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Abstract. In this paper, we introduce and study a new system of generalized nonlinear
mixed variational-like inequalities. By applying the Lemma of Ky Fan, we prove an exis-
tence theorem of solution of auxiliary problem for the system of generalized nonlinear mixed
variational-like inequalities. By virtue of this existence result, we suggest and analyze an
iterative method to compute the approximate solutions of the system of generalized nonlin-
ear mixed variational-like inequalities and establish the convergence criteria of the iterative
method. The results presented in this paper improve, extend and unify many known results

in this area.

1. INTRODUCTION

Variational inequality theory has appeared as an effective and powerful
tool to study and investigate a wide class of problems arising in pure and
applied sciences including elasticity, optimization, economics, transportation

OReceived October 28, 2017. Revised January 14, 2018.

92010 Mathematics Subject Classification: 47J20, 49J40.

9Keywords: System of generalized nonlinear mixed variational-like inequalities, KKM
mapping, auxiliary variational principle, iterative method, convergence.

9Corresponding author: C.Y. Jung(bb5734Qgnu.ac.kr).



182 H. Yu, S. Wu and C. Y. Jung

and structural analysis see, e.g., [1, 2, 4-6, 9-15, 17-24] and the references
therein. It is worth mentioning that the projection method and its variant
forms cannot be extended for constructing iterative algorithms for variational-
like inequalities, since it is not possible to find the projection. To overcome
this drawback, one uses usually the auxiliary principle technique which does
not depend on the projection mapping. This technique deals with finding a
suitable auxiliary problem for the original problem. Further, this auxiliary
problem is used to construct an algorithm for solving the original problem.
Glowinski et al. [9] introduced this technique and used it to study the existence
of a solution of mixed variational inequality. Later, Huang and Deng [10] and
Zeng et al. [24] extended this technique to suggest and analyze a number of
algorithms for solving various classes of variational inequalities.

In 1985, Pang [17] decomposed the original variational inequality problem
into a system of variational inequality problems and discussed the convergence
for system of variational inequality problems. Later, it was noticed that vari-
ational inequality problem over product of sets and the system of variational
inequality problems both have same solution set, see for applications [3, 8].
Since then, many authors, see for example [1, 4, 8] studied the existence the-
ory of various classes of system of variational inequality problems by exploiting
fixed point theorems and minimax theorems. On the other hand, only a few
iterative algorithms has been constructed for approximating the solution of
system of variational inequality problems. Recently, Verma [19] studied the
approximate solvability for a system of variational inequality problems based
on system of projection methods.

Motivated and inspired by the research work going on in this field, we
shall introduce and study consider a system of generalized nonlinear mixed
variational-like inequalities problems and its related auxiliary problems in real
Hilbert spaces. By the Lemma of Ky Fan [7], we prove an existence theorem
of solution of auxiliary problem for the system of generalized nonlinear mixed
variational-like inequalities. Further, by exploiting this theorem, we construct
an algorithm for the system of generalized nonlinear mixed variational-like
inequalities. Furthermore, we prove the existence of solution of the system
of generalized nonlinear mixed variational-like inequalities and discuss the
convergence analysis of the algorithm. The results presented in this paper
improve, extend and unify many known results in this area.

2. PRELIMINARIES

Throughout the paper unless otherwise stated, let I = {1,2} be an index
set and for each ¢ € I, let H; be a real Hilbert space whose inner product and
norm are denoted by (-,-); and || - ||;, respectively. For each i € I, let K; be
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a nonempty convex subset of H; and C'B(H;) be the family of all nonempty
bounded closed subsets of H;. For each i € I, given single-valued mapping
N; : Hy x Hy — H;, n; : K; x K; — H;, linear mapping ¢; : K; — Kj;, and
set-valued mappings A : K1 — CB(H;), T : Ko — CB(H3). Now we consider
the following system of generalized nonlinear mixed variational-like inequality
problems: for given (wy,w}) € Hy X Ho, find (z,y) € K1 x Ko, u € Az,v € Ty

such that
(N1(u,v) = wi,m(g1(s1), g1(z)) 2.1)
+b1(:):,g1(81))—b1(x gl( )) ZO, Vs1 GKl, '
and
(N2(u, v) — w3, m2(92(52), 92(y)))2 (2.2)
+ ba(y, ga(s2)) — ba(y, g2(y)) > 0, Vs3 € Ko, '

where for each ¢ € I, the bifunction b; : H; x H; — R satisfies the following
properties:

(cl) b; is linear in the first argument,

(c2) b; is bounded, that is, there exists a constant ; > 0 such that

bi(ui; vi) < yillwallsllvilli, Vs, vi € Hi,
(¢3) bi(ui, vi) — bi(wiswi) < bi(usyv; —w;), Vui, v, w; € Hy,
(c4) b; is convex in the second argument.
Remark 2.1. ([10]) (1) For each i € I, we have
|bi (wi, vi)| < yillwillil|villis  bi(ui, 0) = 0;(0,v;) =0, VYu;,v; € H;.
(2) For each i € I, we have
|bi(wi, vi) = bi(ui, wi)| < yilluallilloi — wills, Vs, vi, wi € Hi.

This implies that for each i € I, b; is continuous with respect to the second
argument.

We need the following definitions, assumptions, lemma and known results
in the sequel:

Definition 2.2. Let K be a nonempty convex subset of a real Hilbert space H.
A set-valued mapping A : K — CB(H) is said to be H-Lipschitz continuous
if there exists a constant & > 0 such that

H(A(2), Ay)) < €llz —yll, Va,y e H,
where H(-,-) is the Hausdorff metric on C'B(H).

Definition 2.3. Let N : H x H — H be a nonlinear mapping and A : K —
CB(H) be a set-valued mapping.
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(1) N issaid to be Lipschitz continuous in the first argument if there exists
a constant a > 0 such that

|IN(u,w) = N(v,w)|| < allu—v|, Yu,v,weH;

(2) N is said to be strongly Lipschitz continuous in the first argument with
respect to A if there exists a constant 8 > 0 such that

[z —y = (N(u,w) = N(v,w))| < Bllz =y,
for all w,x,y € K,u € Ax,v € Ty.

Similarly, we can define the Lipschitz continuity of N in the second argument.

Definition 2.4. Let g: K x K — K, a mapping : K x K — H is said to be

(1) g-strongly monotone if there exists a constant o > 0 such that

n(g(x),9(¥)),x —y) > ollz —y|%, Va,y € K,

(2) Lipschitz continuous if there exists a constant ¢ > 0 such that
In(z,y)ll <dllz—yll, vr,yekK,

(3) g is said to be Lipschitz continuous if there exists a constant a > 0
such that

lg(x) =gl <allz —yll, Yo,y K.

Definition 2.5. Let D be a nonempty convex subset of a real Hilbert space
H and f: D — (—o00,400] be a real functional.

(1) f is said to be conver if
flaut (1 =)o) <af(u) + (1 -a)f(v), Vu,veD, ac|01],

(2) f is said to be lower semicontinuous on D if for each o € (—o0, +00],
the set {u € D : f(u) < a} is closed in D,
(3) f is said to be concave if —f is convex,

(4) fissaid to be upper semicontinuous on D if — f is lower semicontinuous
on D.

Lemma 2.6. ([7]) Let B be a arbitrary nonempty subset in a topological vector
space B and let G : B — 2F be a KKM mapping. If G(x) is closed for each
x € B and is compact for at least one x € B, then (\,c5 G(z) # 0.

Proposition 2.7. ([2]) Let K be a nonempty convex subset of a real Hilbert
space H and f : K — R be a lower semicontinuous and convex functional.
Then f is weakly lower semicontinuous.
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Lemma 2.8. ([1, 2]) Let X be a nonempty closed convez subset of a Hausdorff
linear topological space E, and ¢, : X x X — R be mappings satisfying the
following conditions:

(a) ¥(z,y) < d(z,y), Yo,y € X, and ¢(z,2) >0, Vo € X;

(b) for each x € X, ¢(x,y) is upper semicontinuous with respect to y;

(c) for each y € X, the set {x € X : ¢(x,y) <0} is a conver set;

(d) there exists a nonempty compact set K C X and xy € K such that

P(zo,y) <0,y € X\ K;

Then there exists § € K such that ¢(x,y) > 0, Vo € X.

Assumption 2.9. The mappings g: K x K — K andn: K x K — H satisfy
the following conditions:

(1) n(z,y) = n(z,2) +n(z,y), Va,y,z € K;

(2) n(x,y) is affine in the first arqgument, Vx,y,z € K;

(3) for an given u,,y, x — (N(u,v),n(y,g(x))) is continuous from the
weak topology to the weak topology.

3. AUXILIARY PROBLEM AND ALGORITHM

For given (w},w3) € Hy x Hy and (x1,22) € K1 X Ko,u € Ax1,v € Txo, we
consider the following problem Pj(u,v,x1,x2) : find (21,22) € K1 X Ky such
that

(21,81 — 2z1)1 > (21,81 — 21)1 — p(N1(w, v) — wi, m(g1(s1), 91(21)))1

3.1
+ pb1(z1,91(21)) — pbi(z1,91(51)), Vs1 € K1, (3.1)

(22,82 — 22)2 > (x2, 51 — 22)1 — p(Na(u, v) — w3, m2(92(52), 92(22)))2
+ pba(z2, 92(22)) — pba(w2, ga(s2)), Vs2 € Ko,
where p > 0 is a constant.

(3.2)

Theorem 3.1. For each i € I, let K; be a nonempty bounded closed subset
of a real Hilbert space H;, linear mapping g; : K; — K;, bifunction b;(-,-) sat-
isfies the condtions (cl)~(c4), and Assumption 2.9 holds. Then the auziliary
problem Py (u,v,x1,x2) has a solution.

Proof. For each i € I, given w; € H;,x; € K;,u € Axy,v € Txo, we define the
mapping G; : K; — 28 by
Gi(si) = {zi € Ki : (zi — @i, 80 — zi)i + pl(Niu, v) — wi, mi(gi(si), 9i(2i)))i
+ (23, gi(si)) — bi(zi, gi(2:))] > 0}, Vs; € K;.
Note that for each s; € K, G;(s;) is nonempty, since s; € G;(s;).
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We shall prove that G; is a KKM mapping. Suppose that there is a fi-
nite subset {si1,si2,...,six} of K; and that a;; > 0 for j € {1,2,...,k} with
Z?:l a;j = 1 such that 2; = 2521 @;jSij & Gi(si;) for all j. Then we have

(Zi — @4, 855 — Zi)i + p[(Ni(u,v) — w],ni(gi(si5), 9i(2:)))i
+ bi(ws, gi(si5)) — bi(2i, 9:(2:))] < 0, Vj.
Therefore

k k
> (g — i iy — 2+ p Y i (Ni(u,v) — wi,mi(gi(si5), 9i(24)))
=1 j=1

k
+ Pzaij[bi(xiagi(sij)) = bi(wi, gi(2:))] < 0.
=

From Assumption 2.9(1), we have n;(z,z) = 0, Vo € K. By using the convex-
ity of b;(-,-) in the second argument, Assumption 2.9(2) and g is linear, we
get
0= (2 — i, Zi — Zi)i + p(Ni(u, v) — wy, mi(gi(2i), 9i(2:)))
+ plbi(zi, gi(2:)) — bi(ws, gi(2:))] <0,

which is a contradiction. Hence, G; is a KKM mapping.

Since G;(s;) [the weak closure of G;(s;)] is a weakly closed subset of a
bounded set K; in Hj;, it is weakly compact. Hence, by Lemma 2.6, we have

—— W

Ns,ex, Gilsi) # 0.

Let z; € ﬂsieKi Gi(s;) . Then for each s; € Kj, there exists a sequence
{zim} in G;(s;) such that z;, — z; weakly. Hence we have

(zim — Tiy 8i — Zim)i + p[(Ni(u, v) — w;,0i(9i(81), 9i(2im)) )i

+ b2, gi(5:)) — bi(wi, gi(2im))] > 0. (3.3)

Now, since the || - ||; is weakly lower semicontinuous, we have

lim sup(zim — i, Si — Zim)i
m—r00

= lim sup[(zim — i, Si)i + (Ti, Zim)i + || Zim]|i]
m—00

< lm (zZim — x4, 8i)i + Um (24, 2im )i — Uminf ||z, ||
m—0o0 m—r00 m—0o0

< (i — @i, 80 — Zi)i-

Since b;(-,-) is convex and continuous in the second argument, it is weakly
lower semicontinuous in the second argument. Thus, it follows from (3.3) and
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Assumption 2.9(3) that

(i — @i, 85 — zi)i + p[(Ni(u, v) — w},mi(gi(si), 9i(2i)))i
+ bi(zi, gi(si)) — bi(zs, 9:(21))]
> lim sup{(zim — @i, 8; — zim)i + p[(Ni(u, v) — w},1i(gi(s1), 9i(2im)))i

m—300
+ bi(wi, 9i(8i)) — bi(zi, 9i(zim))]} = 0,
and hence
(20,80 — zi)i = (@i, s — 2i)i — p(Ni(u,v) — wi, milgi(si), 9i(2i)))i
+ pbi(x, gi(2i)) — pbi(z, gi(si)), Vs € Ki.

This shows that the auxiliary problem Pj(u,v,z1,22) has a solution. O

By using Theorem 3.1, we now construct the algorithm for solving the
system of generalized nonlinear mixed variational-like inequalities (2.1) and
(2.2).

Algorithm 3.2. For given (w},ws) € Hy x Hy and (xo,y0) € K1 X Ka,ug €
Axg,v9 € Tyo, there exist the sequence {un}n>0 C Hi, {vn}tn>0 C H2, and
{(@n, yn) n>0 C K1 x Ko satisfying the following conditions:

1 ~
Up € Ay,  ||un — unt1l1 < (1 + W)H(Axn,Aan),

1 .
Up € T'yn, an - Un—l—lHZ < (1 + n+1> H(Tyn’Tyn—i-l)u

and
(Tni1,81 — Tny1)1
> (Tn, 81 — Tnt1)1 — (N1 (Un, vn) — w1, M1 (91(51), 91(Tnt1)))1 (3.4)
+ pb1 (T, 91(Tn11)) — pb1(Tn, 91(s1)), Vs1 € K1, n >0,

(Yn+1, 52 — yn+1>2
> (Yn, 51 = Ynt1)1 — P(N2(Un, vn) — w3, 1m2(92(52), 92(Yn+1)))2 (3.5)
+ pb2(Yn> G2(Yn+1)) — pb2(yn, g2(s2)), Vs2 € Ka, n >0,

where p > 0 is a constant.

In the next section, we extend the auxiliary principle technique of Glowinski
et al. [1] to study the the system of generalized nonlinear mixed variational-
like inequalities (2.1) and (2.2). We give an existence theorem of a solution
of the auxiliary problem for the the system of generalized nonlinear mixed
variational-like inequalities (2.1) and (2.2).
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Based on this existence theorem, we construct an iterative algorithm for the
the system of generalized nonlinear mixed variational-like inequalities (2.1) and
(2.2).

For given (w},w3) € Hy X Hy and (x1,22) € K1 X Ko,u € Ax1,v € T'xo, we
consider the following problem Ps(u,v,z1,22) : find (z1,22) € K; x Ka such
that

(91(21),81 — 211

> (g1(w1), 81 — 21)1 — p(N1(u,v) —wi,m(g1(s1), 91(21)))1 (3.6)
+ pbi(z1, 91(21)) — pb1(w1,91(51)), Vs1 € Ku,

(92(22), 82 — 22)2

> (g2(x2), 52 — 22)2 — p(Na(u,v) — w3, m2(g2(52), g2(22)))2  (3.7)
+ pba(z2, g2(22)) — pba(w2, ga(s2)), Vs2 € K.

Theorem 3.3. For each v € I, let g; : K; — K;, be Lipschitz continuous
and strongly monotone with constants a; > 0 and b; > 0, respectively; b;(-,-)
satisfies the conditions (c1)~(c4), n; : K; x K; — H; satisfies Assumption 2.9
and Lipschitz continuous with constants §; > 0. Then the auziliary problem
Py(u,v,x1,22) has a solution.
Proof. Define the functionals ¢; and ¢; : K; x K; = R by
bi(siy zi) = (9i(8i), si — zi)i — (9i(wi), 8 — 2i)i
+ p(Ni(u,v) — wi', mi(gi(s:), 9i(2:)))i
— pbi(zi, gi(z:)) + pbi(wi, gi(si))
and
Vi(si, zi) = (9i(2i), i — zi)i — (9i (@), si — zi)i
+ p(Ni(u,v) — wi',mi(gi(si), 9i(2:)))i
— pbi(ws, gi(2:)) + pbi(ws, gi(s:))
for all s;, z; € K, respectively. We shall prove that the mappings ¢;, ¥;, satisfy
all the conditions of Lemma 2.8 in the weak topology.
Indeed, dearly ¢; and 1); satisfy condition (a) of Lemma 2.8. From property
(c4) of b, Remark 2.1(2) and the Lipschitz continuity of g, it follows that

bi(zi,9i(z)) is convex and Lipschitz continuous with respect to z;. Again
from Assumption 2.9(3), it follows that the function

zi > (Ni(u, v) — w;i, mi(gi(si), 9i(2i)))i

is concave and upper semicontinuous. Therefore, we conclude that ;(s;, 2;)
is weakly upper semicontinuous with respect to z;. Now we show that the set
{si € K; : ¢i(si,z) <0} is a convex set for each z; € K;. Indeed, suppose that
{si1,si2, ..., sk} is a finite set of {s; € K; : ¢;(s4,2;) < 0} and that o;; > 0 for
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j€{1,2,...,k} with Z;?:l a;j = 1. Then we write §; = ij:l @;;j8;j. Observe
that for all 7,

(9i(zi) — gi(xi), 88 — zi)i + p(Ni(u, v) —w;, mi(gi(si), 9i(2)))i

— pbi(w4, gi(2:)) + pbi(zi, gi(si)) <0

and hence

k
0> Z i (9i(zi) — 9i(xi), 835 — zi)i
k
T pz @i (Ni(u,v) —wy, ni(gi(si5), 9i(2:)))i
j=1

k
— pbi(i, gi(2)) + p D cibi(ws, gi(s:5))
j=1
2 (9i(2) = gi(@i), 8 — 2i)i + p(Ni(u,v) — wi', 0i(9i(8:), 9i(2i)))i
— pbi(wi, gi(zi)) + pbi(wi, 9i(5:))-
This implies that §; € {s; € K; : ¢;(si, z;) < 0}. Therefore, conditions (b) and

(c) of Lemma 2.8 hold. Finally we shall prove that condition (d) of Lemma
2.8 holds. Indeed, let

w;i = by Maillil|zilli + pdiail| Ni(u, v) — willi + pyiai|aslli],
T = {Zi e K, : HZZHZ < w,-}.

Then T; is a weakly compact subset of K;. For any fixed z; € K; \ T;, take
s;0 € T;. From Assumption 2.9, the Lipschitz continuity of g;, 7; and the
strongly monotone of g;, and Remark 2.6(2), we have

Vi(si0, 2i)
= 1;(0, ;)

—(9i(21), zi)i + (9i(@i), 2i)i +

+ Pbi(xiagi('zi)) + pbi (4, gi(0))
= (9i(0) — gi(zi), 2 — 0)i + (gi(wi) — 9i(0), zi)i

+ p(Ni(u,v) — w; ﬂ?z(gz(o) 9i(2i)))i — pbi(wi, gi(2i)) + pbi(wi, gi(0))
< =billzll; + llgi(xi) — gi(0) sl

+ pl[Ni(u, v) — w; [lil|mi(9i (0), gi(z:) i + prviaillzillil| 23l
= —lzlli{billzilli — [asllsllzilli + pdiail| Ni(u, v) — wi |li + pviaillzill:]}-

p(Ni(u,v) —w;,ni(g:(0), gi(2:)))s
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Therefore Condition (d) of Lemma 2.8 holds. By Lemma 2.8, there exists a
z; € K; such that ¢;(s;, Z;) > 0, Vs; € K;, that is,

(9i(si)s 80 — zi)i — (9i(xi), 80 — Zi)i + p(Ni(u, v) — w;,0i(gi(si), 9i(Zi)))i

3.8
— pbi(xi, 9:(%)) + pbi(zi, gi(si)) >0, Vs; € K. (3:8)

For arbitrary t; € (0,1] and s; € K;, let ay, = t;5; + (1 — t;)Z;. Replacing s; by
z; in (3.8) and utilizing Assumption 2.9(3) and Property (iv) of b;, we obtain
0 <(gi(wt,), xe, — Zi)i — (Gi(Ts), Te; — Zi)
+ p(Ni(u,v) — wi, ni(gi(@t,), gz(zz))> pbi(xi, 9i(Z)) + pbi(wi, gi(wt,))
= ti(gi(w,), 8 — Zi)i — tigi(z:), 8i — Zi)i
= p(Ni(u,v) — wi, ni(gi(%), gi(tisi + (1 — 1:)Z)))i
— pbi(xi, 9i(%)) + pbi(zi, gi(tisi + (1 — t:)2))
< ti(gi(xt,), 8i — Zii — tilgi(xs), 86 — Zi)i
+ pti(Ni(u, v) — wy, mi(gi(si), 9i(%:)))i + pti[bi(wi; gi(s:)) — bilwi, gi(%))]-

Hence,

(9i(t,), 80 — Zi)i — (9i(@i), 81 — Zi)i + p(Ni(u,v) — w],mi(gi(si), gi(%)))i
+ plbi(wi, gi(si)) — bi(zi, gi(2))] > 0,

and consequently,
(9i(t,), 86 — Zi)i = (9i(x4), 80 — Zi)i — p(Ni(u, v) —wi,mi(gi(s:), 9i(Zi)))i
+ pbi(zi, 9i(zi)) — pbi(zi, gi(si))-
Letting t; — 0T, we have
(9i(21), 5 — Zi)i > (9i(4), 50 — Zi)i — p(Ni(u,v) — wi,mi(i(i), 9i (%))

Therefore, z; € K; is a solution of the auxiliary problem Ps(u,v,x1,x2). This
completes the proof. O

By using Theorem 3.3, we now construct the algorithm for solving the
system of generalized nonlinear mixed variational-like inequalities (2.1) and
(2.2).

Algorithm 3.4. For given (w},w}) € H1 x Hy and (zo,y0) € K1 X Ko, up €
Axg,vg € Tyo, there exist the sequence {un}n>0 C Hi,{vn}n>0 C Ha, and
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{(Tn,Yn) }n>0 C K1 x Ko satisfying the following conditions:

1 .
Un € Azyp, Hun - Un+1”1 < (1 + n+1>H(A$mAfUn+1)a

1 ~
Up € T'Yn, an - Uﬂ+1”2 < (1 + n_|_1>H(Tyn7Tyn+l)a

and
(91(Tny1), 81 — Tog1)1
> (g1(zn); $1 = Tpg1)1 — p(N1(tn, vn) — w1, Mi(g1(s1), g1 (Tnt1)))1 (3.9)
+ pb1(zn, 91(znt1)) — pb1(2n, g1(s1)), Vs1 € K1, n >0,

(92(Yn+1), 82 — Ynt1)2
2 (92(Yn); 51 = Yn+1)1 — p(Na2(un, vn) — w3, m2(92(52), 92(Yn+1)))2  (3.10)
+ pb2(Yn, 92(Yn+1)) — pb2(yn, g2(s2)), V2 € Ka, n >0,
where p > 0 is a constant.

4. EXISTENCE AND CONVERGENCE THEOREM

Theorem 4.1. For each i € 1, let K; be a nonempty convex subset of H; and
bifunction b;(-,-) satisfies the conditions (c1)~(c4). Let N; : Hy x Hy — H; be
strongly Lipschitz continuous in the first argument and Lipschitz continuous in
the second argument with constants a; > 0 and B; > 0, respectively; set-valued
mappings A : K1 — CB(H;), T : Ko — CB(H3) be H-Lipschitz continuous
with constants & > 0 and & > 0, respectively; linear mapping g; : K; — K,
be Lipschitz continuous with constants a; > 0; and n; : K; x K; — H; satisfies
Assumption 2.9 and n; be g;-strongly monotone with constants o; > 0, Lipschitz
continuous with constants d; > 0. If there exists a constant p > 0 such that

. o; — (t;a1 + ci€ 1
O<p<mm{2Z (fio 12)2, },
ti — (tioq + Ciei) t;o1 + ci€; (410,)
tiay +cie; < 05 < 1y,
where
7141 Y201 .
t; = 0;a;, ¢ = Bi&, €= o +i2, €= o +t1, i€l

then there are (z,9) € K1 x Ko, 4 € A%, 0 € T satisfying the system of
generalized nonlinear mized variational-like inequalities (2.1) and (2.2), and

(xnayn) — (i’,@% Up —> U, Vp — 0, N — 00,

where {(n, Yn) }n>0, {Un}n>0, {vn}n>0 are defined by Algorithm 3.2.
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Proof. Using Algorithm 3.2, we obtain that

<'I7L781 - .’L'n>1
> (xp—1,51 — zn)1 — P(N1(Up—1,Vn—1) — Wi, M (g1(51), g1(xn)))1
+ pbi(xn—1,91(xn)) — pbi(xn-1,91(51)),

<yn7 S92 — yn>2
> (Yn—1,51 — Yn)1 — P(Na(tn—1,0n—1) — w3, m2(92(52), 92(¥n)))2
+ pb2(Yn—1, 92(yn)) — pb2(Yn—1, 92(s2)),

(Tn+1, 51 — Tnt1)1
> <33na §1 — $n+1>1 - p<N1(UnaUn) - wi‘»m(gl(&),g1($n+1))>1
+ pb1(zn, 91(Tnt1)) — pb1(Tn, 91(51)),

<yn+1, S2 — yn+1>2
> (Yns S1 — Yn+1)1 — p(Na(tn, vy) — w3, 1m2(92(52), 92(Yn+1)))2
+ pb2(Yns 92(Ynt1)) — pb2(Yn, g2(52))

(4.2a)

(4.3a)

(4.4a)

(4.5a)

for all n > 1. Taking s; = 2,41 in (4.2a) and s; = z,, in (4.4a), we conclude

that

<xna Tn+1 — xn)l

> (Tn—1, Tny1 —Tn)1— PN (Un—1, V1) —w], M (91(Tnt1), 91(70)))1  (4.6a)

+ pb1(Tn-1,91(Tn)) — pb1(Tn—1, 91(Tn11)),

<'T’I’L+la Tpn — 1:n+1>1
> (Tny Tn — Tns1)1 — PN (Un, vn) — wT, M1(91(2n), 91 (Tns1)))1
+ pby (ZEm g1 ($n+1)) — pby (xn» g1 (xn))

Adding (4.6a) and (4.7a), we have

(T — Tpy1, Tng1 — Tu)1

> <xn—1 — Ty T4l — xn>1
= p(N1(tn—1—,vn-1) = N1(un, v5), m(g1(Tn+1), g1 (xn)))1
+ pb1(Tn—1 = Tn, g1(2n)) — Pb1(Tn — Tn—1, 91(Tn+1)),

(4.7a)
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which implies that

|zn — $n+1H%
< A{Tp-1 — Ty T — Tpyi)l
+ p(N1(tn—1,vn-1) = N1(tn,vn), M (g1 (Tn+1), g1(zn))1
+ pb1(Tn — Tn—1, 91(7n) — g1(Tny1))
= (Tn-1 — Tn, T — Tny1 — P01 (91(Tn); 91(Tnr1)))1
+ p{@n-1 — zn — (N1(un—1,vn-1) = Ni(un, vn)), m(91(2n), g1 (2n41))h
+ pb1(Tn — Tn—1, 91(7n) — g1(Tny1))-

It follows that

|2 — xn-&-l”%
< [#n-1 = @alll#n = Tngr — pm(91(2n), 91 (#n41)) 11
+ pllan—1 = an — (N1(tn-1,vn—1) = Ni(tn, vn)) 1 (4.8a)
X [m(g1(zn), 91(2nr1)) 1
+ pyllzn — 2n-1llillgr(@n) — g1(zng1))l-
Since 7y is gi-strongly monotone with constants o1 > 0, Lipschitz continuous

with constants 01 > 0 and g; is Lipschitz continuous with constants a; > 0,
from (4.8a) we have

191(xn) — g1(znt1) 1 < a1llwn — Tpgalls,

4.9a
7191 (), 91 @as )1 < Gratlm — T, (4.90)
and
20 = Tns1 — pn1(91(2n), g1 (2ns1)) |3
< ||$n - $n+1||% - 2P<xn - wnﬂ,771(91($n)»g1($n+1))||1
+ % Im(g1(zn), g1 (@ng1)) 13
< (1 —2poy + PQ(S%Q%)HZVL - xn—H”%
which implies that
|lZn = Zng1 — p1(g1(2n), g1(2ns1)) 1
(4.10a)

< /12001 + 0?0332 — 2o 1.

Since N is strongly Lipschitz continuous in the first argument with constants
a1 > 0 and is Lipschitz continuous in the second argument with constants
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P2 > 0, from (4.8a) we have
[2n—1 — 2n — (N1 (un—1,vn—-1) — N1(un,vn)) |1
< lzn—1 — 2n — (N1(tn-1,vn-1) — N1(tn, vn-1))|11
+ [ N1 (un, vn—1) — Ni(un, vo) 1

< alen—l - xn”l + 62”1)71—1 - vnHQ

1
< aql|zn—1 — nll1 + B2é2 (1 oy 1) lYn—1 — ynll2-

From (4.9a), (4.10a) and (4.11a), we give that

|zn — Tnilln

< (\/1 — 2poy + p263a3 + pdraray + p’y1a1> |xn—1 — znll1

1
+ pdrai B2 <1 + +1> lYn—1 — Ynl2-

Taking s1 = yp4+1 in (4.3a) and sy = y,, in (4.5a), similarly we have

”yn - yn+1”2

< (\/1 — 2poy + p203a3 + pdaasas + ,072a2> lUn—1 — ynll2

1
+P52a2ﬂ1€1<1 + _|_1> |Zn—1 — 2nll1.

Combining (4.12a) and (4.13a), we infer

|z — Tt + |Yn — Ynt1ll2

< <\/1 — 2poy + p26ial + pdraron

o LT
+ pB1&1 21151 + doas (1 + +1> > |lzn — Znt1ll1

<\/1 — 2pog + p203a3 + pdrasas

e
+ pBa&a gz&z +51a1( ++1> >||yn—yn+1||2

= max{elna 0271}(”1%71 - 5Un||1 + ||yn71 - yn||2)7

where

O1n = \/1 — 2poy + p?6%a} + pdrarar + pPi&y {

SIS

Oon = \/1 — 2poy + p263a3 + pdaazas + pPada [5 &

(4.11a)

(4.12a)

(4.13a)

(4.14a)

e
n+1
+51a1< +n+1>].
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Letting
_ 252 92 a1
61 =1\/1—2poy + p267ai + pdrarar + ppi&a BiE + doaz |,
_ 252 2 202
02 = /1 —2pog + p?d5a5 + pdrazas + pB2&2 5oty +d1a1 |-

We can see that 6y,, — 01 and 6, — 65 as n — oc.
Now, defined the norm || - ||, on H; x Hs by

[[(u, V)]« = llulls + llv]l2 ¥ (u,v) € Hi x Ha.
Observe that (Hy x Ha, || - ||+) is a Banach space. Hence (4.14a) implies that

[(@ns yn) = (@nt1; Yng1) | < max{1n, Oon } || (n—1, Yn—1) — (@n, yn)|l+ (4.15a)

For each i € I, according to the condition (4.1a), we have 6; < 1. Hence, there
is a positive number 0y < 1 and integer ng > 1 such that 6;, < 0y < 1 for all
n > ng. Therefore, it follows from (4.15a) that {(z,,yn)} is a Cauchy sequence
in K1 x Ko. Let (zp,yn) — (£,9) in K7 x Ky as n — 00, since the set-valued
mappings A and T are both H -Lipschitz continuous, from Algorithm 3.2 we
get that

1 A
o =l < (1 ) B A, A1) < 260050 — 0l

1 N
o = nsall < (1 o VAT Tiin) < 260l — il

Therefore {(un,v,)} is also a Cauchy sequence in Hy x Ha, let (uy,v,) —
(4,0) € Hy x Hy as n — oo. Noticing u,, € Az, we have
d(a, Az) < ||t — un ||y + d(un, Azy) + H(Azy, AZ)
<@ —unli +&llwn — 21 =0 asn — oo,

hence @ € Az. Similarly, we can show v € T'y.
Now, we rewrite (3.4) and (3.5) as follows:

<3?n+1 — Tp,S1 — Tpt1)1 + p<N1(Umvn) - wfam(gl(sl)ygl(wml)))l

4.16a
+ pb1 (@, g1(51)) — pb1(xn, g1(nt1)) > 0, ( )

<yn+1 — Yn,S2 — yn+1>2 + p<N2(Un7 vn) - w;; n2(92(52)7 g?(yn+1))>2

+ pb2(yn, 92(52)) — pb2(Yn, g2(Yn+1)) = 0. (4.17a)



196 H. Yu, S. Wu and C. Y. Jung

Since (T, yn) — (2,9), (upn,vn) — (U, 0) strongly in Ky x Ko and u,, € Az,
we have
[(N1(tn, vn) — wT, m1(g1(51), 91(Zn41)))1
— (N1(@, ) — wi, m(g1(s1), 91(2)))1]
< (N1 (un, vn) = Ni(@, 0),m1(g1(51), 91(Tnt1))1]
+ (V1 (@, 0) — wi, m(g1(s1), 91 (2n41)) — m(g1(s1), 91(2))]
< ([IN1(un, vn) = Ni(@, vp) 11+ [[N1(G, v5) — Na(@, 9) 1)
X lm(g1(s1), g1(zn41)) I + [N1(@, ) — w1 ]m (91 (@nt1), 91(2)) [0
< (Gllun — allr + &flvn = 0l[1) Im (g1(s1), 91(zn+1)) 11
+ da1||N1 (4, 0) — wil|il|znser — 2|1 = 0 as n — oo.

Furthermore, from the property of b; and Remark 2.1 it follows that

01(Zns 91(Tny1)) — b1(2, g1(2))]
< |b1(zny 91 (Tn41)) — b1(Tn, g1(2))] + b1 (T, 91(2)) — b1 (2, ||)]
<ma||lznllllzner — 2l +yllzn — 2l llg (@)1 — 0 asn — oo,

hence b1(zn, g1(zn+1)) — b1(2,91(2)) and by (wn, g1(s1)) — b1(2,91(s1)) as

Let n — oo in (4.16a), we obtain

(N1(@,9) — wi,m(g1(s1),91(2)11
-+ bl(;f:,gl(sl)) — bl(x gl( )) >0, Vs €Ky,

let n — oo in (4.17a), similarly we have

(N2(@,0) — w3, m2(92(82), 92(7)))2
+ b2(7, g2(s2)) — b2(7, 92(9)) > 0, Vsa € Ko.

Therefore (&, 9,1, v) is a solutions of the problem (2.1) and (2.2). This com-
pletes the proof. O

Theorem 4.2. For each v € I, let K; be a nonempty convex subset of H; and
bifunction b;(-,-) satisfies the conditions (c1)~(c4). Let N; : Hy x Hy — H; be
strongly Lipschitz continuous in the first argument and be Lipschitz continuous
in the second argument with constants c; > 0 and B; > 0, respectively; set-
valued mappings A : Ky — CB(H,), T : Ky — CB(Hy) be H-Lipschitz
continuous with constants & > 0 and & > 0, respectively; linear mapping g; :
K; — K, be Lipschitz continuous with constants a; > 0; and n; : K; x K; — H;
satisfies Assumption 2.9 and n; be g;-strongly monotone with constants o; > 0,
Lipschitz continuous with constants 6; > 0. If there exists a constant p > 0



A system of generalized nonlinear mixed variational-like inequalities 197

such that
<0 ; C; >0 ‘p Ai< N (4.1b)
where
A; = [ti(ei + /1 = 2b; + a?) + ciei]? — t2,
B; = ajoi[ti(ci + /1 — 2b; + a?) + ciei], C; = b7 — a?,
t t
ti=dias, c=bifi, =242 o S RU LI gy
C1 bg C2 bl

then there are (Z,y) € K1 X Ko, u € A%, 0 € Ty satisfying the system of
generalized nonlinear mized variational-like inequalities (2.1) and (2.2), and

(Tnyyn) = (T,9), Up — U, vy — 0, n— 00,
where {(Tn, Yn) }n>05 {Un}tn>0, {Un}n>0 are defined by Algorithm 3.4.
Proof. Using Algorithm 3.4, we obtain that
(91(zn), 51 — 201
> (91(zn-1),81 — Tp)1 — p(N1(Un—1,Vn—1) — w1, M (91(51), 91(Tn)))1 (4.20)
+ pb1(xn—1,91(zn)) — pb1(®n-1,91(51)),

(92(yn), s2 — yn)
> (92(Yn—1)s 51 — Yn)1 — P(N2(Un—1,Vn—1) — w3, 1m2(92(52),92(Yn)))2 (4.3b)
+ pba(Yn— 1,92(yn)) Pb2(Yn—1, g2(s2)),
(91(Tn41), 51 — Tt
> (g1(xn), 81 — Tpt1)1 — p(N1(Un, v5) — 0T, m1(g1(51), 91(Tn41)))1 (4.4b)
+ pb1(Tn, 91(Tnt1)) — pb1(2n, g1(51)),
(92(Yn+1), 52 — Ynt1)2
> (92(Yn), 51 — Yn+1)1 — P{N2(un, vn) — w3, m2(92(52), 92(Yn+1)))2  (4.5b)
+ pb2(Yns 92(Yn+1)) — pb2(Yn, g2(s2))

for all n > 1. Taking s1 = zp41 in (4.2b) and s; = z,, in (4.4b), we conclude
that

(gl(l'n)’ Tp4+1 — $n>1
> (91(Tn—1); Tnt1 — Tn)1 — PN (Un—1,Vn-1) — 0T, M(91(Tnt1), 91(70)))1

+ pb1(xp-1,91(zn)) — pb1(Tn-1, 91 (Tn+1)),
(4.6b)
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(91(Tn41), Tn — Tng1)1
> (g1(%n), Tn — Tng1)1 — p(N1 (Un, vn) — wi, m(91(2n), 91(Tng1)))1  (4.7D)

+ pbi (2, g1(2nt1)) — pb1 (20, g1(20)).-

Adding (4.6b) and (4.7b), we have

(91(xn) — 91(Tn41), Tng1 — Tp)1

> (91(Tn—1) — 91(Zn), Tnt1 — Tu)1
— p(N1(tn—1—,vn-1) = N1(tn, vp), m(91(Tn+1), g1(xn))1
+ pb1(Tn—1 — Tn, g1(7n)) — pb1(Tn — Tp-1,91(Tn11)).

Since g; is strongly monotone with constants b; > 0, we have
lg1(zn) — g1(xnt1) — (@n — Tng1) |1 < A1 — 201 + adl|zy — Tppa ], (4-8D)

which implies that

bz, — xn-&-lH% <A{g1(zn-1) — 91(Tn); Tn — Tpt1)1
+ p(N1(un—1,vn-1) — N1(tn, vn), m(91(Tn+1); 91(Tn) )1
+ pb1(wy — Tp1, 91(Tn) — g1(Tnt1))
= (g1(zn-1) — 91(Tn); Tn — Tnt1 — p1(g1(Tn), 91 (Tnt1)))1
+ p(91(zn-1) — g1(2n) — (N1 (tn-1,vp-1)
— N1(un, vn)), m(91(2n), 91 (Tns1)))1
+ pb1(wn — w1, 91(Tn) — g1(Tn41))-

It follows that

bil|zs — xn-i-lH%
< g1 (@n-1) = g1(@n) 1 llzn — 2n1 — pmi(g1(@n), 91(Tn11))l11
+ pllgr(zn-1) — g1(xn) — (N1(tn—1,vn-1) = N1(tn,vn))[l1
X lm (g1 (zn), g1 (2n+1))l1
+ pyillzn — zn—1llillg1(zn) — g1(zn+1))
< g1 (@n-1) = g1(@n) 1 llzn — 2nt1 = pmi(g1(@n), 91 (xn11))l11
+ pllzn—1 — 2 — (N1(un—1,0n-1) = N1(tn, vn))[l1
X (lm(g1(zn), g1 (@n+1)) 1 +pl91(2n-1) = 91(2n) — (Tn—1 — 22) |11
+ pyillzn — zn-1llillgr(zn) — g1(zn41)) 1

(4.9b)



A system of generalized nonlinear mixed variational-like inequalities 199
From (4.9a), (4.10a), (4.11a) and (4.8b), we give that
[0 — Znially

<bt (a1 \/1 — 2poy + p262a?

4.10b
+ pdray (a1 +4/1—2b1 + a%) + p%al) [Zn-1 — Tull1 ( )

1
bls 1+ —— - .
+ pb; 1a1ﬂ2€2< +n+1)Hyn 1= Ynll2

Taking s1 = yp+1 in (4.3b) and sg = y,, in (4.5b), similarly we have

Hyn - yn+1“2

< byt <a2\/1 — 2poy + p203a3

4.11b
+ pdaas (Oéz +14/1—2bs + a%) + pwaz) |1 Yn—1 — ynl2 ( )

_ 1
+ pby L69a26161 <1 + n+1> |Xn—1— znl1.

Combining (4.10b) and (4.11b), we infer

max{||zn, — Tni1llt, |yn — Ynt1ll2}

<! <a1 \/1 — 2poy + p263a + pdray (a1 +4/1—2by + a%)

[ a1 d2a9 I \]
b 1 n - 4n
+ pb11&1 Bies + by ( + n+1)_)’x Tn+1 1

+ b2_1 <a2 \/1 — 2pay + p262a + pdaas (ag +14/1—2by + a%)

[ ax  dran 1 ]
b — |1 n - gn
+ pba 5282 ot + b < + s 1)_>|?/ Ynt1|l2

= max{elna 92n}(”xn71 - xn”l + ||yn71 - yn||2)a

where
01y, = b1_1 (al\/l — 2po1 + p25%a% + pdray <a1 +4/1—2b; + a%)

Y1a1 doas 1 )])
+ pb + 1+ :
phifity [blﬂlgl by ( n+1

0oy, = b2_1 (CLQ\/l — 2poy + p262a3 + pdaas (az +14/1—2b + a%)

Yoaz  01a1 1 )])
+ pb + 1+ .
phap 252[@% by < n+1

(4.12b)
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Letting

91 = bl_l (al\/l — 2/)0'1 + p%%a% + p51a1 (Oq + \/ 1-— 2b1 + CL%)

mai doas
+ pb + ,
p 15151[b1ﬂ1§1 by })

0y = b;l <a2\/1 — 2p0oy + p262a2 + pdaas (a2 +4/1—2by + a%)

+ pbaB282 [b Zaé + 62?1])

We can see that 61, — 61 and 63, — 03 as n — co. Now, defined the norm
Il - ||« on Hy x Hy by

[(w; v) ||« = max{lul[1, [v]l2}, V¥ (u,v) € Hi x Hy.
It observe that (Hj x Ha, || - ||«) is a Banach space. Hence (4.12b) implies that

[(@n, yn) = (@nt1, Yns1) s« < max{Oun, Oon } || (n—1, yn—1) = (@n, yn) ||+ (4.13D)

For each i € I, according to the condition (4.1), we have §; < 1. Hence, there
is a positive number 0y < 1 and integer ng > 1 such that 6;, < 6y < 1 for all
n > ng. Therefore, it follows from (4.15a) that {(zn,y»)} is a Cauchy sequence
in K1 x Ko. Let (z,yn) — (2,9) in K7 x Ky as n — oo, since the set-valued
mappings A and T are both H-Lipschitz continuous, from Algorithm 3.4 we
get that

1 A
i = sl < (14 g ) (A, ) < 26l = 0l

1 .
|vn, — Vnt1ll2 < <1 + n+1> H(Tyn, Tyn+1) < 2&||Yn — Yn+1l|2-

Therefore {(un,vn)} is also a Cauchy sequence in Hy X Ha, let (uy,v,) —
(a,v) € Hy x Hy as n — oo. Noticing u,, € Ax,, we have

d(t, Az) < ||t — un |1 + d(un, Azy) + H(Az,, AZ)
< ||t —unll1 +&illzn —2|i = 0 as n— oo,

hence @ € AZ. Similarly, we can show © € T'y.
Now, we rewrite (3.9) and (3.10) as follows:

(91(Tns1) — 91(xn), 851 — Tnyi)1
+ p(N1(tn, vn) — wI, m(91(51), 91 ($n+1))>1 (4.14b)
+ pbl (SUnv g1 (51)) - pbl (l‘m g1 (xn-i-l))
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(91(Wn+1) — 91(Yn)s 52 — Ynt1)2
+ p(Na(un, vn) — w3, m2(92(52), 92(Yn+1)))2 (4.15b)
+ pba(Yn, 92(s52)) — pb2(Yn, 92(yn+1)) > 0.

Since z, — & strongly as n — 00, (g1(zn+1) — 91(Zn),S1 — Tnt1)1 — 0 as
n — oo. Note also that

(@)

(N1(@,?) — wi,m(g1(s1), 91
wi, m(g1(s1); 91(Tn+1)))1-

> limsup(Ny (4, 0) —

n—oo

Since Nj(up,vn) — Ni(@,0) strongly in Hj, from Assumption 2.9(3) and
boundedness of 11(g1(s1), g1(Zn+1)), we obtain

0 < (Ny(,9) — wi, m(g1(s1), 91(2))1
— lim sup(N1 (4, 0) — wi,m1(91(81), 91(Tn+1)))1

= lim inf{{N1 (@, 0) —wy,m(g1(51), 91(2))1

— (N1(@, 9) — wi,m1(g1(s1), 91 (@n+1)))1}
zlinrr_l>io1gf{<N1(ft, 0) —wi,m(g1(s1), 91(2))1
(s1) )

wi,m(g1(51), 91(Tny1)))1
+ (N1(@, 0) — wi — (N1(@, 9) — wi), m(g1(s1), g1(Tn+1)))1}
= lim inf{ (N1 (%, 0) — wi,m(g1(s1), 91(2))1

— (N1(tn, vp) — wi,m(g1(51), 91(Tn+1)))1}
and hence,

(N1(t, ) —wi,m(g1(s1), 91(2)))1
> lim sup(N1 (un, vn) — w1, m1(91(51), 91 (Tn+1)))1-

n—o0

Furthermore, from the property of b; and Remark 2.1 it follows that

b1(2n, g1(Tnt1)) — b1(Z, 91(2))]
< |b1(zn, 91(Tnr1)) — b1(wn, g1(2))] + [b1(2n, 91(2)) — b1 (2, ||)]
<marllznllil|Tngt — 2|1+ llen — 2)|1)lg1(2)[1 = 0 asn — oo,
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hence b1(zn, g1(Tn+1)) — b1(2,91(2)) and by (xn, g1(s1)) — bi(2,91(s1)) as
n — oo. Therefore, we get

0 < limsup{(g1(znt1) — 91(Tn), 51 — Tny1)1

+ p(N1(un, vn) — wi, m(g1(s1), 91(Tn+1)))1
+ pb1(zn, 91(51)) = pb1 (T, g1 (Tnt1)) } (4.160)
< p(N1 (1, 0) — wi,m(g1(s1), 91(2)))
+ pb1(2, g1(s1)) — pb1(Z, 91(2))
which implies that

(N1 (1, 0)—wi, m(g1(51), 91(2)))1+b1(Z, 91(51)) —b1(Z, 91(2)) > 0, Vs1 € K;.
To (4.15b), similarly we have

(N2 (1, 0) —w3,n2(92(52), 92(9)))2 +ba2 (¥, g2(s2)) —b2(9, g2(9)) > 0, Vs € Ko.

Therefore (&, 4,4, 0) is a solution of the problem (2.1) and (2.2). This com-
pletes the proof. O
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