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Abstract. Recently a remarkably large number of polynomials and numbers and their
generalizations have been introduced and investigated, due mainly to their usefulness. In
this sequel, we aim to introduce the 3-variable Hermite poly-Bernoulli polynomials of the
second kind and investigate some of their properties and formulas such as implicit summation

formulas and symmetric identities. The results presented here are sure to be new and
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potentially useful. They, being general, can be specialized to yield some known and new

formulas.

1. INTRODUCTION AND PRELIMINARIES

The 2-variable Hermite Kampé de Fériet polynomials H,(x,y) [2, 4] are
defined by
[%] rxn—Qr

H,(z,y) =n!

T

ZOM. (1.1)

It is easy to find from (1.1) that
H,(2z,—-1)=H,(z) and H,(x,—1/2)= Hey,(z),

where H,(z) and He,(z) are ordinary Hermite polynomials (see, e.g., [1]).
Also
H,(z,0) = a".
The 2-variable Hermite polynomials H,,(x,y) are generated by the following
function (see, e.g., [1, 15])

ezt+yt2 _ iH ($ ﬁ
= n ,y)n!. (1.2)
n=0
The alternating sums Tx(n) (n € N, k € Ny) are defined by
n—1
Ti(n) = (1P =0F —1F 425 — . 4 (=) (n = 1)F,
r=0

which are generated by the following function

1— _et n OO tk
1= (=) :ZTk(n)H. (1.3)
k=0
Here and in the following, let C, RT, Z, and N be the sets of complex
numbers, positive real numbers, integers, and positive integers, respectively,
and let Ny := N U {0}.
The polylogarithm functions Lix(z) (k € Z) are defined by (see, e.g., [21, p.
185])

S

z

Ligz): = 2 (2l < Lk e N\ {1})

M8

1

Lip_1(t)
t

(1.4)
dt (keN\{1})

I
O\N ﬂ
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and
z . z

T Ll,l(z):m,---

Kaneko [6] used the polylogarithm function Lix(z) to introduce and inves-
tigate poly-Bernoulli numbers

le k‘t
= ZB ) (keZ). (1.5)

Lij(z) = —Log(1 — 2), Lig(2) =

The particular case k = 1 in (1.5) ylelds the classical Bernoulli numbers B,
as follows: BYY) = (—1)" B,, (n € Ny) (see, e.g., [21, Section 1.7]).

Kim et al. [11] introduced the poly-Bernoulli polynomials of the second
kind defined by the generating function

le(]. —e k
—— (14 t)" b( 1.
log(1 +t + Z (16)

It is noted that
t” _ Lij(1—e™) t
bl i LSl IS L S § b(2)
Z n' log(1+t) (1+t) log(1 + t +) Z n! 1.7)
where by (x) are called the Bernoulli numbers of the second kmd (see [12, 13]).

Pathan and Khan [15] introduced and investigated the following generalized

Hermite-Bernoulli polynomials of two variables wBY (z,9)
t N s e N tn
(555) e =S uBP e

n=0

The particular case of (1.8) when a = 1 reduces to the known polynomials
Bn(z,y) (see [4, p. 386, Eq. (1.6)])

.’E 2
T byt ZHB (z,y) (1.9)

The Stirling numbers s(n, k) and S (n, k) of the first kind and the second
kind, respectively, are defined by the following generating functions (see, e.g.,
[21, Section 1.6])

2(z=1)---(z—n+1 Z s (n € Np) (1.10)
k=0

and
n

(e* — 1)F = k! i S(n, k) % (k € No). (1.11)
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For easier use, we recall some formal manipulations of double series as in
the following lemma (see, e.g., [3], [10], [20, pp. 56-57], and [22, p. 52]).

Lemma 1.1. The following identities hold true:

oo [n/p]

Z Z Apn = Z Z Akn—pk (p e N); (1.12)
n=0 k=0 n=0 k=0
o) n/p] oo 00
Z Z Ak = Z Z Agnpr (P €N); (1.13)
n=0 k=0 n=0 k=0
DD A= > Ak (1.14)
k=0 n=Fk =0 k=0
Z A R R (1.15)
n,m=0 ' :

Here, the Ay, and f(NV) (k, n, N € Ng) are real or complex valued functions
of the k, n and IV, respectively, and x and y are real or complex numbers. Also,
in order to verify rearrangements of the involved series, all the associated series
should be absolutely convergent.

In this paper, we introduce 3-variable Hermite poly-Bernoulli polynomi-
als of the second kind HbT(f) (z,y,2) and investigate some of their interesting
properties. The results presented here are also shown to be specialized to yield
some known formulas and identities which are given in Kim et al. [11]-[13],
Qi et al. [19], Dattoli et al. [4], Khan [7]-[9], and Pathan and Khan [14]-[18].

2. A NEW CLASS OF HERMITE POLY-BERNOULLI NUMBERS
AND POLYNOMIALS OF THE SECOND KIND

We begin by defining the 3-variable Hermite poly-Bernoulli polynomials

b (x,y, z) of the second kind
Lig(1 —e™?) e e tn
S (1 )T eV = bk) — (keZz 2.1
10g(1+t) ( + ) e ngo HYp (SE,y,Z) n ( € )’ ( )

whose special case k = 1 is simply expressed as follows:

o0 n

t
(L0 =3 by, 2) (22)
n=0 ’

t
log(1+1t)
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It is remarked that the special case of (2.1) when y = z = 0 reduces to the
poly-Bernoulli polynomials of the second kind together with the generating
function in (1.6).

By combining (1.2) and (1.6), it is easy to see that the 3-variable Hermite
poly-Bernoulli polynomials Hbq(f) (z,y,2) in (2.1) can be expressed in terms of
the 2-variable Hermite polynomials H,(x,y) in (1.2) and the poly-Bernoulli
polynomials of the second kind b;k) (z) in (1.6), which is asserted by the fol-
lowing theorem.

Theorem 2.1. The following formula holds.

b (@,y,2) = Y (Dbﬁ?m(xwm(y,z) (keZineNo).  (23)
m=0

Proof. We can prove the desired identity by using (1.12) with p = 1. We omit
the details. O

Theorem 2.2. The following identity holds.

Hbq(mz)(xvyaz) = Z (m) THan—m(x,yv z) (n€Ny), (2.4)
m=0

where By, are Bernoulli numbers (see, e.g., [21, Section 1.7]).

Proof. Setting k =2 in (2.1), we have

> t"  Lig(1—et) 2
b2 Y R e 2.5
7;)1{ n (‘rayvz>n! log(1+t) ( + ) e ( )
We find from (1.4) (see also [6, Eq. (2)]) that
t
Lis(1 —e7t) = /0 eu“_ - du. (2.6)

Applying the generating function of the Bernoulli numbers (see, e.g., [21, p.
81, Eq. (2)]) to the integrand of (2.6), we have

o0

B
Lig(1—e™%) = E — T ymFl 2.7
(1-e) L= m! (m+1) (27)
Using (2.2) and (2.7) into (2.5), with the help of (1.12) when p = 1, we obtain
- " " = t™Bpm!
E b2 g E by, . E o omie
n_OH n (‘T7y7z)n! n:OH (x7y7z)n! — (m+1)

= Z Z (;) ,rnB_’_mlen—m(xvya Z)%n!v

n=0m=0
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which, upon equating the coefficients of t", yields the desired identity (2.4). O

Setting y = z = 0 in (2.4) reduces to the known result in [11, Theorem 2.1],
which is recalled in the following corollary.

Corollary 2.3. The following formula holds.

b2 (2) = 3 (Z) Wi_mlbn_m(x) (n € Np). (2.8)
0

m=

Theorem 2.4. The following identity holds.

ab® (z,y,2) = Z (._1)J (n) wbn—j(2,y,2)

J+1\J
J CU+1NS(G 41,0+ 1 29
y Z + g) 1(] +1,0+1)
(=0 + 1)k
for ke N\ {1}; n € No.
Proof. By using (1.4) and (1.11), we have, for k € N\ {1},
o 0 (—t ¢
. _ (=1)f (et —1)
le(l—et)zz I
/=1
=1 j=t J:
_ i i (—1)5+ (0 + 1i! SGHLL+TD) i
] |
== (L+1)F(+1)!
Applying (1.14) to the last double summation, we obtain
X N (—1)HH (0 1) 1L,04+1)
Lig (1—e :tzz FIISEHLERY (2.10)

e ((+ 1)F (G + 1)
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Using (2.10) and (2.2) in (2.1), we get

o0

tn
Z Hb%k)(l'vyaz) ﬁ
n=0
t 2 s (D) 4+ D)ISG L+ 1)
= (1 t)%e¥ tJ
tog(1 1) Z;; (ESVACESY

t X N (D) 1)ISGH L+ 1)
_ZHb Hi= 722 (C+1)F(j+1)! &

Applying the identity (1.12) with p = 1 to the last double summation, we have

e}

(k) =
Z an (‘T’y’ Z) n
n=0
1 N (D) +D)ISG+1,0+1)) .,
—Z{Zan]xy’) _.'Z RN ACERN }t7
— ‘ (n—J)! = (L+DFG+ 1)
] =
which, upon equating the coefficients of ¢", yields the desired identity. O

Setting y = z = 0 in (2.9) reduces to yield the known result (see [11,
Theorem 2.2]) which is recalled in the following corollary.

Corollary 2.5. The following identity holds.

() — "L (1) ’ CO4+DISG+1,0+1)
e =3 7 () oot o SHE 2.1)

for k€ N\ {1}; n € Ny.

Theorem 2.6. The following formula holds.

Hbgl]:).l($+17y7 )_Hbgz-i)—l(x Y, 2)

I (—1)H ! 2.12
_Zn—l-l b i(9.2) Z (C+1NSG+1,041) (2.12)
Jj+1 o €+ 1)k

for k € N\ {1}; n € Ny.
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Proof. From (2.1), we have

ZHb(k (x+1,y,2 ——ZHb (x,y,z

00 4
:Ej&ﬂkm+1%> Huwx%>}m
t
— 1 )~ yt+2t? Lin(l — —t
10g(1—|—t)( + ) e lk( e )7

where the first equality follows from
by (@.y,2) =1 (2, .2 € C ke N\ {1}).

Using (2.2) and (2.10), with the aid of (1.12) when p = 1, similarly as above,
we can prove the desired identity. We omit the details. O

Remark 2.7. Setting y = z = 0 in (2.12) yields a known result (cf., [11
Theorem 2.3].

3. IMPLICIT SUMMATION FORMULAE INVOLVING THE HERMITE
POLY-BERNOULLI NUMBERS AND POLYNOMIALS OF THE SECOND KIND

Khan [5] and Pathan and Khan [14]-[18] have established ceratin interest-
ing implicit summation formulae for the ordinary Hermite and related poly-
nomials and Hermite-Bernoulli polynomials, respectively. Here, we present

some implicit summation formulae for the Hermite poly-Bernoulli polynomials
(k)

by’ (x,y,2) in (2.1). We begin by stating the following implicit summation
formula for the Hermite poly-Bernoulli polynomials Hb,(lk) (z,y,2).
Theorem 3.1. The following formula holds: For n, £ € Ny,
k
Hb;+£ (z,w,2) ZZ < ) ( > w — y)Pta bfl_ze_p_q(x,y, z). (3.1)
p=0 q=0
Proof. Replacing t by t + u in (2.1), we obtain
Lig(1 — e~ (t+w)
log(1 4+t + u)
— e V) 3 0,y 2) (4w

|
n.
n=0

(1 +t4+ u)x ez(t+u)2
(3.2)
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Using binomial theorem to expand (¢ + )" and then (1.13) when p = 1 in the
right side of (3.2), we get

Lig(1 — e~ (tHw)
log(1 4+t + u)

o0 n ,f
_—y(ttu (k) t"u
= eV N b (2, )n! ik
n =0

(1 +t4 u):p ez(t+u)2
(3.3)

It is noted that the left side of (3.3) is independent of the variable y. Replacing
y by w in the right side of (3.3) and equating the two expressions, we have

w— ” > k b d k " ut
et 0 gy o) = = 3 Hbgjg(m,w,z)aﬁ (3.4)
n =0 n =0
Expanding e(® =%+ and applying (1.15), we get
(w—y)(t+u N t +u)V = tP ud
e 3 (0 =S w69
N=0 p,q=0

Substituting (3.5) in (3.4) and using (1.12) when p = 1 in the resulting 4-ple
series, we obtain

00 n {
! n, l
212 (n —p)'p! (£ = g)lq! (w =g by g(@3,2) 1

which, upon equating the coefficients of t" and ¢, yields the desired identity.
O

Theorem 3.2. The following formula holds.

n n ' .

b (@ +uy,z) = (]) (—1)7 (~u); ab (x,y,2) (neNy). (3.6)
§=0

Proof. Recall the generalized binomial formula

[e.o]

(-9 =Y (cah’ (aeC <), (37)

n=0
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where (\), denotes the Pochhammer symbol defined (for A\, v € C), in terms
of the familiar Gamma function I', by
) .:F(/\—&—V):{l (v=0; AeC\{0})
v () AA+1D)---A+n—-1) (vr=neN; XeC).
(3.8)
We find from (2.1), using (3.7) and (1.12) when p = 1, that

> t"  Lix(1 —e™?) 2
b(k) = " 7’1 t T yt+zt 1 t u
§ HYp (x—l-u,y,Z)n! IOg(l—i-t) ( + ) e ( + )

(k) " J v
= Zan (@,y,2) Z (=1)) (—u); =
= nl = 4!
=3 e 1 (b g )
(n— )5 I
n=0 j5=0
which, equating the coefficients of t", yields the desired identity. Il

Theorem 3.3. The following identity holds.

n

wb® @,y +uz+w) =Y (?) #b (@, y, ) Hi(u,w)  (n€No). (3.9)

m=0

Proof. Using (2.1) and (1.2), similarly as above, we can prove the desired
identity. We omit the details. O

Theorem 3.4. The following identity holds.

[n/2] n—2j

b ( n-m=2j ,j No). (3.10

Proof. We find from (2.1) and (1.6) that

Z Hbgk)(x7yaz)
n=0
0 Yt 0 ) tm 220 5d 420
= - b —
7;) n! mzzo m (x)m‘ ; J! (3.11)

[n/2] n—2j

o0
DRI mi\( n_gj_ m)! yrrT A

j=0 | j=0 m=0
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which, upon equating the coefficients of ¢", proves the desired identity. For
the second equality in (3.11), we have used (1.12) when p = 1 and p = 2,
successively. O

Theorem 3.5. The following identity holds.

b (@,y,2) => (:‘) (1) (—u); 0™ i@—uy,2) (neNg). (3.12)
Jj=0

Proof. Expressing

o0

" Lig(1—e?) B :
(k) k 1 z—u ,(yt+2zt?) | 1 u
S b o) = gy 007 e

and using (2.1) and (3.7) to expand the right side, similarly as above, we can
prove the desired identity. We omit the details. 0

4. SYMMETRIC IDENTITIES
(k)(

Here, we give two symmetric identities for the polynomials gby ' (x,y, z) in
(2.1). The first one is expressed in terms of the 2-variable Hermite polynomials

H,(z,y) in (1.2) and the poly-Bernoulli polynomials of the second kind ) ()
n (1.6), which is asserted by Theorem 4.1. The other one is expressed in terms
of the 2-variable Hermite polynomials H,(x,y) in (1.2) and the alternating
sums in (1.3) as given in Theorem 4.2. For other known symmetric identities,
we refer, for example, to Khan [7]-[9] and Pathan et al. [14]-[18].

Theorem 4.1. Let ¢, d € RT with ¢ # d and m, n € Ng. Then

L I
Z ( — i Hb( ) (CiL‘ dy,d*2) g b( )(d:):,cy,CQz)
§=0

D B e R (i
X bnk_)m_j (cx) bfl_)g(dx) H;(dy, d?z) Hy(cy, ¢2).

Proof. We start to define a function

Lip (1 —e ) Lij (1 —e™%
log(1 + ct) log(1 + dt)

F() = ) (14 ct)e® (1 + dt)te e2edvt 2= (4.9)

It is easy to see that f(¢) is symmetric in ¢ and d. Then we write
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f(t) := fi1(t) fa(t), where

Lig (1 — e_Ct) 2242
t) = 1 1T cdyt c°d-zt
At) log(1 + ct) (14 ct)™ e
and
£ (t) _ Lig (1 B eidt) (1 + dt)dx eCdyt ec2d2zt2.

log(1 + dt)
We use (2.1) to obtain

f(t) = f1(t) fa(t)
(dt)?

= {Z 7b®) (cx, dy, d?z) } Z b§k dz, cy, c*z) Tl
J!
=0

n=0

which, upon applying (1.12) with p = 1 to combine the two series, yields

ft) = Z Z m[{bg )J(c;r dy, d*z )Hb( )(da:,cy, Z2)tm. (4.3)
n=0 j=0

We use (1.2) and (1.6), with the aid of (1.12) with p =1, to find

We apply (1.12) with p = 1 to combine the two series expressions of fi(t) and
f1(t)2 and get

n—

> n—m jgm - 1
:gc d — Z:: (n—m — j)ljl(m — £)!!

=0

3

(4.4)

[e=]

J
X bgg_)m_j(cx) bg:)_e(dx) Hj(dy, d? z) Hy(cy, 022') t".

From (4.3) and (4.4), we equate the coefficients of t" to yield the desired
identity (4.1). O
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Theorem 4.2. Let ¢, d € RT withc# d, o € N, and n € Ng. Then

cn—m—q dm+q

(n —p —m)!m!(p - q)'q!

X ank)p m(dz, dy, d*z )Hb( )(cazjcy,c 2) Tp—q(a) Ty () (4.5)
n n—-m i n+p m—q Jm— p+q .
= 5 s (- m—g)lel(m - p)lp!

X an_m_q(da;, dy, sz) Hbgi)_p(ca:, cy,czz) Tp(a) Ty ().
Proof. Consider a function
Lij, (1 —e™") Lij, (1 — e~
log(1 + ct) log(1 + dt)

1= (o) 1— (—e®)®

14 ect 1+ edt

g(t) L= ) (1 + ct)da: (1 + dt)cz chdyt e202d2zt2

X

(4.6)

It is noted that g(t) is symmetric in ¢ and d. By applying (1.3) and (2.1) to
the function g(t), we obtain

g(t) - {nZ:;) Hbglk)(dx’dy7d2z) (C:L? } {mzzo Hbgi)(cx,cy,gz) (Cfi)‘ }

A 1@ S g o) ()

| |
p=0 P q=0 ¢

(4.7)

First, we apply (1.12) with p = 1 to combine the first two series and the last
two series in (4.7). Then, we apply (1.12) with p = 1 to combine the resulting
two series to get

| I(n — ag)lg!
= i i = (n—p —m)iml(p —q)l¢!

(4.8)
X Hbglk_)p_m(da;, dy, d*z) Hbg,’f) (cz,cy,c*z) Tp—q(c) Tq(a)} t".

Secondly, we apply (1.12) with p = 1 to combine the first and fourth series
and the second and third series. Then, we apply (1.12) with p = 1 to combine
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the resulting two series to find

00 n n—m m cn+p_m_q dm_p+q
=YX XS

X Hb,(lk,)m,q(dx, dy, d*z) Hbgf),p(c:n, cy, ?z) Tp(a) Tq(a)} t".

Finally, equating the coefficients of ¢ in (4.8) and (4.9), we obtain the desired
identity (4.5). O
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