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Abstract. In this paper, we get new contraction-proximal point algorithms for solving the
unconstrained convex optimization problems which have the following iterative form:

Tnt+1 = anh(xn) + Bnmn + ,Uan)\nxna
Wa,, = prozx, (I — AV f)an.

Furthermore, we present the algorithm with bounded error: zn,4+1 = anh(zn) + Bnzn +
tn Vi, Tn + en, where h is a 7-contractive mapping with 0 < 7 < 1, V), is an averaged
operator and e, is the sequence error generated by itself of iteration. We also get the
relative strong convergence under some conditions. It also extends the use of already existing

algorithms.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, suppose that H is a real Hilbert space with inner
product (-,-) and induced norm || - ||. To(H) is the space of convex functions
in H that are proper, lower semicontinuous and convex.
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Consider the following unconstrained convex optimization problem:
i 1.1
min f(z) + g(2), (1.1)

where f,g € T'o(H). It is often the case where f is differential and g is
subdifferential. It was firstly proposed in 1978 by Mangasarian, Meyer and
Robinson [8].

As we know, there already exists a lot of methods solving the unstrained
convex minimization problem [8] which is a quite popular sector. Because some
corresponding practical problems are arisen from image or signal processing,
machine learning can be transferred into the machine form. And, in 2005,
there comes a new iterative form which involves the proximal operator [2].
Combettes and Wajs proposed a classical method for solving such problem.
For any initial guess z¢ € H, it generates the following iterative sequence as

Tps1 = (proxx,g(I — MV [f))zn, (1.2)

where A, € (0, %) and it is well known that the algorithm converges weakly.
Subsequently, Xu [11] proposed the relaxed proximal point algorithm:

Tnt1 = (1 — an)zn + an(proxy, (I — MV f))Tn, (1.3)
where A, € (0,%), an € (0, - Llimsépnﬁm 5) and obtained weak convergence
under appropriate conditions. However, it is well known that strongly conver-
gent algorithms are very important for solving the problem in infinite dimen-

sional spaces. In 2015, Duan and Song in [3] proposed a generalized viscosity
approximately algorithm:

Tnt1 = aph(xy) + (1 — ay)(proza, (I — AV f))xn, (1.4)

where A, € (0,%), ay, € (0, Z2al) and prove its strong convergence under
appropriate assumptions.
Now, in this paper, motivated by works of [2], [3], [12], and many other
articles, we extend the above algorithms as:
Tpt1 = aph(xn) 4+ Bun + pn(proxy, (I — AV f))xy, (1.5)

where A\, € (0, %), o, € (0,252L), 8, € 0,1) and p, € (0,1) satisfy with
an + Bn + pn = 1. It is worth noting that this algorithm may be regarded as
the combination of algorithms (1.4) and (1.5). As a matter of fact, if we let
pn = TE%-, then we have
Tpt1 = aph(zn) + (1 — an)[(1 = pn)xn + pp(prozy,o(I — AV f))xn]. (1.6)
Next, we also prove the convergence of such following iterative form:
Tpt1 = aph(xyn) 4+ Bnn + pn(proxy, (I — AV )z, + ey, (1.7)

where e, is the error sequence generated by (1.7). Namely, (1.6) is the exact
version of algorithm (1.7).
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Especially, taking h(x,) = u, where u € H is fixed, then, under some condi-
tions, the corresponding algorithm holds as following;:

Tpg1 = QU+ BpZy + pn(proxy,o(I — AV f))xn + en. (1.8)

Now, we recall some results which will be useful in proving our main results.
Firstly, we use “—” stands for strong convergence and “—” stands for weak
convergence. And the weak w-limit set of a sequence {x,} will be denoted by
Wi (Tn).

A mapping h : H — H is called T-contractive if there exists a contraction
constant 7 € [0, 1) such that ||h(x) — h(y)|| < 7]|z — y||, for all z,y € H. If we
take 7 = 1, namely, || Tz — Ty|| < ||z — y||, for all z,y € H, then T is called
nonexpansive. And, a mapping is called Lipschitzian if there exists a positive
constant L such that ||F'z — Fy|| < Llz —y||, for all z,y € D(A). We denote
a mapping F is n-inverse strongly monotone(n-ism), if there exists a constant
n > 0 satisfies the following inequality (Fx — Fy,x —y) > n||Fx — Fyl|?, for
all z,y € H. Also, a mapping V : H — H is called a-averaged(a-av for short)
if V=(1-a)l+aT, where a € (0,1), T : H — H is nonexpansive.

Let C be a nonempty closed convex subset of H. We use Pg to denote the
projection form H onto C; namely, for x € H, P is the unique point in C
with the property:

= = Pea = mia o — y].

It is well known that Pgx is characterized by:
(x — Pox,z — Pcx) <0, VzeCl.

Then, we will give some elementary properties of norms and proximal-operator
in Hilbert spaces.

Lemma 1.1. For all x,y € H, there holds the following relation:
lz +ylI* < llel® + 2{y, = + ).

Proposition 1.2. ([1]) If T1,Ts,--- , T, are averaged mappings, we can get
that T Th—1---T1 is averaged. In particular, if T; is a;-av, 1 = 1,2, then ToT
is (g + a1 — agay)-av.

Proposition 1.3. ([11)) Let T : H — H be an operator from H to H.
(i) T is nonexpansive if and only if the complement I —T is %—ism.
(ii) If T is v-ism, then for v > 0, 4T is %—ism.
(iii) T is averaged if and only if the complement I — T is v-ism for some
v > % Indeed, for a € (0,1), T is a-averaged if and only if the

complement I — T 1is i—ism.
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Lemma 1.4. ([4]) (Demiclosedness Principle) Let H be a real Hilbert
space, and let T : H — H be a nonexpensive mapping with Fix(T) # 0. If
{zn} is a sequence in H converges weakly to x and if {(I — T)x,} converges
strongly to y, then (I — T)x = y; in particulary, if y = 0, then x € Fiz(T).

Lemma 1.5. ([5]) Assume {s,} is a sequence of nonnegative real numbers
such that
Spt1 < (1 - ')’n)sn + ’Yndm n >0,
Snt1 < Sp — M+ @n, 12> 0,

where {v,} is a sequence in (0,1), {n,} is a sequence of nonnegative real
numbers and {6,} and {p,} are two sequences in R such that

(1> EZOZOWTZ = 005

(if) limp—yo0 on = 0;

(iil) limg—yo0 Mn,, = 0 implies limsupy,_, . On, < 0 for any subsequence {ny} C

{n}.

Then lim,,_,so S, = 0.

Lemma 1.6. ([11]) Let {s,} be a nonnegative real sequence satisfying
Snt1 < (1= vn)Sn + €n-

where the sequences {v,} C (0,1) and {e,} are real sequences. Then s, — 0
as n — oo provided that

(i) Z3ZoYn = 00;
(i) limsup,, o, = < 0 or 352 o[en| < oo.

Definition 1.7. ([6],[7]) The proximal operator of ¢ € I'o(H) is defined by

: 1 9
provy(x) = arg min {cp(v) + §||fu — x| }, xr € H.

The proximal operator of ¢ of order A > 0 is defined as the proximal operator
of Ay, that is,

1
proxyg(z) = arggéig {go(v) + ﬁHv — x||2}, x € H.

Follows this, some properties of proximal operator will also be listed.

Lemma 1.8. ([2],[9]) Let ¢ € I'o(H) and X\ € (0,00). Then we have the
following statements.
(i) If C is a nonempty closed convexr subset of H and ¢ = I¢ is the
indicator function of C, then the proximal operator proxy, = Pc for
all X > 0, where Pc is the metric projection from C onto H.
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(ii) The operator proxy, = (I +Xdp)~! = Jf‘p, the resolvent of the subd-
ifferential Op of .

(i) If f : H — R is a differentiable functional, then we denote by V f the
gradient of f. Assume that V[ is Lipschitz continuous on H. Then

the operator Vi = proxyg(I — AV f) is Z2L_qv for each 0 < A < .

The proximal operator can be used to minimize the sum of two convex
functions.

Lemma 1.9. ([12]) The proximal identity

A A
holds for ¢ € To(H),A >0 and u > 0.

ProTapT = ProX,, ('ux +(1- 'u)proacwx> (1.9)

It is useful in inducing some important equalities.

Proposition 1.10. ([12]) Let f,g € To(H). Let x* € H and A > 0. Assume
that f is finite-valued and differential on H. Then x* is a solution to (1.10)
if and only if x* solves the fixed point equation

z* = (proxyg(I — AV f))z™. (1.10)

2. MAIN RESULTS

In what follows, we assume that f,g € I'o(H), h(z) is a T-contractive map-
ping of H with 0 < 7 < 1 and (1.1) is consist. Let S be the nonempty
solution set of (1.1), {an} C (0, 25=L), {8,} C [0,1), 0 < liminf, yoo ptr, <

lim sup,,_yo ttn < 1, and o, + By, + pun = 1. We first show the convergence of
algorithm (1.6), and then extend to the algorithm (1.7).

Theorem 2.1. Let the following conditions hold:

(@) limy o0 ay = 0;

(b) XL 0 = o0;

(¢) 0 < liminfy, oo Ay < HmsSup, o0 An < 7.
Then, for any initial guess vo € H, define Vy, = proxy,o(I — A,V f), the
sequence {x,} generated by

Tpt+1 = anh<$n) + 5711'71 + ,unV)\nxn (21)

converges strongly to z. Where z is a solution of (1.1) and it is also the unique
solution of variational inequality (h(z) — 2, — z) <0 for all z € S.

Proof. The proof is divided into several steps.
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Step 1. We will show that {z,} is bounded. Let y,, = (1—pp)zn+pn Vi, (Tn),
where p, = g ’_‘Zn, 0 < liminf, o pr < limsup,,_,. pn < 1. Then, It follows
that

Tnt1 = anh(xy) + (1 — an)yn. (2.2)
So, for any z € S, we get
lzni1 — 2l = [lanh(zn) + (1 — an)yn — 2|
< apllh(zn) — 2l + (1 — an)llyn — 2]|- (2.3)
We also know
lyn — 2|l = [[(1 = pn)zn + puVr, 20 — 2||

(L= pn)(@n — 2) + pn(Va, n — 2)|
< A =pn)llzn — 2| + pullzn — 2|
= |lzn — 2| (2.4)
So,

s =2l < anllh(zn) — 2l + (1 — an)lzn — |
< anllh(zn) = h(2)[| + anllh(z) — 2] + (1 — an)[lzn — 2|
< (A —an(l=7))llzn — 2]l + anllh(z) — 2|
h(z) — z
(1~ an(d = Pl 2l + an1 — ) PELZZL (g 5)
By induction, we obtain
h(z) — 2
e = 2l < e { fay = 21, L,
-7
Hence, the sequence {x,} is bounded.
Step 2. Show that
lim [|zn, — Vi, Zn,ll =0, V{ng} C{n}. (2.6)
k—o00
|Zn+1 — ZH2 = |lanh(2n) + BnTn + pnVa, Tn — Z||2
= |lanh(zn) + (1 — an)yn — Z||2
= [I(1 = an)(yn — 2) + an(h(zs) = 2)|I?
< (1- an)QHyn - ZH2 + 20 (M(zn) — 2, Tnt1 — 2)
< (L= an)llyn = 21 + 200720 — 2ll|lzas — 2| (2.7)
+2ap(h(2) — z,Tp+1 — 2)
< (1- O‘n)QHQn - ZH2 + anTl|lzn — Z||2 + anT||zni1 — ZH2

+2a,(h(2) — 2, Tpt1 — 2).
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So, combine (2.4) and (2.7), we get that
[zt =217 < (1= an)?[len = 2l* + an7|zn — 2|2
FonT||Tni1 — 2|12 + 200 (h(2) — 2, 2py1 — 2). (2.8)
Namely,
(=) tnst =27 < (L= +anr)lzn—27  (29)
+2a, (h(2) — 2, Tpy1 — 2).

Thus we have

|1 — 2|2

200,(1 — 1) 9 20p(1-7) 1
<(1=22n T Dy h(z) — _
— ( 1— anT )Hxn Z” + 1— anT 1— 7_< (Z) %y Tn+1 Z>

20, (1 =7)  «ap
M 2.10
Tz apT 2(1—7)" (2.10)

where M = sup ||z, — 2||*>. Furthermore, we also have

H$n+1 - ZH2

= Jlanh(zn) + (1 = an)yn — 2|

= llanh(zn) = anyn + yn — 2|

= O‘%Hh(fvn) - ynH2 + llyn — ZH2 + 200 (M(Tn) — Yns Yn — 2)

= [|(1 = pn)xn + puVa, o0 — ZHZ + a?LHh@:n) - ynH2 (2.11)

+2a0, (h(zn) — Yn, Yn — 2)

< (1= pu)llzn — Z||2 + pullVa,zn — ZH2 = pn(1 = pn)IVa, @0 — mn”Q
+O‘721Hh'($n) - ynH2 + 200 (h(Tn) = Yn, Yn — 2)

= [|zn — ZH2 — pn(L = p) Va0 — anQ + aiHh(wn) - ynH2
+2a0, (h(zp) — Yn, Yn — 2).

26{1(;;:)7 5n = 1%<h(2) — 2, Tp4+1 — Z) + ﬁMa T = Pn(l -

T

Set v, =
PV, 0 = 2nl?, n = afllh(@n) = ynll* + 20n(h(2n) = Yn,yn — 2). Then
Yo oYn = 00 and ¢, — 0 hold obviously. In order to complete the proof by
using Lemma 1.5, we have

limsup(h(z) — 2z, 2n, —2) = (h(2) —2z,2 —2) <0, Yz eS. (2.12)

k—o0

It suffices to verify that n,, — 0(k — oo) implies that limsup,_, . 6,, < 0 for
any subsequence (ng) C (n).

Step 3. Show that
wy(2n) C S. (2.13)
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Here, wy,(xy,) is the set of all weak cluster points of {x,}. Note that {z,} is
bounded and (2.17) together guarantee that {x, } converges weakly to a point
in S and then the proof is consist. To see (2.13), we prove as follows. Take
T € wy(zn) and assume that {x,, } is a subsequence of {x,, } weakly converging
to Z. Hence by (2.6), 75,41 — T as well. Without loss of generality, we may
assume \p; — A, hence we get that 0 < A\ < % Setting V\ = proxyg(I —AVf),
then V) is nonexpansive. Set

Yj = Tn,; — )\nij(:):nj), 2j = Tn; — /\Vf(xnj).
Using the proximal identify of Lemma 1.9, we deduce that
HV/\nj Ln; — V)\xng‘ H

= llproxy, ,yj — provagzjl|

A A
= llprowng(3—y; + (1 = T—)proxy, ,y;) — prowagz|
n "
A A
<595 + (L= )proy, ,y; = 2l
n nj
A A
< Tnj”yj —zll + (1 - TW)HPTOJ«"AWZJJ‘ = 7|
A A
= 5 [Any = AV @n )+ A = = )llprozs, ,y5 =zl (2.14)
nj j

Since {x,} is bounded, V f is Lipschitz continuous, and \,, — A, we immedi-
ately derive from the last relation that HVMJ- Tp; — Vaxp,|| — 0. As a result,
we find

|2n; — Vazn, || < ||l2n,; — V)\njxnjH + HVAnjxnj — Vap, || — 0. (2.15)

Now the demiclosedness of the nonexpansive mapping I — V) implies that
(I —Vy)Z = 0. Namely, Z € Fiz(V)) = S.
Indeed, since z is a solution of the variational inequality of (h(z)—z,2—2) <0,
it is easy to see limsup;,_,, dn, < 0. This shows condition (iii) in Lemma 1.5
holds and therefore the desired result at once follows. Thus we can conclude
that x,, — 2. O

Remark 2.2. Note that 5, = 0 holds in Theorem 2.1, we can obtain the
result of the reference [3]. However, the proof of Theorem 2.1 in this paper is
simpler and the conditions are weaker than Theorem in reference [3].

Now, we are now in a position to state and prove a strong convergence
result for sequences generated from algorithm (1.7) under several alternative
conditions on the error sequences e,,.
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Still, we assume that f,g € I'o(H), h(z) is a T-contractive operator of H to
H with 0 <7 <1 and (1.1) is consist. Let S be the nonempty solution set of

(1.1), o, € (0,1), B, C [0,1), pn, C (0,1), and ap, + By + ptn, = 1.
Theorem 2.3. Let the following conditions hold:

(a) limn%oo oy =0;

(b) 352 an = o005

(¢) 0 < Hminf,, oo Ap < Hmsup, o An < 2;

(d) XLy llenl] < oo

Then, for any initial guess xo € H, the sequence {x,} generated by
Tnt1 = aph(xn) + Bnxn + pn Vi, Tn + €n (2.16)

converges strongly to z. where z is a solution of (1.1) and it is also the unique
solution of variational inequality (h(z) —z,& — z) <0 for allZ € S.

Proof. Taking Theorem 2.1 into account, it is enough to prove that ||z, —v,| —
0 as n — 00, for vp41 = anh(vy) + Buvn + tn Vi, vn. Since V), is nonexpansive
and h(x) is contractive, we have

[Zn+1 — vnga |
< anT||h(zn) — h(vn)[| + Bullzn — vall + pnllzn — vall + [lenl]
= anT||Tn — vnll + (1 — )| — vall + [len]
=1 —an(l =7))l[zn — vnll + [len]]
lenl
an(l—1)°
Since the sequence of errors satisfies the condition (d), it readily follows from
Lemma 1.5 that ||z, — vy,| — 0. This completes the proof. d

=(1—ap(1 —7)||zn —vnl + an(l —7) (2.17)

Especially, if we fix h(z,), namely, take h(z,) = u, where u € H is fixed.
Then, we have the following results. And the proof is similar to Theorem 2.1.

Theorem 2.4. Let f,g € I'o(H), and assume that (1.1) is consist. Let V) =
proxy, (I — MV f), where V f is L-Lipschitizian. Given xo € H and define
the sequence {x,} by the following iterative algorithm:

Tl = QpU + ﬂnxn + Nnv)\nxn7 (218)
where ay, C (0,1), B, C [0,1), uy C (0,1), and A\, € (0, %), Suppose that
(a) hmn%oo oy =0;
(b) X2 0 = o0;
(¢) 0 < lminf, oo Ay < Hmsup,_,oo An < 2;
(d) ZZillenll < oo.
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Then, {x,} converges strongly to Ps(u) which is the nearest point of S to u
and is also a solution of (1.1).

Theorem 2.5. Let f,g € I'o(H), and assume that (1.1) is consist. Let Vy, =
proxy, (I — AV f), where Vf is L-Lipschitzian. Given xg € H and define
the sequence {x,} by the following iterative algorithm:
Tpi1 = Qpu + BrTy + an)\nxn + én, (219)
where oy, C (0,1), B, C [0,1), p, C (0,1), and A, € (0, 2). Suppose that
(a) limp o0 ap = 0;
(b) ¥5Zi0m = 00;
(c¢) 0 <liminf, o0 A\ < limsup,,_ o A\p < %
Then, {x,} converges strongly to the nearest point of S to u(Psu) which is
also the solution of (1.1).
Proof. For given initial point vy, we define {v, } recursively by
Unt1 = O + Bpn + pn Vi, Un, (2.20)
By Theorem 2.4, {v,} converges strongly to Psu. So it remains to show that
|xn — vn|| = 0. Since
< |Bn(@n = vn) + pn(Va, 20 — Vo0l + [
< Bull@n — o)l + pnlVa,zn — Va,vn)|| + llen]
< (Bu+ )T — vnll + lenl|
[lenl

= (1—ap)llzn — vl + anTa (2.21)

n

Hxn-i-l - Un-i—l”

it follows from Lemma 1.6 that ||z, — v, || — 0. Therefore we have the desired
result. O
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