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Abstract. In this paper, we introduce a new non-combination iterative algorithm to find
a solution of a generalized split equilibrium problem in Hilbert spaces. In our algorithm,
the parameter v is chosen from (0, %), where M is an arbitrary boundedness above of the
norm ||A|| of the operator A which is such that the parameter v is easier to chose.

1. INTRODUCTION

Let H be a real Hilbert space and C be a nonempty closed and convex
subset of H. Let F': C' x C — R be a bifunction. The equilibrium problem for
F'is to find z € C such that

F(z,y) >0, VyeC. (1.1)
The set of all solutions of (1.1) is denoted by EP(F), i.e.,
EP(F)={z€(C:F(z,y) >0, Vy € C}.
Let A : C — H be a nonlinear operator. The generalized equilibrium
problem for F' and A is to find v € C such that
F(v,y) + (Av,y —v) >0, VyeC. (1.2)
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The set of all solutions of (1.2) is denoted by EP, i.e.,
EP ={z€(C:F(z,y)+ (Av,y —v) >0, Yy € C}.
In (1.2), if F = 0, then (1.2) is deduced to the following variational inequal-
ity problem: to find v € C such that
(Av,y —v) >0, VyeC. (1.3)
The set of solutions of (1.3) is denoted by VI(C, A).

Many problems in physics, optimization and economics can be reduced to
find the solution of equilibrium problems (see [3, 11, 16, 18]). Also, many
iterative algorithms are considered to find the solutions of variational inequal-
ity problems, equilibrium problems and generalized equilibrium problems (see
[5, 16, 18, 21, 22, 23, 30, 31, 32]).

In 2012, He [8] introduced a new equilibrium problem called a split equilib-
rium problem which is also mentioned in [15].

Let H1, Hs be two real Hilbert spaces and C', () be the nonempty closed and
convex subsets of Hi and Ho, respectively. Let A : H; — Hs be a bounded
linear operator and F} : C x C' = R, F5 : Q X @ — R be two bifunctions. The
split equilibrium problem is to find x* € C such that

Fi(z*,2) >0, Vzel, (1.4)
and such that
y* = Az* € Q sovles Fy(y*,y) >0, VyeQ. (1.5)
Let 2 denote the set of solutions of (1.4) and (1.5), that is,
QN={ze€C:2€ EP(F1), Az € EP(F,)}.

In [8], the author introduced some strong and weak iterative algorithms
to solve the split equilibrium problem and some examples to illustrate the
iterative algorithms.

In 2013, Kazmi and Rizvi [12] gave the following iterative algorithm to
solve the split equilibrium problem and fixed point problem for nonexpansive
mapping in Hilbert spaces:

Uy = TE (2, + A (TF2 — 1) Axy,),
Yn = PC(UTL - Anl)un), (16)
Tpt+l = QpU + Brnn + ’YnSyn

for each n > 1, where D : C — H; is a 7-inverse strongly monotone mapping
and S : C — C is a nonexpansive mapping. Under some certain assumptions
on the sequences {an},{6n}, {7}, {\} and {r,}, the authors proved that
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the sequence {x,} generated by (1.6) strongly converges to a point z = Pgu,
where © = Fiz(S)NQNVI(C,D).

Recently, Wang et al. [25] introduced a strong convergence algorithm to
solve the split equilibrium problem and fixed point problem for asymptotically
nonexpansive mappings in Hilbert spaces as follows:

up = TE(I — A (I = TE2) A)zy,
Yn = Po(un — A\ Buy,), (1.7)
Tn+1 = anf(wn) + ann + VnSnyn
for each n > 1, where B : C — Hj is a -inverse strongly monotone mapping
and S : C' — C'is an asyptotically nonexpansive mapping. They proved that
the sequence {x,} defined by (1.7) strongly converges to the point z = Pgz,
where © = Fiz(S)NQNVI(C,B).
Very recently, Xu et al. [29] considered a cloud hybrid method to solve
the split equilibrium problems and fixed point problems for a family of quasi-

Lipschitz mappings in Hilbert spaces. For more details on the split equilibrium
problem, refer to [1, 26].

In this paper, we consider the generalized split equilibrium problem in
Hilbert spaces. For each i = 1,2, let H; be a real Hilbert space and C;
be a nonempty closed and convex subset of H;, let F; : C; x C; — R be a
bifunction and A; : C; — H; be a nonlinear operator. Let A : Hy — Hs be a
bounded linear operator. The generalized split equilibrium problem is to find
a point z € C'1 such that

Fi(z,y) + (Ai1z,y—2) >0, VyeC; (1.8)
and v = Az such that
Fay(v,y) + (Av,y —v) >0, Vy e Ch. (1.9)

In the main results of this paper, the operators A; and Ay are two monotone
operators which are more general than inverse strongly monotone operators or
strongly monotone operators. On the other hand, the bifunctions F; and F»
in [1, 8, 12, 25, 26, 29| are required to be satisfy the following four conditions:

(A1) F(z,z) =0 for all z € C;

(A2) F is monotone, i.e., F(x,y) + F(y,z) <0 for all z,y € C;

(A3) for each z,y,z € C, limyo F(tz + (1 — t)z,y) < F(z,y);

(A4) for each z € C, y — F(z,y) is convex and lower semi-continuous.
However, F} and F5 in our result are required to satisfy the different conditions
with (A1)-(A4).

In this paper, we introduce a new non-convex combination iterative al-
gorithm which is neither viscosity approximation algorithm nor CQ hybrid
algorithm to solve the generalized split equilibrium problem (1.8) and (1.9).
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In our results, the conditions (A3) and (A4) on the bifunctions F; and F; are
relaxed. On the other hand, the parameter v can be obtained by an arbitrary
boundedness above of ||A||. In the similar results to others (see, for exam-

ple, [1, 12, 25, 26, 29]), the parameter ~ is from (0, %), where L the spectral
radius of the operator A*A. In our algorithm, the parameter ~ is chosen by
the boundedness above of ||A|| not the spectral radius of the operator A*A.
Obviously, the parameter v in our algorithms is easier to chose. The strong

convergence of the proposed algorithm is proved.

2. PRELIMINARIES

Let H be a Hilbert space and C' be a nonempty closed subset of H. For
each point x € H, there exists a unique nearest point of C', denoted by Poz,
such that

lz = Poz| <z =yl

for all y € C'. Such a P¢ is called the metric projection from H onto C. It is
well known that Pg is a firmly nonexpansive mapping from H onto C, i.e.,

|Pox — Poy|* < (Pex — Pey,z —y), Vx,y € H.
Further, for any x € H and z € C, z = Pox if and only if
(x—2z,2z—y)>0, VyeC.

Definition 2.1. A mapping A : C — H is said to be:
(1) monotone if
(x —y, Ax — Ay) >0, Vz,y e C.
(2) strongly monotone if there exists 6 > 0 such that
(x —y, A — Ay) > 8|z —y|?, Va,yeC.
(3) inverse strongly monotone if there exists A > 0 such that

(r —y, Az — Ay) > \| Az — Ay|®, Va,yeC.

Lemma 2.2. ([24, Lemmas 2.5, 2.6]) Let C be a bounded nonempty closed
convex subset of a real Hilbert H. Let A : C — H be a continuous and
monotone operator and F' : C'x C' — R be a bifunction satisfying the following
conditions:

(B1) F(z,z) =0 for all z € C,

(B2) F is monotone, i.e., F(z,y) + F(y,xz) <0 for all z,y € C;

(B3) for each x € C, y — F(z,y) is convex.
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Let 7 > 0 and define the mapping 77 : H — C as follows:

1
TF(:U):{zEC:F(z,y)—i—(Az,y—z)—i—;(y—z,z—:ﬁ)ZOforallyEC}

T

for all x € H. Then the following hold:
(1) TF is single-valued.
(2) TTF is a firmly nonexpansive mapping, i.e., for all =,y € H,
1T e = TFyl|? < (TFz =Ty, x —y).

(3) F(TF) = EP.
(4) EP is closed and convex.

Remark 2.3. In the proof process of [24, Lemma 2.5, 2.6], the condition that
F(z,y) is lower semi-continuous in the second argument is not used. Hence
we omit the restriction in (B3). The continuous and monotone operator A in
Lemma 2.1 is the special case of T in [24, Lemma 2.5,2.6].

Since T)f" is firmly nonexpansive and also is 1-inverse strongly monotone,
I1-T TF : H — H is l-inverse strongly monotone. Indeed, for all z,y € H, we
have » oo
I =T, )z — (I =T, )yl
= llo =yl = 2(z —y, T/ = T,y) + |12 = T7y|?
<llz = yl* = 2(z -y, Tz = T7y) + | T2 — Ty
<lz—yl® = (& -y, T e = T y)
= (x—y,(I =T )z = (I =T )y).

Hence I — T)F' is a 1-inverse strongly monotone mapping.

Lemma 2.4. (Demiclosed Principle) Let C' be a nonempty closed convex
subset of H and T : C — C be a nonexpansive mapping. Suppose that
{z,,} C C weakly converges to a point z’ € C and ||z, — Tz,|| — 0 as n — oc.
Then 2’ = T2'.

Lemma 2.5. Let H be a real Hilbert space. Then the following inequality
holds:

lz +yl* < ll2]” + 2{y, « +y)
for all x,y € H.

Lemma 2.6. ([14]) Let {s,}, {¢n} be the sequences of nonnegative real num-
bers and {a,} be a sequence in (0,1). Suppose that {b,} is a real number
sequence such that

Sn+1 < (1 - an)sn + bn +cn
for all n > 0. Assume that > 7 ; ¢, < co. Then the following results hold:
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(1) If b, < Bay, for all n > 0, where § > 0, then {s,} is a bounded
sequence.
(2) If we have

n—oo Qn

- b
g a, = oo, limsup— <0,
n=0

then lim,, s s, = 0.

3. MAIN RESULTS

In this section, let Hy, Ho be two real Hilbert spaces and C; C H1,Co C Ho
be the bounded nonempty closed and convex subsets. Let A : Hy — Hs be
a linear bounded operator. Let F; : C1 x C1 = R, Fy : Uy x Uy — R be
the bifunctions satisfying the conditions (B1)-(B3). Let 4; : C1 — H; and
Ay : Cy — Hs be the continuous and monotone operators. Let

Let Q ={z€ Cy:2€ EP,, Az € EP,} and assume that Q # (.

Algorithm A. We consider the following algorithm.

Step 1. Choose the control sequences {3}, {v.} C (0,1) and set ~,r,s > 0.
Take the initial point x¢ € Cy arbitrarily.

Step 2. Find u,, € C5 such that
1
Fy(un, y) + (Azun, y — un) + —{y = tn, un — Azn) 20, ¥y € Co.
Set v, =z, — yA*(Ax,, — u,) and find w, € C; such that
1
Fi(wn,y) + (A1vn, y — wy) + ;(y — Wy, wy, —vy) >0, VYyeC.

Step 3. If u, = Az, and w, = x,, stop and x, € €); otherwise, go to the
next step.
Step 4. Generate z,41 by
Tp+1l = 511(1 — Yn)Zn + (1 = Br)wn
for each n > 1 and n = n + 1 and then go to Step 2.

Obviously, by Lemma 2.2, it follows that
Uy = TSF2Axn e Cy, w,= T,Flvn e (3.1)

for each n > 0. Hence, if the stop criterion is satisfied for some n > 1, then
we can get
Ax, = TSFQA.%'n, T, = Tfla;n.
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Therefore, x, € . For showing the convergence of Algorithm A, we assume
that the stop criterion can not be satisfied for all n > 1. Let M > 0 be the
arbitrary boundedness above of ||A]|.

Lemma 3.1. If v € (0, 535), then the sequence {xy,} generated by Algorithm
A is bounded.

Proof. We first show that {x,} is bounded. Let p €  arbitrarily. Since
v < % and I — T2 is 1-inverse strongly monotone, it follows from (3.1) that

Jwn — plI* = |1, 0 — T, pl1? < [Jon — pl|?

= [|( =yA (I = T/*)A)zp, — (I = yA* (I = TS*)A)p|?

= [lzn — plI* = 2v(zn —p, A*(I — T)*) Az, — A*(I — T*) Ap)
+ 2| AT = T?) Az, — A*(I - T)*) Ap||®

= [lzn — plI* = 2v(Az, — Ap, (I — T/*) Az, — (I — TI?) Ap)
+ 2| AR (I = T?) Ay, — A*(I - TL?) Apl|®

< lzn = plI* + y(YIIAII? = 2)|(I = TF?) Az, |?

< lwn — plI* + v (vM? = 2)||(I = T?) Ay ||

< lan — pl|®

for each n > 0. Thus it follows that
[Zn+1 = 2l = [1Br(1 = ) Zn + (1 = Br)wn — p|

= |8n(1 = W) (@0 — p) + (1 = Bn)(wn — p) — Br1np||

< Bn(1 =)l = pll + (L= Ba)llzn — pll + Buynllpll

= (1= Buyn)llzn = pll + Bumllpl

< max{||zn — pl|, [|pl|}
for each n > 0. Hence {x,} is bounded. Further {u,}, {v,.}, {4z, } and {w,}
are also bounded. O
Lemma 3.2. Suppose v € (0, %) If the sequences {Bn} and {v,} satisfy the
following conditions:

(a) 0 <liminf, o0 By < limsup,_,o Bn < 1;

(b) limog_>Oo Yo =0 and Y 7 :OOoo;

(C) Zn:l |’7n+1 - ’Yn‘ < o0 and Zn:l ’/8714'1 - ﬁn‘ < 00,
then we have

lim ||zp41 — zp]| = lim ||w, — 2z,|| = lim ||u, — Az,| = 0.
n—oo n—oo n—oo
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Proof. Since (I — TF2) is 1-inverse strongly monotone, by (3.1), we have

w41 — wnH2

= 1T vng1 = T 0|2

< JJops1 = va®

= (I = yA* (I = T/*) A)znga — (I =AY = T2) A)zy||?

= l[en1 = @nll® = 29(@ns1 — @0, AL = T2) Azpyy — A (1 = T;2) An)
+ AN = T%) Ay — A1 = T,%) Ay ||?

= ||Zns1 — xnl]? — 2v(Azpiy — Az, (I — TF2) Az — (I — TF2) Azy,)
+ AN = T) Azngy — AT = T?) A, |?

< lzns1 — anZ — 2v(Azny1 — Axy, (I — Tng)Axn-i-l - (I - Tf2)Axn>
+ P2 NATPIT = T) Az — (I = TS) A, ||?

< s = zal* + (VA2 = 2T = TS?) Azngy — (I = T,2) Ay |

< [[nt1 =z

for each n > 0 and hence

71— ol

= {|8n(1 = yn)zn + (1 = Bn)wn — Br—1(1 — Yn—1)Tn—1 — (1 = Ba—1)wn—1|

= [|Bn(1 = W) (@n — Tp—1) + Bu(l — Y )zn—1 + (1 = Bn)(wn — wn-1)
+ (1 = Bu)wn—-1— Ba—1(1 = Yn-1)Tn-1 — (1 = Bn—1)wn—1|

= [|Bn(1 = ) (@ — Tn-1) + (/Bn(l =) = Bn—1(1 — ’Ynfl))l‘nfl
+ (1 = Bn)(wn — wp—1) + (Ba—1 — Bn)wn—1]|

< Bn(1 = y)llzn — zn-1ll + (18n = Br—1l + [vn—1 — W) [|2n—1 ]|
+ Bn—1 = Bulllwn-1l + (1 = Bp)|n — Tn-1|

< (1= Bay )l = zn-1ll + (2180 = Bu-1] + [1m-1 = l) Mo

for each n > 0, where My = max{sup,cy ||wn|,sup ey [|Zn||}. Thus, by
Lemma 2.6 and the conditions (a)-(c), we have

[€nt1 = @l = 0. (3.3)

lim
n—oo

On the other hand, from (3.3) and (b) it follows that
(1= Bu)llwn = nll = [[Ens1 = 20 + Bonnll

<N #nt1 — Znll + Buynllzall
— 0
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as n — oo. This with (a) yields that

nl;rgo |wy, — 2| = 0. (3.4)
Let
Zn = Bnn + (1 — Bp)wn. (3.5)
By (3.4), we have
l2n — zull = (1 = Bp)|lwn — nl| — 0 (3.6)

as n — oo. Since T1 is firmly nonexpansive, it follows from (3.1) that
lwn = pl* = T vn — T, p|?
< (vn — p,wp —p)
= 2 (hon = I + e I~ fon — wa )
and hence
[wn =PI < [on = plI” = [[on — wal® (3.7)

for each n > 1. By (3.5) and (3.7), we have

12 = pII* < Bullzn — pII* + (1 = Bn)llwn — plI?

< Buallen = pl* + (1 = Ba)(lvn = plI* = [lwn — val®) (3.8)
< Bullzn = plI” + (1 = Ba) (|20 = pII? = llwn — vnlf)
= flzn = 2l = (1 = Ba)llwn — val*.
Combing (3.6) and (3.8), we obtain
(1= Ba)llwn = val® < 2w = plI* = llzn = pII?
< lan = zoll(2n — pll + [[20 — pll)
—0
as n — oo. This with (a) imply that
lim [Jwy, —vy| = 0. (3.9)

n—oo
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Now by (3.2), we have
[ _PH2
= 18a((1 = )z — p) + (1 = Bn) (wn — p)|*
< Ball(X =)z —pl? + (1 = Bo)|lwn — p|?
< Ball(X = )z — plI* + (1 = Ba)lllzn — pl®
+r(VAIP = 2T = T%) Az ]
= Bulllzn = plI* = 290 (@0 — p, 0) + vil|2nl|’] (3.10)
+ (1= Ba) [llzn = plI* + (W AI? = 2| (T = TS*) A |
= [l = plI* = 2857 (@0 — D, @n) + Baval2nl|?
+7(1 = Ba) (VAP =2 (1 = T*) Az |®
< len = plI* = 2807 {Tn — P, @n) + Bavillzal?
+(1 = Ba)(YM? = 2)|[(1 = T?) A,
From (3.3), (3.10) and (b), it follows that
(1= Bu)(2 = AM2)(I = TP2) Az |
< Ntm = a2 — Il + [Tns1 = Bl) = 28u7n (i — by 20) + BurZl|a?
—0

as n — oo. Since 2 — yM? > 0 and limsup,, ., 3, < 1, we have

lim ||(I — TP2)Az,|| = lim |ju, — Az,| = 0. (3.11)
n—oo n—oo
This completes the proof. Il

Now, we give the main results in this paper.

Theorem 3.3. Suppose that the sequences {vy,} and {B,} satisfy the con-
ditions in Lemma 3.2. Then the sequence {x,} generated by Algorithm A
strongly converges to the point x* = Pq#, where 6 denotes the zero element of
H.

Proof. Since {x,} is bounded, we can choose a subsequence {w,,} of {z,}
such that

limsup(—2*, z, — %) = lim (—2%, z,; — 7).
n—oo j—00

Since{z,, } is bounded, there exists a subsequence {x,, } of {zn;} converging
weakly to a point v € H;. Without loss of generality, we can assume that
Tp, — v as j — oo. From (3.3), (3.4), (3.9) and (3.11), it follows that

Wy,

SNV, Upy U, Uy — Av



Iterative algorithm for generalized split equilibrium problem 921

as j — 0o. Since {wnj} C C7 and (1 is closed, it follows that v € (. Similarly,
Av € Cy since {uy, } C Ca.

Now, we show that v € EPy. In fact, since 7!1 is nonexpansive, by (3.1),
(3.9) and Lemma 2.4, we can conclude that v € Fiz(T1). Further, from
Lemma 2.2, it follows that v € EP;. Similarly, by (3.1), (3.11) and Lemma
2.2 we have Av € EP,. Therefore, we have v € ). By Lemma 2.4, it follows
that

limsup(—2*, z, — 2*) = lim (—2", 2, — %)
n—oo J—o0

= (—a",v—1%) (3.12)
<0.

Since
Tp4+1 = 2n — /Bn/)/nxn

= (1 = Bn¥n)zn + Ban(zn — 2n)
= (1 = Bavn)zn + Buyn(l — Bn)(wn — x5),
by (3.8) and Lemma 2.4, we have
|41 — 2|2
= [[(1 = Bayn) (20 — ) + Bnyn[(1 — Br)(wn — 25) — x*]Hz
< (1= Bam)llzn — x*HZ + 2Bn (1 = Bn){wn — T, Tng1 — 27)
+ 2Bp (=", Tng1 — 27)
< (1= Bayn)llzn — 2*1* + 28070 (1 = Bn) (wn — T, Tng1 — 2¥)
+ 2Bp (=", Tngr — 27)
for each n > 0. By (a), (b), (3.4), (3.12), (3.13) and Lemma 2.4, we obtain

(3.13)

lim ||z, —z*|| = 0.
n—oo
This completes the proof. O

Since each inverse strongly monotone mapping is monotone and continuous,
we have the following:

Corollary 3.4. Let H; be a real Hilbert space and C; be a nonempty bounded
closed convex subset of H;, A; : C; — H; be a \j-inverse strongly monotone
mapping, and F; : C; xC; — R satisfying the conditions (B1)-(B3), fori =1,2.
Let A : Hy — Hs be a bounded linear operator. If the sequences {8y} and {v,}
satisfy the following conditions:

(a) 0 <liminf, o0 By < limsup,,_ . Bn < 1;
(b) limp 001 =0 and Y o7 | vn = 00;
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(C) Zzozl |’7n+1 - ’Yn‘ < 0o and Zzozl |Bn+1 - /Bn‘ < 00,
then the sequence {x,} generated by Algorithm A strongly converges to the
element x* = Pof, where 0 denotes the zero element of Hi.

Since each strongly monotone mapping is monotone, we have the following:

Corollary 3.5. Let H; be a real Hilbert space and C; be a nonempty bounded
closed conver subset of H;. Let A; : C; — H; be a strongly monotone and
continuous mapping with the parameter A\; > 0, F; : C; x C; — R satisfying
the conditions (B1)-(B3), for i = 1,2 and A : Hi — Hy be a bounded linear
operator. If the sequences {Bn} and {y,} satisfy the following conditions:

(a) 0 <liminf, o B, < limsup, o Bn < 1;

(b) limy 00 =0 and Y o0 | vn = 00;

(€) 2oty [t — Tl <00 and 3707 1 [Bnt1 — Bal < oo,
then the sequence {x,} generated by Algorithm A strongly converges to a point
x* = P, where 6 denotes the zero element of Hi.

Remark 3.6. In [1, 12, 25, 26, 29], the parameter is chosen from (0, %), where
L is the spectral radius of the operator A*A. In this paper, the parameter
7 is chosen by the boundedness above of ||A|. Obviously, the parameter
is easier to chose. On the other hand, at each step, z,+1 is computed by a
non-convex combination of z,, and w,, which is very different with the similar
ones of others in the literature.
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