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Abstract. We consider general base i, and jg which perform the roles of ¢ and j do in
quaternions. We give a representation and properties of a Fourier transformation of regular
functions with values in generalized quaternions, referring the Fourier transformation using

quaternions.

1. INTRODUCTION

Quaternion algebra is declared by Hamilton [6]. After his discovery of
quaternions, quaternions recently have played a fundamental role in several
areas of science. Adler [1] presented the quaternionic analogues of com-
plex matrices converting a quaternion matrix to a pair of complex matrices.
Agrawal [2] developed the algebra of dual-number-quaternions using proper-
ties of Hamilton operators and expressions for screw motion. Kim and Shon [9]
gave a hyperholomorphic function and a split harmonic function with values
in split quaternions and expressed polar coordinate forms for split quater-
nions. Kim and Shon [10] proposed a split regular function that has a split
Cauchy-Riemann system in split quaternions and investigated properties of
an inverse mapping theory with values in split quaternions. Cockle [4] gave
coquaternions or para-quaternions and studied for manifolds which endowed
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with coquaternion structures in differential geometry.

In the analysis of systems of differential equations, the Fourier transform
is being used a lot. The Fourier transform is a mapping of real-valued func-
tions into complex-valued functions. It is used in the design of signal filters
and control systems to transfer the time-domain of functions to the frequency
domain. The quaternionic extension to the spectral transformations was in-
troduced by Ell [5]. Hitzer [7] gave the quaternionic Fourier transform(QFT)
applied to quaternion fields and investigated QFT properties useful for appli-
cations. Bahri et al. [3] established an uncertainty principle for the right-sided
QFT which prescribed a lower bound on the product of the effective widths
of quaternion-valued signals, by using the properties of the QFT. Pei et al.
[11] introduced digital signal and image processing using reduced biquater-
nions which are an extension of the complex numbers, following the doubling
procedure.

Using the Fourier transform which is composed of generalized quaternions,
we can extend techniques for the properties of quaternionic spectral trans-
formations and we can utilize a direct extension of the convolution product
theorem of the Fourier transform to a two-dimensional convolution general-
ized quaternionic product. We consider that generalized quaternions are rep-
resented by base i, and jg and give some properties of regular functions with
values in generalized quaternions. Also, we investigate the Fourier transforma-
tion of a generalized quaternionic function. We research representations and
some characteristics of the regularity of functions on generalized quaternions.
We give different forms of the generalized quaternions Fourier transform used
to different Plancherel theorems. We propose non-commutative generaliza-
tions of the quaternionic Fourier transform with matrices and examples.

2. PRELIMINARIES
The algebra of the elements of the form
2 =01+ 2190 + T2js + 3k

is said to be a generalized quaternion specially, o and 3 are non-zero scalar
numbers and this algebra is a four dimensional non-commutative and associa-
tive real field with three bases i, jg and k, where

z €R (r=0,1,2,3), i = o, j3 =B, k =iajsg = —jsia-
We consider the set of generalized quaternions as follows:

Gu={z|2z==20 14 x1iq + x2js + 23k},
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where the element 1 is the identity of Gy which is isomorphic to C2. Based
on the form of generalized quaternions, the conjugate number z* of z in Gy is
given by

¥ =xo — T1ia — x2j8 — x3k.
Also, the norm |z| of z is defined by

22 = 2(%) = ()2 = 2 — 3 — 236 + 2o

and the inverse 271 of z is

*

7= ’2’2 (z #0).

For two generalized quaternions z = xo+x11q +x2jg+ 3k and w = yo+y1ia+
Y273 + ysk, where y,,, € R (m =0,1,2,3), we give the addition as follows:

z+w = (o +yo) + (1 + y1)ia + (z2 + y2)jp + (v3 + y3)k
and the multiplication is given by

2w = xoyo - 1 + zry10 + x2y2f — x3yza + (1Yo + Toy1 + x3y28 — x2y35)ia
+ (w2yo — x3y100 + Toy2 + T1Y30) 75 + (23Y0 — T2y1 + T1Y2 + ToYy3)k.

From the properties of z and z*, we give differential operators as follows:

1,0 0 0 0
D= -(— Y =1 Y -1, Y —1p-1
2<8x0+8x1a Za+8x25 I8 8x3a 5 k)
and
L G N PR A PR A P
b _2<al'0 al'la o 8:13218 jﬁ+a$3a ﬁ k)’

where o~ ! satisfies aa™! = 1 and B! satisfies 35~ = 1. If o, § = 0, that
is, z is a dual quaternion, then the differential operators are defined by the
settings that can be applied in dual quaternions (see [8]).

Let © be an open subset of R%. Let f: Q — Gp be a function with values
in Gy such that

f(Z) = f(x07x17x27m3) = Uup - 1 +U17;a +u2]ﬁ +u3k

for 2 = xg - 1 + 2114 + T2jg + 23k in €, is called a generalized quaternionic
function, where

Uy = up(zo, 1, T2,23) : Q C R — R

are real-valued functions.
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Remark 2.1. By the properties of the differential operators D and D*, we
have the following results:

Df = —++—+-—-——+(— — — ——a = ig
f 8x0+8x1 +8{B2 8x3+ 8$1a 8900 8903 8%‘2 ’

0 0 0 0
Qg Qg D Gy,

8u0 Bul 8u2 871,3 (8u0 1 6u1 aUQ _1 8'&3 > .

81‘3 (3.%0 8.%‘1 I8
QEQ g1 _Oun gy Oup oy Oug
+( 8x3a B 8$2B +a$1a +8x0>k
and
« 8U0 8U1 8U2 8U3 8u1 8UO -1 8u2 1 8U3 .
D - A _ = e =z hutiat) 7
f 8%0 ax1 8 t oy 8.%’3 + <8x0 8x1a + &Tga + 8:112>Z
Juy  Ougy ,_4 8u1 _1 Ous
+<8x0 (99026 /B o1 )j
Ouy _ Quz auo ol dur
+<8x0 00 T Pt o, Dk

3. GENERALIZED QUATERNIONIC FOURIER TRANSFORM (GQFT)

We extend the Fourier transform to the algebra of generalized quaternions.
Since generalized quaternions are non-commutative, there are three different
types of GQFT of two dimensional generalized quaternion-valued signals as

follows:
[ 100l dx
RQ

exist. Then a generalized quaternionic Fourier transform of a function f,
denoted by F{f}, is given by:
for F{f} : R*> — Gug,

Definition 3.1. Let

Type 1.
FulrHe) = [ exp(=is wna) expl—ia wna) ) dx
Type 2.
Fal1}e) = [ exp(ia wra) S0 exp(—iis wixa) dx
Type 3.

Fo{f}w / F00 exp(—ip waxa) exp(—ta wix1) x,
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where x = (x1, X2), w = (w1, ws), d>x = dx1dx2 and the exponential product
exp(—ia wiX1) exp(—js w2x2)

is called the generalized quaternion Fourier kernel.

We will use ‘GQFT’ instead of ‘generalized quaternionic Fourier trans-
form’ to make the expression of the word simply. We always consider that

/R2 |£(x)| d*x exists. So, after that, we don’t mention this condition again.

Also, since the calculating processes and styles of types in Definition 3.1 are
similar to each other, we deal with only Type 1 in the rest of paper when we
prove theorems.

Remark 3.2. Using the Euler formula for the generalized quaternion Fourier
kernel, we have

exp(—iq wix1) = cosh(v/a wix1) — sinh(yv/or wix1)

and
exp(—jg waxz) = cosh(y/B waxa) — sinh(y/B waxa).

Hence, we can write the following form

i) = [ {eosh(va win)cosh(v/F waa)) () x
4’/&2{511111(\/a wix1) sinh(y/B wax2) }f(x) d°x
+ [ Aeosh(v/a wrxa)sinh(v/5 waxa) (1) dx
+/Rz{sinh(\/& wixt) cosh(v/B wax2)}f(x) d*x-

That is, we can represent

Al = [ fcoshawna + Vo)) f00 Px
— /W{sinh(\/a wix1 + /B wax2) Hf (x) d*x.

Remark 3.3. For the generalized quaternion Fourier kernel, when o« and
are negative, we have

exp(—ia wi1X1)exp(—jg wax2) # exp(—jg waX2) exp(—ia wi1X1).
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For example, when o« = 8 = —1, since

exp(—iq wix1)exp(—jg wax2)
= (cos(wix1) — Pa sin(wix1))(cos(wax2) — js sin(wax2))

and

exp(—jg waXx2) exp(—iq wix1)
= (cos(wax2) — jgsin(wax2))(cos(wix1) — ia sin(wixi)),

we obtain

exp(—ia wix1)exp(—jg waX2) # exp(—jg wax2) exp(—ia wWi1X1)-

Otherwise, we have

exp(—iq wix1)exp(—jg waXx2) = exp(—jg wax2) exp(—ia wi1X1)-

Hence, we can write the following form

AN = [ feosh(Va ) cosh(v/F waxa)} S0 dx
JF/RQ{SiHh(\/a wix1) sinh(y/B wax2) }f(x) d°x
+ [ feosh(va wia) sinh(VF el () dx
4'/]R2{Sinh(\/a wix1) cosh(v/B wax2)}f(x) d*x.

That is, we represent

Al = [ foosh(va wna + VB eax) 100 Py
- /1R2{Si]f1]fl(\/a wix1 + /B wax2)}f(x) d*x.

Example 3.4. Consider the quaternionic distribution signal (see [3])

f(x) = exp(iaAx1) exp(japxe)-
If w # wg, then the GQFT of f is

Fi{fHw) = /R2 exp(—jg wax2) exp(—ia wix1)exp(iaAX1)exp(jgpxa) dx1dx2

=2 /R exp(—jg wax2) exp(jauxe) dx2
= (27T)2’
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where wy = (A, ). Also, if w = wp, then F1{f}(w) = 0. Therefore, we obtain
the result as follows:

Fi{fHw) = (2m)*6(w — wp).

Definition 3.5. Suppose that f € L'(R?;Gy) and F.{f}(w) € L?(R? Gy)

(r = 1,2,3). Then F.{f}(w) is an invertible transform and each inverse
transformation of F.{f}(w) is as follows:
Type 1.

FHFAAHw)] =

(2717)2 /R2 exp(jg wax2) expia wix)Fi{fHw) d°x;

Type 2.

F A = gz [ exolio srx) Bl ) explis wne) P

Type 3.

P ) = g [ P @) explis waxa) exlio wi) dPx.

Theorem 3.6. For two generalized quaternionic functions, the GQFT of
f, g € LY(R?;Gy) is a linear operator, that is,
Felp f+q g} (w) =p Fo{fHw) + ¢ Fr{g}(w) (r=1,2,3),

where p and q in Gy are generalized quaternion constants.

Proof. From the Definition of the GQFT, we have the following equations:

Filp £ +4 9}(w) = [ expjs woxa) espl—ia il £00 +4 900} dx
= /R2 exp(—jg waxz2) exp(—ia wix){p f(X) + 4 9(x)} d*x
= [ explds waxa) expl—ia wrxilp F(x) dx

+/ exp(—Jjg wax2) exp(—iq wix1)q g(x) d*x
RQ
=p F{fHw) +q Fi{g}(w).

Therefore, we obtain the result. O

Now, we give the GQFT Plancherel theorem for generalized quaternionic
functions.
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Theorem 3.7. (GQFT Plancherel) Let f, g € L*(R? Gy) be generalized
quaternion module functions. Then the generalized quaternionic inner product
of f, g is given by the inner product of the corresponding GQFTs F.{f}(w)
and Fr{g}(w) (r =1,2,3) as follows:

ifa, B < 0,
o < AL AL >

otherwise,

@%2<}Hﬂ@hﬂwKM>.

Proof. For f, g € L?>(R?;Gy), the inner product is expressed by the following
equation:

< f.g>
- / 1(2) 9(2)" &=
R2
1

= W/]R? (/R2 exp(jp waxz2) exp(ia wix1)Fi{f}(w) d2X> g(2)* d%2

- (2717)2 Fi{f}Hw) /R2 exp(jz waxz2) explia wix1) g9(2)* d*z d*x
(ifa, B < 0,

(271r)2 ]:1{f}(w)</R2 9(2) eXP(—j/B waX2) exp(—ia wi1X1) d2x)* d2z;

otherwise,
1 _ ‘ ;
@2 ]:l{f}(w)</RQ exp(—jg waX2) exp(—ia w1X1)9(2) d2X> d*z

'ifa,ﬁ<07

o <AL Al >

otherwise,

< F{fHw), Fa{g}(w) >

(27)?

Similarly, for Type 2 in the Definition 3.5, we have
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< f,g>

= | f(2) g(2)" &’z
RQ

= oo L ([ eplia crx) 1@ explis ) a2 o(e)"

ifa, 8 < 0,

(2;)2 < BAf}w), Folo}(w) >

otherwise,

(271r)2 < Fo{f}(w), Fo{g}(w) >,

and for Type 3 in the Definition 3.5, we get
<fg>

S RCYORE
= oz (LR e wmna) explia ) ) ofe)”

R2
1

=@ < F3{fHw), F3{g}(w) > .

Therefore, the result is obtained. O
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