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Abstract. We examine the generalized quasilinear Kirchhoff’s string equation:
up = —||[AY?u||5Au + f(u), z € RY, t>0,

with the initial conditions u(z,0) = uo(z) and wu(z,0) = ui(x), in the case where N > 3.
The purpose of our work is to study the stability of the solution for this equation.

1. INTRODUCTION

Our aim in this work is to study the following nonlocal quasilinear hyper-
bolic initial value problem:

ug = —||AY?ul|}Au +  f(u), z€RN, t>0, (1.1)
u(z,0) = up(z), w(z,0) = wui(z), z eRY, (1.2)
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with initial conditions ug, u; in appropriate function spaces, N > 3. The
case of N = 1, Equation (1.1) describes the non-linear vibrations of an elastic
string. We must remark here that Equation (1.1), also includes resembling
phenomena of slowly varying wave speed (see [5]).

Kirchhoff in 1883 proposed the so called Kirchhoff string model in the study
of oscillations of stretched strings and plates

v Ju Eh [T [9u)\? v

where we have 0 < z < L, t > 0, and we have to mention that u = u(z,t) is
the lateral displacement at the space coordinate x and the time ¢, E the
Young modules, p the mass density, h the cross-section area, L the length,
po the initial axial tension, § the resistance modules and f the external
force (see [10]). When py =0 the equation is considered to be of degenerate
type and the equation models an unstretched string or its higher dimensional
generalization. Otherwise it is of nondegenerate type and the equation models
a stretched string or its higher dimensional generalization.

The global existence and the uniqueness have been established in the energy
class (see [22]). Once global existence is known, it is not difficult to show that
solutions decay as t — oo. Furthermore, in the non-degenerate case a simple
calculation of the energy shows that solutions decay at least exponentially.

In the degenerate case, however, estimates of the rate of decay requires far
more delicate analysis. Much of the efforts have been focused on estimates
from above (see [11], [14]). But it is difficult to obtain the estimates from
below. In fact, except for some special cases (see [15], [16]), little has been
known about the lower estimates. Also Ono in [17], proved global existence,
asymptotic stability and blowing up results of solutions for some degenerate
non-linear wave equation with a strong dissipation (see also [13], [18], [19]).
Mizumachi (see [12]) studied the asymptotic behavior of solutions to the Kirch-
hoff equation with a viscous damping term with no external force.

In our previous work (see [20]), we prove global existence and blow-up results
of an equation of Kirchhoff type in all of RY. Karachalios and Stavrakakis
(see [7]-[9]) studied global existence, blow-up results and asymptotic behavior
of solutions for semilinear wave equations with weak dissipation in all of RY.

The presentation of this paper has as follows: In section 2 we discuss the
space setting of the problem and the necessary embeddings for constructing
the evolution triple. In section 3 we prove the existence and uniqueness of the
solution for our problem. In section 4 we study the stability of the solution
u = 0. In order to study the stability, we study the spectrum of the operator
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A. In our problem we have an external force f (u) and the stability of the
solution depends on the sigh of f/(0).

2. FORMULATION OF THE PROBLEM

The space D(A) is going to be introduced and studied later in this sec-
tion. We shall frequently use the following generalized version of Poincaré’s

inequality
/ ]Vu\Qda: > a/ guidz, (2.1)
RN RN

for all w € C(RN) and g € LN?(RVN), where o =: k:_2||g]|;\,}2 (see [1,
Lemma 2.1]).

We also need to make the following remarks: Let V, H be two Hilbert
spaces, where

V CH, and V isdensein H. (2.2)

We also have that
V CC H (this means that the embedding is compact). (2.3)
The scalar product and the norm in H are denoted by (.,.) , ||.||m, respec-

tively. We identify H with its dual H' and H' with a dense subspace of the
dual V' of V, thus
VcHCcCV, (2.4)
where the injections are continuous and each space is dense in the following
one.
Let a(u,v) be a bilinear continuous form on V' which is symmetric and
coercive

Jap >0, a(u,u)>allul’, YueV. (2.5)
With this form we associate the linear operator A from V into V' defined by
(Au,v) = a(u,v), VYu,veV.

Operator A is an isomorphism from V onto V' and it can also be considered
as a selfadjoint unbounded operator in H with domain D(A) C V,

D(A)={veV, Ave H}.

Due to (2.2) there exists an orthonormal basis of H, {w;};en which consists
of eigenvectors of A,

{ .ij:)\jwj, =12 .. ’LUjEH,

O< M <A<, A= oo, as j — oo. (2.6)

A weak solution of our problem must satisfy the following definition.
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Definition 2.1. A weak solution of the problem (1.1)-(1.2) is a function wu
such that

(i) uw e L2[0,T; D(A)], u; € L?[0,T;V], uy € L?[0,T; H,
(ii) for all v € C§([0,T] x (RY)), satisfies the generalized formula

T T
| o ongar [T (1201 [ A A oo
T
- [ ) =o

where f(s) = |s|%s,

(iii) satisfies the initial conditions
u(z,0) = up(z), up € D(A), w(x,0)=ui(z), ug €V.

3. GLOBAL EXISTENCE

In this section we prove the existence of solution for problem (1.1)-(1.2),
under small initial data.

Theorem 3.1. (Local Existence) Let f(u) be a C'-function such that
[f()] < Faful ™ [f(u)] < kolul®, 0<a< (N+2)/(N-2) and N > 3.
Consider that (ug, ui) € D(A) x V' and satisfy the nondegenerate condition
|| AY 2] |2 > 0. (3.1)
Then there exists T, = T(||Auol|, ||A?u1||) > 0 such that problem (1.1)-(1.2)
admits a unique local weak solution u satisfying
u € C(0,Tx; D(A)) and uy € C(0,Ty; V).

Proof. For given constants T, > 0, R > 0, we introduce the two parameter
space of solutions

Xn.r =t {ve€C(0,Ty;D(A)): v € CY (0,75 V),v(0) = ug, v¢(0) = u,
6(’0) S R27 te [O7T*]} )
where e(v(t)) =: [|[Av(t)||3 + ||AY20'(t)]|%, the norm in the space Xy =:

D(A) x V. Also wug satisfies the nondegenerate condition (3.1). It is easy
to see that the set X7, g is a complete metric space under the distance
d(u, v) =: supg<i<r, €1(u(t) —v(t)), where

ex(v) = [[/(1)]|[3 + [|A20][3,
the norm in the space X; =: V x H. We have that Xy C X; compactly, that
is, e1(u(t)) < e(u(t)).
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Next, we introduce the nonlinear mapping S in the following way. Given
v € X7, r, we define u = Sv to be the unique solution of the linear wave
equation

)+ A2 Au(t) = (o), (3.2)
uw(0) = wug, u'(0)=nuy.

In the sequel we shall show that there exist T, > 0 and R > 0 such that
the following two conditions are valid

(i) S maps X7, g into itself, (3.3)

(ii) S is a contraction with respect to the metric df(.,.). (3.4
Set 2My =: ||AY?ug||2, > 0 and
Tp =: sup {t € [0, +00); [[AY20(s)||% > Mo, for 0< s < t} :
Then
To >0 and ||[AY20(t)||3 > My, on [0,Tp). (3.5)
(i) To check (3.3), we multiply (3.2) by 2Au; and integrate over RV to get

2 Auguydr + 2/ | AY20(8) |3 Aug Auda
RN RN

=2 (v) Auzd. (3.6)
RN

So, we have t
d . s1/2 2 1/2 2 d 2
A POl + 1A o)l — (1 Au®)][7)

= (%I|A1/2v(t)|!?1)\|AU(t)H%1 +2(f(v), Aur(t))

Finally, we obtain

Ses(ult) = (SIA2OIR) 4w +2(70) , Au®), (3.7

where we set
e3(u(t)) =: [|AY2u(t)[1F + |[AY 20 ()31 Au(t)| ;-
Note that

es(u) > [| A ul [} + Mol| Au()|[f > e Pe(u(t) > ¢ %er(u(t))  (3.8)
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with ¢ = (max {1 ,Mo_l})l/2 . To proceed further, we observe that

d
(aHA“QvH?{)HAU(t)H% = 2/ Avvydz || Au(t)|
RN

2 (114v] %) (Ilwel12) " | Au(t)|
2RE(|[vr][3)" %e(u(t))
2RERcIeS(u(t)) < caR%e3(u(t)), (3.9)

with cg = 2kc?, where k is the constant of the embedding V' C H. We also
have that

ININ A

2(f(v), Auy) = 2 F () AY20 AV 2wy ds
RN

2ka[vl|%al A" 20l Lo/ ol [ A o] 1,

where we used Holder inequality with p~! =1/N, ¢-! = N —2/2N, r~! =
1/2. From the embeddings D(A) C V C H and using Sobolev-Poincare
inequality, we get

10]%q < c2llAv]f < R, ||AY20|on/n—2 < el |Av]|g < R
Thus, we obtain that
2(f(v), Aw(?))

IN

2koc? R, Re(u(t))"/?
ko c? T R e b (u(t)) V2. (3.10)
Using estimates (3.9)-(3.10), we get from (3.7) that
d
dt
where c3 = 2koc?*lc;. Hence, from Gronwall’s inequality we get

<
<

es(u(t)) < caR%e3(u(t)) + esR* T e3(ult)/?,

2
es(u(t) < {ea(u(0)/? + e R} e T
Thus from estimation (3.8) we obtain
er(u) < e(u(t))
a 2 C 2
& {14 2un | + 114" 2wl | Auo | [3) /2 + eaRFIT, | 2T
—. Ci(T.,R), (3.11)

for any t € [0,7y], with T, < Tp. Since we have that function u €
L>(0,Ty; D(A)) N W1>(0,T,; V) and u(t) satisfies Eq.(3.2), it follows that
u"” € L°°(0,Ty; H) and hence, u € C9([0,T.); D(A)) N CL([0,T.]; V). Thus,
for the map S to verify condition (3.3) it will be enough the parameters Ty, R
satisfy

IN

C1(T.,R) < R?, (3.12)



The stability of the solution for an hyperbolic problem on R¥ 135

which is true for 7T, and the norms small enough.

(ii) We take vy ,v2 € X7, g and denote by wu; = Sv; ,us = Svy. Hereafter
we suppose that (3.12) is valid, i.e., u1 ,us € X7, r. We set w = uy —ug. The
function w satisfies the following relation

wi + |4 20| frAw = {]]AY 20|y — (|4 203 } Aug
() = (o),
w(0) =0, wy(0) = 0. (3.13)

Multiplying equation (3.13) by 2w; and integrating over RY we have the
following equation

2/ wtwttd$+2/ || AY 20, |13 Aww,da
RN RN

= -2 {HAl/Qle%{ — HA1/21)2H12LI} /RNAqutd:c

w2 [ (o)~ ) wnd. (3.14)
R
Therefore, we have
d d
e w) = ZIA 0314 2wl
—2 {11201y — (|4 2ual ) (Aug )
+2(f(v1) — f(v2) ,w)
= Il(t)+[2(t)+[3(t), (315)
where
d
n) = A2l AY 2w,
L) = —2{[[4 20} — A 20l (Auz ,we),

I3(t) = 2(f(v1) — f(v2) ,wy),

and we also set e} (w(t)) =: |[we ()| +||AY 201 ()]|% ]| AY?w(t)||4. Note that
the following estimations are valid

€5, (w) > [Jwrl[” + Mol | A Pw(b)|| > ¢ Per(w). (3.16)
As in (3.9), we observe that

L(t) < coR%el (w) (3.17)
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and
L(t) < 2 (HAl/QleH + |!A1/2112|!H) A2 (01 = v2)[ a1 || Auz|| ||y (2)]]
< 2(R+ R)ei(v1 — v2)? Rex(w(t))'/?
< 4R%e;(v) — 1)2)1/2016:1 (w) = c4R?e1(vy — vg)l/Qezl (w),  (3.18)

where ¢4 = 4¢;. Next, applying the generalized Poincaré’s inequality (2.1) and
the embeddings D(A) C V C H, we obtain the following

It) < ko™ (1A 2ui]lf + 42015 ) 114Y2 (01 = 02) | [
< cgR%1(v1 — v2) %€ (w(t))'/?, (3.19)

< o1
where cg = 4kja~lc;. From estimates (3.17)-(3.19), we obtain the following
estimate for the relation (3.15)

d
@6:1 (w) < eaR%e} (w) + (caR? + cgR) e1(vy — vz)l/zezl (w)/2.

Gronwall’s inequality and the fact that e} (w(0)) =0 imply that

e (w) < (caR? + %R“)Q TfeCQRQT* sup ej (v1(t) —va(t)). (3.20)
0<t<T.
Therefore from (3.11) and (3.20) we get
d(uy ,uz) < Co(Ty, R) d(vy ,v2), (3.21)

where the constant Co(7T, R) depending on T, and R is
CQ(T*, R) =: c% {C4R2 + CGRa}2 T*QeCQRzT*.

For small enough T, > 0, we have that Cy(7,R) < 1. From the above
argument, by applying the Banach contraction mapping principle we know
that the problem (1.1)-(1.2) admits a unique solution «(t) in the class

Co([0,To]; D(A)) N Cy ([0, To]; V).
Moreover, we see that u € L*(0,Ty; D(A)) N WH*(0,T,; V) and f(u) €
L>(0,Ty; V). Therefore, it follows from the continuity argument for wave
equations (see [23]) that this solution u belongs to

C°([0, T.J; D(A)) N CH([0, T.J; V),

This completes the proof. O

Remark 3.2. In the above Theorem 3.1, if we assume that ug € D(A), uy € V
and f is a nonlinear C'! function, then it is easy to see following the same steps,
that the solution u belongs to

C%([0, T.]; V) ncl([o, T.); H). (3.22)
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In that case, because of the inequalities
e1(u(t)) < e(u(t)) < R?,
we find that w is a solution such that
u € L>®(0,Ty; V), u' € L*=(0,T,; H).

The continuity properties (3.22), are proved with the methods indicated in
([23], Sections II.3 and II.4).

Corollary 3.3. (Global Existence) We assume that (ug, u1) € D(A) x V.
Then, there exists a unique solution of problem (1.1)-(1.2) such that

ue C([0, +00); V), w € C([0, +00); H).

Proof. Following the same steps as in [20] we obtain the global existence result.
O

4. THE LINEARIZED SYSTEM

In this section we study the stability of the solution u = 0. The linearized
equation of the system around solution u is the following
v = —||AY | [ Av + ' (u)v. (4.1)
In the case where u = 0, equation (4.1) becomes
v — f(0)v = 0. (4.2)
We set v, = w and we get from (4.2) that

{ w = f'(0)v,

Vg = W,

I R S

Finally we obtain

or,

i + At = 0, (4.3)

-1 0
stability of the solution, we study the spectrum of the operator A.

“ _ !
where @; = (w,v)” and A :[ 0 7(0) } So, in order to study the

For later use we give the following definition and theorems. (for the proofs
we refer to ([6], Theorem 5.1.1 and Theorem 5.1.3)).
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Definition 4.1. The continuous spectrum of an operator A is the set o.(.A)
of complex numbers A for which AI — A is one to one and has a dense range
which is not equal to X, where X is a Banach space.

Theorem 4.2. Let A be a sectorial linear operator in a Banach space X,
and let f:U — X where U is a cylindrical neighborhood in RN x X, (for
some a < 1). Also let z¢ be an equilibrium point. Suppose

f(tv ﬂfo—i—Z) = f(t7 $0)+Bz+g(t’ Z)7

where B is a bounded linear map from X® to X and ||g(t, z)|| = O(||z]|a)
as ||z|la = 0, wuniformly in t, and f(t,x) is locally Holder continuous in t,
locally Lipschitzian in x, on U. If the spectrum of A— B liesin {R XA > (3},
for some B >0, or equivalently if the linearization

dz
E‘F.AZ —BZ,

1s uniformly asympotically stable, then the original equation has the solution
xo unifomly asympotically stable in X*.

Theorem 4.3. Let A, f be as in Theorem 4.2. Assume also Axg = f(t, xo)
for t > to,
f(t, zo+2) = f(t, ®o) + Bz+g(t,z), g¢(t0)=0,
lg(t; 21) — g(t, z2)] k(p) 21 = 22lla,
lzilla < pi 2]l p.and k(p) =0, p—0".
If we set L = A— B and assume that o(L) N {R X\ < 0} is a nonempty

spectral set, then we obtain that the equilibrium solution xq is unstable for the
original equation in X (where X® is as in Theorem 4.2)

<
<

Next, we will compute the eigenvalues of A. Let #; = [¢j, ¥;] € D(A).
Eigenvalues of A satisfy the following relation

Ay = pj zj,

EERIEE I

Therefore, in order to find the eigenvalues of A, we compute the characteristic
polynomial of A, that is,

pi - f'(0)
Lo

Then according to the sign of f’(0), we have the following cases:

or,

det

’ =0 & ui—f(0)=0.
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Case I. Let f/(0) > 0. Then the operator A admits the following two real
eigenvalues of different sign:

i = +(F0) /2 (4.5)
Also, since we have that f/(0) > 0 from the initial hypothesis, we may easily
see that the continuous spectrum of A, o.(A) = (. So, by Theorem 4.3 we
have that min Re co(d) < 0, which implies that 0 is unstable for the initial
Kirchhoff’s system.

Case II. Let f/(0) < 0. Then we have that the eigenvalues j+ are complex
and

min Re,, o 4)k+ > 7/(0).
Therefore, using Theorem 4.2, we have that the solution u = 0 is asymptoti-
cally stable for the initial Kirchhoff’s system.
Case ITI. Let f/(0) = 0. Then we obtain that o.(A) = {0}, thus we have that
the solution v = 0 is stable for the initial problem, (according to Theorem 4.3).
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