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Abstract. This paper is dedicated to a generalized (a, €)-quasi-efficient solution to semi-
infinite multiobjective optimization problems (SMP). Relationships between the mentioned
solution of (SMP) and the corresponding solution of the scalar problem due to Chankong—
Haimes are established. Using this equivalence, e-optimality conditions of Karush-Kuhn—
Tucker (KKT) type are derived under the Farkas—-Minkowski constraint qualification. In
addition, we formulate dual problems of Wolfe and Mond—Weir types for (SMP), and prove

weak and strong duality theorems.

1. INTRODUCTION

Multiobjective optimization problems aim to optimize the objective func-
tions simultaneously and to find the best optimal compromise solution. How-
ever, frequently, it is not easy (or sometimes impossible) to find an optimal
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solution which is satisfied to all criteria at once. Hence, another important so-
lution notion, namely efficient and properly efficient solution, should be taken
into consideration. On the other hand, from a computational point of view it
may be more meaningful to find not exact solutions but approximate ones. In-
deed, one can consider approximate solutions with a small error while solving
optimization problem by a numerical method; moreover, in some problems, if
error value tends to zero, the limit of approximate solution is an exact solution,
if it exists. First, approximate solutions were introduced by Kutateladze [10]
and independently defined for multiobjective programming by Loridan [13].
In 1986 White [19] analyzed six different concepts of e-solutions. Approxi-
mate solutions have got a keen interest by many researchers; see, for example,
[18, 20, 14, 11] and references therein. In 2008 Beldiman et al. [1] suggested a
unitary concept of approximate quasi efficient solutions which later was gen-
eralized by C. Gutiérrez et al. [8] and which is the main issue of this research.

To explore approximate solutions for multiobjective optimization problems,
it is reasonable to use some scalarization methods, several of which are de-
scribed, for example, in Engau and Wiecek [5]. In literature, one can find
relationship theorems for approximate solutions of multiobjective optimiza-
tion problems and related scalar problems for convex [11] and noncnovex [1]
cases. One of the most well-known methods, namely weighted-sum scalar-
ization method, is widely used for establishing relationship between properly
efficient solutions for multiobjective optimization problems and optimal so-
lutions of related scalar problems; see, for example [4, 11, 16]. But there is
a strict restriction on choosing parameter vector, i.e. all components should
be strictly positive and normalized so that sum of components are equal to
one. On the other hand, the mentioned method can not be used for explor-
ing efficient solutions. Due to this fact we consider scalarization method due
to Chankong—Haimes [2] to find generalized quasi-(a, €)-efficient solutions for
(SMP).

Another hot topic is establishing e-optimality conditions for approximate
solutions; see, for example [8, 16] and references therein. There are also
many papers dealing with e-duality for approximate solutions; see, for ex-
ample [12, 14, 15]. However, for the best of our knowledge, there are not so
many papers considering e-duality theorems and relationship between semi-
infinite multiobjective optimization problem (SMP) and its dual problem for
generalized approximate solutions. Our research is motivated by this fact.
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This paper is organized as follows. In Section 2, the problem statement and
main notions are described. Section 3 provides relationships between gener-
alized (a, €)-quasi-proper efficient solution to (SMP) and generalized (a;, €;)-
quasi-optimal solution of the corresponding scalar problem by using weighted-
sum scalarization method. Using this equivalence, e-optimality conditions of
KKT type are established under Farkasw—Minkowski (FM) constraint qual-
ification. Section 4 deals with the scalarization method due to Chankong—
Haimes and aims to propose e-optimality conditions of KKT type for (a, €)-
quasi-efficient solution to (SMP). Section 5 is devoted to duality relations
which is meant to be our main result. Namely, both weak and strong e-duality
theorems for Wolfe type and Mond—Weir type dual problems are established.
Finally, we provide conclusions in brief.

2. PRELIMINARIES

Let us consider the following semi-infinite multiobjective optimization prob-
lem:
(SMP) Minimize f(z):=
subject to  gi(z) <
x e,
where fi(z) : R™ — RU {400}, i € I := {1,2,...,m} and g(z) : R" —
R U {400}, t € T (possibly infinite) are proper lower semicontinuous (l.s.c.)

convex functions, and C' is a closed convex subset of R™. The feasible set of
(SMP) is denoted by Fy :={x € C | gi(z) =0,t € T}.

Definition 2.1. Let € and « be in R’"\{0}. A point Z € F); is said to be
(1) an e-efficient solution for (SMP), if there is no other x € Fjs such that

fi(z) = fi(®) — e, Vi€ 1,

with at least one strict inequality;
(2) an a-quasi-efficient solution for (SMP), if there is no other = € Fys
such that

filx) = fi(Z) — aillz — Z|,Vi e I,

with at least one strict inequality.

Gutiérrez et al. [8] gave a notion of a-quasi-efficient solution with the help
of function ¢ which is meant to be continuous. In our case we modifies this
function, i.e. ¢ : R™ x R™ — R is L.s.c convex function such that

=0, if x =1,

¢’(‘T’x){ >0, if x4 7.
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Combining notions given by Beldiman et al.[1] and Gutiérrez et al. [8], we
introduce a new concept of generalized approximate solutions.

Definition 2.2. Let € and a be in RT\{0}. A point z € Fjs is said to
be a generalized (a, €)-quasi-efficient solution for (SMP), if there is no other
x € F)s such that

fi(z) = fi(%) — a;d(2,%) — ¢, forallicl,

with at least one strict inequality.

Remark 2.3. If ¢ = 0, Def. 2.2 covers a-quasi-efficient solution given by
Gutiérrez et al. [8]. If a¢(z,z) = 0, the above definition reduces to an -
efficient solution. If ¢, = a; = 0 for all i € I, we get the concept of efficient
solution for (SMP). In special case, when ¢(z,z) = ||z — Z||, Def. 2.2 reduces
to the unitary approximate notions given by Beldiman et al. [1].

Due to Chankong—Haimes method for j € I and & € C we associated to
(SMP) the following scalar problem,

(Pj(x)) Minimize f;(x)

subject to fz(iL‘> < fi(@),ie =1\ {j},
gi(x) 20, t €T
rzeC.

For the problem
min{f;(z) | z € C,Gi(z) £0,t € T}
we define G as follows (with the assumption that 7N 1T = 0):

Gt('):{ 5287_ fu(@), ig? and T=TU L. (2.1)

Similarly, generalized approximate solutions for (P;(Z)) can be proposed as
follows.

Let ¢, 2 0and oj 2 0. A point z € Fj :={z € C | Gy(z) £0,t € T} is
said to be a generalized (ovj, €5)-quasi-optimal solution for (P;(Z)) if

f]( ) = f]( )‘I’Oé]gb(l',if‘) +€j7 Vz € Fj’
where Fj is a feasible set of (P;(Z)).

Further on, we will consider € > 0 and « > 0 case to deal with concept of
generalized solutions. However, all theorems can be reduced to corresponding
approximate solutions by putting € or a equal to zero and still hold true.
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Now, we give some basic concepts and notions. The following linear space
shall be used for semi-infinite programming [6].

RT) .= {A=A)ter | Ad =0 for all t € T but only finitely many A\ # 0}.

With A € R, its supporting set, T(\) = {t € T'| As # 0}, is a finite subset
of T

The nonnegative cone of R(T) is denoted by

RY) = (A= (Mer e RD | A 20,8 € T,

With A € R@) and g, t € T, we understand that

Z)\tgt = { ZtET(A) Mg, if T(\) #0,

2 0, if T(\) =0.

To establish e-optimality conditions of KKT-type we need some notions
related to e-subdifferential concept.

Let h : R™ — RU{+00} be a proper l.s.c convex function. The e-subdifferential
of h at ¥ € dom h is the set O.h(z) defined by

Och(z) ={z* € R" | h(y) = h(Z) — e+ (2, y — T), Yy € dom h}.

Consider a function h : R" — R U {+o0}. The conjugate of h, h* : R" —
R U {+o0c} is defined as

B (@) = sup {(a",2) — h(2)}.

x*eR™

The e-subdifferential definition in term of conjugate function h* of h is as
follows:

Och(z) = {z* e R" | h*(2") + h(Z) < (x*,Z) + €}.
The indicator function §x of a subset K C R”™ is the function defined as
follows:
e — 0, if v € K,
K= 400, if € RM\K.
Note that if K is convex, then dx is also convex.

Let C' be a nonempty closed convex subset of R™. The e-normal set of C
at 7 is the set

Ne(C;z) ={z" e R" [ (z",y —7) S ¢, Vy € C}.

where e >0 and z € C.
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If € = 0, the e-normal set reduces to the normal cone N(C;z) to C at =
that is
N(C;z)={z" eR" | (",y—Z) £ 0, Yy € C}.
It is easy to check that
000 (z) = N(C; ) = {z" e R" | 65(a™) = (2", ) + €}.

For e-subdifferential calculus the following propositions (see [[3], Theorem
2.115 and Theorem 2.117]) are very useful.

Proposition 2.4. [Sum Rule] Consider two proper convex functions ¢; : R —
R,7 = 1,2 such that ri dom ¢y Nri dom ¢y # 0, where ri denotes the relative
interior (see [[3], Definition 2.1.13]). Then for € > 0,

Oc(p1 + ¢2)(Z) = U (0er 61(Z) + Doy ()
€120,e220,e1+e2=¢

for every € dom ¢1 N dom ¢o.

Proposition 2.5. [Scalar Product Rule] For a proper convex function ¢ :
R™ - R and any € > 0,

3. eOPTIMALITY FOR (SMP)

In this section, we study the relationships between corresponding approxi-
mate solutions of (SMP) and (P;(Z)) and establish e-optimality conditions.

Theorem 3.1. Let Z € C and €, a € R\{0}. A feasible point T is a general-
ized (o, €)-quasi-efficient solution for (SMP) if and only of T is a generalized
(aj, €j)-quasi-optimal solution for (P;(z)) for each j € I.

Proof. Let Z be a generalized («;, €;)-quasi-optimal solution for (P;(z)) for
each 57 € I. Hence,
£5(7) £ £5(@) + a;(,7) + ¢j, for all j € 1.

If  is not a generalized (a, €)-quasi-efficient solution for (SMP) then there
exists x € F)y such that

fix) = fi(2) — cid(@, &) — &, forall i€,
with at least one strict inequality. Suppose that the strict inequality takes
place at k. We get fr(z) < fi(Z) —apo(z, &) — €, ie., fr(x) +ard(z,T)+e <
fr(Z). Hence, there exists k € I such that Z is not a generalized (o, €g)-
quasi-optimal solution for (P (Z)) that is a contradiction. Conversely, let Z be
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a generalized (o, €)-quasi-efficient solution for (SMP). Hence, there exists no
other x € F; such that

fi(z) = fi(Z) — 2ip(x,7) — €, foralliel,

with at least one strict inequality. If there exists j € I such that Z is not a gen-
eralized (o, €;)-quasi-optimal solution for (P;(z)) then there exists « € F;(Z)
such that

fi(@) + ajo(x,z) — ¢ < f;(T),
which is a contradiction. O

To obtain e-optimality conditions, let us define the following sets:
S; = {zeR"| fi—fi(x) £0} foriel,
St = {zeR"| g(x) =0} forteT.

Since Gy is defined by (2.1), with the help of Proposition 2.2. in Strodiot
et al. [17], it is possible to establish the following lemma:

Lemma 3.2. Let ¢ 2 0. Letz € S = (ﬂteT(v) St> N <ﬂi61j SZ-> and the
following constraint qualification of the Slater type holds:
(CQ) Jxg € C: G(.%'(]) < 0,

where G = sup, .7 Gy. Then x* € N(S5;7), iff there evist v = 0 and € 2 0 such
that

€ 0e(vG)(Z) and €—e < (vG)(T) =0.
It is worth mentioning that Slater type (CQ) should be replaced by another

one suitable for semi-infinite programming (see [7]).

Definition 3.3. The convex semi-infinite programming problem is said to
satisfy the Farkas-Minkowski (FM) qualification if

{’Utgt(x)¢t € T(’U),$ S C}
is a (FM) system, i.e. its characteristic cone K := cone{Uycrp () epi(vege)” +

epidl.} is closed.

Remark 3.4. According to [[3], Proposition 11.16] if (CQ) holds then (FM)
is also satisfied.

Up to now we are ready to establish e-optimality conditions for (P;(Z)).
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Theorem 3.5. Lete; 2 0, a; > 0 and Z be a feasible point of (P;(Z)). Suppose
that (FM) constraint qualification holds. Then Z is a generalized (a5, €;)-quasi-
optimal solution to (P;(Z)) if and only if there exist €y; = 0, €y = 0 fori € 17,
& =0 forteT(v), &, € =0, 20 foric I’ and v, € RSFT), such that

UIS aEOj fj (’f) + Zielj 8501(5‘1fz)(j) + ZtET({;) aE (@tgt)(f)
+0;08,0(, T) + Ne, (C; ), (3.1)
€0j + Liers Nifoi T Dyer(n) Vi€t + By + € — €5 = Yer(y) 0Gi(T) 0, (3.2)

_ €
where By, = —.
Qj

Proof. If Z is a generalized (o, €;)-quasi-optimal solution, then
[i(@) = fi(z) + ojp(x, &) + €.
We can rewrite it as follows:
[i(®) + a;o(z,7) < fi(2) + aj6(z, ) + €.

Hence, T is an €;-optimal solution of the following problem:

Minimize  f;(-) + a;0(-, T)
subject to  fi(z) = fi(Z),i € I,
gi(x) 0,1 €T,

By using indicator functions we can obtain the following equivalent uncon-
strained problem:

Minimize fj() + Zie[j 651() + ZtGT(v) 6St(') + aj¢('7 j) + 60()
reR™

So, ¥ is an €;-optimal solution of the above problem if and only if

0€0e,(fi+ Y s, + > ds, + (-, T) +60) ().

ieli teT(v)
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Since there is at least one point xg € int S; Nint Sy Nint C' and (FM) holds,
by using the Proposition 2.4 we have

0, (fj +> 65+ Y 85, +ajé(-,7) +6c) ()

ieli teT(v)
- U {aeoj fz + E 860, 55
€0;20,€0,20,6:20,65,20,6420 ield

€05 +Zl€]-7 EOZ+Zt€T(v) ettepteqg=¢€;

b3 0035 (@) + Oy 60, 3)(0) + 01, 30(0) .

teT (v)

€
By using Proposition 2.5 we can move «; outside the 0., and set AL Bp-

Qj
Hence, there exist \; = 0, 7 € Rf), €0j =0, 6; 2 0forie I/, & =0 for
t € T(v), Bp, € = 0 such that

0€ 0y [5(2)+ 3 O S @)+ 3 e, (0190)(@) + 305,0(-, ) + Ne, (C3 7).

ield teT(v)

Condition (3.2) follows from Lemma 3.2 by summing over ¢ € T'(v) and re-
placing (CQ) by (FM) constraint qualification. O

Remark 3.6. In practice, it is more meaningful to consider the special case
#(z,7) = ||z — Z||. It is not difficult to check that ad,, /.|| - —7|(Z) = aB,
where B denotes a unit ball. Then condition (3.1) reduces to

€ 8€0jfj(i') + Zagm'(j‘ifl + Z 861& Utgt +a]B+N€ (C )

ield teT(v)

Further on, we will consider ¢(z,Z) = ||z — Z|| to be more significant.

Up to now we are ready to establish e-optimality conditions for a generalized
(o, €)-quasi-efficient solution for (SMP) with the help of Theorem 3.1 and
Theorem 3.5.

Theorem 3.7. Let z € C, € and « be in RT\{0} and (FM) constraint qualifi-
cation hold. Then T is a generalized («, €)-quasi-efficient solution for (SMP) zf
and only if there exist \; =20, B, i € 1, Yicrhi=1, B =0, teT(v), Bp =
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0, By 20 andv € R(T) such that

0€> 5. (Nfi)@ }:a&W% )+ Aja; B+ Nj (C; 7), (3.3)
el teT (v
D XBoi+ Y uBiA B+ By— N S Y vwg() 0. (34)
iel teT (v) teT(v)

Proof. By Theorem 3.1, T is a generalized (a, €)-quasi-efficient solution for
(SMP) if and only if Z is a generalized (aj;,€;)-quasi-optimal solution for
(Pj(z)) for all j € I. According to Lemma 3.5 there exist €y; = 0, €y = 0 for
i€, & =0forteT(v), e, é =0, \=0foriecl’and v, € RsrT) such that
(3.1) and (3.2) holds. First, let us focus on (3.1). It implies that

1
0€ 1(660] @)+ 0a,Nifi(@ Z Oz, Vg (%
+2ier Ai ieli teT (v
+ a;B + N, (C, :f:)>. (3.5)
Set
1
N (C; T Na G D)
ﬁq( ) 1+ Z’LEIJ i ( )
Aj = S
J 1 + Zie[j 5\7:’
N eI
j = =, ( ;
LI+ e A
Ut
= teT(v); (3.6)
' 1+ Zie[?’ Ai ( )
3 1
05 — 750 )
! ]‘+Z’L€I] i ’
B ! € I
0i = = <€0i ’ 7 ;
’ ]‘+Z’L€IJ i '
B = ! teT
76 :
- 1 + ZZEIJ i '

and note that N (C;Z) C Ng,(C;2) from (3.5) and by using Proposition 2.5
we deduce

0> 05, NS)@) + D 05,(0g)(E) + N\joy B + N3, (C; ).
el teT(v)
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It is easy to check that ) . .;A; = 1. Since the feasible set of (SMP) is
Fyi={x € C | g+(x) £0,t € T}, without loss of generality, we can reduce
ZtET(ﬁ) UGy to ZteT(i) Urg:. Hence, using the same method, we have

D XiBoit > vBit B+ By —Ne = D wgi(®) 20,
i€l teT(v) teT'(v)
here 3 i
whnere =
! 1+ Zie[j Ai

4. e-DUALITY

In this section, we discuss about weak and strong e-duality theorems. First,
we propose Wolfe type dual problem due to (SMP) as follows:

(MD)w Maximize f(y) + > e vigi(y)e
subject to 0 € > ;c7 95, (Nifi)(¥) + Xier(v) O5,ve9:(y)
+\TaB + N3, (Csy),
Dier Niboi + Lier() B + By + By — Ae 20,
A>0, Me=1e=(1,..,1) e R,
(y, A, v) € C x R™ x R

Now we derive e-weak Duality theorem.

Theorem 4.1. [e-Weak Duality] Let x and (y,A\,v) be feasible solutions to
(SMP) and (MD)w, respectively. Then the following cannot hold:

film) S LW+ D vg(y) — aillr =yl — €, for alli eI
teT (v)

with at least one strict inequality.

Proof. Suppose contrary to result that it holds. Multiplying by corresponding
A\; > 0 and summing for i € I with ATe = 1, we have

SONif(@) <D Nfiy)+ D vgly) = Y Naillz —yll = D N

icl iel teT (v) icl iel

Hence x € C and ZteT(v) vige(x) £ 0 and ¢4(y) = 0, we obtain = # y and,

Doifi@) + Y wg(@) <Y Nfiy)+ Y wgi(y) — Aaflz —y) = A\Te.

i€l teT (v) iel teT (v)
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Since (y, A, v) is a feasible solution to (M D)y, there exist u; € d5,, fi(y), i € 1,
pe € 0,91, t € T(v), l € Band w € NBq(C’; y) such that

D Awie—y)+ D vgulr —y) + N al(z —y) + wz —y) = 0.
il t€T(v)

So, using the convexity of f;, i € I and ¢, t € T(v), we can obtain

)IRUICRED DRTICEN O SRVAVES DRAL)

i€l teT (v) i€l teT (v)
- Malle ~ y] - A7)
Y (fi(w) - fi(y)> LY (gt<sc> - gt<y>>
i€l
+ 2\ allz -yl + ATe
> Z Aivi(x —y) + Z vipe(z —y) + N ad(y — ) + Xle

el teT (v)
- Z XiBoi — Z vt By
iel teT (v)
= —w@—y)+ A\ e=Y Nfoi— > v~ B
icl teT(v)
> MNe=> Nifoi— Y b~ Br—By
el teT(v)
20,
that is a contradiction. This completes the proof. O

Using Theorem 3.7 and Theorem 4.1, we establish e-strong duality theorem
for a generalized (a, €)-efficient solution.

Theorem 4.2. [e-Strong Duality] Let ¢,a € RT'\{0}. Assume that (FM)
and e-weak duality hold. If T € C is a generalized (o, €)-efficient solution for

(SMP) then there exist A € R™ and v € Rf) such that (Z, A\, v) is a generalized
(o, 2€)-efficient solution for (M D)y .
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Proof. Since T is generalized («, €)-efficient solution for (SMP), by Theorem
3.7, there exist \;, 1 € I and v € R(T) such that

06> 95, (Nf)@ + Y 95 (veg)(®) + Aja; B+ N (C; Z)
el teT (v)
Coed 05, \f)@)+ D 5vg(F) + N aB+ N3 (C; )
iel teT (v)

holds, and then (Z, A, v) is feasible for (M D)y . Suppose that (Z, A, v) is not a
generalized («, 2¢)-efficient solution for (M D)yy. Then there exists (z*, A*, v™*)
such that the following cannot hold:

FE)+ S viaate —aille’ — a3l - 26 < (@) + Y vgil@
teT (v) teT(v)
with at least on strict inequality. Taking strict inequality at j** term, we get
Fia) + Y viga®) = agllat — 2| = 26 > f3(2) + Y wg(@).
teT(v) teT (v)
It implies that
F@+ > ve@) = fi@) = D vig(@®) + ajlla* — 2| +2¢; <0.
teT(v) teT(v)
On the other hand, by e-weak duality (Theorem 4.1) and since
Boi+ > viBi+B+B—¢; < Y, wg(®) 0,
teT (v) teT (v)

the following cannot hold

£(@) - < 1+ Y vl )+ S ogi(®@) + aglla” — 7| + 26,

teT (v) teT (v)
< 5@ - <fj(fv*) - vz‘gxx*)) Tajle” — 2]+ ¢
teT (v)
_BOi_ Z UtBt—Bb—Bq—Gj
teT (v)
<@ - ) - Y val) +ale — 2l +e
teT (v)
<0.

So we get a contradiction. O
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Let us consider Mond—Weir type dual problem which is denoted as follows:

(MD)y Maximize  f(y)
subject to 0 € >2c7 95, (ANifi) () + Xierv) O5,ve9:(y)
+A TaB + N3, (Csy),
Sier NiBoi + Lierw) veBe + By + By — ATe £ 0,
A>0, Me=1e=(1,..,1)cR™,
(y,\,v) € C x R™ x R(f).

Theorem 4.3. [e-Weak Duality] Let z and (y, \,v) be feasible solutions to
(SMP) and (M D)y, respectively. Then the following cannot hold

filz) £ fily) — aillz — y|| — €, forall i€,
with at least one strict inequality.

Proof. Suppose contrary to result that it holds. Multiplying by corresponding
A\; > 0 and summing for i € I with ATe = 1, we have

S Xifi(z) <D Nfily) =) Niaillz —yl =D hes.
il icl icl iel
Hence z € C and ¢:(z) < 0 and vg:(y) = 0, we obtain

Z)\ifi(x) + Z vrge(w) < ZAifi(y) + Z vige(y) — Alalle =yl = ATe.

el teT (v) iel teT(v)

Since (y, A\, v) is a feasible solution to (M D)y, there exist u; € O, fi(y), ¢ € I,
pe € 05,91, t € T(v), 1 € B and w € Ng (C;y) such that

Y iz —y)+ D vz —y) + N al(z —y) + wz —y) = 0.
i€l teT(v)

Following the same method like in the proof of the Theorem 4.1 we can
obtain a contradiction. O

Using Theorem 3.7 and Theorem 4.3, we can establish e-strong duality. It
should be mentioned that in contrast to e-strong duality of Wolfe type, T is a
generalized (a, €)-efficient solution for (M D)y, not 2e-efficient.

Theorem 4.4. [e-Strong Duality] Let ¢,a € RT'\{0}. Assume that (FM)
and e-weak duality hold. If T € C is a generalized (o, €)-efficient solution for

(SMP) then there exist A € R™ and v € Rf) such that (T, \,v) is generalized
(a, €)-efficient solution for (M D).
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Proof. Since T is generalized («, €)-efficient solution for (SMP), by Theorem
3.7, there exist \;, 1 € I and v € Rf) such that

0> 05, Nf)@) + Y 05,(vng) (@) + \jay;B + Np (C; )

i€l teT(v)
C0eY I, Nf)@+ > 95u0(x) + A\ aB+ N (C;7)
iel teT (v)

holds, and then (Z, A, v) is feasible for (M D)y;. Suppose that (Z,\,v) is not
generalized (o, €)-efficient solution for (M D)y, there exists (z*, A\*,v*) such
that the following cannot hold:

fi(@®) — asllz” — 2| — & = fi(2),

with at least on strict inequality, which contradicts e-weak duality Theorem
4.3. O

5. CONCLUSION

In this paper we discussed about generalized approximate solutions to semi-
infinite multiobjective optimization problem. Relationships between general-
ized (o, €)-quasi-efficient solution for (SMP) and generalized (o, €;)-quasi-
optimal solution for (P;(Z)) were established. Using this equivalences, e-
optimality conditions for (SMP) were derived under FM constraint qualifi-
cation due to Goberna et al. [7]. In addition, we established both weak and
strong e-duality theorem for Wolfe type and Mond—Weir type dual problems.

Acknowledgments: The authors are thankful to the learned referee for
his/her deep observations and their suggestions which greatly helped us to im-
prove the paper significantly. This work was supported by a Research Grant
of Pukyong National University (2017).

REFERENCES

[1] M. Beldiman, E. Panaitescu and L. Dogaru, Approzimate quasi efficient solutions in
multiobjective optimization, Bull. Math. Soc. Sci. Math. Roumanie, 51(99), No. 2 (2008),
109-121.

[2] V. Chankong and Y.Y. Haimes, Multiobjective Decision Making: Theory and Method-
ology, Amsterdam: North-Holland (1983).

[3] A. Dhara and J. Dutta, Optimality Conditions in Conver Optimization: A Finite-
Dimensional View, CRC Press (2001).

[4] A. Engau, Definition and characterization of Geoffrion proper efficiency for real vector
optimization with infinitely many criteria, J. Optim. Theory Appl., 165(2) (2015), 439—
457.



1064

[5]

T. Shitkovskaya, J. Han and D. S. Kim

A. Engau and M.M. Wiecek, Ezact generation of e-efficient solutions in multiobjective
programming, OR Spectrum, 29 (2007), 335-350.

M.A. Goberna and M.A. Lépez, Linear Semi-Infinite Optimization, John Wileys, Chich-
ester (1998).

M.A. Goberna, M.A. Loépez and J. Pastor, Farkas—Minkowski systems in semi-infinite
programming, Appl. Math. Optim., 7 (1981), 295-308.

C. Gutiérrez, R. Lépez and V. Novo, Generalized e-quasi-solutions in multiobjective
optimization problems: FExistence results and optimality conditions, Nonlinear Anal.,
72(11) (2011), 4331-4346.

J.-B. Hiriart-Urruty, e-Subdifferential calculus, Conv. Anal. and Optim., Res. Notes
Math., 57, Pitman, New York, (1982), 43-92.

S.S. Kutateladze, Convez e-programming, Soviet Math. Doklady 20 (1979), 391-393.
J.C. Liu, e-Properly efficient solutions to nondifferentiable multiobjective programming
problems, Appl. Math. Lett., 12 (1999), 109-111.

J.C. Liu, e-Duality theorem of nondifferentiable nonconvexr multiobjective programming,
J. Optim. Theory Appl., 69 (1991), 153-167.

P. Loridan, e-Solutions in vector minimization problems, J. Optim. Theory Appl., 43(2)
(1984), 265-276.

T.Q. Son and D.S. Kim, e-Mized type duality for nonconver multiobjective programs
with an infinite number of constraints, J. Global Optim., 57(2) (2013), 447-465.

T.Q. Son, J. J. Strodiot and V. H. Nguyen, e-Optimality and e-Lagrangian duality for
a nonconvexr programming problem with an infinite number of constraints, J. Optim.
Theory Appl., 141 (2009), 389-409.

T. Shitkovskaya, Z. Hong and D.S. Kim, Optimality conditions for generalized approz-
imate solutions in semi-infinite multiobjective optimization, To appear in Proceedings
of the 5" Internarional Conference on Nonlinear Analysis and Optimization (2017).
J.J. Strodiot, V.H. Nguyen and N. Heukemes, e-Optimal solutions in nondifferentiable
convex programming and some related questions, Math. Programming, 25 (1983), 307—
327.

T. Tanaka, A new approach to approximation of solutions in vector optimization prob-
lems, Proceedings of APORS 1994, World Scientific, Singapore (1995), 497-504.

D.J. White, Epsilon efficiency, J. Optim. Theory Appl., 49 (1986), 319-337.

K. Yokoyama, Epsilon approximate solutions for multiobjective programming problems,
J. Math. Anal. Appl., 203 (1996), 142-149.



