then z = y, and viceversa;

(d2) d(z,y) = d(y,x) for all z,y € X;

(ds) d(z,y) < d(z,z) +d(z,y) for all z,y,z € X.

A set X endowed with a vector-valued metric d is called a generalized metric
space. It is denoted by (X, d). The convergence sequence and Cauchy sequence
in a generalized metric space are defined in a similar manner as in a metric
space.

Throughout this paper, we denote the set of all nonempty closed subsets of
X by CL(X), the set of all m x m matrices with non-negative elements by
Mym(R4), the zero m x m matrix by 0 and the identity m x m matrix by
I. Also note that A° = I. A matrix A is said to be convergent to zero if and
only if A™ — 0 as n — oo (see [9]).

Theorem 1.1. [3] Let A € My, m(Ry). Then the following conditions are
equivalent.

(1) A is convergent to zero;
(2) The eigenvalues of A are in the open unit disc, that is, |\ < 1, for
every A € C with det(A— \I) =0;

(3) The matriz I — A is nonsingular and
I-A ' '=T+A+ +A ... (1.1)
Example 1.2. The following matrices are convergent to zero.
(1) A:= ( Z Z >, where a,b € Ry and a+b < 1;

(2) B:= <Z Z),Wherea,bE]RJr and a + b < 1;

(3) C:= < 8 (IZ >, where a, b, c € R and max{a,c} < 1.

Perov [5] extended the Banach contraction principle by proving the following
fixed point theorem.

Theorem 1.3. [5] Let (X,d) be a complete generalized metric space and
[+ X = X be a mapping for which there exists a matrizx A € My, m(R+) such
that d(f(z), f(y)) < Ad(z,y) for all z,y € X. If A is a convergent matric to
zero, then the sequence of successive approximations {x,} with x, = f"(xg),
is convergent to x* € Fix(f), for all xg € X.
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You can find some more contributions to this topic in [2, 3, 4, 6, 8]. Recently
Ali et al. [1] extended the result of Perov [5] in the following way:

Theorem 1.4. [1] Let (X, d) be a complete generalized metric space and A :
XXX — My m(Ry). Let f: X — X be a mapping such that for each z,y € X
we have

+Aqd(z, fy) + Bd(y, fz), (1.2)

where A, Ay, Ag, A3, Ay, B € My, (Ry) and (I — A3 — Ag)™1 exists. Further,
assume that the following conditions hold:
(i) the matriz A = (I — Az — Aq) "1 (A1 + As + Ay) converges to zero;
(i) there exists xg € X such that A(xg, fxg) > 1;
(iii) f is Ax-admissible, that is, A(x,y) > I = A(fx, fy) > I for each
T,y € X;
(iv) for each sequence {x,} C X such that x,, — = and AN(xp, xpi1) > 1
for alln € N, we have A(zy,x) > 1.
Then f has a fized point.

2. MAIN RESULTS
We begin this section with the following definition.

Definition 2.1. Let X be a nonempty set, A : X x X — M, ,»(R;) and
{T; : X — CL(X) : i € N} be a sequence of mappings. The sequence {T;} is
said to be A,-admissible if for z € X and y € T;z for some i € N satisfying
A(x,y) > I, then we have A(y,z) > I for each z € T;;11y, where I is an
m X m identity matrix and the inequality between matrices means entrywise
inequality.

Now, we are in a position to introduce the main theorem.

Theorem 2.2. Let (X,d) be a complete generalized metric space and A :
X xX = Mpm(Ry). Let {T;: X — CL(X)} be a sequence of mappings
such that for each x,y € X with A(x,y) > I and u € Tyxz, we have v € Tj11y
satisfying the following inequality:
d(“’v U) < A1d<$, y) + AQd(x7 ’LL) + A3d(y7 U)
+Aqd(z,v) + Bd(y, u), (2.1)

where Ay, Aa, As, Ay, B € My ;m(Ry) and (I — As — Ayq)™! exists. Further,
assume that the following conditions hold:

(i) the matriz A = (I — Az — Ay) "1 (A1 + Ay + Ay) converges to zero;

(ii) there exist o € X and x1 € Tizg such that A(xg,x1) > I;

(iii) {Ti} is Ax-admissible;
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(iv) for each sequence {x,} C X such that x,, — = and AN, xpi1) > 1
for alln € N, we have A(zp,x) > 1.

Then there exists an w € X such that w € Tyw for sufficiently large i.

Proof. Using hypothesis (ii), we get o € X and z1 € Tixg such that A(xg, z1) >
I. From (2.1), for zp,x1 € X with A(xg,z1) > I and z; € Tixy, we have
2o € Thx1 which satisfies the following inequality

d(zy,22) < Ajd(zo,x1) + Agd(xo,x1) + Asd(z1, z2)
+A4d(zg, x2) + Bd(x1, 1)
< Aid(zo,z1) + Aod(xo, 1) + Agd(x1,x2)
+A4ld(zo, 1) + d(z1, z2)] + BO.

After simplifying this inequality, we get

d(z1,29) < (I — Az — Ag) YAy + Ay + Ay)d(xo, 1)
= Ad(xg,xl). (2.2)

Since {T;} is As-admissible, we have A(x1,x2) > I. Again by using (2.1), for
x1,x9 € X with A(x1,x9) > I and x9 € Thx1, we have x3 € Tzxy such that

d(zg,x3) < Ajd(xy,me) + Agd(x1,x2) + Asd(ze,z3)
+Ayd(z1, x3) + Bd(xa, x2)
< Avd(wy, 22) + Asd(w1, 22) + Azd(z2, 23)
+Ayld(z1, x2) + d(z2, 23)] + BO.

This implies that

d(v2,23) < (I —Asz— As) A1+ As + Ag)d(z1, 72)
= Ad(:cl,xg). (23)

From (2.2) and (2.3), we have
d(xg, z3) < A%d(xg,21).
Continuing in this process, we get a sequence {z,,} C X such that
Tn € Tnxn—1, Mzp_1,2,) > 1

and

d(xn, Tpt1) < AMd(xo,21), ¥V n € N.
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Next we will prove that {x,} is a Cauchy sequence. Let n,m be arbitrary
natural numbers with m > n, by using the triangle inequality, we get

m—1
d(ﬂ?n, ‘Tm) < Z d(xh xi-i-l)
i=n

IN

m—1
Z Ald(w, 1)

o
< An (Z A’) d(o, 1)
i=0
= A™(I - A)_ld(l'o,l'l).
Letting n — oo to the above inequality, since the matrix A converges to zero,
we get limy, o0 d(Zp, Tnitm) = 0. Hence {x,,} is a Cauchy sequence in X. Since
X is complete, there exists an element z* in X such that x,, — z*. By using
the hypothesis (iii), we conclude that A(x,,z*) > 1 for all n € N. From (2.1),
for xp, x* € X with A(z,,2*) > 1 and x, 1 € Ty12y, we have v, 49 € Ty pox*
such that
d(@Tnt1,vn4+2) < Ard(zn, 27) + Aed(Tn, Tny1) + Asd(z", vny2)
+Asd(zp, vnt2) + Bd(z", pi1).
By using the triangle inequality and the above inequality, we have

d(x*,xpi1) + d(Tpt1, Vnt2)

d(z*, xpt1) + Ard(zy, %) + Asd(xn, Tpi1)
+Azd(x™, vpt2) + Aa[d(zp, %) + d(z*, vpyo)]
+Bd(z*, Tpt1)-

d(x*, vp42)

VANVAN

This implies that
(I — (A3 + Ay))d(z*,vp42) <0 asn — oo.

Since the inverse of the matrix I — (As + A4) exists, we have d(z*, vy42) = 0
as n — oco. Hence vy, 19 — x*. This means that x* € T,2* for sufficiently large
n. Il

Example 2.3. Let X = [0,00) x [0,00) be equipped with a generalized metric
defined by

N >,1fﬂf#y

T

d(z,y) = 2 for each x = (z1,22),y = (y1,42) € X.
), ifxe=y
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Define the mappings
T: X - CL(X), T(x1,22)= {(1,1), (E’ g)}

and

{(17 1)7 (%7 %)} ) if T1,T2 < 4

S: X - CL(X S =
— CL(X), S(z1,22) {{(0’0)7 (3,23)}, otherwise.

Define A : X x X — Mso(R4) by

R if L1,T2,Y1,Y2 S 4
A((z1,22), (y1,42)) =

o O =
o O = O

, otherwise.
0

Then, it is easy to see that the sequence of mappings {T;} defined by T; =T
and Ty; = S for each i € N satisfies (2.1) with

L0 0 0

and all the other conditions of Theorem 2.2 also hold. Thus, we have z* € X
such that z* € T;z* for sufficiently large values of i. Hence we conclude that
x* € Tx* and 2* € Sx*.

Now, we state and prove our second result, in this result we denote the
closed ball with centered at xp and radius r by B(xq, 7).

Theorem 2.4. Let (X,d) be a complete generalized metric space, xy € X and
r = (ri,mo1, - ,rml)T be any nonzero matriz in R,, with r;1 > 0 for each
i€ {1,2,---,m}. Let {T;: B(zg,r) — CL(X)} be a sequence of mappings
such that for each x,y € B(xo,7) and u € T;x, we have v € Tj11y satisfying
the following inequality:

d(u,v) < Ayd(z,y) + Agd(z,u) + Azd(y,v)

—|—A4d(:13, U) + Bd(y7 u)? (24)
where Ay, Ag, A3, Ay, B € My, ,m(Ry) and (I — As — Ay)7Y exists. Further,
assume that the following conditions hold:

(i) the matriz A = (I — Az — Ay) (A + As + Ay) converges to zero;
(ii) there emist xo € X and x1 € Tixg such that (I — A)~d(zo, 1) < 75
Then there exists an w € X such that w € T;w for sufficiently large ©.

Proof. By hypothesis (ii), we have zyp € X and x; € Tixo such that (I —
A)~Yd(zg, 1) < r. Thus we have

(I — A Yd(zg,z1) <r < (I—A)" I
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This implies that d(xg,z1) < r. Hence z1 € B(xg,r). From (2.4), for z¢,z; €
B(xg,r) and z1 € Tixg, we have zo € Thxo such that
d(zy,22) < Ajd(xo,x1) + Agd(xo, 1) + Asd(z1, z2)
+Ayd(zg, x2) + Bd(x1, 1)
< Aid(zo, 1) + Aod(xo, 1) + Asgd(x1, x2)
+A4ld(zo, 1) + d(z1, 22)] + BO.

After simplifying this inequality we get
d(:cl, xg) S (I — A3 — A4)71(A1 + AQ + A4)d($0, 371)
= Ad(ZL‘O,SL‘l). (2.5)
Further, we get
(I — A Yd(zy,z2) < (I —A)"'Ad(xg, 1)
Al — A)fld(.fv[), x1)
< Ar (2.6)
By using the triangle inequality and (2.6), we have

(I — A)_ld(l‘o,l‘l) + (I — A)_ld(l‘l,sz)
Ir+ Ar

(I+A+A*+ A%+ )

= (I- A)_lr.

(I — A)_ld(l'o, 1’2)

VAN VANVAN

This implies that d(zg, z2) < r, that is, 9 € B(xg,r). From (2.4), for z1,z9 €
B(xg,r) and zo € Thx1, we have x5 € Tixe such that

d(xe,x3) < Aid(xy,x2) + Asd(z1,22) + Asd(ze, z3)
+Ayd(xy,x3) + Bd(ze,x2)
< Ayd(xq,22) + Aod(x1, 2) + Asd(xa,x3)
+Ayld(x1,x2) + d(x2,23)] + BO.

This implies that

d(zg,73) < (I —Az— As) A1+ Ax + Ag)d(w1,22)
= Ad(xl,fbg). (2.7)

From (2.5) and (2.7), we have

d(l‘g, .%‘3) S AQd(:Co, .’L‘l).
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Further, from the above inequality, we get

(I — A)_ld(ﬂfg,xg) S (I— A)_1A2d(560,$1)
= A2(I — A)_ld(l‘o,fbl)
< A% (2.8)

Again by using the triangle inequality, we get

(I —A)Yd(xg,z3) < (I—A)Yd(zo,z1)+ I — A d(zy, x2)
+(I — A)rd(xy, x3)
< Ir+ Ar+ A%r
= (I+A+A2+ 483+ )
= (I-A)"'r
Thus d(xg,x3) < r, hence x5 € B(xg,r). Continuing in this process, we
construct a sequence {z,} C B(xg,r) such that for each n € N,

(i) xn € Tnxpn—1;
(11) d(mn,anrl) < And(an IL‘l),
(i) (I — A)~ld(zg,2n) < (I — A)~1r.

From the proof of Theorem 2.2, we conclude that {z,} is a Cauchy sequence in
B(xg, ). Since B(xg, ) is closed in complete space X, we have x* € B(z,r)
such that x,, — z*. From (2.4), for z,,x2* € B(zo,r) and xp4+1 € Tp+12, We
have vy 42 € Ty4ox™* such that

d(Tnt1,Vn12) < Ard(zn, ) + Asd(2n, Tny1) + Asd(x™, vpy2)
+A4d(zy, vpt2) + Bd(x™, Tpt1).
By using the triangle inequality, we have
d(@", Tny1) + d(Tnt1, Unt2)
d(x*, xpt1) + Ard(xy, %)

+A2d(l‘n, anrl) + A3d($*> UnJrQ)
+Ad(zp, x*) + d(z*, vpt2)] + Bd(x™, £p41).

d(.%'*, UTL+2)

[VANVAN

This implies that
(I — (Az+ Aq))d(z",vp42) <0, as n — oco.

Since the inverse of the matrix I — (A3 + A4) exists, we have d(z*, v,42) = 0
as n — 0o. Hence v,y — x*. This means that * € T,,x* for sufficiently large
n. g
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3. CONSEQUENCES

As consequences, we mention only fixed point results which can be obtained
from our results.

The following theorems are special cases of our main results by considering
the sequence of mappings {7;}, as T; = T for each i € N.

Theorem 3.1. Let (X,d) be a complete generalized metric space and A :
X xX = MypmRy). Let T: X — CL(X) be a mapping such that for each
z,y € X with A(xz,y) > I andu € Tz, we have v € Ty satisfying the following
mequality:

d(u7 U) < Ald(‘r7 y) + Agd(iﬂ, U)
+A3d(y7 U) + A4d($’ U) + Bd(ya U),

where Ay, Az, A3, Ay, B € My, m(Ry) and (I — As — Ay)7! emists. Further,
assume that the following conditions hold:
(i) the matriz A = (I — Az — Aq) "1 (A1 + As + Ay) converges to zero;
(i) there exist xo € X and x1 € Tz such that A(xg,z1) > 1;
(iii) T is Ax-admissible, that is, for x € X and y € Tx with A(xz,y) > I,
we have A(y,v) > I for each v € Ty;
(iv) for each sequence {x,} C X such that x,, — = and ANy, xpi1) > 1
for all m € N, we have A(xy,,x) > 1.

Then T has a fixed point.
Theorem 3.2. Let (X,d) be a complete generalized metric space, xy € X and
r = (ri1,7o1, - ,Tm1)T be any nonzero matriz in Ry, with r;1 > 0 for each
i€{1,2,---,m}. Let T: B(zo,r) = CL(X) be a mapping such that for each
x,y € B(xg,r) and u € Tx, we have v € Ty satisfying the following inequality;
d(ua U) < Ald(ma y) + AQd(:E’ U) + A3d(y7 U)

+Ayd(z,v) + Bd(y,u), (3.1)
where Ay, Ag, A3, Ay, B € My m(Ry) and (I — A — Ag)™1 exists. Further,
assume that the following conditions hold:

(i) the matriz A = (I — A3 — Ay) " Y (A1 + Ay + Ay) converges to zero;
(ii) there exist xg € X and x1 € Txq such that (I — A)~td(zg,z1) <.

Then T has a fized point.

Example 3.3. Let X = R? be equipped with a generalized metric defined by

_( |z =y _ _
d(z,y) = ( 2y — y2 for each z = (71, 22),y = (y1,92) € X.
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Take 29 = (2,0) and r = < (2) > Then we have B(zg,7) = {(z,y) : 0 <z <

4 and y = 0}. Define a mapping
x
T: B(zo,r) — CL(X), T(x1,22) = {(5,0), (?%@)}

Then, it is easy to see that for each z,y € B(xg,r) and v € Tz, we have
v € Ty satisfying (3.1) with

0

N

1
5 0
A1=<(2) 0>,A2:A3=A4:B:<

Further for (2,0), we have (1,0) € T(2,0) satisfying (I — A)~td(xg,21) < 7.
Thus, by Theorem 3.2, T has a fixed point.

o O

The following results can be obtain from Theorem 3.1. By considering
Blel,BQZAQZAg anng,:A4:B.

Corollary 3.4. Let (X,d) be a complete generalized metric space and A :
X xX = Mpm(Ry). Let T: X — CL(X) be a mapping such that for each
xz,y € X with A(x,y) > I andu € Tz, we have v € Ty satisfying the following
mequality:
d(uv ’U) < Bld(l‘a y) + BQ [d(ﬂj‘7 U) + d(y7 ’U)]
+Bs[d(z,v) + d(y, u)],

where By, Ba, B3 € My, m(Ry) and (I — By — B3)™! exists. Further, assume
that the following conditions hold:

i) the matriz A = (I — By — B3)~!(B1 + B + B3) converges to zero;
(i) there exist xo € X and x1 € Tz such that A(xg,z1) > 1;
(iii) T is Ax-admissible;
(iv) for each sequence {x,} C X such that x,, — x and ANy, xpi1) > 1

for all n € N, we have A(xy,z) > 1.

Then T has a fized point.

Subsequently, (X,d) is a generalized metric space and G = (V,E) is a
directed graph such that the set V' of its vertices coincides with X and the
set E of its edges contains loops; that is, & O A, where A is the diagonal of
the Cartesian product X x X. The following theorem can be obtained from
Theorem 3.1, by defining the function A : X x X — M, »(R;) as

A("L” y) — {Ime lf ('T?y) € E?

O xm Otherwise,

where I, xm is an m x m identity matrix and 0,,x., is m X m zero matrix.
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Theorem 3.5. Let (X,d) be a complete generalized metric space with the
graph G, let T: X — CL(X) be a mapping such that for each z,y € X with
(x,y) € E and u € Tz, we have v € Ty satisfying the following inequaity:
d(u,v) < Ayd(z,y) + Asd(z,u) + Asd(y,v)
+Ayd(z,v) + Bd(y,u),
where Ay, Az, A3, Ay, B € My, m(Ry) and (I — As — Ay)7Y emists. Further,
assume that the following conditions hold:
(i) the matriz A = (I — Az — Ay) "1 (A; + As + Ay) converges to zero;
(i) there exist xo € X and x1 € Tz such that (xg, 1) € E;
(iii) for x € X and y € Tz with (z,y) € E, we have (y,v) € E for each
v eTy;
(iv) for each sequence {xn} C X such that x, — = and (zp,Tny1) € E for
all n € N, we have (zn,z) € E.
Then T has a fized point.

The following corollary can be obtained from Theorem 3.5. By considering
the graph G = (V, E) as defined below

V=X, E={(z,y) e X x X :z <y},
where < is a partial ordering on X.

Corollary 3.6. Let (X,d) be a complete generalized metric space with partial
ordering <, let T: X — CL(X) be a mapping such that for each x,y € X with
x =2y and u € Tx, we have v € Ty satisfying the following inequality:

d(u,v) < Aid(z,y) + Agd(z,u) + Azd(y,v)
—|—A4d(ZL‘, U) + Bd(y7 U),

where Ay, Ag, A3, Ay, B € My m(Ry) and (I — A — Ag)™1 exists. Further,
assume that the following conditions hold:
(i) the matriz A = (I — Az — Ay) (A + As + Ay) converges to zero;
(ii) there exist xog € X and x1 € Tz such that xo < x1;
(iii) forx € X and y € Tx with x <y, we have y < v for each v € Ty;
(iv) for each sequence {x,} C X such that x, — x and x, = Tp41 for all
n € N, we have x, < x.

Then T has a fixed point.
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