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1. INTRODUCTION

In recent decades, studies on problems of variational inequality have been
extended to studies on problems of systems of variational inequalities by many
scholars and handful of meaningful results have been obtained(see, [5],[11]).
By using the two-step iterative algorithms, Nie et al. in [8] have obtained the
existence of solutions to systems of variational inequalities involving strongly
monotone mappings. In [15] the authors have considered an algorithm for a
generalized system for relaxed coercive nonlinear inequalities involving three
different operators in Hilbert spaces by the convergence of projection meth-
ods. By using three-step projection methods the authors in [7], [16] have con-
sidered the approximation solvability and convergence of a generalized system
for relaxed cocoercive variational inequalities with error estimate in Hilbert
spaces. In [12] the authors have introduced the two-step projection methods
and have proved that the convergence of the algorithm for the case that the
mapping T satisfies relaxed-(-y, r)-cocoercity. These convergence results that
obtained generalize and improve results in [9]. Based on the resolvent operator
technique, a system of variational-like inclusion problems in the framework of
Hilbert spaces is discussed in [4] and the strong convergence theorems for the
solution of the systems of variational-like inclusion are obtained. Applying the
property of the sunny nonexpansive retraction mapping Q, the authors in [14]
have introduced the implicit iteration methods. In [6] the authors have intro-
duced a new class of generalized accretive operators named (H,n)-accretive
in Banach spaces including the concept of resolvent operators associated with
m-accretive operators as special cases, and have proved the existence and
uniqueness of solutions for a new system of variational inclusions in terms of
the new resolvent operator technique. Based on the studies mentioned above,
we investigate in the present paper several classes of problems of systems of
variational inequalities and systems of variational inclusions in Hilbert spaces
and Banach spaces, respectively. By using the projection operator methods
and the resolvent operator methods, etc., we obtain the existence of solutions
and give the related iterated algorithm as well as the analysis of the con-
vergence of the solutions. Results obtained in this paper can be viewed as
refinements and improvements of the previously known results in [4, 6, 7, 12,
14-16].

This paper is mainly concerned with the investigation on the following four
classes of problems of systems of variational inequalities.

Let H be a real Hilbert space with inner product and norm denoted by (-, -)
and || - ||, respectively.

Problem A. Let K be a nonempty closed convex subset of a Hilbert space
Hand T; : K x K x K — H(i = 1,2,3) be relaxed coercive mappings.
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Generalized relaxed coercive problems of systems of variational inequalities,
denoted by Problem A, is to find z*, y*, z* € K satisfying

(pTi(y*, 2%, 2") + 2 —y* 2 —2%) >0, Voe K, p>0,
(nTr(z*, 2", y" ) +y* — 2" e —y*) >0, VeeK,n>0,
(0T3(x*,y*,2") + 2" —a*, 2 —2") >0, VreK,d>D0.

Problem B. Let T; : H x H — H(i = 1,2,3) be mappings and M; : H —
2H (i = 1,2, 3) be set-valued mappings. Problems of systems of nonlinear varia-
tional inclusions, denoted by Problem B, is to find z*, y*, 2* € H, p1, p2, p3 >
0 satisfying

y*ex"+ pi(Ti(y", 2") + My(x7)),
NS y* + p2(T2(Z*>y*) + MQ(ZJ*)),
€ 2F 4 ps(Ta(x™, 2%) + M3(=Y)).

Problem C. Let K be a nonempty closed convex subset of a real 2—uniform
smooth Banach space B, 11,715,713, f,g,h be the given nonlinear mappings.
Problems of systems of generalized variational inequalities, denoted by Prob-
lem C, is to find x*,y*, 2* € K satisfying
(a) (pTh(y", 2" 2") + 2" — f(y*), J(f(x) — 27))
(b) (p2Ta(2", 2%, y") + 4" — g(2"), (g ( )= y))
(c) (psTs(x,y", 2") + 2" — h(z"), J(h(x) — 27))
forallz € B, f(z) € K,p1 >0, g(z) € K,p2 >0, h(z) € K, p3 > 0.

Problem D. Let X, X5 be two g-uniformly smooth Banach spaces, F' :
X1XXQXX3—>X1,G:X1XXQXX3—>X2,H:X1XX2XX3—>X3,
H1:X1—>X1,H2:X2—>X2,H3:X3—>X3&Hd?7:X><X><X—)X*
be mappings, M : X; — 2%t be (Hj,n)-accretive operator, N : Xo — 22
be (Hy,n)-accretive operator and T : X3 — 2%3 be (Hjz,n)-accretive opera-
tor. Problems of systems of variational inclusions involving (H,n)-accretive
operators, denoted by Problem D, is to find (a, b, ¢) € X; x X3 x X3 satisfying

>0
>0,
>0

0 € F(a,b,c) + M(a),
0 € Ga,b,¢) + N(b),

0 € H(a,b,c)+T(c).
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2. PREREQUISITES AND PRELIMINARIES

For the reader’s convenience we present in this section the definitions, the
lemmas and the algorithms that will be used in the sequel. We present first
the basic definitions of the paper in the following.

Definition 2.1. ([2]) Let H be a Hilbert space and T': H x H — H be a
two-variable single-valued mapping. 7' is said to be

(1) relaxed (a,r)—cocoercive, if there exist constants a,r > 0 such that
(T(z,u) = T(y,v),x —y) = (—a)||T(z,u) = T(y,v)|* + 7|z — yl,

for all z,y,u,v € H.
(2) p-Lipschitz continuous in the first variable, if there exists a constant
> 0 such that for all z,y € H,

|17 (2, u) = T(y, )|l < pllz —yll,  Vu,ve H.

Definition 2.2. ([15]) Let K be a closed convex subset of a Hilbert space H
and T : K x K x K — H be a single-valued mapping.

(1) T is said to be relaxed (v, r)-coercive if there exist constants ~,r > 0
such that, for all z,2’ € K,

(T(z,y,2) —T(,y,2), 2 — ')
2 (—’)/)HT((L’,y,Z) - T(a:’,y’,z’)”2 + er - JZ‘IH2, vyvy/7zvzl € K.

(2) T is said to be p-Lipschitz continuous in the first variable if there exists
a constant g > 0 such that, for all z,2' € K,

1T (z,y,2) =Ty, 2)| < plle —2'll, Vy,y' 2,7 € K.

We can define similarly the p-Lipschitz continuity of T in the second variable
and the third variable, respectively.

Definition 2.3. ([4]) Let H be a real Hilbert space. A single-valued operator
n:H x H — H is said to be

(1) monotone, if
(n(u,v),u—v) >0, Vu,v€ H;

(2) strictly monotone, if n is monotone and (n(u,v),u —v) = 0 if and only
if u=w;
(3) d-strongly monotone, if there exists a constant 6 > 0 such that

<77(U7U)»U—U> Z(SHU_UHQ? VU,UEH;
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(4) 7-Lipschitz, if there exists a constant 7 > 0 such that
||77(UaU)H STHU—’U”, vu7v € H,

where 7 is called the Lipschitz constant.

Definition 2.4. ([4]) Let H be a real Hilbert space and n: H x H — H be a
single-valued operator. A set-valued operator M : H — 2 is said to be

(1) n-monotone, if
(n(u,v),x —y) >0, Yu,ve€ H,x € Mu,y € Mv;
strictly n-monotone, if M is n-monotone and (n(u,v),z —y) = 0 if an
2) strictl t if M i d 0 if and
only if u = v;
(3) (n,d)-strongly monotone, if there exists a constant ¢ > 0 such that
(n(u,v),z —y) > bllu—v|?, Vu,ve H,ze Mu,ye€ Mu;

(4) maximal n-monotone, if M is n—monotone and (I +pM)(H) = H,p >
0.

Definition 2.5. ([6],[14]) Let X be a real Banach space with dual space X*,
(+,-) the dual pair between X and X*. Let K be a nonempty closed convex
subset of X.

(1) The modulus of smoothness of X is the function px : [0,4+00) —
[0, 4+00) defined by

1
px(t) = sup {2(Hl‘ +yll+llz—yl) = 1:flz <1, flyll < t} :

X is called uniformly smooth if

lim PX 1) _ 0;
t—0 t

X is called g-uniformly smooth if there exists a constant ¢ > 0 such
that

px(t) <ect?, g¢>1.
(2) The generalized duality mapping J, : X — 2% is defined by
Jo(@) = {f* € X*: (z, f*) = =% | F*] = l=|*7"}, Vo e X,

where ¢ > 1 is a constant.
(3) A mapping @ : X — K is said to be sunny, provided that

QQr+t(r—Qr)) =Qx, VrelX, t>0.
@ is said to be retractive if for all x € K, Qx = x.
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Remark 2.1. In the sequel, unless otherwise specified, we will always assume
that X is a real Banach space such that J; is single-valued. Note that J, is
single-valued if X is uniformly smooth and that g-uniformly smooth always
implies uniformly smooth when ¢ > 1. The sunny nonexpansive retraction
mapping @ : X — K is uniformly definite provided that X is smooth.

Definition 2.6. ([16]) A mapping 7' : X x X x X — X is called (v,7)-
relaxed cocoercive, if there exist constants v > 0,7 > 0 such that for all
T1,%2,Y,2 € X7

<T(LZ}1, Y, Z)—T(.TQ, Y, 2)7 J(x1_$2)> > _7”T(x17 Y, Z)_T(x% Y, Z)||2+TH‘T1_‘T2H2'

Definition 2.7. ([6]) Let T, H : X — X be two single-valued operators. The
operator T is said to be

(1) accretive if (T'x — Ty, Jy(z —y)) >0, Vz,ye€ X;
(2) strictly accretive if T is accretive and (T'z — Ty, Jo(xz — y)) = 0 if and
only if x = y;
(3) r-strongly accretive if there exists some constant r > 0 such that
(Tz =Ty, Jy(z —y)) = rllz = yl|*, Vz,ycX;
(4) ~-strongly accretive with respect to H if there exists some constant
~v > 0 such that
(Tw =Ty, Jy(H(z) = H(y))) 2|z —yll*, Vo,yeX;
(5) Lipschitz continuous if there exists a constant s > 0 such that

|2~ Ty| < slle —yll, Va,y € X.

Definition 2.8. ([6]) A single-valued operator n: X x X — X* is said to be
Lipschitz continuous if there exists a constant 7 > 0, such that

[n(w, )| < 7llu—wv], Vu,veX.

Definition 2.9. ([6]) Let M : X — 2% be a multi-valued operator, H : X —
X and n: X x X — X* be two single-valued operators, and I be the identity
operator on X. M is said to be

(1) accretive if (x —y, Jy(u —v)) >0, Vu,v e X,z € Mu,y € Mv;

(2) n-accretive if (x —y,n(u —v)) >0, Vu,v € X,z € Mu,y € Muv;

(3) strictly n-accretive if M is n-accretive and (z — y,n(u —v)) = 0 if and

only if u = v;
(4) strongly n-accretive if there exists some constant r > 0 such that

(x —y,n(u—v)) >rllu—v|* VYu,veX,z€ Mu,yc Mu;
(5) m-accretive if M is accretive and (I + AM)(X) = X, for all A > 0;



Iterative algorithm and convergence analysis for systems of variational inequalities 953

(6) (m,n)-accretive if M is n-accretive and (I + AM)(X) = X, for all
A > 0;

(7) H-accretive if M is accretive and (H + AM)(X) = X, for all A > 0;

(8) (H,n)-accretive if M is n-accretive and (H + AM)(X) = X, for all
A>0.

Definition 2.10. ([6]) Let X be a real Banach space and n: X x X — X*
be a single-valued operator. Let H : X — X be a strictly n-accretive operator
and M : X — 2% be a multi-valued (H,n)-accretive operator. The resolvent

operator Rf/g\ : X — X associated with H,n and M is defined by
Ryf\(w) = (H + AM) ™ (u), Vue X.

Remark 2.2. Note that (H + AM)~! is single-valued, where ) is a positive
constant(see [6]).

The following lemmas are used in this paper.

Lemma 2.1. ([2]) Let {an}, {bn} and {c,} be three sequences of nonnegative
real numbers, satisfying

an+1 < (1 —Qp)ap + by + ¢y ¥ > ny,

where ng is a nonnegative integer, 0, € (0,1) with > ;2 Qy = 00,b, =
0(Q), > 02y en < 00, then a, — 0 as n — oo.

Lemma 2.2. ([10]) Let n: H x H — H be a strictly monotone operator and
M : H — 27 o mazimal n-monotone multi-valued operator. Then for any
p >0, the operator (I + pM)~! is single-valued.

Lemma 2.3. ([10]) Let n: H x H — H be a §-strongly and strictly monotone
and T-Lipschitz continuous multi-valued operator, M : H — 2H o mazimal
n-monotone multi-valued operator, denote by Jé\/l = (I + pM)~1 the resolvent

operator of M. Then Jlé‘/f is (§)-Lipschitz continuous, that is,

-
1757 (w) = T ()| < sllu—=vll, Vu,veH, (p>0).

Lemma 2.4. ([1],[3]) Let B be a smooth Banach space and K a nonempty
closed conver subset of B. Assume that Qi : B — K is kernel preserving and
J is a normal symmtric mapping on B. Then the following conclusions are
equivalent:

(a) Q is sunny nonexpansive;
(b) |Qrz — Qryll* < (z — y, J(Qrz — Qry)), for any .y € B;
(c) (z — Quz, J(Qrpz —y)) 20, for any y € K.
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Lemma 2.5. ([13]) Let B be a real q-uniformly smooth Banach space with
q > 1. Then there exists a constant ¢, > 0 such that

Iz +yll* < [l2]1 + gy, Jgz) + cqllyll?s Va,y € B.

Particularly, if B is a real 2-uniformly smooth Banach space, then there
exists an optimal smooth constant ca > 0 such that

lz +ylI* < lle|® + 2{y, Joz) + c2|lyl®, Va,y € B.

Lemma 2.6. ([6]) Let {c,} and {k,} be two sequences of nonnegative real
numbers that satisfy the following conditions:

(1) 0<k,<1,mn=0,1,2,- - and limsup,,_, . kn < 1;
(2) cny1 < kpcp,m=0,1,2,---.

Then {cn} converges to 0 as n — oo.

Lemma 2.7. ([6]) Let X be a real Banach space and n : X x X — X* be
a Lipschitz continuous operator with constant o > 0. Let H : X — X be a
strongly n-accretive operator with constant v > 0, M : X — 2% be a multi-
valued (H,n)-accretive operator. Then, the resolvent operator R]\H/Z\ X = X
18 Lipschitz continuous with constant %, that is,

IRY (u) — Ry (v)]] < %Hu —vf, YuveX.

We can easily show the following.
Lemma 2.8. (z*,y*,2*) € H x H x H is a solution to Problem B if and only
if
ot = Iy — Ty, 2)),
vt = IR — (2t y)),
¥ = Jé\fi”(m* — paT3(z*, 2%)).
Lemma 2.9. Let B be a real smooth Banach space and T; : B x B x B —

B(i = 1,2,3), p1,p2, ps be any positive constants. Then z*,y*,z* € K is a
solution to the following operator equations in B X B X B,

rt = Qk[f(y*) - plTI(y*a'Z*ax*)]v p1 > Oa
y* = Qk[g(Z*) - ,02T2(Z*7$*7y*)]7 p2 > 07
2" = Qrlh(z") — p3Ts(z",y",2")], p3>0.
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Proof. The variational inequality (a) can be written as
(f@") —pTi(y", 2" a")] =%, J(a" = f(2))) 20, Ve B, f(z) €K, p1>0.
By Lemma 2.4-(c¢) of the properties of Q, the above formula is equivalent to
" = Qlf (") =iy, 2% 2%)], pr>0.
Similarly, the variational inequality (b) is equivalent to
y" = Qilg(z") — p2Ta(z", 27, y")],  p2 >0,
and the variational inequality (c) is equivalent to
2* = Qrlh(x™) — psTs(x*,y*, 2")], p3>0.
This completes the proof. O

Lemma 2.10. Letn : X x X x X — X* be a single-valued mapping and
H; : X; — X;(i = 1,2,3) be strictly n—accretive operators. Assume that
M : Xy — 2% s (Hy,m)—accretive, N : Xo — 2%2 is (Hy, n)—accretive and
T : X3 — 2%3 4s (Hs,n)—accretive. Then for any given (a,b,c) € X1x Xox X3,
(a,b,c) is a solution to Problem D if and only if

a = Ry} [Hy(a) — p1F(a,b,c)),
b= RN2I[Hy(b) — paG(a,b, )],
¢ = Ry Hy(c) — psH(a, b, ¢)].

The proof of Lemma 2.10 can be proceed by direct logic reasoning from
Definition 2.10 and we omit the details.

We present finally in this section the algorithms that will be used in the
proofs of our main results.

Algorithm 2.1. For any xg, yo, z0 € K, calculating the sequences {z,}, {yn}
and {z,} such that

Tn+1 = (1 — Op — T'n)f(xn) + anpk[yn - pTl(yna Zn, xn)] + rpln,

Yn = (1 - /871 - 5n)f(wn) + BnPk[Zn - 77T2(Zn796n73/n)] + 5n1)n7

Zn = (1 — Gp — )‘n)f(wn) + anPk[xn - 6T3(-Tmym Zn)] + Apwn,
where P, : H — K is the projection mapping, f : K — K is a nonexpansive
mapping, 0 < an, fn, Gn, 'n, Ony An < 1, {upn}, {vn} and {w,} are the bounded

sequences in K which is introduced for the purpose of escalating the accuracy
of the calculations.
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Algorithm 2.2. For any fixed zg, yo, 20 € H, we present the following itera-
tive sequences

Tp41 = (1 - Oln)f(xn) + anJ[])\fl (yn - plTl(yn7$n))7

yn = (L= Bn)f(@n) + Brd 02 (20 — p2T2 (20, Yn));
zn = (1= 6n) f(2n) + 5nJ,§\343 (2n — p3T3(Tn, 2n)),
where JMi JMa JMs gre the resolvent operators of My, Ma, M3, respectively,

pL 2 p2 2 p3
f : H — H is a nonexpansive mapping, p1, p2, p3 are positive constants and

Oganaﬁngl

Algorithm 2.3. For any xg, yo, z0 € K, calculating the sequences {z,}, {yn}
and {z,} such that

Tn4+1 = (1 - an)xn + aan[f(yn) - plTl(yna men)]: p1 >0,

Yn+1 = Qr[9(2ns1) — p2T2(Zns1, Tny1, Yni1)],  p2 >0,

41 = Qr[h(@n+1) — p3T3(Tnt1s Ynt1, 2nt1)],  p3 >0,
where () is a sunny nonexpansive retraction mapping, p1, p2, p3 are positive
constants and 0 < ¢, < 1.

Algorithm 2.4. Let n, Hi, Ho, H3, M, N, T, F', G and H be the same as Prob-
lem D. For any (ag, by, co) € X1 X X2 x X3, the iterative sequence {(ay, by, cpn)}
is given by the following iterative formula:

Qn4+1 = Bnan + (1 - 5n)R]\H/[1pnl [Hl(an> - plF(a'm bn, Cn)]a
bns1 = Bubn + (1 — Bn) RN [Ha(bn) — p2G (an, b, cn)],

Cn+1 = Bncn + (1 - ﬁn)Rggg[H?)(cn) - P3H(Gn, b’m Cn)]a
where 0 < 8, < 1 and limsup,, ,. Bn < 1.

3. SYETEMS OF VARIATIONAL INEQUALITIES IN HILBERT SPACES

Theorem 3.1. Let H be a real Hilbert space, K a nonempty closed convex
subset of H, T; : K x K x K — H relazed (v, r;)— coercive and p;— Lipschitz
continuous in the first variable(i = 1,2,3), f : K — K a nonexpansive
mapping. Assume that (x*,y*,2*) € K 1is the solution to Problem A, {z,},
{yn} and {z,} are sequences defined by Algorithm 2.1, where {uy,}, {v,} and
{cn} are bounded sequences in K which is introduced for the purpose of es-
calating the accuracy of the calculations. Assume further that the sequences

{an}, {Bn}, {an}, {rn}, {0n}, {\n} which lie in [0,1] satisfying
(1) 2200 an = 00
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.. . 2(r1—y1p2
(11) O < p7 777 5 < mln{ (Tl u/glﬂl); u3 9 Mg
(il)) 71 > yipd, ro > yeu3, T3> yapds

(iv) limy oo [|un] =0, limy oo [|vn|l = 0, limy, oo ||wy] = 0.

)

2(ra—y2u3) 2(rz3—y3ud) }
2

Then {xn},{yn} and {z,} converge strongly to x*,y* and z*, respectively.

Proof. Since x*,y*, z* € K are the solutions to Problem A, we have
z* :PK[Z/*—PTI(?J*,Z*ﬂU*)], :0>O>
y" = Pr[" —nTa(z" 2%, y")],  n>0,

2" = Pgla™ — 0Ts(x*,y*, 2")], 6> 0.
By Algorithm 2.1 we have

[@n41 — 2]
= (1 = an —71n) f(zn)
+ an Pk [yn — pT1(Yn, 2n, Tn)]
+ rpun — (1 — o — rn) f(2%) — an Pr[y" — pTh (Y5, 2%, 2%)] — rpa™||
< (L= —m)|f(zn) = f")|l
+ anllyn =y = p[T1(Yn, 20, xn) = T1(y", 2% ") || + 7l [un — 27|
< (1 —ap =)z, — 2
+ anllyn — y* = p[T1(Yn, 20, zn) — T2y, 2%, 29)]|| + 1 flupn — 27|
< (1 —ap)llan — 27|
+anllyn = y* = p[T1(yns 20, 2n) — T (y™, 2% )| + o llun — 2|l (3.1)

Observe that T is relaxed (71, 7r1)—coercive from the above and i —Lipschitz
continuous in the first variable, we then have

lyn = v = p[T1(Yn, 20, 20) — Ta(y*, 2%, 2)] |2
= [lyn — ¥*1* + P2 (Y 2, &) — Ta(y", 2%, %) ||
= 20T (Yn, 2n> Tn) — Ta(y", 2", 27), yn — )
< Alyn = y* 17 + 263 lyn — ¥ 1* + 201 T3 (s 20, z0) — Ta(y*, 2%, %) |12
— 2pr1|lyn — y*|I?
< lyn = ¥ 11> + 63 lyn — v*II° + 20163 lyn — ¥
— 2pr1||yn — y*|I?
= (14 i + 20715 — 20m1) |y — v* I (3.2)
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958
Letting
L = max{ sup ||u, — x*||,sup ||v, — "],
n>0 n>
sup [lwy, — 2*[|, sup |2 — 2*[|, sup [[z* — "},
n>0 n>0 n>0

combining (3.1) and (3.2) we then deduce

[2nt1 — 27| < (1= an)llzn — 27| + anbrllyn — v || + 0L, (3.3)

where 07 = \/1+ p2u? + 2py13 — 2pr1 < 1. Again by Algorithm 2.1, we have

lyn — o™l
= H(l - ﬁn - 5n)f(mn) + ﬁnPK[Zn - 77T2(Zna l‘nayn)]

+ 5n7~1n - (1 - Bn - 6n)f(y*) - BTLPK[Z* - 77T2(Z*a 33‘*, y*)] - 5ny*||

< (=B = 0n)llf (xn) = F(y)
+ Bnllzn — 2" = n[Ta(zn; 0y yn) — Ta (2% 2",y + dnllon — 47|l

< (1= Bn—dn)llzn — ¥
+ Ballzn — 2% = n[Ta(2n, Tny yn) — T2(2%, 2%, y")]|| + dnllvn — v

< (1=B)llzn —y7|
+ Bn”zn -z - ’I’][TQ(Zn,LEn, yn) - TQ(Z*a I*a y*)]H + 6n||vn - y*H

Since T3 is relaxed (72, 72)—coercive from above and pg—Lipschitz continuous

(3.4)

in the first variable, we then have
20 = 2 = 1[T2 (20, T, yn) — To(2", 2", y*)]|1?
= llzn = 2*11> + |1 To(zns s yn) — To (2%, 2%, )|
= 20(To(2n, Tn, Yn) — To(2", 2%, y"), 20 — 27)
< lzn = 2* 12 + P u3llzn — 2|12
+ 22| T2 (20, Ty yn) — To(2%, 2%, y7)
< lzn = 2* 112 + i3l zn — 2|12

+ 22413 |2n — 21 = 27220 — 27|

I* = 2072z — 27|

= (L1 + 2o — 2072) |20 — 2|2 (3.5)
Combining (3.4) and (3.5) we have
[yn =4Il < (1= Bn)llen — y*[l + Buballzn — 27| + on L, (3.6)
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where 0y = \/ 1+ n?2u3 + 2nyau3 — 2nre < 1. By Algorithm 2.1 once more we
still have

[2n — 27|
= (1 = an — M) f(2n) + anPr[rn — 6T5(Tn, Yn, 2n)]
+ Awp, — (1 —an — ) f(2°) — anPrx™ — 0T5(z™, y*, 2%)] — An2™||
< (L= an = Al f(zn) = f(21)]
+ anllzn — 2 = 8[T5(zn, yn, 2n) — Ts(@™, 47, 27)] || + Anllwn — 27|
< (A =an—An)llzn — 27

+ aonn —-2" - 5[T3(xn7yn7 Zn) - T3($*,y*72*)]H + )\n”wn - Z*H
< (1= ap)llzn — 27

+ ap||xn — 25 — 0[T3(Tn, Yns 2n) — Ta(x™, y*, 29)]|| + Anllwn — 2% (3.7)

Since T3 is relaxed (73, r3)—coercive from above and p3—Lipschitz continuous
in the first variable, we then have

ln — & = 8[Ts(ns g, 20) — Tl 5" 212
— Nt — 21 + BT g ) — To(a*, 5™, 25|12
—20(T3(xpn, Yn, 2n) — Ta3(z*,y*, 2%), 2y — ™)
<l = 2*|? + *p ey — 2|
+ 2073 (| T3 (20, Yo 20) — Ta(a™, 4%, 2°)|P — 2673y — 2|
<l = 2*|? + 8l — 2|
+ 20733 | w0 — *||? — 2073]|@n — 2|
= (1 + 6243 + 2633 — 2073)||2n — 2*|)°. (3.8)

Combining (3.7) and (3.8) we have

lzn = 27| < (1 = an)lzn = 27| + anbs|len — 27| + An L, (3.9)

where 03 = \/1 + 623 + 20733 — 20r3 < 1. By (ii), we have

[

< (1= an)llen — 27| + anbsl|on — 27| + AnL

< (1= an)llzn — 2*]| + anllzn — 27| + AnL

< (1= au)llan = 2l + (1 = an)la* = 2] + anllzn — 2°] + AL

< lwn — 2| + (1 — ap + An) L. (3.10)
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Combining (3.10) and (3.6) we then have

lyn — ™|l

< (1= Bu)llzn — Y| + Bub2llzn — 2% + onL

< (1 =B)llzn =yl + Ballzn — 2*|| + 6nL

< (1 =B)llzn =yl + Badllzn — 2% + (1 — an + An) L} + 05 L
<A =Bu)llzn — 2% + (1 = Bn)llz™ — v

+ 5nH9Cn - x*H + Bn(l —an+ )\n)L + 0pL
< lzn — 2™ + (1 = Bnan + Badn + dn) L. (3.11)

Combining (3.10) and (3.11) we then have

|21 — |
< (1 —ap)llzn — 2| + anbillyn — ¥ || + 0L
< (1 - an)Hmn - ZU*H + an91{||$n - ZE*H + (1 — Bnan + BnAn + 5n)L} +rpL

(1 = ap + anby)l|zn — z%|| + [anb1(1 — Brayn, + Burn + 0n) + rm)L

<
<1 = an(l = 01)]||zn — 2| + [anb1 (1 — Bpan + BnAn + 0n) + o)L, (3.12)

Let Q, = an(1 — 01); an = ||zn — x*[|; b = 0; ¢, = [anb1(1 — Bpan, +
BrnAn + 6n) + o] L < oo, combining (3.12) and Lemma 2.1 we then deduce
|z, — z*|| = 0 as n — oo, that is z,, = z*(n — 00).

With the same arguments as above we could deduce y, — y*(n — co) and
zn — 2"(n — 00). The proof is complete. O

Theorem 3.2. Let H be a real Hilbert space and n : H x H — H be a
d—strongly and strictly monotone and T— Lipschitz continuous multi-valued
operator. Assume that My, Mo, M3 : H — 22 are mazimal n—monotone
multi-valued operators, f : H — H is a nonexpansive mapping, 11,15, T3 :
H x H — 2" are u, v, w—Lipschitz continuous in the first variable and relazed
(a,r), (b, s), (¢, t)—cocoercive, respectively. If the following conditions are sat-

) n 0 Qn = +00, ay € [O’ 1];
(H> ( 671 ) < +OO, /Bnn 671 e [07 1];
ii) +°°(1—5 ) < +00,8, € [0,1];
(IV) min {[(qur au )(ufr+au2)]1/2’ [(v+sfbv2)(vfs+bv2)]1/27
[(w+t—cw2><w—t+cw2n”2} < 3.

w

T

(v) 7> au?, s>b? t>cw?,
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2 2 2
then there exist p1 € (0, 2“;3“ )), p2 € (0, 2(S;2b” )), p3 € (0, 2“;‘;1” )) satis-
fying, for any solution (z*,y*,z*) to Problem B, the sequence {(Zn,Yn,2n)}
generated by Algorithm 2.2 converges strongly to (z*,y*, z*).

Proof. Let 0 = (14 piu?+2p1au®—2p17)Y2, 6y = (1+ p3v>+2p9bv® —2pys)'/?,
and 03 = (1 4 p3w? + 2pzcw? — 2p3t)"/2. From conditions (iv) and (v) we

deduce that there exist p; € (0, 2(‘9;72%2)) satisfying T'Tel <1, p2 € (0, 2(5251}2))

satisfying %}92 < 1 and p3 € (0, 2(5;751)2)) satisfying T'Te?’ < 1.
Assume that (z*,y*,2*) € H x H x H is any solution to Problem B, then
we know from Lemma 2.9 that

ot =Dyt = p Ty, a%)),

v = I = pe (2 ),

z¥ = Jé‘fg’(ﬂs* — paTs(z™, 2%)).
By Algorithm 2.2 we have

(3.13)

|41 — 7|
= [|(1 = an) f(zn) + and ) (yn — p1T1(Yn, ) — (1 — an) f(z*)
— an )y = pTa(y*, 2"))|
< (1 —an)[[f(zn) = f(=")]|
+ anll L) (yn = prTa (yns ) — I3 (" — ;i Ta (Y™, 7)) |
< (1= an)l|an—a* |+l J0 (Yn— o1 Ty (Yns 2n)) — T2 (" — o1 Ta(y", 7)) |
< (I —ap)llzn — 2™ + an%Hyn =y = p1(Ti(yn, zn) — Ta(y", 27))[. (3.14)

Since 17 : H x H — H is u—Lipschitz continuous in the first variable and
relaxed (a,r)—coercive, we have

lyn = ¥* = p1(Ta (yn, ) — Ta(y*, 2%))||?
=y = ¥ 11> + A NT1 (yns 2n) — Ta(y*, )|
= 2p1{T1(Yn, on) — T1(y", %), Y0 — Y™)
< lyn = y* 1> + pTulyn — v*|
+ 2010 Ty (Yn, Tn) — To(y*, 25)|1> = 2017 |y — ¥
< lyn — v 11 + piu?lyn — v*I1” + 20100 [yn — y* 117 = 2017 [lyn — v*|I
= (1+ pfu? + 2p1au® — 2p17) ||y — "% (3.15)
From (3.14) and (3.15) we have

T

“orlyn =yl (316)

[2n41 =27 < (1 = an)fzn — 27| + an
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where 01 = (1 4 p?u® + 2p1au® — 2p17)'/? < 1. By Algorithm 2.2, we have

lyn — 3|
= I(1 = Bu) f (@n) + Bud )2 (20 — p2T2(2n, yn))
— (1= Ba)f(y") = Bud )2 (2" — paTa (2", y"))|
< (=Bl f(zn) = fyO) + @%Hzn — 2" = p2(Ta(2n, yn) — Ta(z",y"))|

< (1= Bu)llzn — "1+ Bu = 2* = pa(TaCm ) — To(="y )l (317)

Since T» : H x H — H is v—Lipschitz continuous in the first variable and
relaxed (b, s)—coercive, we have

l2n = 2* = p2(Ta(2n, yn) — Ta(=", )|

= llzn = 2°|1* + p3lIT2 (20, ym) — T2 (=", y")|?
= 202(Ta(2n, yn) — T2(2%,4"), 20 — 27)
< llzn = 2|17 + p30°[|2n — (|7 + 2020 To(2n, yn) — To(2", y")II?
— 2p3s]|2n — 2*||?
< llzn = 25|12 + p30°[|2n — 2*(|* + 2p2b0% || 2 — 271 — 2p25]l2 — 2|7

= (1 + pav? + 2pobv? — 2p25)|| 20 — 2|2 (3.18)

Combining (3.17) with (3.18) we have
* * T *
1y =yl < (1 = Bu)llzn =yl + a5 02ll2n — 271, (3.19)

where 0y = (1 + p2v? + 2pabv? — 2p28)1/2 < 1. By Algorithm 2.2, we have

20 — 27|
= (1 = 80)F(n) + 002 (@ — paTh (s 20)) — (1 — 5 (")
— M (@ — pyTy(a*, =)
< (1= 8 f(xa) = £(=")]
- 8ll T2 (e — psTy (@, 20)) — T (@™ — psTy(a®, 2"))]
< (1= 8)llen — 2]+ Gall T2 (@ — paTh (@, 20)) — (2" — paTy(a*, =)
< (1= 8)fon = 2711+ B Ellen — & = pa(Ty(m, 20) = To(a", 2]l (3:20)
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Since T3 : H x H — H is w—Lipschitz continuous in the first variable and
relaxed (c,t)—coercive, we have

Hxn —z* - p3(T3(xn7 Zn) - T3($*’ Z*))HQ

= llzn = "7 + P3| Ts(wn, 20) — Ta(a", 2|
~ 203(T3 (0, 2n) — Ty(*, 2%), 2 — &7)

< lwn = 2% + p3w? ||z — 2™ + 2pscl| T3 (wn, 20) — Ta(a", 27)|?
= 2pst|lan — 2"
< lzn = 2™ + p3w?||lzn — 2% + 2pscw? | 2p — 2"|* = 2pst|lan — 27|

= (1 + p3w? + 2pzcw® — 2p3t)||zn — 2*|°. (3.21)
Combining (3.21) with (3.20) we have

* * T *
l2n = 2"l < (1 = On)llzn — 27| + 0503l 2n — 27, (3.22)

where 83 = (1 + pjw® + 2p3cw® — 2p31)'/2 < 1.

Let L = max{|z* — z*||, [[z* — y*||}. Then from (3.22) and the condition
503 <1, we have

* * T *
lzn — 2% < (1= 0n)l|zn — 2" + 5n593”xn -zl

.
<Os[zn — 27|

I

< lwn =2 + (1 = 0n)l2™ — 27|
< len — 2*|| + (1 = 6,)L. (3.23)

Combining (3.19) with (3.23) and the condition 562 < 1, we have

Hyn =yl
1= Bu)llan — 4"l + Busallzn — =]
= Bu)llan = y7ll + Bullzn — 2|
= Ballen = ||+ Ba{llzn — | + (1~ 6,) L}
)

= Bu)llen — 2™ + (1 = Bu)llz™ — y*|| + Bu{llzn — 2| + (1 — 6n)L}

= Bu)llwn — 2*|| + (1 = Bu)llz” — y*|| + Bullzn — ™| + Bu(1 — 0n)L

n =2+ (1= Bn)L+ Bn(l —6n)L

n— 2| + (1= Bndy)L. (3.24)

IAIACIA A IA A
/':l\ /.: A A —

8 B8
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Combining (3.16) with (3.24) and the condition $6; < 1 we have

k k T *
lzns1 =27l < (1= an)llzn — 27 + ans 01y — 7|l

IN

* T k
1= an)llen — 2™ + an501{l|lzn — 27| + (1 — Bndn) L}

IN

o 4]

1 — ap + an=61)||zn — 2*|| + angﬁl(l — Budn)L

IN

1-(1— %91 an)||lzn — =¥ + ozngt?l(l — Budn)L.
Let ap = ||z — 2%, @ = (1 = 501)an, by = 0, ¢ = an501(1 — Bndn)L.
From Condition (i) we deduce

(
(
(1 —ap)||zn —z*|| + anzﬁlen — x| + anzﬁl(l — Bndn)L
(
(

5
)

IN

Z{)Qn = Zo(l - %Hl)an =(1- %91) Zoan = 00,
and
Z Cn = Z O‘ngel(l - ﬂnén)L
n=0 n=0

T

= 691[/7;)0571,(1 - ﬁnén)

P (o]
< <Ol 1;0(1 — Budy)

< +00.

By Lemma 2.1, we have |z, — z*| = a,, — 0(n — 00). (3.24) together with
Yoo o(L = Brdn) < 400, Bn, oy € [0,1] imply [y, — y*|| = 0(n — o0). (3.23)
together with Y 02 (1 — d,) < +00, &y, € [0,1] imply ||z, — 2*|| = 0(n — 00).
This completes the proof. O

4. VARIATIONAL INEQUALITIES IN BANACH SPACES

Theorem 4.1. Let B be a real 2—uniform smooth Banach space, (z*,y*, z*) be
a solution to Problem C. Assume that Ty : B x B x B — B is (y1,r1)—relazed
cocoercive and Lipschitz continuous with constant 11 in the first variable, with
constant 12 in the second variable and with constant py13 in the third variable,
Ty : Bx B x B — B is (vy2,r2)—relazed cocoercive and Lipschitz continuous
with constant pa1 in the first variable, with constant pao in the second variable
and with constant pss in the third variable and T3 : B X B X B — B is
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(73, 73)—relaxed cocoercive and Lipschitz continuous with constant psy in the
first variable, with constant psa in the second variable and with constant piss
in the third variable. Assume further that f is (y4,74)—relazed cocoercive and
pa—Lipschitz continuous, g is (vs,75)—relazed cocoercive and ps— Lipschitz
continuous, h is (yg,r6)—relaxed cocoercive and pg— Lipschitz continuous. If

0 018 93 P3K32  _P2H22
_ _ bipapas 102 1-p3p3z ~ 1—p3pn33 1—popo3 .
(a) 1= pips — 2200 — (1,0 + pume) [ J €[0,1];
1—=p3u33 1-par23
03 P3M32 _P2K22

1-p3n33 ~1—p3n33 1—pona3

(b) 1_ _P3H32 09 S [O 1]
1=p3u33 1=pau23
03 P3M32 _P2K22

1—p3p33  1—p3m33 1—popa3 p2/22 .
(c 1- P2#23 1_ _P3K32 2 + 1—pajia3 [0,1]
1-p3n33 1— quzs

)

d) 0<hki+(1+ 2p171#11 —2p1r1 + copipy) < 1
)
)

(e) 0 <ke+ (14 2,0272H21 2para + 0202M21)1/2 <1
(f) 0 < ks + (14 2p3y3p3; — 2p3r3 + 02/03#31)1/2 <1,

where
ki = [1 = 2(ry — yapl) + copi] '/,
ko = [1— 2(r5 — ysu2) + cop?]V/?,
ks = [1 — 2(r6 — Youd) + copig]"/?
and o, € [0,1], Y27 o, = o0, then for any initial value xo,yo,20 € K,

the sequence {(Zpn,Yn,2n)} genemted by Algorithm 2.3 converges strongly to
(x*,y*, 2%).

Proof. By Algorithm 2.3, Lemma 2.10 and the sunny nonexpansive kernel-
preserving propertoies of Qi, we have

[z — 27|
= [|(1 — an)zn + 0nQrlf (yn) — P1T1(Yns 20, Tn)]
— (1= an)2" — anQi[f(y") — mT1(y", 2", ")
< (1 —ap)|lzn — 27
+ an|[f(yn) — P1T1(Yns 20 20)] = [f(YF) — p1Ta(y", 2%, 27|
= (1 = an)llen — 2% + anll = (yn — y*) + [f (Yn) — F(Y)] + (Yn — ¥7)
= p1[T1(Yns 2, 2n) — Ta(y", 27, 27)]||
< (1 =an)llen — 2| + anllyn — " = [f(yn) — F)]
+anl(Yn —v*) = pr[T1(Yns 2ns ©n) — Ta(y", 2%, 27)]||. (4.1)
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Since T} is relaxed (71,r1)—cocoercive and p11—Lipschitz continuous in the
first variable, we deduce from Lemma 2.5 that

lyn — " = p1[T1(Yn, 20 Tn) — T (Y™, 2%, %)
= lyn — ¥ = p1[T1(Yn» 20, T0) — T (Y™, 200, Tn)
+ Ty, zny 2n) — Ti(y", 27, 27)]]|
<Mlyn =¥ = pr[T1(Yns 20, @) — T1(Y™, 20, )]
+ [T (Y™, 2ns 2n) — Th (Y7, 27, 27)]|
<|lyn —y" = p1[T1(Yns 205 T0) — T1(Y", 205 20) ]|
+ ol (" 20, n) = Ta(y™, 25 2n) + T1 (Y5 27 20) — Th(y", 27, 27|
<|lyn —y" = p1[T1(Yns 205 Tn) — T1(Y", 205 T0) |
+p1||[T1(y*,Znafvn)—Tl(y*7Z*,$n)]||+/>1HT1(y*,Z*awn)—Tl(y*,Z*,x*z!\é)

Observe that

1Yn = ¥ = 21T (Yns 20y Tn) — TU (Y™, 20, 7)1
<y = y* 17 + 2{=p1 (T2 (Yns 20> ) — TL (Y, 205 20)]s T (Y — ¥))
+ c2(—=p1)? 1 T2 (Yns 20, ) — T1(Y*, 20, ) ||
= lyn = ¥* 1> = 201 (T2 (Yn, 20> 20) — To(Y", 20, 20, T (Y — y*))
+ 203 |1y (Yns 20> Tn) — Ta(Y*, 20, ) ||
< lyn — v 17 = 201 (=11 T2 (Y 205 20) = T2 (Y, 205 20) [P+ 71y — v I1°]
+ 2P T1 (Yns 20y ) — Th (Y, 20, ) |12
<|lyn — ¥*11> + 2017 T2 (Y 20> T0) — TL(Y*, 20, )
— 20171 |yn — v II° + 203 T2 (Yns 20y ) — T2 (Y", 20 )
< lyn — v* I + 20171051 [y — ¥ 1> = 20171 llyn — v* 117 + c2pind lyn — v*[I°
< (14 2mmpdy — 201m1 + capipiy) lun — v )1 (4.3)

I

I

Since 17 is p19—Lipschitz continuous in the second variable, we have
1T (Y", 2n, an) — T1(y", 2%, 2n) || < pazllzn — 27 (4.4)
Since 17 is p13—Lipschitz continuous in the third variable, we have

1Ty (y", 2% an) — Ta(y", 2", %) < pasllzn — 27| (4.5)
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Since f is relaxed (~y4, 74) —cocoercive and p4—Lipschitz continuous, we deduce
that

lyn = v* = [f (yn) = FO)II?

<y = y* 17 + 2(=[f (yn) = F W) T(yn — y)) + c2ll £ (yn) — FH)1?

= [lyn — 4" 1% = 2([f (yn) = FW)) T(yn = y*)) + c2ll £ (yn) = £

< Ny =y 1P =2[=all f () = F GO +7allyn — yOIIP] + c2ll £ (yn) — £
< lyn = v 1P + 20l £ (wn) — FWOI? = 2rallyn — y*) 17 + c2ll £ (yn) — FO)I1?
< lyn — v 1P + 2013 lyn — v 1P = 2rallyn — y9)II? + copdllyn — v*|1?

= (1+ 2yapf — 2ra + cop) ym — v*|

= ki llyn — v*|I°- (4.6)

Let 61 = ki + (14 2p1713, — 2p171 + captpdy)/2. By condition (d) we have
0 < 61 < 1, we can therefore deduce from (4.1) — (4.6) that

st — 2| < (1= + anprans)llen — 2| + anbillyn — o'
+ anprg)lza — 2°|I (4.7)

But

lyns1 —y* |l
= [|Qk[9(2n+1) = p2T2(2n+1; Tt 1, Yn1)] — Qrlg(2™) — p2T2(2%, 2™, y*)]||
< |lg(zn+1) = p2T2(2n+1, Tnt1, Ynt1)] — [9(27) — p2Ta (2", 2%, y7)]||
= [|9(zn+1) — 9(z%) = p2[Ta(2n+1, Tnt1, Ynt1) — Ta (2", 2%, y")]||
= || = (zn+1 — 2%) + g(2n11) — 9(27) + (2p41 — 27)
— p2[T2(2n+1; Tnt1, Ynr1) — Ta(2", 2%, 7). (4.8)
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Since T is relaxed (72, r2)—cocoercive and 91 —Lipschitz continuous in the
first variable, we deduce that
[2n+1 = 2" = p2[T2(2nt1, Tt 1, Ynt1) — Ta(z", 27, y")] ||
= |lznt1 — 2" = p2[T2(2n+1; Tng1, Ynt1) — T2(2, Tot1, Ynt1)
+ o (2", Tng1, Ynt1) — Ta(z", 2", y")]|
< lznt1 = 2" = p2[Ta(zn+1, Tnt1, Ynr1) — T2(2%, Tt Ynt1 ]|
+ p2l|T2(2", Tnt1, Yn1) — Ta(2", 2", y")|
< lznt1 — 25 = p2[T2(2n41, Tnt1, Yns1) — T2(2", Tng1, ynra)] |
+ P2 T2 (2%, Tt Yna1) = T2 (2%, @7, Yngp1 )+ 12 (27, 27, Y1) = T2 (2%, 2%, y7) |
< lzng1 — 2" = p2[T2(2nt1, Tnt1, Ynt1) — T2 (2%, Zng1s Ynt1)] ||
+ p2llT2(2", Tnt1, Ynt1) — T2(2%, 2%, Y1) |
+ 2| o (2", 2%, yns1) — To (2%, 2%, y")|. (4.9)

But

241 — 2 = p2[To(2n41: Tt Ynt1) — To(2%, Tng1, Ynt)]|?
< znga — 2"
+ 2(=p2[T2(2n+1, Tn+1, Ynt1) — To(2", Tnt1s yns1)]s J([[2ng1 — 27)))
+ 205 | To(2n1, Tng1s Yntr) — To(2*, Tngr, Yngr) ||
= |lznt1 — 2*|1?
= 2p2([T2(2n+1, Tnt1, Ynt1) — T2(2", Tt Y1), I (lzn1 = 7))
+ 205 | To(Zns1, Tng1s Yntt) — To(2*, gt Yngr) ||
< zngr = 2"
— 2222 T2 (Znt 1, Tt 1, Yns1) — To(2" g1, Y1) | + 72llzng1 — 277

+ 23| To(2ns1s Tni 1, Ynt1) — To(2%, Tngt, Yo || (4.10)

= [lzn41 — 2*|I°
+ 20272l T2 (2041 Zng 1, Ynt1) — T2(2% g1, Y1) | — 20272 201 — %17
+ 20| To(Zns 1, Tt 1s Ynir) — To(2", Tngr, yng1) ||

< lzng1 — 2117 + 202720851 [ 201 — 2°01* = 2272|2041 — 2°1°
+ capapiz |z — 2|7

= (14 2payau3y — 2para + coapipizy)||zns1 — 2*||%.
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Since 15 is pos—Lipschitz continuous in the second variable, we have

||T2(Z*7xn+layn+l) - T2(Z*7x*ayn+1)|| < N22||l'n+l - '1"*H (411)

Since Ts is po3—Lipschitz continuous in the third variable, we have
1To(2", 2%, yns1) — To(z", 2", y") || < p2sllyn1 =yl (4.12)

Since g is relaxed (s, r5)—cocoercive and us—Lipschitz continuous, we deduce
that

zns1 — 2 = [9(zn1) — I
<z = 2P + 2(=[9(zn41) = 9(z°)], I (zng1 — 2°)) + c2llg(znt1) — 9(2)|I?
= lzns1 = 211 = 2([9(zn41) = 9(z°)], I (zng1 — 2°)) + c2llg(2n11) — 9 ()|
<z = 2117 = 2[=75ll9(znt1) — 9 + 75llzn41 — 2°(%]

+ callg(zni1) — 9(zH)|1?
= [lzns1 — 2”4+ 29519 (2n11) — 9(z°)|1> = 275l 2n11 — 27|

+ callg(zni1) — 94|17
< zngr = 2P + 2958|2041 — 25117 = 25|21 — 277 + copdll2nga — 2717
= (1+ 2v5p3 — 2r5 + copi3) [ zn 1 — 2|17
= k2| zng1 — 2|2 (4.13)

Let 02 = ko + (14 2payep3;, — 2p2r2 + czp%,u%l)l/z. By condition (e) we have
0 < 03 < 1, we can therefore deduce from (4.8) — (4.13) that

[Yn+1 = 47| < O2llzngr — 27| + p2pz2)llen g1 — 7]

+ papi23 ||yt — y* |- (4.14)
This implies that
. 0 . p2fi22 .
lyn+1 — vl < 17”Zn+1 = 2"+ 17||:rn+1 -z
— P2M23 — pP2123
and
[P Sy P . L B P )
1= papizs 1-
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Combining (4.14) and (4.7) we have

|Zn1 — 2] < (1 = an + anprps)]|z, — 27|
o . 2422 .
4wma{2un—zn+”“mn—xn
1 — papio3 1 — papos
+ anpipizl|zn — 2°|
an9102

= (1= an + anprpns) o — a° + 2z, |
onb . N
SRR — 2| + ampraz | — 2|
1 — papios
o 01 p2ftn .
— <1 — ap + apprpis + 1"_;;/23) |z — ™|
o616
<1”” + oznplulz) 2 — 2*]- (4.15)
— P2/423

[2n41 — 27|
= [|Qk[M(n+1) — p3T5(Tn+1, Ynt1, 2n41)] — Qr[h(z™) — p3T3(z™, y", 27|
< (@nt1) = p3T3(Tns1, Ynt1, 2nt1)] — [R(2) — p3T3(z*, 4", 27)]||
= [M(@nt1) = h(z™) = p3[T3(Tn+1, Ynt1, 2nt1) — T3(z™, 4", 27|
= || = (@n+1 — 27) + h(znt1) — h(z") + (Tp+1 — 27)
— p3[T3(Tnt1, Ynt1, 2nt1) — T3(2", y%, 27)]||
< [[(@n+1 —2%) = [A(@n+1) — R(@O)]|| + [[(zp41 — 27)
= p3[T3(n+1, Yn+1, 2n1) — T3(2", y", 29)] |- (4.16)

Since T3 is relaxed (73, r3)-cocoercive and ps; —Lipschitz continuous in the first
variable, we have

[(@nt1 — 2%) = p3[T3(Tnt1, Ynt1, 2n1) — Ta(a™, y", 27)]|

= (@41 — 27) — p3[T3(Tnt1, Yn+1, 2nt1) — T3(27, Ynt1s 2nt1)
+ T3(2", ynt1, 2n1) — T3(2™, y", 27)]||

< |[(@nt1 = 2%) = p3[T5(Tn+1, Ynt1, 2nt1) — T3(27, Ynt1,s 2n41)]|
+ o3l T5(2%, Y1, 2nt1) — Ta(2™, 9", 27) ||
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= |(zng1 — ) — p3[T5(Tns1s Yns1, 2ns1) — T5(2*, Yna1, 2ns1)] |

+ o3I T53(2", Yn+1, 2n41) = T3(2", 4", 2n1) +13(2%, ¥, 2ng1) = T (2™, y™, 27) ||
< |[(@nt1 — 2%) = p3[T3(Tnt15 Ynt1, 2nt1) — T5(2", Ynt1, 2nt1)]|]

+ p3||T3(2", Yny1, 2nt1) — T3(2™, ¥", 2ng1) ||

+ s T3(2", y", 2ng1) — Ty(a™, ", 27)]. (4.17)

But

[(@ns1 — &%) = p3[T3(@n41, Ynt1, 2n1) — T5(2*, Yns 1, 2nr1)] I
< #ngr — ™|
+ 2(=p3[T3(Tnt1, Yn+1, 2n1) — T3(27, Ynt1, 2n41)]s I ([2ng1 — 27)))
+ CQP%HT?)(%H—L Ynt1, Znt1) — T3(2", Yny, zn+1)||2
= [lzng1 — 2*|?
= 2p3([T5(@n41, Yn+1, 2nt1) — T3(2%, Ynt1, 2nt1)]s S (| 201 — 7))
+ 203 | T5(2n i1, Ynt1s 2nt1) — T3(2*, Yng1, 2|1
= [lzng1 — 2|7
— 2p3[= V3|1 T5(Znt1, Ynt1, Znt1) — T3(2%, Yns1, 2ngd) | + 7sll@ngr — 2|7
+ 203 | T3(Tns1, Ynt1s Znt1) — T3(27, Yngt, 2ng1)|?
= [lzn+1 — UU*HZ + 20373115 (Tt 15 Yn+1, 2nt1) — T3(2%, Ynt1, 2n41) |
— 2pgr3||ang1 — ||
+ P3| T3 (T s 1, Ynt1s 1) — TB(2*, Ynt1, Znt1)

< @na1 — 2|1 + 20373031 | @ns1 — 2*|1* = 20373 w01 — ¥

I
+e2pipiy [ onn — 2|
= (14 2p33p3y — 20373 + c2p3pdy)||2nsa — 2. (4.18)
Since T3 is psa—Lipschitz continuous in the second variable, we have
1T5(2", Ynt1, 2nt1) — T3(2%, 4", 2nt1) | < ps2llymsa — ¥ (4.19)
Since T3 is ps3—Lipschitz continuous in the third variable, we have

1 T3(x", y", zny1) — T3(x", 4™, 2°)|| < wssllzngr — 27| (4.20)
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Since h is relaxed (7, 7r)—cocoercive and pg—Lipschitz continuous, we have
that

[2n41 — 2% = [(@ng1) — h(z")]|?
< wngr — & + 2(=[h(znt1) — b(z*)], J(@ns1 — %))
+ co||h(zng1) — h(z")|?
= [lZnt1 — 2> = 2([A(wng1) — (")), J(Tni1 — @) + cal| h(zni1) — h(a")|?
< Nwngr — 2| = 2=l (zns1) — h(@)|* + r6l|znts — 27|%]
+ co||h(zng1) — h(z")|?
= [|zn11 = 2*|* + 296 )| h(zns1) — h(@")|* = 2r)|nga — 2*||
+ co||h(@ns1) — h(z®)|?
< #nga — & + 2965 | wn g1 — 2*)* = 2r | @ngn — ¥
+ capigl|wngs — 2
= (1+ 268 — 2r6 + copig) | wn i1 — *||?
*H2

S - (4.21)

Let 03 = ks+ (1+ 2p3'yg,u§1 —2p3r3 + @p%,u%l)l/z. Then, from condition (f)
we have 0 < 03 < 1. Therefore, we can obtain from (4.14) — (4.21) that

[zn+1 = 2% < Osl|@ns1 — 2| + papsellyntr — y7l| + papssllzner — 27

It implies that

. 03 . P3 1432 «
lznt1 — 2| £ ————|zns1 — 27| + ————lyns1 —¥"[,  (4.22)
1 — p3pss 1 — p3pss
and then
. 03 * P3 1432 *
|2n — 2" € ———lzn — 27| + ————|lyn — V|
1 — p3pss 1 — p3pss
03
< gy o)
— P3M33
P31432 ) « p21422 .
. . lon =27l + = —lan — 27|
P3133 P2 123 P2 1423
03 34432 0o «
= |y — 2 + £ Iz — 2|
1 — p3pss 1 — p3u33 1 — papiaz

P332 P2/22
1 — p3pss 1 — pajias

25 — 2]
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B 03 P31432 P2 1422 .
= |2 — 2™

1 —papss 1 —papss 1 — papios

P332 B2 P——
1 — papgs 1 — popioz’
That is,
; 03 1p3u32 lpzuzz

||Zn _ Z*” S Pi“s/ijs p?)H{)}QPS#SB@2 P223 ||1'n _ l,*H (423)

1—pap3s 1—pap2s
From (4.15), we have
[Znt1 — 2|

< (1 —an + anprps)||zn — 27|

o010 anb
R — 2+ SRR )+ i pina|zn — 2
1 — popioz 1 — popioz
anbipapin .
= (1 — Qp + appP1i413 + %) |zn — 2|
(6 9192 %
(1222 4 e |
— P2/M23
o012t .
< (1= o+ anprnz + %)Hxn — o

1-— _ _P3p32 )
p2h23 1 1—p3pss 1—pap23

anb1papize )
1 — papas

0.0 - 03 + 1,03u32 1/)2#22

nY1Y2 —P3133 —p3i33 1—p2po3 *

(128 e a2 | L, — |
— P2M23 R e —

1—pspszs 1—pap2s3
01 p2p122
= {1 - an{l — pupy — 222
1 — papias

0.0 03 4 P31432 P21422
N 1V2 + 1—p3 33 1—p3p33 1—pop2s ||l‘ . l‘*H
P1H12 P332 02 n ’

1-— _
p2123 1 1—p3u33 1—papas

0.0 03 + 193#32 1/)2M22
nY1Y2 1—p3u33 —p3i33 1—papo3 *
+ ( + anﬂlMu) |zn — 2|

= { <1 — ap + apprpas +

By condition (a) we know

03 P3U32 P2122

01p24122 6165 - + 2 £
L= pupms — parm : + p1p12 pr33 palyu%

1 — papas 1 — papias % 1—p2p23

€ [0,1].
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Since > > | @, = 00, from Lemma 2.6 that

lim ||z, — 2" =0.
n—oo
It follows from (4.23) that
lim ||z, — 2| =0.
n—oo
Combining (4.23) with (4.14) we have
lyn — ¥
0
<o — M+ 22y — 2|
1 — papi23 1-
92 . 03 1p3,u32 1P2H22 P2 1129
< —P3K33 —P3K33 1—pP2H423 H{B _ {B*H + HHU _ m*H
-1 — __ _P3M32 0> n — n
1—popoes 1 R oy E e 1 — papios
0 03 P332 P2 122
: 2 1—p3pss3 pgi;ﬂ3u33912—,02/t23 + : P21422 ”wn . 37*“ (424)
P2 23 1— {8 atins 1= pains P21423
It implies that
lim ||y, —y*|| =0,
n—o0
which completes the proof. O

Theorem 4.2. Letn: X x X x X — X* be 0 — Lipschitz continuous. Assume
that H; : X; — X; 1s v;—strongly n—accretive and 7;— Lipschitz continuous,
i = 1,2,3; and that M : X; — 2% is (Hy,n)—accretive, N : Xo — 2X2
is (Ha,m)—accretive and T : X3 — 2% is (Hz,n)—accretive. The nonlinear
operator F' 1 X1 xXox X3 — X1 isr1—Hy strongly accretive s1— Lipschitz con-
tinuous in the first variable, 01 — Lipschitz continuous in the second variable
and 69 — Lipschitz continuous in the third variable. The nonlinear operator
G : X1 x Xo x X3 — Xo is 79 — Ho strongly accretive so — Lipschitz con-
tinuous in the second variable, €1 — Lipschitz continuous in the first variable
and €9 — Lipschitz continuous in the third variable. The nonlinear operator
H : X1 x X9 x X3 = X3 is r3 — H3 strongly accretive s3 — Lipschitz con-
tinuous in the third variable, oy — Lipschitz continuous in the first variable
and ag — Lipschitz continuous in the second variable. If there exist constants

P1, P2, p3 satisfying

Y230 (T{ — qp1r1 + P?CqS?)l/q + Y1730 p2E1 + Y1720 p3001 < V172735
Y1730 (13 — qpara + P%Cqsg)l/q + Y2730 p101 + Y1720 p3002 < Y1723,

720 (T8 — apsrs + phcgsi) T+ 1av30p102 + M50 p2e2 < M1Y273,

where cg > 0 is the same as that in Lemma 2.5, then Problem D has a unique
solution.
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Proof. For any fixed p; > 0, p2 > 0 and p3 > 0, we define

Tp11X1><X2><X3—>X1,
Sp2:X1XX2XX3—>X2,
Pp32X1XX2XX3—>X3

by

H
Ty, (u,v,w) = R Hy(u) — poF(u,v0,0)],

SP2 (U, v, 'U}) = Rﬁiz [HQ(U) - pQG(ua v, 'U})L
Py (u,0,w) = R Hy(w) — psH (u, v, w)], (4.25)

for all (u,v,w) € X1 x X3 x X3. Then from Lemma 2.7, we have the following
three inequalities, respectively:

||Tp1 (u17 1, wl) - Tpl (u27 V2, w2)||

= [|RyL [Hi (ur) = prF(ua, o1, w1)] = Ry [Hi(us) = p1F (ug, va, wo)|

< %”[Hﬂm) — p1F (u1,v1,w01)] — [Hi(uz) — p1F (uz, v, ws)|
= s ur) ~ Ha(w)] = pr[Fur, o0, 01) = F v, )]
= %H[Hﬂm) — Hi(u2)] = pr[F(ur, v1, w1) = F(uz, 01, w1)

+ F(ug, vy, w1) — F(ug, vy, w1) + F(ug, va, w1) — F(ug, vy, ws)]|

< 2 (Ha(ur) — Hy ()] = pr[F s, 0, 00) = Fon, o0, 0|

ag
T a2, 01, w1) = g, 2, 0)|
op1
+ ?HF<U27U271U1) — F(ug, v2, wa)l|, (4.26)

1S5 (w1, v1,w1) — Sp, (g, v2, wa)||
= | R\ Ha(v1) — paG(ur, v, wr)] — R [Ha(va) — paG(ug, va, wy)]|

< %H[Hz(m) — p2G(u1,v1,w1)] — [Ha(v2) — p2G(uz, v2, wo)]|

= Z[Ha(0) — Hoe2)] = po[Glun,va, 1) = Gz, v, )|
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g
= %H[HQ(W) — Ha(v2)] — p2[G(u1,v1,w1) — G(uy, vz, w1)
+ G(ul, V2, wl) - G(UQ, V2, wl) + G(u2,U2,U)1) — G(UQ,'UQ,'UJQ)]H

< T [Ha(v1) ~ Ho(u)] — palGlur, v, 00) = Gl 0,1

g
n %Ha(ul,va,wl) — G(ug, vg, w1)||
o2
n %Ha(ug,w,wl) — G(uz, va, ws)]| (4.27)

and

| Ppg (w1, v1,w1) — Py (ug, v2, w2)||
H3n

= | Ry Ha(wi) — psH (uy, v1,w)] — Rp2?[Ha(ws) — psH (ug, vy, wo)]|

< %H[H:a(m) — p3H (u1,v1, w1)] — [Hs(wz) — p3H (uz, vz, ws)]|

B %H[H?,(m) — H(w2)] = ps[H (ur, v1,wr) — H(uz, v, w2)]|
N %H[H?,(m) = Hs(w2)] = ps[H (u1,v1,w1) — H(uy, v1, w2)

+ H(uy,v1,wa) — H(uz,v1,w2) + H(ug,v1,ws) — H(uz, v, ws)]||
o
< %H[HB(@UI) — Hs(w2)] — p3[H (u1,v1,w1) — H(u1,v1, ws)]||

g
+ f!\H(m,m,wz) — H (ug,v1,ws)|
g
T %HH(Ug,vl,wl) — H(us,va, ws)]]. (4.28)

Since X1, X5, X3 are g-uniformly smooth Banach spaces, we have

[ Hi(u1) — Hi(uz) — p1[F(u1,v1,w1) — F(ug, v1, wr)]||?
< |[[Hi(u1) — Hi(u2)||?
+ q(—p1[F (u1,v1,w1) — F(uz, v, w1)], Jg[Hi(u1) — Hi(uz)])
+ cgpi || F(u1, v, w1) — F(ug, v1,wr)|?
= [[H1(u1) — Hi(u2)l|?
— qp1(F(u1,v1,w1) — F(ug,vi,wr), Jq[Hi(u1) — Hi(u2)])
+ cgp?|| F (u1,v1,w1) — F(ug, v, wr)]||?
< 7illur — ual|? — gpririfjur — ual|? + ceplst|lur — ua||?

= (1{ — gprr1 + cqplst) lur — ua|?, (4.29)
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| H2(v1) — Ha(v2) — p2[G(u1,v1,w1) —
< [[Ha(v1) — Ha(v2)]|?
+ q{—p2[G(u1,v1,w1)
+ P3| G (u, v1,w1) —
= [|H2(v1) — Ha(v2)||?
— qp2(G(ur,v1,wr) — G(ug,va, w1), Jy[Ha(v1) —
— G(uy,ve,w)|?
< 75 |lvr — val|? = gparallvr — v2l|? + cgpgshflur — va|?

= (15 — qpara2 + cqp3s3)llvr — va |4 (4.30)

G(Ul, V2, wl)]Hq

— G(ul, V2, wl)], Jq[HQ(Ul)

G(ulv V2, wl)Hq

— Ha(v2)])

Ha(v2)])
+ ¢qp3]|G(uz, v1, w1)

and

| H3(w1) — Hz(ws)

< ||Hs(wy) — Hz(ws)]|?

+ q(—p3[H (u1, v, w1) —
+ cqp3|| H (u1,v1,w1) —

= ||[Hs(w1) — H3(w2) ||

—QP3(H(U1,Ul,w1)—
— H(u1, vy, wa)||?

— wal|7 — gp3rs|jw:

+ ¢gp3|| H (u1, v1,w1)

< 74 [Jwn

— p3[H (u1,v1,w1) —

H(ul,vl,wg)], Jq[Hg(wl) —

H(ui,v1,ws)||

H (u1,v1,w2), Jy[Hs(w1)

H(U1;U177~U2)]Hq

— H3(w2)))

— wa | + cqpisiwr — wa|?

= (735 — apsrs + cgp3s)|lwi — wall?. (4.31)
We also have
| F'(u2, v1, w1) — F(u2,ve, w1)|| < 01]vr — val, (4.32)
| F'(u2, v2, w1) — F(ug,v2,ws)|| < ba]|wi — wal|, (4.33)
|G (uy, v, w1) — G(ug, ve,wr)|| < e1l|ur — usg||, (4.34)
|G (ug, va, w1) — G(ug, ve, ws)|| < eal|w; — wa||, (4.35)
|H (u1,v1,ws) — H(ug, v, ws)|| < aqflu; — usl, (4.36)
| H (ug,v1,we) — H(ug, v, wa)|| < agllvy — v (4.37)

Hence, we can deduce from (4.2

(T, (w1, v1, w1

6) — (4.37) that
) —

Pl (u27 V2, ’U}Q)

< *(7'1 —gpirm1 + Cqﬂ1s1)1/qHU1 — uall]|

a!
op10
I P1 1‘

|vg — vo| +

op16s

w1 — wall,

(4.38)
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||SP2(ul7vl7w1) - S,O2 (u27f027w2)”

g
< (11 = apara + cqp§s) "V or = o

gpPoe g P&
+,021 P22|

lur — ual| + w1 — wy| (4.39)
and

(| Pps (w1, v1,w1) — Ppy(ug, v2, w2)||

< 278~ apars + eqrs) s — )

op3t op302

+

Jur — uz|| + [[vr = va|- (4.40)
Therefore, we have

HTpl (ulvvlvwl) - T,01 (u277}27w2)”

+ [[Spy (w1, v1,w1) — Sp, (U2, va, w2 )| + || Ppg (w1, v1, w1) — Ppy (ug, v2, wo)|

o g pP2£E1 g P30
< [ (7 — aprrs + cqpfs) M1+ T 4 TRy |
71 72
o op101  opzae
1278 —apara + ep$st) 7+ T 4 S oy —
Y2 " V3
o op162 0 P2E2
127 —apars + cap§sd) 7+ 0 4 T2 fun —
V3 " Y2
< k([lur = uel| + [Jor — ve| + [Jw1 — wal]), (4.41)
where
k = max {J(Tf — gpiry + cgpls?)V /1 4 TPEL | TO8AL
it 2 V3
o op1th  opzan
(73 — qpara + coplst) M1 4 22 4 T2
V2 2 a2 2) it V3
o op162 g pP2€E2
— (18 — qp3r3 + cqpish)1 + gmuz | oPat2 }
73 M V2
It is easy to show that (X7 x X9 x X3, ||+ ||1) is a Banach space, where || - ||1

is defined as following, that is, for any (u,v,w) € X1 x Xa x X3,
[(w, v, w1 = [lull + [[ol] + [[w].
For any fixed p; > 0, p2 > 0 and p3 > 0, we define
QP17P27P3 : X1 X X2 X X3 — X1 X X2 X X3
as following, that is, for any (u,v,w) € X7 x Xa x X3,

QPLP27P3 (u7 v, w) = (Tpl (ua v, w)7 SPQ (uv v, w)7 Pps (u, v, w))
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From condition (d) we know 0 < k < 1, and then (4.41) implies

HQm,pz ps (U1, V1, W1) — Qpy sy s (U2, V2, w2) |1
= [[(Tpy (w1, v1, w1), Spy (ur, v1, w1), Py (ur, v1, wr))
— (T, (u2, v2,w2), Spy (U2, V2, wa), Py (uz, va, w2)) |11
= |(Tp, (w1, v1,w1) — Tp, (uz, v2, wa), Sp, (U1, v, wr)
— Spy (U2, v2, w2), Ppy (w1, v1,w1) — Ppy(u2,v2, w2))[1
= [Ty, (u1, v1,w1) — Tp, (uz, vo, wa|
+ 18, (w1, v1,w1) — Spy (ug, v2, w2) || + || Ppy (w1, v1, w1) — Ppy(uz, va, wa)|
< k([lur — ual| + [Jor — ve| + [Jw1 — wa])
= k(|| (u1 — u2,v1 — vo, w1 —w2)|1
= k(|[(u1, v1,w1) — (u2, v2, w2)|l1,

which shows that Q,, p,,p; 1 X1 X X2 x X3 — X7 X Xo x X3 is an operator.
Therefore there exists a unique element (a,b,c) € X7 x X9 x X3 such that

QPI:P%PB ((I, b7 C) = (CL, ba C)a

which is equivalent to
a = Ry} [Hi(a) = piF(a,b, )],
b= RE2I[Hy(b) — paG(a,b, )],

¢ = Ri{¥1[Hs(c) — psH (a,b, c)].

By Lemma 2.10 we know that (a, b, c) is the unique solution to Problem D.
This completes the proof. O

Theorem 4.3. Let n, Hy, Hs, H3, M, N, T, F,G and H be the same as those
i Theorem 4.2. Assume that all the conditions in Theorem 4.2 are satisfied.
Then the sequence {(ay,bn,cn)} generated by Algorithm 2.4 converges strongly
to the unique solution (a,b,c) to Problem D, and there exists 0 < d < 1
satisfying

lan = all +[[bn = bll + llen = ¢ll < d*([lao — all + [bo = bl + lco = ¢ll),  ¥n = 0.

Proof. Theorem 4.2 gives a unique solution (a, b, ¢) to Problem D. By Lemma
2.10 we know that

a = Baa+ (1 - B,) Ry [Hi(a) — prF(a,b,c)], (4.42)
b= Bab+ (1= Bn) Ry2! [ Ha(b) — paGla, b, )], (4.43)
¢ = Buc+ (1= Bn) Ry [Hs(c) — psH (a,b, ). (4.44)
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By Algorithm 2.4 and (4.42) we have

lant1— af
= ||Butn + (1 = Bo) Ry [Hi (an) = p1F(an, by, )]

— Bua — (1= Ba) Ry [Hi(a) — prF(a, b, o)l
< Bnllan —al + (1 - ﬂn)71 (r — gpir1 + cgpls?) | ay — a

0,0191 ap162

+ (1= Bn)——Ibn = bl + (1 = Bn)

llen — |- (4.45)

By Algorithm 2.4 and (4.43) we have

Ibn 1 — bl
= ||Bubn + (1 = B) RN2I[Ha(bn) — p2Gan, by, cn)]
— Bub — (1= Ba) RyZI[Ha(b) — paG(a, b, c)]|
< Ballbn = bl + (1 = Bo) (TQ_QP2T2+CqP232)1/q||b — |

OpP2€E1 O P2E2
+ (1= Bn) lan — aH + (1= Bn) o l[en — <. (4.46)

And also, from Algorithm 2.4 and (4.44) we have

[ens1 — ||
= Hﬁncn + (1 - ﬂn)Rggg[H?)(Cn) - p3H(am bn, Cn)]
— Bne — (1 = Bu) Ry [Hs(c) — psH (a, b, )]
< Bullen — ¢l + (1 — an)’yg (14 — qpars + qu353)1/q||cn — |
(1 - Bn)

op3Q op3Q2

lan — all + (1 = Bn)

160 — 0]l (4.47)

It follows from (4.45) — (4.47) that

lan+1 = all + [|bnr1 = bl + l[enta — <]
< Pulllan — all + [1bn — bl + [len — ¢l)
+ (1= Bu)k(llan — all + [bn = bl + [len — cll)
= [k + (1= k)Bal(llan — al + [[bn = bl + [len — €l]), (4.48)



Iterative algorithm and convergence analysis for systems of variational inequalities 981

where

ag gpPoE g «

k = max {(Tf —qpir1 + cqp‘fs‘f)l/q + gp2eL + L,
4! V2 V3
o op b op3Q9
o —apara + eqpsh) V04 T 4 T
72 4! 73
o op1th  opaer
(1]~ apara + cupfs 1+ T 4 T2
V3 4! V2

In this case, we know that 0 < k < 1. Let ¢, = ||an, — al| + ||bn — || + |lcn — €|
and k, = k+ (1 — k)B,.,Then (4.48) can be written as

Cn+1 < kpcn, n=0,1,2---.

By Algorithm 2.4 we have limsup,,_, . k, < 1. By using Lemma 2.6 we deduce
0<k,<d<1and

lan—all+[[bn—bl+[lcn —cl| < d"(ao—all+[|bo—bl+[lco—c[), n=0,1,2---.

Therefore, {(an, by, cn)} converges strongly to the unique solution to Problem
D. This completes the proof. O
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