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Abstract. In this paper, we deal with the theory of interpolation spaces between initial
Banach functional spaces and the domain of an elliptic differential operator, which is to be
the infinitesimal generator of an analytic semigroup. Based on the theory of basic properties
of Besob spaces and characterized by the domain of the infinitesimal generator, we can be
applied to L'-valued control problems or the maximal regularity for the abstract initial value
problems in the negative space.

1. INTRODUCTION

Let © be a bounded domain in R” with smooth boundary 2. Let A(z, D,)
be an elliptic differential operator of second order in L(Q):

A, Dy) ==Y (;(ai,j(x)(;;) + Zbi(x)((; + ¢(z), (1.1)
ig=1 """ b=t !
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where (a; j(z) :4,j =1,--- ,n) is a positive definite symmetric matrix for each
z€Q,a;; €CHQ), b € CL(Q) and ¢ € L>=(2). The operator

A’<x,Dz>=—Z£j< ) Z (@) +elw)  (12)

3,j=1

is the formal adjoint of A.
For 1 < p < oo, we denote the realization of A in LP(£2) under the Dirichlet
boundary condition by A,:

D(4,) = W2P(Q) N Wy (9),
Apu=Au for wue D(Ap).

For p = p/(p — 1), we can also define the realization A" in i (©) under
Dirichlet boundary condition by A;),:

D(4,) = WP () W™ (),

A;J,u =Au for ue D(A;?,).
It is known that —A, and —A;?, generate analytic semigroups in LP(Q2) and

Lp/(Q), respectively, and A} = A;)/. For brevity, we assume that 0 € p(Ay).
From the result of Seeley [11] (see also Triebel [13, p. 321]) we obtain that

[D(A), LP()]1 = Wy P (Q),

1
2

and hence, may consider that
D(4,) C Wy (Q) C LP(Q) € WHP(Q) € D(A )",
Let (A;,)I be the adjoint of A;D/ considered as a bounded linear operator from

D(A;),) to Lp/(Q). Let A be the restriction of (A;),)/ to Wol’p(Q). Then by
the interpolation theory, the operator A is an isomorphism from VVO1 P(Q) to
W-LP(Q). Similarly, we consider that the restriction A" of (A4,) belong-
ing to B(Lp/(Q),D(Ap)*) to Wol’p,(ﬂ) is an isomorphism from Wol’p/ (Q) to
W_l’p/(Q). For g € (1,00), we set

Hpq = (Wova Wﬁl’p)l/q,q'

As seen in proposition 3.1 in Jeong [7], the operators —A and —A’ generate
an analytic semigroup in W~1?(Q) and W*I*p/(Q), respectively. Furthermore,
— A also generates an analytic semigroup in Hy, ;. The space H, 4 is (-convex(as
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for the definition and fundamental results of a {-convex space, see [2, 1]), and
the inequality

(A || g1y < Cel, —00 <5 <00

holds for some constants C' > 0 and v € (0, 7/2).
Let us consider

(1.3)

dz;(tt) + Au(t) = Bw(t), te€ (0,T],
u(0) = up,

where the controller B is a bounded linear operator from some Banach space U
to LY(Q2), and w € L9(0,T;U) for 1 < q < co. Noting that if 1 <p < n/(n—1)
we may consider L'(Q2) ¢ W~1P(Q), and so, we cannot express u(t) using
the solution semigroup since B is a mapping into W~1P(Q) not into H, .
Therefore, based on the theory of the definition and basic properties of Besob
spaces, we will show that if i <1/n(1—2/q") then

le,q/ C Cg(ﬁ) C LOO(Q).
Thus, we may consider
Hyq=HY > Co(Q)" D LY(Q)

and B is bounded mapping from U to H, ,. Hence, it is possible to investigate
the control problem for (1.3) in H),. Consequently, in view of the maximal
regularity result by Dore and Venni [4], the initial value problem (1.3) has
a unique solution u € L7(0,T; W%P(2) N Wol’p(Q)) AWLe(0,T; Hp ) for any
ug € WyP(9).

2. NOTATIONS

Let © be a region in an n-dimensional Euclidean space R™ and closure ).
C™(Q) is the set of all m-times continuously differential functions on €.

Cy'(2) will denote the subspace of C™() consisting of these functions
which have compact support in (2.

W™P(Q) is the set of all functions f = f(x) whose derivative D*f up to
degree m in distribution sense belong to LP(€2). As usual, the norm is then
given by

3=

1 <p< oo,

1/ llmpe = (Y 1Dl o) 7,

am

1£llm e = max 1D o 0

where DUf = f. In particular, W%P(Q) = LP(Q2) with the norm || -

p7Q'
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Wy"P(Q) is the closure of C§°(Q) in W™P(Q). For p = 2, we denote
Wm2(Q) = H™(Q) and WZP(Q) = HyH(Q).

Let p = p/(p—1), 1 < p < co. W'P(Q) stands for the dual space
Wol’p (Q)* of Wol’p (€2) whose norm is denoted by || - ||-1,p.

If X is a Banach space and 1 < p < oo, LP(0,T; X) is the collection of all
strongly measurable functions from (0,7") into X the p-th powers of norms are
integrable.

C™([0,T]; X) will denote the set of all m-times continuously differentiable
functions from [0, 7] into X.

If X and Y are two Banach spaces, B(X,Y") is the collection of all bounded
linear operators from X into Y, and B(X, X) is simply written as B(X).

For an interpolation couple of Banach spaces Xy and X1, (Xo, X1)g, for
any # € (0,1) and 1 < p < oo and [Xg, X1]y denote the real and complex
interpolation spaces between Xy and X7, respectively(see [13]).

3. RELATIONSHIP OF H,, C L'(Q) As A BESOV SPACE

Let A be the operator mentioned in Section 1. Then it was shown that the
operators —A generates an analytic semigroup in W=1P(Q) (see [7]).

Lemma 3.1. There ezists a positive constant C' such that for any t > 0

1
1t + A) M pw-rr(0), o)) < Ct2 (3.1)
and

_ _1
1t + A) ™M gy wiwy < CE 2. (3.2)

Proof. Let A, be the realization of (1.1) in LP(£2) in the distribution sense
under the Dirichlet boundary condition. Then —A, generates an analytic

semigroup in LP(§), and A, is the restriction of 4 to W2P(Q) N Wol’p(Q).
Hence, (3.2) follows from the moment inequality

1 1
lallwioey < Clull szl

and the estimate
It + A lprr@)y < Ct!

proved in [7, Eq(3.5)]. Replacing p by p" we get

1+ AD7Y| <Ctz,

B (@)W (@) =

where A is the realization of (1.2) in W (©) under the Dirichlet boundary
condition. Taking the adjoint we obtain (3.1). O
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Let Yy and Y; be two Banach spaces contained in a locally convex linear
topological space ) such that the identity mapping of Y; (i = 0, 1) into Y
is continuous, and their norms will be denoted by || - ||;. The algebraic sum
Yo+ Y1 of Yy and Y is the space of all elements a € ) of the form a = ag + a1,
ag € Yy and a1 € Y7. The intersection Yy NY; and the sum Yy +Y; are Banach
spaces with the norms

llallvony, = max {{lallo, |lall1}
and
lallyy+y: = nf {[laollo + llaa[1}, @ =ao+a1, a; €Y,
respectively.
Definition 3.2. ([8]) We say that an intermediate space Y of Yy and Y;

belongs to
(i) the class Ky(Yp,Y1), 0 <6 < 1, if for any a € Yy N Y7,

—0 0
llally < cllallg™ llall}

where ¢ is a constant;
(ii) the class Ko(Yp,Y1), 0 <6 < 1, if for any a € Y and t > 0 there exist
a; €Y; (i =1, 2) such that a = ap + a1 and

llaollo < et~llally, lar|h < et'~llally

where c is a constant;
(iii) the class Ky(Yp,Y1), 0 < 6 < 1, if the space Y belongs to both
K,(Yo, Y1) and Ko (Yo, Y1).

Here, we note that by replacing ¢ with t~! the condition in (ii) is rewritten
as follows:
laollo < ct’llally, [larll < ct”ally-

The following result is due to Lions-Peetre [8, Theorem 2.3].

Proposition 3.3. For 0 < 0y < 0 < 01 < 1, if the spaces Xo and X1 belong
to the class Kg,(Yo,Y1) and the class Kg, (Yo, Y1), respectively, then
(X()?Xl) 6—0g D = (}/07Y1)9,P‘

61—6g”’

The following corollary is verified following the proof of Proposition 3.1.

Corollary 3.4. If the space X is of the class Kg, (Yp, Y1) and 0 < 0 < 0; < 1,
then

(Yo, X1) o, = (Y0,Y1)0,p-

[
qvp
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If the space Xq is of the class Kg,(Yo,Y1) and 0 < 6y < 0 < 1, then
(Xo0,Y1)o-00 , = (Y0, ¥1)e.p-

Proposition 3.5. Forl < p < oo, LP(Q) is of the class Kl/g(WOl’p(Q), W=Lr(Q)).
Proof. For any u € Wol’p(Q) and ¢t > 0, from Lemma 3.1 and

u=At+ A u+tt+ A u=(t+A) T Au+tt+ A) ",
it follows

||

p. <N+ A) M pw-10@), @)1 Aull-1p.0
+t](t + A) M pww-109), o) llull-1p.0
<0t 2||ull1pa + C22 |Jull-1p0.
— 11/2)

By choosing t > 0 such that t=/2||ul|1 ,0 = t'/?||ul |B( lul| =1 p.0,

W' ()
we obtain

1 1
lullp.a < Cllullf ), ollullZy 4 0

Therefore, LP(f2) belongs to the class Kl/Q(W&’p(Q),W_Lp(Q)). Put ugp =
t(t+ A)"lu and uy = A(t + A)"tu for any u € LP(Q). Then u = ug + uy, and
we obtain that

_ 1
HUOHLp,Q <tl[(t+ A) 1U||B(Lp(g),wolvp(g))||U||p,ﬂ < Ct2 ||U||ZLQ
1
lut||-1p.0 < Cll(t+A)Mullip0 < Ot 2 Jullp0.
Therefore, LP(2) belongs to the class ?1/2(W01’p((2), W=LP(Q)), and hence, it
is of the class Kl/Q(WOl’p(Q), W=LP(Q)). O
Theorem 3.6. Let 1 <p<oo,1<g<ooand0<O<1. If1-20—1/p#0
and 20 — 2+ 1/p # 0 then
BI-2(Q),  for 6<i(1-1)
(Wo P (), W P(2))g,q = { PPN 1, 30
B;’qze(Q), for 6> %(1 — %),
where E’;’;QQ(Q) ={u e B} ?(Q) : ulsg = 0}. In particular, we obtain that
1 —
(WP (@), W (@), , = B2, ().
Proof. Let 0 < 6 < 1/2. Then from Corollary 3.1, we obtain that
17 -4, — ).
(WoP(Q), WH(92))g. = (WP (), LP(2))204
= (LP(Q), Wy P (Q))1-20,4-
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Therefore, in view of the result of Grisvard [6] (see also Triebel [13][6; p. 321]),

B1-20(Q), 1-20>1
(W(). W 19(0)g, = { pa, o Jor g
By (), for 1-20< .
Let 1/2 < 6 < 1. Then from Corollary 2.1, it follows
(Wo "(92), W) = (LP(2), W 1(Q))ap-1,4
= (L7 (), W57 () g9_1.4)"
In view of Grisvard’s theorem, if 20 —1 —1/p # 0 then

1%2,9;,1(9), for 20—1> 2%,

L7 (Q), W (Q)gg 1y = 4
(L7 (), Wo™ (2)) 9914 {Bﬁ?q}(m, for 20—1< <.

V="

From Theorem 4.8.2 in Triebel [13, p. 332], we obtain that
(BY-1@)" = BL2() and (BY-1(Q))" = Bl;*(@)
according as 20 — 1 —1/p 2 0. Since 20 — 1 —1/p #0if 1/2 < # < 1 and
20 —2+41/p # 0, we get
(Wo P (), WP (), = By ().

Consequently, we obtain that

(WEP(Q), W (@) 1o, = BE(Q), if 0<6< ]19

T2
and
1
(WoP (), WP (Q)) 120 = Byo(Q), if 0<0<1- >
2 I
Hence, if 0 < § < min{1/p,1 — 1/p}, then
(Wo (), W= "P()1,
= (Wo P (), WHP() 1za (W (9), W () 15 )
= (Bp4(), Byg ()1, = By 4(9).

The last equality is obtained from Theorem 1 of section 4.3.1 in Treibel [13].
Hence the proof is complete. O

Theorem 3.7. Let 1 < p, q < oo.
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(i) If 2/g—241/p # 0 then

o1-2
H. = Bp,qq (9)7 if % < %(1 - %)a
P = 1-2
Bpq*(Q), if % > 31— %)

(i) If n/p <1—2/q then
Hp/7q/ C Cg(ﬁ) C LOO(Q).

Proof. The relation (i) follows directly from Theorem 2.1. Let 1/p < 1/n(1 —
2/q") which implies 2/¢' —2+1/p' < -1 —(n—1)/p <0and 1/¢ <1/2(1 -
n/p) < 1/2(1—1/p"). Then from (i) and the imbedding theorem ([2; Theorem
4.6.1 in p. 327-328]), we obtain

1= _
H, =B ,’q‘i (2) C Co(82)
Hence, the first inclusion in (ii) follows. O

Example 3.8. Let U be a Banach space, and let w € L2(0,T;U) for 1 < ¢ <
00. Consider the followingcontrol problem:

@t 4 Au(t) = Buw(t), te(0,T],
U(O) = Uo,

(3.3)

where the controller B is a bounded linear operator from U to L'(Q). Here, A
is an elliptic differential operator of second order in L'(2) as seen in Section
1. By virtue of Theorem 3.2, we may consider

Hyq=H D Co()" D LH(Q),

where 1% < 1/n(1 — 2/q'). Since B is a bounded mapping into Hp 4, we

are able to express u(t) using the solution semigroup S(t) = e*. Further-
more, it is possible to investigate the control problem for (3.3) in H,,. Con-
sequently, in view of the maximal regularity result by Dore and Venni [4],
the initial value problem (1.3) has a unique solution u € L%(0,T; W2?(Q) N
Wy P(Q)) NWH4(0, T; Hy,y) for any ug € W, P(Q). As for the maximal reg-
ularity problem of (3.3) in Hilbert spaces, We refer to [3, 5]. Moreover, The
observability of (3.3) is defined as

B*S*(t)f =0 implies f=0

in a usual sense of [11-14] .
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