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Abstract. Let C be a closed and convex subset of a real Hilbert space H, 7 be a pseudo-
contractive semigroup on C and A be a Lipschitz monotone mapping from C' into H. In this
paper, we propose and investigate an iterative scheme for finding a common element of the set
of common fixed points of T and the set of solutions of the variational inequality VI(A, C).
As a consequence, we prove that the scheme generated by the new method converges strongly

under mild conditions on the parameters involved.

1. INTRODUCTION

Let C be a nonempty, closed and convex subset of a real Hilbert space H.
A mapping T : C' — H is called Lipschitz if there exists L > 0 such that

[Tz — Ty|| < L||z —y|| Va,y € C. (1.1)
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Ifin (1.1) L = 1 the T is called nonexpansive. A mapping T : C — C' is said
to be pseudo-contractive if it satisfies the inequality

<T:B—Ty,x—y) < Hl'_y|’2, any eC.

It is not hard to show that 7' is a pseudo-contraction if and only if 7" satisfies
the following property:

T2 = Tyl < |l -yl + Il — T)x — (I = T)y|P, Va,y € C.

A mapping T is said to be k-strictly pseudo-contractive if there exists k €
(0,1) such that T satisfies the property

172 = Ty|* < |z = yll* + KII(I = T)a — (I = Tyl Va,y e C.

We note that the class of pseudo-contractive mappings includes the class of
k-strictly pseudo-contractive and the class of nonexpansive mappings.

A one-parameter family 7 := {T'(t) : t > 0} is said to be a pseudo-
contractive semigroup on C' if the following conditions are satisfied:
(1) T(0)x = z for all z € C;
(2) T(s+t)=T(s)T(t) for all s,t € RT;
(3) T(t) is pseudo-contractive for each ¢t > 0;
(4) for each x € C, the mapping T'(-)x from [0, 00) into C' is continuous.
If the mapping T'(¢) in condition (3) is replaced with (3)" T'(¢) is k-strictly
pseudo-contractive for each ¢ > 0, then T := {T'(¢t) : ¢ > 0} is said to be a
k-strictly pseud-contractive semigroup on C. If the mapping T'(¢) in condition
(3) is replaced with (3)” T'(t) is nonexpansive for each ¢ > 0, then T := {T'(¢) :
t > 0} is said to be a nonexpansive semigroup on C. We denote by F(T) the
set of common fixed points of pseudo-contractive semigroup 7, that is,

F(T)=n>oF(T(t)) = {x € C: T(t)x = x for each t > 0}.
A semigroup 7 := {T'(t) : t > 0} is said to be Lipschitz if there exists a
bounded measurable function L : [0,00) — [0, 00) such that for any z,y € C,

T (t)x =T @)yl < L(t)||lz — yl|, for any £ >0 . (1.2)

In the sequel we denote the Lipschitz constant L, by L = sup L(t) < oo.
>0

We remark that the class of pseudo-contractive semigroups includes the class
of nonexpansive semigroups. The following example shows that the inclusion
is proper.
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Example 1.1. Let Q := {(a,0,0,b),a,b € R} which is a subspace of R*. For
t>0,let T(t): 2 — R?* be defined by

1 0 00

0 1 0 ¢
T(t)(x) = St o010 |

0 0 01

Then one can easily show that 7 = {T'(t) : 0 < ¢t < B}, for some 5 > 0, is
Lipschitz pseudo-contractive semigroup which is not nonexpansive semigroup
(see, [12]).

It is well known that the semigroup theory has applications in partial dif-
ferential equations, evolutionary equations and fixed point theories. We note
that the nonexpansive semigroup and pseudo-contractive semigroup have been
studied by several authors (see, for example, [7, 21, 26] and the references
therein) and are directly linked to solutions of differential equations.

Let C' be a nonempty, closed and convex subset of H. Let T := {T'(¢) :
t > 0} be a semigroup from K into itself and let f: K — K be a contractive
mapping. It follows from the Banach’s fixed point theorem that the following
implicit viscosity iteration process is well defined:

Tn = anf(xn) + (1 — an)T (tn)Tn, VR > 1, (1.3)

where «,, € (0,1) and T'(t,,) € T. Several authors studied the convergence of
iteration process (1.3) for nonexpansive semigroups in certain Banach spaces
(see, for example, [11, 32] and the references therein). In 2007, Chen and He
[7] studied the convergence of (1.3) for nonexpansive semigroups in reflexive
Banach spaces with weakly sequentially continuous duality mappings.

An interesting work is to extend the above results to the class of pseudo-
contractive semigroup mappings. In [18], Qin and Cho proved the convergence
of the following implicit iteration process for Lipschitz pseudo-contractive
semigroup mappings under appropriate conditions:

x0 € K, zp, = antn_1 + BT (tn)xn + Yntn, Vn > 1, (1.4)

where {a, }, {8,} and {7, } are sequences in (0, 1), {t,,} is a sequence in (0, 00)
and {u,} is a bounded sequence in K. Furthermore, Li et al. [12] discussed
the convergence of (1.4) for pseudo-contractive semigroup and obtained con-
vergence results under some mild conditions. Subsequent research related to
pseudo-contractive semigroup can be referred in [8, 13, 18].

Let C' be a nonempty, closed and convex subset of £ and let A : C — H
be a nonlinear mapping. The variational inequality problem is to find z* € C
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such that
(Ax*,x — 2*) > 0,Vx € C. (1.5)

We shall denote the solution set of the variational inequality (1.5) by VI(C, A).
It is known that the solution set VI(C, A) is closed and convex whenever A
is monotone and continuous. The theory of variational analysis has emerged
as a very natural generalization of the theory of boundary value problems
and allows us to consider new problems arising from many fields of applied
mathematics, such as mechanics, physics, engineering, the theory of convex
programming, and the theory of control: see, for instance, [14, 16, 23, 26, 28].

There are several iterative methods for solving VI(C, A) (see, e.g., [1, 2, 5,
6, 10, 16, 29]). The basic idea consists of the projected gradient method {x,,}
given by

Tnt1 = Polrn, — anAzxy),n >0, (1.6)
where A is monotone mapping. A mapping A : C' — H is called monotone if
(Az — Ay,x —y) >0, for all z,y € C. (1.7)

A is called ~y-inverse strongly monotone if there exists a positive real number
~ such that

(Az — Ay, z — ) > ~||Az — Ay||?, for all z,y € C. (1.8)
We observe that any ~-inverse strongly monotone A is Lipschitz with L = %

Clearly, the class of monotone mappings includes the class of ~y-inverse
strongly monotone mappings.

In [15], Nadezhkinal and Takahashi suggested the following modified Ko-
rpelevich’s method for a solution of a variational inequality VI(C,A) for
L-Lipschitz continuous monotone mapping A in infinite-dimensional Hilbert
spaces. Let {x,} be a sequence generated from an arbitrary 2o € C' by

{ Yn = PC[xn - )\nAl'nL

Tn+l1 = Opdnp + (1 - an)PC[xn - AnAyn]yn > 07 (19)

where P is a metric projection from H onto C, {\,} C [a,b] for some a,b €
(0,1/L) and {oy,} C [c,d] for some ¢,d € (0,1). Then, they proved that the
sequences {zy }, {yn } converge weakly to the minimum-norm point of VI(C, A).

Several authors studied to obtain strong convergence by modifying the orig-
inal method of Korpelevich’s. For example, in [2, 9, 27], it is proved that some
very interesting Korpelevich-type algorithms strongly converge to a solution

of VI(C, A).

Recently, the problem of finding a common point of element of common
fixed point set of a nonexpansive semigroup mappings and a solution set of a
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variational inequality has been considered by many authors; see, for example,
[4, 24] and the references therein.

In [4], Buong introduced a hybrid method and showed that under appro-
priate conditions, the sequences generated by the method converges strongly
to an element of the set of common fixed points of a nonexpansive semigroup
7 and the solution VI(A,C) for a monotone Lipschitz continuous mapping
A. Moreover, in 2014, Thuy [24] studied another hybrid algorithm for find-
ing a common element of the set of fixed points of a nonexpansive semigroup
and the set of solutions of a variational inequality for a monotone, Lipschitz
continuous mapping in Hilbert spaces.

More recently, Boikanyo and Zegeye [3] studied the problem of finding a
common element of the set of common fixed points of a nonexpansive semi-
group 7 and the set of solutions to a variational inclusion for Lipschitz mono-
tone mapping A by considering the following iterative algorithm:

Yn = Polon — AnAzy] (1.10)
Tnt1 = anf(xn)+(1—ap)[anTn+bnPolzn,— A Ayn| +c,.S (tn)xn], )

where {a,},{b,} and {c,} are sequences of reals in (0,1), A\, > 0 and «, €
(0,1). They proved that under appropriate assumptions on these parameters,
both sequences {y,} and {z,,} converge strongly to a point € F = F(T) N
VI(A,C), which is the unique solution of the variational inequality ((I —
f)z,x—z) >0 forall x € §.

The above results naturally bring us to the following question.

Question. Can we produce an iterative scheme that converges to a common
point of the set of common fized points of a pseudo-contractive semigroup and
the set of solutions to a variational inequality for Lipschitz monotone mapping?

It is our purpose in this paper to propose an iterative scheme which con-
verges strongly to a point of common fixed point set of a pseudo-contractive
semigroup and the set of solutions to a variational inequality for Lipschitz
monotone mapping. As a consequence, we obtain a convergence theorem for
approximating a common fixed point of a one-parameter pseudo-contractive
semigroup. The results obtained in this paper improve and extend the results
of Takahashi and Toyoda [23], Buong [4], Thuy [24] and Boikanyo and Zegeye
[3] to more general class of pseudo-contractive semigroups.
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2. PRELIMINARIES

In the sequel, H represents a real Hilbert space with inner product (-, -) and
norm || - ||. It is known that for any =,y € H, the inequality

lz + yl* < [l2|* + 2(y, = + ), (2.1)
holds true. In addition, it can be proved easily that if «, 3, are any real
numbers in (0,1) with o+ 5+ v = 1, then for any x,y,z € H, we have

laz + By + 721> = allz|*+ Byl + 7 2lI* — aBllz — y*
—ay |z — 2l = By lly — =1, (2.2)
(see e.g., [17, 30]). If C is nonempty, closed and convex, then the nearest point
projection of H onto C is denoted by Pg, that is, ||z — Poz|| < ||z — y|| for
all z € H and y € C. Such P¢ is called the metric projection of H onto C.
We know that for any given x € H, we have
(x — Pox,y — Pox) <0, (2.3)
for all y € C, (see e.g., [22]). Note that (2.3) implies
1Pz —y|* < |z = yl|* - |lo - Pox|?, (2.4)
for all y € C. Moreover, the following equivalence holds:
¥ eVIAC) & a"=Po(z" - Az"), A>0.

A space X is said to satisfy Opial’s condition if, for any sequence {z,,} with
T, — x, then

limsup ||z, — z|| < limsup ||z, — y||, for all y € X with y # x. (2.5)

n—oo n—oo

It is well known that every Hilbert space satisfies Opial’s condition. We con-
clude this section by giving two lemmas that will be used in proving our main
result.

Lemma 2.1. ([25]) Let {s,} be a sequence of non-negative real numbers sat-
isfying

Sn+1 < (1 - an)sn + anbn +cn, N2> O,
where {an}, {bn}, {cn} satisfy the conditions:

(1) {an} - [07 1]a with Z;O:() an = OO,
(ii) ¢, >0 for alln > 0 with Y7, cp < 00, and
(iii) limsup,,_, bn < 0.

Then lim,,—yoo 85, = 0.
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Lemma 2.2. ([14]) Let {sx} be a sequence of real numbers that does not
decrease at infinity, in the sense that there exists a subsequence {si;} of {s}
such that Sk; < Sk;+1 for all j > 0. Define an integer sequence {my}r>k, as

my = max{ky <1l <k: s <s;41}.
Then mp — 00 as k — oo and for all k > kg

max{Sm,, Sk} < Smy+1- (2.6)

3. MAIN RESULTS

Theorem 3.1. Let C be a nonempty, closed and convex subset of a real Hilbert
space H and A : C — H be a Lipschitz monotone mapping with Lipschitz con-
stant L. Let T = {T'(t) : t > 0} be a Lipschitz pseudo-contractive semigroup
on C with M := sup;~o{L(t)} < oo, where L(t) is the Lipschitz constant of
the mapping T(t). Assume that § := F(T)NVI(C,A) is not empty. Let {x,}
be the sequence generated by

yn = P [xn - AnAxn]
Zn = (1 - /Bn)l'n + BnT(tn)xn
Tnt1 = apu + (1 — ap)[aney + b Polzn, — AAyn] + e T(tn)zn], n > 1,
(3.1)
where {\,} C [a,b] C (0,L7Y), and {an}, {bn}, {cn}, {an} C (0,1) with a, +
bn +cn = 1. Assume that liminf, ,. b, > 0, liminf,, ¢, > 0 and b, + ¢, <
Bn < B with B < m Then {xy} is bounded.

Proof. We begin by showing that for any ¢ € § and for all n > 0,
Zns1 = gl* < an llu =gl + (1 = an) [z, — gl (3-2)

Denote uy, := Po(xn—AAyy) and vy, := anxp+by Po(zn,— A Ayn) +cn T (tn) 2n -
Then

Un = A& + bpy + ey T(ty)2n.

For any ¢ € §, we have from (2.2)

v — CIHQ = lan(@n — @) + bn(up — @) + cn[T(tn)2n — Q]H2
= anllzn —al* + ba llun — gl + en 1T (tn) 20 — al®
—anbn [|zn — unH2 — anCn [|Tn — T(tn)zn||2
b ||t — T(tn)zn|* . (3.3)
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Again from (2.2), we have

Izn —all* = (1= Ba)(@n — @) + Bu(T(tn)zn — @)
= (1=5n)llzn— QH2 + B 1T (tn)zn — QH2
—Bn(1 = Bn) lzn — T(tn)xn||2
(1= Ba) & = all* + Balllzn — all* + |20 = T(tn)za’]
—Bn(1 = Bn) lzn — T(tn)anZ
= lzn = ql* + i & — T(tn)znl?, (3.4)

IN

where the inequality follows from the pseudo-contractive property of the semi-
group. In addition,

l|2n — T(tn)ZnH2 = Q= Bp)(zn — T(tn)2zn) + Bu(T(tn)zn — T(tn)zn)|‘2
= (1 - ﬁn) Hxn - T(tn)anQ + Bn HT(tn)xn - T(tn)an2

—Bn(1 = Bn) |75 — T(tn)xn||2

(1= Bn) llzn — T(tn)zn||2 + ﬁnMQ | — Zn||2

—Bn(1 = Bn) |7n — T(tn)mnH2 )

IN

where the inequality follows from the fact that the semigroup is Lipschitzian.
Using (3.1), we arrive at

l|2n — T(tn)ZnHQ < (1=8a)llzn — T(tn)zn”2
_/Bn(l - ﬁn - 52M2> Hxn - T(tn)anz . (3'5)

Using the pseudo-contractive property of the semigroup, we get

< lzn _q||2+ ||Zn_T(tn)ZnH2
< lon — q”2 + (1= Bn) |on — T(tn)zn”2
—Bn(1 =28, — 53LM2) lzn — T(tn)an2 ) (3.6)

1T (ta) 2 — al?

where the last inequality follows from (3.4) and (3.5).
On the other hand, from property (2.4) of projections, we have

[un — qH2 < lzn — AnAyn — QHQ — |20 — AnAyn — un”2

|zn — QHQ = |lzn — Un||2 + 22X (AYn, ¢ — un)

20 = qlI” = [[2n — unll* + 2\n(Ays — Ag, g — yn)
+2M[(Aq, ¢ = yn) + (Ayn, yn — un)].
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From the conditions y, € C and ¢ € §, we conclude that (4q,q — y,) < 0.
Also, by the monotonicity of A, we have (Ay, — Aq,q — yn) < 0. Therefore,

lun —ql* <l — qll* = 20 — wnll* + 220 (Ayn, Yo — un)
= lzn = al” = ll2n = yal® = llyn — unl®
—2(xp, — Yn, Yn — Un) + 2 (AYn, Yn — Un)
= |lzn — QHQ —lzn — ynH2 — lyn — un”2
—2(xy, — Yn — M AYn, Yn — Up).
Note that from the property (2.3) of projections, we have
(T — A Axy — Yn, Up, — Yp) < 0.
Therefore, using the L-Lipschitz continuity of A, we have
2Ty, — Yn — MAYn Un — Yn) = 2(xp, — A\AZy — Yn, Un — Yn)
2\ (Axy, — Ayp, Up, — Yn)
2\ HAxn - Ayn” Hyn - unH
20 L |20 — yull [|[yn — un |
A L(||lzn — ynH2 + llyn — un||2)

IA N IA

Thus,
lun = al” < Now=alP” = (1= ML) (e = yall® + llyn = wall”) -
Using this last inequality and (3.6) into (3.3), we get
lon =gl < llen = gl* = anb ||lzn — ua|?
—cn(Bn = bn — cn) [l2n — T(tn)anQ = bncn [Jun — T(tn)an2
b1 = XaL) (20 = all” + g = wall?)
—caBu(l =260 = BEM?) |20 — T(tn)zal - (3.7)
Since 3, < f and B(v/1+ M2 +1) < 1, it follows that
1—28,—2M?>>1-28-p32M?>0.
On using the assumptions A\,L < 1 and b, + ¢, < By, together with this last
inequality, we obtain from (3.7) that
lon —all = llan —4ll-
Furthermore, from (3.1) and (2.2), we have
lzns1 —al* = llan(u—q) + (1 = an)(vn — @)

= anllu =g+ (1 = an) lon — al* = an(l = ag) u = va|®

IN

an u—ql* + (1 = an) lzn — g]l*
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This last inequality is exactly (3.2).

We next show that the sequence {z,} is bounded. For this, it suffices to
show that for any ¢ € F,
2 2 2
[2n = ql” < K := [lu = ql[" + [lzo — 4l (3.8)

holds for all n > 0. We show by induction that the sequence {z, — g} is
bounded. If n = 0, then (3.8) holds trivially. We assume that (3.8) holds for
some n =k > 0. Then from (3.2), we have

e —al® < anllu—ql® + (1 —ax) o —gll”.
< apK + (1 - ap)K = K.
This shows that (3.8) also holds for n = k + 1. Hence, {z,} is bounded. [

Theorem 3.2. Let C be a nonempty, closed and convex subset of a real Hilbert
space H and A : C — H be a Lipschitz monotone mapping with constant L.
Let T :={T(t) : t > 0} be a Lipschitz pseudo-contractive semigroup on C with
M :=sup;~o{L(t)} < oo, where L(t) is the Lipschitz constant of the mapping
T(t). Assume that § := F(T)NVI(C,A) is not empty. Let {x,} be the
sequence generated by (3.1) satisfying liminf, o b, > 0, liminf,, oo ¢y > 0
and b, + ¢, < By, < B with 8 < m Assume that t,, > 0 (for alln >0)
satisfies liminf, oo t, = 0, limsup,,_, t, > 0 and lim, oo (tny1 — tn) = 0,
and {on} C (0,1) with lim, oo 0, = 0 and > 07y, = oco. Then {x,}
converges strongly to a point T € §, which is the unique point in the set § that
18 mearest to u.

Proof. From Theorem 3.1 we have that the sequence {z,} is bounded. Now
using inequality (2.1), we get
lzner = 21" = llan(u =) + (1 = an) (v, — &)
< (1= ap) |lon — |* + 200 (u — &, Tpe1 — &)
Substituting (3.7) (with & instead of ¢) into this last inequality, we obtain
w2 < (1=an) [lan—#2ba(=AnL) (2 g0 l>+ v —unll?)]
~(1 = @n)bn [an 120 = unll® + cn |ltn = T(tn)za]?]
—(1 = an)enfn(l — 28, — ﬁgMz) |n — T(tn)$n||2
—(L—an)en(Bp — by —cn) flan — T(tn)zn”2
+2ap, (U — &, Tpt1 — T) . (3.9)

Now, from this last inequality we show that the sequence {z,} converges
strongly to & = Pyu. It suffices to show that {x, — &} converges strongly to
zero. For this, we consider two possible cases on {z, —%}. Denote s,, := z, — 2.
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Case 1. Assume that there exists ng € N such that the sequence of real
numbers {s,} is decreasing for all n > ng. It then follows that {s,} is conver-
gent. Since the sequences {b,} and {c,} are bounded below away from zero,
by +cn < Ppn<Bandl—26,—B3M?>>1-238—p2M? >0 for all n >0, it
follows from (3.9) and the boundedness of {x,} that

lim ||z, — T(tn)xn| =0= ILm lxn — T(tn)znll - (3.10)

n—o0

Since, the sequence {x,} C H is bounded we can extract a subsequence {x, }
of {z,} converging weakly to z € C' and satisfying

limsup(u — 2, z, — &) = lim (u — 2, z,, — 7). (3.11)
n—00 J—00

Without loss of generality, as in [20], let

P k(0L
J—00 Jj—ro0 tnj

0. (3.12)

Our aim is to show that z € F(T)NVI(C,A) = §. We first show that
z € F(T), that is, z = T'(t)z for a fixed t > 0. It is easy to see that

[t/tn;]-1

Z [T (it )an; = T((k + 1)t ), |
k=0

T ([tz] tnj) Tn, — T(t)n,
t

< || ons = Tty 1
n

J

t
+ HT <t — |:tn:| tnj) Tp; — Tn,
J

‘xnj - T(tnj)xnjH + M sup HT(U)$H]’ — Tn,
n; ng<t’ﬂj

IN

Hxnj — T(t)xn, H

+

M

< Mt-‘

)

where the second inequality follows from the fact that the semigroup is Lips-
chitzian. Passing to the limit as j — oo in the above inequality and making
use of (3.12) as well as the continuity of the semigroup, we arrive at

lim ||z, — T(t)an,|| = 0. (3.13)

j—o0
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Moreover, from the Lipschitz and pseudo-contractive property of the semi-
group, we have

lan; = T@2* = [Jon, = T(B)n, + T() 2|
= [|zn, = T(®)an,||” +HT Ty = T(1)z])”
+2(xp, — T(t)2n,, T(t)dn; — T(t)z>

< lzn, - T(t)x"j‘ﬁ + [Hxny - ZH2 + [|zm, - T(t)x"j}ﬂ
+2 Hxn] = T(t)xy, | HT(t):cnj - T(t)zH
< 2, — T, | + [, — oI

+2M ||z, = T(8)an, || |2, — 2|
The above inequality together with (3.13) imply that

hmsupHxn —T(t H <11msupHxn —zH
j—roo j—

Since every Hilbert space satisfies Opial’s condition, we conclude that z =
T(t)z. Therefore, z € F(T).

It remains to show that z € VI(C, A). To this end, we start by observing
that from (3.9) and our assumption that {s,} is convergent, we deduce

nh_?go |20 —ynl| = 0= nh_{go yn — unl| - (3.14)
Therefore, from the inequality
2n — unll < llzn = yull + [y — uall,

we obtain the limit
lim |z, — un|| = 0. (3.15)

n—oo

Moreover, from (3.14) and the Lipschitz continuity of A, we have
li_>m |Ayn, — Aup|| =0 (3.16)

Now define (as is the case in [1]) a monotone operator 7" on H by

| Az + N¢(z), ifxeC
S(‘“)—{ 0. it o dC,

where Ng(z) := {w € H|(x — y,w) > 0for ally € C} is the normal cone to
C at z € C. The map S is maximal monotone (see [19]) and 0 € S(z) if and
only if x € VI(C, A). Note that if v € C and w € S(v), then w— Av € N¢(v).
Therefore, by the definition of N¢(v), we have (v — y,w — Av) > 0 for all
y € C. On the other hand, since u,; = Pc(2n; — An; Ayn;), we have from (2.3)
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that (w5, — A, AYn; — Un;, U, —v) > 0, or equivalently 0 > (v — uy,, (Tn; —
Up;)/An; — Ayn;). Therefore, from u,; € C and w — Av € N¢(v), we have

(V= up;,w) = (v—up,, Av)
> (v— unj7AU> + (v — Unyj s (xnj - unj)//\nj - Aynj>
= (v —tUn;, Av — Aup,) + (U — un;, Aun; — Ayn,)
F(U = Un;, (Tn; — Un;)/Any)
> (V= Un;, Atn; — AYn;) + (U — Uny, (Tn; — Un; )/ An;)-

Passing to the limit in the above inequality and using the limits in (3.15) and
(3.16), we obtain (v — z,w) > 0. The maximality of S implies that 0 € S(z).
That is, z € VI(C,A). Since z € F(T) and z € VI(C, A), it follows that
z € §. Therefore from (2.3) and (3.11) we derive

limsup(u — &, 2, — ) = (u — &,z — ) < 0. (3.17)

n—oo
Moreover, from (3.1), (3.10) and (3.15), we have
[Znt+1 — Znl| < anllu—znll + (1 — an){bn [un — znll + ¢ | T(tn) 20 — Tnll},
which implies that
nh_{go [#n41 — @pl| = 0.
From this last limit and (3.17), we deduce the inequality

limsup(u — &, xp41 — &) < 0.
n—oo

Finally, we observe that (3.9) reduces to
[@n41 — Q%HQ < (1 —ap)llon — 53”2 + 200 (u — &, Tn41 — 7)),

and the conclusion that {s,} converges to zero follows at once from Lemma 2.1.
Thus {z,} converges strongly to & = Psu.

Case 2. Assume that there exists a subsequence {sy, } of {sj} such that s, <
Sk;+1 for all ¢ > 0. Then in view of Lemma 2.2, we can define a nondecreasing
sequence {my} C N such that mj — oo as k — oo and max{sy,,, Sk} < Sm,+1
for all k € N. Since A\, < b < L~! for all k > 0 and the sequences {b;} and
{cr} are bounded from below away from zero, it follows from (3.9) and the
boundedness of {zj} that

Hm ||@m, — T (tm,,)Tm, || = 0= Hm ||@m, — T (tm,)2m, || - (3.18)
k—o00 k—o0

If we take any subsequence of {z,, } that converges weakly to p, then using
similar arguments as in Case 1 above, we arrive at p € F(T).
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On the other hand, from (3.9) and our assumption that {sj} is convergent,
we deduce

Hm (|2, — Ym,ll =0 = Hm [Jym, — tm,] - (3.19)
k—o0 k—o0
Therefore, from the inequality

mek - umkH < ||$mk - ymk” + ”ymk - umkH ’

we obtain the limit
lim ||z, — um,| = 0. (3.20)
k—o0

Moreover, from (3.19) and the Lipschitz continuity of A, we have
[AYm,, — At || = 0.

lim
k—o0
Again using similar arguments as in Case 1 above we can derive p €

VI(C,A). Therefore, for any subsequence of {z,, } converging weakly to
p, we have p € §. Consequently,

lim sup(u — &, ,, — 2) < 0. (3.21)
k—ro0

Moreover, from (3.1), (3.18) and (3.20), we have
mek—i-l - mmk” < Qmy, Hu - xmkH + (1 - amk){bmk Humk - xmkH
temy (1S (Emy,) 2my, — Ty |}

which implies that

nh_g.lo mek+1 - xmk” =0.
From this last limit and (3.21), we deduce the inequality

limsup(u — &, Ty, +1 — 2) < 0.
k—o00

Now making use of s,,, < sp,, 41 for all £ € N and rearranging terms in
(3.9), we derive

Qmy, mek-i-l - £H2 < 2O‘mk <u - f73577%-&-1 - @> .

Diving throughout by «;,, and passing to the limit as k& — oo in the re-
sulting inequality, we obtain |z, 41 — Z|| — 0 as k — oo. Since ||z} — || <
|Zme+1 — Z]|, it follows that ||z — Z| — 0 as k — co. Thus 2, — & as k — oo.

We have shown in both cases that the sequence {x,} generated by (3.1)
converges strongly to & = Pyu. The proof is complete. O

If, in Theorem 3.3, we assume that A = 0, then we get the following corol-
lary.
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Corollary 3.1. Let C be a nonempty, closed and convez subset of a real Hilbert
space H. Let T :={T(t) : t > 0} be a Lipschitz pseudo-contractive semigroup
on C with M := sup;>o{L(t)} < oo, where L(t) is the Lipschitz constant of
the mapping T(t). Assume that F(T) is nonempty. Let a sequence {xy} be
generated from an arbitrary xo,u € C by

Tnt1 = apu+ (1 — ap)[(an + bp)xn + cnT(tn)zn], n > 1, ’
where {an}, {bn}, {cn} C (0,1) with ap+by+c, = 1 and satisfying liminf,,_, « b, >
0, liminf,, ,ooc, > 0 and b, + ¢, < B, < B with 8 < m Assume
that t, > 0 (for all n > 0) satisfies liminf, oo t, = 0, limsup,,_ ., tn, > 0
and limy, oo (tpt1 — tn) = 0, and {a,} C (0,1) with lim, oo, = 0 and
Yoo 0n = 00. Then {x,} converges strongly to a point & € F(T), which is
the unique point in the set F(T) that is nearest to u.

If, in Theorem 3.3, we assume that 7 = {T'(t) : t > 0}, is a k-strictly pseudo-
contractive semigroup on C', then we get the following corollary. Recall that

if T is k-strictly pseudo-contractive semigroup, then T' is Lipschitz (see, eg,
[31]).

Theorem 3.3. Let C be a nonempty, closed and convex subset of a real Hilbert
space H and A : C — H be a Lipschitz monotone mapping with Lipschitz con-
stant L. Let T = {T'(t) : t > 0} be a k-strictly pseudo-contractive semigroup
on C with M := sup,~q{L(t)} < oo, where L(t) is the Lipschitz constant
of the mapping T(t). Assume that § = F(T) N VI(C,A) is not empty.
Let {x,} be the sequence generated by (3.1) satisfying liminf, .o b, > 0,
liminf,, sooc, > 0 and b, + ¢, < B, < B with 8 < m Assume
that t, > 0 (for all n > 0) satisfies liminf, o t, = 0, limsup,,_ oo tn > 0
and limy, o0 (tpt1 — tn) = 0, and {a,} C (0,1) with lim, o @, = 0 and
>0 gan = 00. Then {x,} converges strongly to a point & € §, which 1is the

n=0
unique point in the set § that is nearest to u.

If, in Theorem 3.3, we assume that 7 = {T'(t) : t > 0}, is a nonexpansive
semigroup on C, then we get Theorem 3.1 of [3].

If, in Theorem 3.3, we assume that A, is a -inverse strongly monotone
mapping, then A is L-Lipschitz with constant L = % and hence we get the
following corollary.

Corollary 3.2. Let C' be a nonempty, closed and convex subset of a real
Hilbert space H and A : C — H be a ~vy-inverse strongly monotone mapping.
Let T ={T(t) : t > 0} be a strongly continuous semigroup of Lipschitz pseudo-
contractive mappings on C with M := sup,~o{L(t)} < oo, where L(t) is the
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Lipschitz constant of the mapping T(t). Assume that § := F(T)NVI(C,A)
is not empty. Let {x,} be the sequence generated by

Yn = PC [xn - AnAxn]

Zn = (1 - 5n)xn + /BnT(tn)xn

Tpt1 = apu + (1 — ap)[any + b Polxn — ApAyn] + e T (tn)zn], n > 1,

(3.23)

where {\n} C [a,b] C (0,7), and {an},{bn},{cn} C (0,1) with ap+b,+c, =1
and satisfying liminf, .. b, > 0, liminf,, ., ¢, > 0 and b,+c, < B, < B with
8 < m Assume that t, > 0 (for all n > 0) satisfies iminf, o t, =
0, limsup,, ,ootn > 0 and lim,_soo(tnt1 — tn) = 0, and {an} C (0,1) with
limy, 00t = 0 and Y7 oy, = 00. Then {x,} converges strongly to a point
T € §, which is the unique point in the set § that is nearest to u.

If, in Theorem 3.3, we assume that C' = H, then the projection mapping
P¢ is reduced to the identity mapping in H and VI(C, A) = A~1(0). Thus,
we get the following corollary.

Corollary 3.3. Let C be a real Hilbert space H and A : H — H be a Lipschitz
monotone mapping with Lipschitz constant L. Let T = {T'(t) : t > 0} be a
strongly continuous semigroup of Lipschitz pseudo-contractive mappings on H
with M := sup,;>o{L(t)} < oo, where L(t) is the Lipschitz constant of the
mapping T(t). Assume that § := F(T) N A7Y0) is not empty. Let {x,} be
the sequence generated by

Yn = Tpn — Az,

Zn = (]— - /Bn)xn + BnT(tn)xn

Tnt1 = apu+ (1 — ap)[anzy, + bp(xn — M Ayn) + e T (tn)zn], n > 1,

(3.24)

where {\,} C [a,b] C (0,L7Y), and {an}, {bn},{cn} C (0,1) with a, + b, +
¢, = 1 and satisfying liminf, .., b, > 0, liminf,, oo c, > 0 and b, + ¢, <
Bn < B with B < m Assume that t,, > 0 (for all n > 0) satisfies
liminf, o t, = 0, imsup,,_,. t, > 0 and lim,, oo (tny1—tn) =0, and {a,} C
(0,1) with limy, o0 0y =0 and Y 07 oy, = 00. Then {x,} converges strongly
to a point & € §, which is the unique point in the set § that is nearest to w.

We note that the method of proof of Theorem 3.3 provides the following
theorem for approximating the minimum norm point of the set of common
fixed points of 7 and the set of solutions of the variational inequality VI(C, A).

Theorem 3.4. Let C be a nonempty, closed and convex subset of a real Hilbert
space H and A : C — H be a Lipschitz monotone mapping with Lipschitz
constant L. Let {T'(t) : t > 0} be a Lipschitz pseudo-contractive semigroup on
C with M := sup;>¢{L(t)} < oo, where L(t) is the Lipschitz constant of the
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mapping T'(t). Assume that § := F(T)NVI(C,A) is not empty. Let {z,} be
the sequence generated by

Yn = PC[xn - )\nAxn]

Zn = (1 - /Bn)wn + /BnT(tn)xn

Tnt1 = PC<(1 — ap)|ann + by Polx, — AnAyn| + ch(tn)zn]>, n>1,

(3.25)

where {\,} C [a,b] C (0,L71), and {an}, {bn},{cn} C (0,1) with a, + by +
¢, = 1 and satisfying liminf,, .., b, > 0, liminf,, .o, c, > 0 and b, + ¢, <
Bn < B with B < m Assume that t, > 0 (for all n > 0) satisfies
liminf, o t, = 0, limsup,,_,. t, > 0 and lim,, oo (tnt1—tn) = 0, and {a,} C
(0,1) with limy o0 0, = 0 and Y7 o, = 00. Then {x,} converges strongly
to a minimum norm point x* of F.

Remark 3.1. Theorem 3.3 provides convergence sequence to a common point
of solution set of a variational inequality problem for Lipschitz monotone map-
ping and common fixed point set of pseudo-contractive semigroup in Hilbert
spaces.

Remark 3.2. Theorem 3.3 extends results of Takahashi and Toyoda [23] and
Iiduka and Takahashi [10] to more general class of pseud-contractive semigroup
and more general class of monotone mappings. In addition, Theorem 3.3
extends results of Buong [4], Thuy [24] and Boikanyo and Zegeye [3] to more
general class of pseud-contractive semigroups.

REFERENCES

[1] M. A. Alghamdia, N. Shahzada and H. Zegeye, Construction of a common solution of
a finite family of variational inequality problems for monotone mappings, J. Nonlinear
Sci. Appl., 9 (2016), 1512-1522.

[2] J.Y. Bello Cruz and A.N. Iusem, A strongly convergent direct method for monotone
variational inequalities in Hilbert space, Numer. Funct. Anal. Optim., 30 (2009), 23-36.

[3] O. A. Boikanyo and H. Zegeye, Approzimating solutions of variational inequalities
and fized points of nonexpansive semigroups, Advances in Nonlinear Vari. Ineq., 20(1)
(2017), 26-40.

[4] N. Buong, Strong convergence of a method for variational inequality problems and fized
point problems of a monexpansive semigroup in Hilbert spaces, J. of Appl. Math. and
Inform., 20 (2011), 61-74.

[5] Y. Cai, Y. Tang and L. Liu, Iterative algorithms for minimum-norm fized point of
non-ezpansive mapping in Hilbert space, Fixed Point Theory and Appl., 2012 (2012),
doi:10.1186,/1687-1812-2012-49.

[6] Y. Censor, A. Gibali and S. Reich, The subgradient extragradient method for solving
variationalinequalities in Hilbert space, J. Optim. Theory Appl., 148 (2011), 318-335.



1046 O. A. Boikanyo and H. Zegeye

[7] R.D. Chen, H.M. He, Viscosity approximation of common fized points of nonexpansive
semigroups in Banach space, Appl. Math. Lett., 20 (2007), 751757.

[8] S.Y. Cho and S.M. Kang, Approzimation of fized points of pseudo-contraction semi-
groups based on a viscosity iterative process, Appl. Math. Lett., 24 (2011), 224-228.

[9] B. He, A new method for a class of linear variational inequalities, Math. Program, 66
(1994), 137-144.

[10] H. liduka, W. Takahashi and M. Toyoda, Approzimation of solutions of variational
inequalities for monotone mappings, PanAm. Math. J., 14 (2004), 49-61.

[11] J.S. Jung, Viscosity approzimation methods for a family of finite nonexpansive mappings
in Banach spaces, Nonlinear Anal., 64 (2006), 2536-2552.

[12] X. S. Li, N-J Huanga and D. ORegan, Viscosity approzimation methods for pseudo-
contractive semigroups in Banach spaces, Nonlinear Anal., 75 (2012), 3776-3786.

[13] X.S. Li, J.K. Kim and N.J. Huang, Viscosity approximation of common fized points
for L-Lipschitz semigroup of pseudo-contractive mappings in Banach spaces, J. Inequal.
Appl., 2009 (2009) Art. ID 936121, 16 pages.

[14] P. E. Maingé, Strong convergence of projected subgradient methods for nonsmooth and
nonstrictly conver minimization, Set-Valued Anal., 16 (2008), 899-912.

[15] N. Nadezhkina and W. Takahashi, Weak convergence theorem by an extragradient
method for nonexpansive mappings and monotone mappings, J. Optim. Theory Appl.,
128 (2006), 191-201.

[16] M. A. Noor, A class of new iterative methods for solving mized variational inequalities,
Math. Comput. Modell.. 31 (2000), 11-19.

[17] M. O. Osilike and D.I. Igbokwe, Weak and strong convergence theorems for fized points of
pseudo-contractions and solutions of monotone type operator equations, Comput. Math.
Appl., 40 (2000), 559-567.

[18] X.L. Qin and S.Y. Cho, Implicit iterative algorithms for treating strongly continuous
semigroups of Lipschitz pseudo-contractions, Appl. Math. Lett., 23 (2010), 1252-1255.

[19] R. T. Rockafellar, On the Maximality of Sums of Nonlinear Monotone Operators, Trans.
of the Amer. Math. Soc., bf 149 (1970), 75-88.

[20] S. Saejung, Strong convergence theorems for nonexpansive semigroups without Bochner
integrals, Fixed Point Theory and Appl., 2008 (2008), 7 pages: Article ID 745010.

[21] T. Suzuki, On strong convergence to common fized points of nonerpansive semigroups
in Hilbert spaces, Proc. Amer. Math. Soc., 131 (2002), 2133-2136.

[22] W. Takahashi, Nonlinear Functional Analysis, Yokohama Publishers, Yokahama, Japan,
2000.

[23] W. Takahashi and M. Toyoda, Weak convergence theorems for nonexpansive mappings
and monotone mappings, J. Optim. Theory Appl., 118 (2003), 417-428.

[24] N.T. Thuy, An iterative method for equilibrium, variational inequality andfized point
problems for a nonexpansive semigroup in Hilbert spaces, Bull. of the Malaysian Math.
Sci. Soc., 31(1)(2015), 113-130.

[25] H. K. Xu, Iterative algorithms for nonlinear operators, J. London Math. Soc., 66(2)
(2002), 240-256.

[26] H. K. Xu. Another control condition in an iterative method for nonexpansive mappings,
Bull. Austral. Math. Soc., 65 (2002), 109-113.

[27] Y. Yao, G. Marino and L. Muglia, A modified Korpelevichs method convergent to the
minimum norm solution of a ariational inequality, Optimization, 63(4)(2014), 559-569.

[28] H. Zegeye, E. U. Ofoedu and N. Shahzad, Convergence theorems for equilibrium prob-
lem, variotional inequality problem and countably infinite relatively quasi-nonexpansive
mappings, Appl. Math. and Comput., 216 (2010), 3439-3449.



Fixed points of semigroups and solutions of variational inequalities 1047

[29] H. Zegeye and N. Shahzad, A hybrid scheme for finite families of equilibrium, variational
inequality and fized point problems, Nonlinear Anal., 74 (2011), 263-272.

[30] H. Zegeye and N. Shahzad, Convergence of Mann’s type iteration method for generalized
asymptotically nonexpansive mappings, Comput. Math. Appl., 62 (2011), 4007-4014.

[31] H. Zegeye and N. Shahzad, Algorithms for solutions of vari- ational inequalities in the
set of common fized points of finite family of L-strictly pseudo-contractive mappings,
Numerical Funct. Anal. and Opti., 36(6)(2015), 799-816.

[32] H. Zegeye, N. Shahzad and T. Mekonen, Viscosity approzimation methods for pseudo-
contractive mappings in Banach spaces, Appl. Math. Comput., 185 (2007), 538-546.



