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Abstract. In a representation space of the proper Lorentz group, we consider the so-called
spherical and two parabolic bases and compute the matrix elements of restriction of the
representation to matrix diag(1,1,1, —1) with respect to one of the above parabolic basis in
the following three particular cases: matrix elements belong to ‘zero row’; lie on the ‘main
diagonal’; lie on the ‘anti-diagonal’. Taking the relations between above bases, we give a
group theoretical treatment of one known formula and derive two new formulas for series
involving modified hyper-Bessel functions of the first kind, which converge to products of
(usual) cylinder functions. Some results here are pointed out to be able to be rewritten in

terms of Bessel-Clifford functions.

1. INTRODUCTION AND PRELIMINARIES

Various generalizations of certain special functions have been introduced
and investigated in solving some problems associated with diverse research
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subjects such as applied mathematics, nuclear physics, statistics and engi-
neering. For example, we take the frequently used basic and modified Bessel
functions. In particular, with a view to describing exact solution of problem
of reflection and diffraction of atomic of Broglie waves, Witte [29] introduced
the following so-called hyper-Bessel basic function of the first kind:

ofs(a,b,¢;2) : = {T'(a)T'(b) I‘(c)}_1 oF3(a,b,c;z)

_ 1,0 _ -
—Go,4< Z‘ 0,1—a,1—b,1—c>’

where I' is the familiar Gamma function (see, e.g., [26]), ,F;, are the generalized
hypergeometric functions (see, e.g., [21]), and Gpy" is the Meijer G-function

(see, e.g., [27]). Delerue [7] defined the modified hyper-Bessel functions of the

first kind as follows: For n € N,
p n+1
— 1, ... 1;
v+ 1 7V’Vl+7<n+1) ]7

( 2 )V1+...+vn
Lyyoon(z) =~ R,

[1T(vi+1)

i=1
which were re-derived, three decades later, by Klyuchantsev [16] and have
found certain interesting applications in (for example) quantum mechanics
[15], fractional calculus [14], and theory of Mittag-Leffler functions [11]. Also
certain properties of the function I, ,, have been investigated (see [2, 18]).
Here and in the following, let C, R, R*, Z and N be the sets of complex
numbers, real numbers, positive real numbers, integers and positive integers,
respectively, and let N := NU {0} and R := R* U {0}.

Most of special functions involving in mathematical physics and their ana-
logues arise in matrix elements of group representations and matrix elements
of non-degenerate linear transformations of a representation space. For in-
stance, let G be a proper Lorentz group. The left quasi-regular representation
T of this group can be realised in the space © of o-homogeneous infinitely
differentiable functions defined on the cone

Aot — 23— =0; (1.1)

in this case T maps an element g to the linear operator which ‘shifts’ a function
f according to the rule f(z) — f(g~'x) (see [17]). Shilin and Choi [22]
expressed the matrix elements of the linear operator mapping the so-called
spherical basis By := {fp, . | P1 € No, 1 € Z, |q1| < p1} of ©, where
— |¢11|-‘rl T4 . .
forar () =2 ‘qﬂCpr\qﬂ <x1> (w3 + iz sign fh)lq”,
into the hyperbolic basis in terms of 4F3-hypergeometric functions and eval-
uated some integrals involving Legendre functions in terms of 4F3. For the
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three-dimensional analogue of G, they [4, 23] have considered restrictions of
the matrix elements of T' to some diagonal and block-diagonal matrices and
obtained exact formulas for them with respect to the so-called parabolic basis.
From these formulas, they [4, 23] have evaluated certain integrals involving
products of cylinder and Whittaker functions and some linear combinations of
cylinder and Struve functions. They [24] showed that, for a := diag(1,1,1—1),
the matrix elements ¢, 4, 5,.4,(@) of the operator T'(a) with respect to the par-
abolic basis By = {fp, 40 | P2 >0, g2 € Z}, where

2)-lel <p2\/$%+33§
lg2]

" = 7(x3 izo si lgz2|
fpz,qz (x) = (z1 + 24)7 (25 + 23) p——— ) (22 + ixg sign g9)'%!,

can be written in terms of the modified hyper-Bessel functions:

R 2
_ T OB (p2\7T
2 sin(mo) \ p2

X [I\q2\70+2,lqzl+a+2 (2 p2252) —Ligy),—0—2,|ga|~0—2 (2 p2152>} :

pa,g2,p2,do (a) (12)

In addition to ® and Bs, in the following sections, we aim to consider the
space ©°®, where 0® = —o — 2 and the second parabolic basis, which will be
introduced.

2. SOME MATRIX ELEMENTS OF THE OPERATOR 7'®*(a) COMPUTED WITH
RESPECT TO THE SECOND PARABOLIC BASIS

Consider the parabolic section 7y : 1 +x4 = 1 on the cone A in (1.1), which
can be parameterized as follows:

1+a2— 352 1—a?+ 52
’YZ{(éﬁl, a1,517561> ’a1,51€R}-

For arbitrary s, t € R, we define the matrix

1 + 825t2 s t 825t2
s 1 0 S
g(S,t) T t O 1 t

122 122
5 —s —t 1—|——2

It is easy to show that g(s,t) € G, the subset H of matrices g(s,t) in G is a sub-
group with g~!(s,t) = g(—s, —t). Since 7 is a H-orbit of the point (%, 0,0, %),
this section is a homogeneous space of H, that is, for any z(p1,q1) € v and
Z(P1,q1) € 7, we have g(p1 — p1,G1 — q1)(x) = 2. The functions F(ps,q3) :=
exp W, defined on v, are eigenfunctions of the operator T'(g(s,t)) with

respect to the eigenvalue exp(—|[pss + ¢st]i). Since each point y € A can be
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represented in the form y = rx for = € v, r € R and functions belonging to
® are o-homogeneous, it is possible for the function F' to extend continuously
to A via this homogenelty Thus, the functions f, . = (v2 + 74)7 F(p3,q3)
form the basis B3 = {f; ., | P3,q3 € R} in D,

Further we use the bilinear functional

F: ®x9°* —C, (f,g)+—>/f(z)g(:v)dx,

where do = dz1dz; (j = 2, 3, 4) means the invariant measure with respect to
H on ~.
Let g € G. We denote the elements of the matrix of the operator 7*(g)

with respect to the basis B by ¢3%% .. .. (9), ie.,
T(0) 13250 / [ @) S @) o a2

Since dz = day dfy, from this equality we have

F (T U5 i / [ a0 F (i F5 )

— 47’ / / 12 (9)8(ps + fs) (ds + ds) dps dds
RQ

2
= 4n tz.?::k% —P3,—G3 (9)7

where ¢ is the Dirac delta function, and therefore,

@k Xk 1 [ ] @k kk
tp37q37ﬁ3,l§3(g) A A2 F (T ( )[fpayqs]’ —ﬁ3,—d3)‘

In this section, we compute the matrix elements ¢3*° 5 qd( a) in the following
three particular cases: (i) the matrix element belongs to zero row; (ii) the
matrix element belongs to main diagonal; (iii) the matrix element belongs to,
that is, its corresponding indices differ by signum. We use the terminology
anti-diagonal because the multi-indexes I := (ps3,q3) and —I = (—ps, —q3)
are mutually opposite in the additive group R? as well as the indexes k and
n+ 1 — k of the matrix element ay, n41—k, belonging to the n x n matrix (a;;)
and lying on its anti-diagonal, are mutually opposite in the additive group
Zip 41 of residues modulo n+ 1. The results are given in Theorems 2.1 and 2.2.

Theorem 2.1. For R(o) € (—%, —1) and ps, g3 € R\ {0}, we have
T (o+3)I(-20-2)

t(.)*(ips,qs (a) - 3
21?2

2042
Q=
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Q:=1/p3+¢ (p3, g3 €R). (2.2)

Proof. Consider the following (g, 2)-parametrization on ~:

1 2 1— 2
V= {( —;%, Qg cos B2, ap sin 3o, 2042)

where

Q2 E]R(J]ra 52 € [—7'[',77')},

we have dz = ag dag dfy. The inner integral (with respect to ag) in
[ B3 1 [ ] [ 233
150505 (0) = 75 F (T (@USHT] /a0

T 400

=2 / / a2 exp —iay Q2 sin fg) dag df2

can be evaluated by using a known integral formula (see, e.g., [19]). We
therefore have

0 5 a.(a) = r2 Q%02 I'(—20 —2)

. 20+2
0,0,3,43 sin?ot B2 d s,

o\w\:ﬁ

which can be evaluated with the help of a known formula (see, e.g., [19])

us

2
/sin“tdt —_—ZaN <,u+1>
0

Hence we have the desired result. O

Theorem 2.2. For R(0) € (—3,—3), we have

tpe s ps.as (@) = % Lo41(2) + 1-5-1(2)] K541 (€2) (2.3)

and

@k 1
P3,43,—P3,—q3 (a) = g [J3071<Q) - Jngl(Q)] ’ (2'4)

where S is the same as given in (2.2).

Proof. For (2.3), by changing the order of integrals in

1

B s psds (@) = 3 P (@) ] o0 —a)

—+00 s

1 1
=53 a2_2”_3 das /cos (Q (ag — ) sin 52) dfBo
8 0 0 “
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and using a known formula (see, e.g., [19])
+oo

0/ 21 cos <ax - 2) do =2 <Z> ? cos (%) Ko (2vab)

(a, b e RS, [R(a)| < 1),
we obtain

@5k 1 [ .
tp37Q37ﬁ3,t§3 (a) = T2 cos([o + 1]m) /K20+2(2Q sin f2) dBa.
0

Then we complete the proof by using the following known formula (see, e.g.,
[20])

a
1 T vm ac ac ac
/ T e de = guee 1 () + 14 (3)] 74 (F)
0
(a e RT, R(v)| <1).
For (2.4), some known formulas [19] and [20] may be used. We omit the
details. ]

Remark 2.3. The relation (2.3) can be rewritten in the form

tps,s,p3,a3 (a) = P |:CU+1 <4) +C_s1 (4>} Koi1 (4> .

Co(2) =272 I, (2V/2) (2.5)

Here

and

Ku(2) =272 K, (2V/z) (2.6)
which are known as the modified Bessel-Clifford functions of the first and
second order, respectively. Clifford [5] introduced (2.5) and (2.6) which had
been used, in particular, in describing solutions of the Coloumb wave equation
[1] and asymptotic expressions for Dirac-delta function [12]. Indeed, C, and
IC,, are particular cases of the Wright function playing an important role in the
theory of special functions (see, e.g., [13]). On the other hand, the functions
Ju, I, and K, in (2.3) and (2.4) can be considered as particular cases of the

two-variable coefficients Dg’m)(a, b) arising in the Laurent expansion

exp <aa: - :1%) = Z D™ (q, b) 2™
nez

of the function exp (ax — &) (see [6]) which are, as we see, related to the

matrix elements of the operator T'(a) with respect to the parabolic bases.



Bessel, hyper-Bessel and the proper Lorentz group 173

3. A GROUP THEORETICAL INTERPRETATION OF ONE KNOWN FORMULA

Let w be the intersection of A with the plane x1 = 1. We parameterize w
in the following manner:
w = {(1, sin ag sin 33, sin g cos B3, cos az) | as € [0,27), B3 € [0,7)}

@k

pa.qs @S @ linear combination of functions belonging

and express the function
to the basis B}:

[p1]

fJJ,ZS(x) = Z Z Cp3,q3,p1,q1 f;;l,ql(x)- (3.1)

P1=0 g1=—|p1|

Introducing the bilinear functional ® : (©,9°®) — C defined by

(f,9) — /Sina3dag /f(a37/33)9(043,53)d537
- 0

and using the orthogonality relations
2m
/exp(i(p +q)z)dz = 2m0p 4
0

and (see, e.g., [21, p. 281, Egs. (27) and (28)]; see also [28, p. 462, Egs. (4)
and (5)])

7T(2q + p)dp 5
22a=1pl(p + q)[T(q)]*’

/cg(z)cg(z)u — )0 adz =

21
where ¢; ; is the Kronecker symbol, we find that

22 i —q)! (i 4+ 3) [T (0 + 3))°
Cp3,q3,p1,q1 = 20 (2q1 + 1)

O(fpgss or.—ar)-

Theorem 3.1. For p; = ¢; and R(0) < 0, we have
(1) @ #0,
2ot (py 4 1) [0 (Jar| + %)]2 Qlal-0—3
Cp3,q3,p1,q1 = 2 F(2’q1‘ 4 1) F(‘Q1‘ _ J)

X exp <i|q1] [ﬂsignpg ~ T _ arctan (]3}) Ky11(9Q);
2 2 P3
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(2) q1 7& 07

o 20 o4 d) [P (] +5))" sin(ra)
0,0,p1,01 — 2 q1 F(QQI + 1)

1 |qi| -1
XB(Iqu |1 _0>,

(3.3)

2 72

where Q is the same as giwven in (2.2) and B(-,-) is the familiar beta function
(see, e.g., [26]).

Proof. We first prove (1). Since C3(z) = 1, we have

+oo
FQ(f;:Zy for—a1) = gl / Oé‘zthHl (a% + 1)"—|q1| dao
0
v
8 /eXp (i [’q152 — ragsin <»32 + arctan %)D dps.
b3

7
Here, in order to evaluate the inner integral, we use the formula (see, e.g.,
[19])

a+2m

/ exp(ijnz — zsinz])dz =21 J,(2) (n € Z, |argz| < ). (3.4)

a

The external integral

+0o0
/ a|2q1|+1 (a3 + 1) ol Jig1) Q) dag,
0

which is a Hankel integral transform, can be evaluated by using a known
formula (see [10]).

To prove (2), we use the Fourier cosine transform [9] and the Mellin transform
[19]. O

From (2.1) and (3.1), we obtain
T*(9)[fp5.45) ()

00 [p1] <3 5)
- Z t;’:jkqs ;03,43 (9) Cp,da.pr,qr A3 A3 f;:l,ql (z).
P1=0q1=—Ip1| \R2
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On the other hand,

o] |p1]
T* Ol @ =Y D Comasmna T (@)fp.q)()- (3.6)
P1=0 q1=—|p1|
Since, in case of p1 = ¢i, the function f7 . is a fixed point of the linear

operator T*(a) (that is, fy . is an eigenfunction with respect to eigenvalue

P1,q1
1), we derive from (3.5) and (3.6) that, for p; = ¢,
orasinr = [ [ 55500 (0) oo 1 s (3.1
R2

Putting ps = ¢3 = 0 in (3.7) (i.e., considering the matrix elements of the
operators T*(a) and B} — B3 belonging to ‘zero row’), taking the results from
Theorems 2.1 and 3.1 and choosing the polar coordinate system for evaluating
the double integral in the right side of (3.7), we obtain a particular case of a
known formula (see, e.g., [20])

70930—1&(@) w27 <a + 1/> . (a - y> R(e) > RO RS > 0.
0

c® 2 2

Thus, in the considered particular case, this formula expresses the relationship
between the matrix elements of the operator T*(a) computed with respect to
bases B3 and B} and lying in the ‘zero row’ of the corresponding matrices.

For general case, this formula, as a K-transform of the function xo‘_%, can
be derived by using a known formula (see, e.g., [8]).

4. TWO SERIES INVOLVING THE MODIFIED HYPER BESSEL FUNCTIONS OF
THE SECOND KIND

Yasar and Ozarslan [30] dealt with the idea concerning a unification of
(usual) Bessel, modified Bessel, spherical Bessel and Bessel-Clifford functions
by means of the generalized Pochhammer symbol (see [25])

(A )y = I'y(A+v) (R(p) >0, A\, veC)
00 (p=0, \, v €C),
where (), is the Pochhammer symbol (see, e.g., [26]) and I',(z) is the ex-
tended gamma function defined by (see [3])

—+00

Iy(z) = / t* 1 exp <—t — B) dt  (R(p) > 0).

t
0



176 I. A. Shilin and J. Choi

From this unification, they [30] derived the integral representation, for #(v) >
_1’

L,(2)

+o00o
1 2 222
— <%>V [I’(y+1)}2 /t” exp(—t) oF3 <—; v+1, l/;_ , V—; : 22 > dt,

0

whose integrand can be rewritten in terms of I, v—1 » (2\/zt).
2 72

In this section, we aim to establish two series converging to products of
cylinder functions. Consider the matrix elements cp, ¢, p5,qs Of the linear op-
erator B3 — B3 such that

0@ = [[ ot 5570 dpa s (@)
R2
Theorem 4.1. The matriz elements cp, go.ps,q5 can be expressed in the form
(signgz)® N ™ g3
Cpagapsas = 5 — OXP |12 | gsignps — 5 — aurctanp—3 (2 —pa),
where S is the same as given in (2.2).
Proof. As for t3%* 5 .. (g), it is easy to show that
L ocive
Cp2,q2,p3,93 = Ar2 ( p;qw f;m*%)'
We have
Cp2,92,p3,93
1

= 12 (fz;z*,qw f;?:a,—%)
Am (4.2)

+oo ™
= / /012 Jigo| (P202) exp(i[gaB2—p3az sin B2 —gqzaz cos Ba]) daz dfa.
0 —m

Interchanging the order of integrations in (4.2) and using the formula (3.4),
we obtain

Cp2,q2,p3,q3
—+00
1
=5 oxp <iq2 [gsignpg - g — arctan }ﬁ]) / az Jjg,| (P202) Jg, () daa,
0

which, upon using the symmetry relation J_g, () = (—1)%Jg,(z) and the
orthogonality property for the functions J,, yields the desired result. O
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Theorem 4.2. For R(c) € (—1,—3), we have

> e (‘12‘12 arctan - ) iga)~0lao 1~ (22) = L] 0 Jgo ] +0 (20)]
= 5 (4.3)

= 8Q sin(7wo) exp <2iq2 arctan ZS) To11(Q) 4+ 1_5-1(Q)] K511(Q)
3
and

> (—1)%exp (—12@ arctan p3> iga) ~0lao0 (29) = L] 0 Jgo ]+ (20)]
q2€Z

= () sin(7wo) exp <2iqg arctan pa) [J2,_1(Q) = T2, ()],
a3

(4.4)
where Q) is the same as given in (2.2).

Proof. We denote ¢y, 45 ps,q. the matrix elements of the linear operator which
is inverse for B3 — B3. In general case, for arbitrary bases B and B’ in ©°,
the matrix elements of the bases transformations B — B’ and B’ — B differ
(up to a multiplicative constant) from each other by o: namely, in order to
obtain the matrix elements of the inverse transformation we must change o
by the dual number ¢®. However, it is easy to see that in case B = B3 and
B’ = B$ the integral cp, g;py.q = 723 F( pasr Jpe.qs) does not depend on o,
therefore, we have ¢p, g3.p2.90 = Cpo,go.ps.q3-

Let us express the operand in T*(g)[
tions belonging to B3:

@k

ps,qs] as a linear combination of func-

+oo

PO = Y [ anon T3] oo
qQ2€7Z 0

Applying the same argument to the function 7°(g)[f"

ooqo) and considering the
formula (4.1), we have

T*(9)[fp5.45]

P3,4q3

= // E : // Cp2,q2,p3,q3 pg,q27p2,q2(g)cﬁméz,ﬁa*,%dp?dp? dpsdgs.
R2 92,42€7Z 2

Comparing the coefficients in this expression and (2.1), we derive

1 q3
@k
tP3,fI3,ﬁ37¢§3 (g) = 47202 Z €xp < 2igg arctan pg) tQ,lD,Qm (g)
q2,42€Z
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In this equality we substitute (1.2) and obtain the result in Theorem 4.1. To
obtain (4.3) and (4.4), we substitute (2.3) and (2.4), respectively. O

Remark 4.3. The equality (4.3) can be rewritten in terms of C, and K, as in
Remark 2.3. In addition, considering the symmetry relation K_,(z) = K, (z),
we can consider this equality as a series representation of the function

Ia+1(Q)Ko+1(Q) + Ifafl(Q)Kfol(Q)' (4'5)

An integral representation of this function (4.5) can be given by using a known
formula (see, e.g., [8])

+o0o
I(2)Ky(x) + I(x) K, (x) = 2 / Jy4u(2z sinht) cosh(p — v)t]dt.  (4.6)
0
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