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1. INTRODUCTION
In 2008, Suzuki [12] generalized the Banach contraction principle [2].

Theorem 1.1. ([12]) Let (X,d) be a complete metric space and let T be a
mapping on X. Define a non-increasing function 6 : [0,1) — (%, 1] by

1 if 0<r< (\/52_1),
O(r)=14 (1—r)r—2 if @<T< 2_%,
—1 - -
(I+7) if 272 <r<l.

Assume that there exists r € [0,1) such that
O(r)d(z, Tx) < d(z,y) = d(Tz,Ty) < rd(z,y)

for all x,y € X. Then there exists a unique fixed point z of T. Moreover
lim, T"x = z for all z € X.

Bhaskar and Lakshmikantham [4] introduced the notion of coupled fixed
point and they provide some coupled fixed point results also.

Recently Sedghi et al. [9] defined Sp-metric spaces using the concept of
S-metric spaces [10].

The aim of this paper is to prove Suzuki type unique common coupled fixed
point theorem for four mappings satisfying generalized contractive condition
in a Sp-metric space. Throughout this paper R, R* and A denote the set of
all real numbers, non-negative real numbers and positive integers, respectively.

First we recall some definitions, lemmas and examples.

Definition 1.2. ([10]) Let X be a non-empty set. A S—metric on X is a
function S : X3 — [0,+00) that satisfies the following conditions for each
x,Y, 2,6 € X,

(S1) 0 < S(z,y,2) for all z,y,z € X with z # y # z,

(52) S(z,y,2) =0 z=y =z,

(S3) S(x,y,z) < S(z,z,a)+ S(y,y,a) + S(z,z,a) for all z,y,z,a € X.
Then the pair (X, S) is called a S-metric space.

Definition 1.3. ([9]) Let X be a non-empty set and b > 1 be given real
number. Suppose that S : X3 — [0, 00) is a function satisfying the following
properties:

(Spl) 0 < S(zx,y,2) for all x,y,z € X with x # y # z,

(Sp2) S(z,y,2) =0 2=y =2z,

(Sp3) S(z,y,2) <b(S(x,z,a) + S(y,y,a) + S(z, z,a)) for all x,y,z,a € X.
Then the function S is called a Sp-metric on X and the pair (X, .5) is called a
Sp-metric space.
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Remark 1.4. ([9]) It should be noted that, the class of Sy-metric spaces is
effectively larger than that of S-metric spaces. Indeed each S-metric space is
a Sp-metric space with b = 1.

Following example shows that a Sp-metric on X need not be a S-metric on
X.

Example 1.5. ([9]) Let (X, S) be a S-metric space, and S, (z,y, z) = S(z,y, 2)P,
where p > 1 is a real number. Note that S, is a Sy-metric with b = 22(p—1)
Also, (X, Si) is not necessarily a S-metric space.

Definition 1.6. ([9]) Let (X, S) be a Sy-metric space. Then, forz € X, r >0
we defined the open ball Bg(z,r) and closed ball Bg[z,r] with center z and
radius r as follows, respectively:

Bs(l‘,’l“) :{yEX:S(y,y,x)<7“},
BS[xar] Z{yEXS(y,y,x)gr}

Lemma 1.7. ([9]) In a Sy-metric space, we have
S(x,2,y) <bS(y,y, )
and
S(y,y,x) < bS(x,2,y).
Lemma 1.8. ([9]) In a Sy-metric space, we have
S(x,x,2) < 2b8(x,z,y) + b*S(y,y, 2).
Definition 1.9. ([9]) If (X, S) be a Sp-metric space. A sequence {x,} in X

is said to be:

(1) Sp-Cauchy sequence if, for each € > 0, there exists ng € N such that
S(xn, T, Tm) < € for each m,n > ny.

(2) Sp-convergent to a point x € X if, for each € > 0, there exists a positive
integer ng such that S(z,,z,,x) < e or S(z,,x,x,) < € for all n > ng
and we denote by nh_)ngo T, = T.

Definition 1.10. ([9]) A Sp-metric space (X,S) is called complete if every
Sp-Cauchy sequence is Sp-convergent in X.

Lemma 1.11. ([9]) Let (X,S) be a Sp-metric space with b > 1 and suppose
that {x,,} is a Sp-convergent to x. Then we have
(1) 958y, 2, 2) < lim inf S(y,y,20) < lim sup S(y,y, 2n) < 205(y,y, ),
(ii) b%S(Lx,y) < nh—>120 inf S(zp, Tn,y) < nh_}ngo sup S(xp, T, y) < b2S(z, 2,7)
forally € X.

In particular, if v =y, then we have lim S(z,,xn,y) = 0.
n—oo
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Definition 1.12. ([4]) An element (z,y) € X x X is called a coupled fixed
point of a mapping F': X x X — X if z = F(x,y) and y = F(y, ).

Definition 1.13. ([5]) An element (z,y) € X x X is called
(i) acoupled coincident point of mappings F': XxX — X and f: X — X
if fv=F(z,y) and fy = F(y,x).
(ii) a common coupled fixed point of mappings F : X x X — X and
f: X —>Xifzx=fx=F(z,y) and y = fy = F(y,x).

2. MAIN RESULTS

Now, we give our main results. Let ¥ be denotes the set of all functions
Y RT — RT satisfying:

(11) 1 is continuous and monotonically increasing,

(v2) (at) = arp(t), where a is constant and ¢t € R*.

Let ® be denotes the set of all functions ¢ : RT™ — R™ satisfying:
(¢1) ¢ is lower semi continuous,
(p2) o(t) < tfort>0.

Theorem 2.1. Let (X, S) be a Sy-metric space. Suppose that A, B : X x X —
X and P,Q : X — X are satisfied:
(2.1.1) A(X x X)CQ(X),B(X x X) C P(X),
(2.1.2) {A, P} and {B,Q} are w-compatible pairs,
(2.1.3) One of P(X) or Q(X) is Sp-complete subspace of X,
1 min S(A({B, y)v A(LL‘, y): PJJ), S(B(U, ’U)v B(uv ’U), Qu)7
8b° S(A(y,x),A(y,x),Py),S(B(v,u),B(v,u),Qv)
(2.1.4)
- S(Py, Py, Qu)
implies that

¥ (S(A(z,y), Az, y), B(u,v))) < 571121/1(1\4 (@,y,u,v)) — ¢ (M (2,y,u,v))
for all x,y,u,v in X, where p € ¥, ¢ € ® and
( S(Pzx, Px,Qu),S(Py, Py, Qu),
S(A(z,y), Alz, y), Px), S(A(y, x), Ay, z), Py),
S(B(u,v), B(u,v),Qu), S(B(v,u), B(v,u), Qu),

S(A(z.y),A(z,y),Qu) S(B(u,v),B(u,v),Pr)
1+S(Pz,Pz,Qu) ’

S(A(y,z),Ay,x),Quv) S(B(v,u),B(v,u),Py)
1+S(Py,Py,Qv)

M (z,y,u,v) = max

\

Then A, B, P and Q have a unique common coupled fized point in X x X.
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Proof. Let xg,y0 € X. From (2.1.1), we can construct the sequences {x,},
{yn}, {zn} and {w,} such that

xzn, y2n) = Q$2n+1 = Z2n,
A(Yon, Tan) = QYant1 = Wap,
B(2on+1,Y2n+1) = PTonio = 2on41,

B(yan+1, Ton+1) = Pyonyo = wopt1, n=0,1,2,--- .

Case (i) Suppose 22, = zom+1 and way, = wapy+1 for some m.
Assume that 29,41 # Zomt2 OF Womt1 7 Wamta. Since

S(A(z2m+2, Yom+2)s A(Z2m+2, Y2m+2), Prom42),
S(B(z2m+1, Y2m+1)s B(T2m+1, Y2m+1), QTam+1),
S(A(y2m+2, Tam+2), A(Y2m+2, Tam+2), PYam+2),
S(B(Y2m+1, T2m+1)s B(Y2m+1, Zam+1), QUam+1)

8% min

< max { S(Prami2, Promi2, Qrami1), S(Pyam+2, Pyom+2, Qyams1) |},

from (2.1.4), we have

¥ (S(A(z2me2, y2m+2), A(@2m+2, Yoms2), B(@2m+1, Yome1)))
= @w (M ($2m+27y2m+2,x2m+1,y2m+1))

—¢ (M ($2m+27 Yom+25 L2m+1, y2m+1)) )

where

M (z2m+2, Y2m+2: T2m+1, Y2m+1)
S(2om+1, 22m+15 22m), S (Wam41, Wam+1, Wam),
S(zom+2, 22m+25 Z2m+1), S(Wam+2, W2m+2, Wam+1),
= max 5(22m+1722m+1722m)7 S(w2m+1aw2m+17w2m)7
S(zam+2,22m+2,22m+1) S(22m+1,22m+1,22m)
1+S(z2m+1,22m+1,22m ) ’
S(w2m+27w2m+27w2m+1 w2m+17w2m+17w2m)
14+S(w2m+1,W2m+1,W2m )

=max { S(22m+2, 22m+2, 22m+1)s S(Wam+2, Womi2, Wam41) } -

Thus

Y (S(22m425 Z2m+25 22m+1))

< 1 S(22m+2, 22m+2, 22m+1),
= 5b12 17D max S
(w2m+2a Wom+2, w2m+1)

6 (max S(22m+2, 22m+2, Z2m+1),
S(Wam+2, Wam+2, W2m+1)
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Similarly, we can prove

It follows that

(G (S(w2m+27 W2m+2, ’w2m+1))
S(22m+2, 22m+2, 22m+1)5
S(Wam+2, Wom+2, Wam+1)

¢ ( max S(22m+2, 22m+2, 22m+1),
S(Wam+2, Wom+2, Wam+1)

1
S 5b12 ¢ max

" <max{ S(z2m+2, 22m+2, 22m+1), })

S(Wam+2, Wam+2, W2m+1)
< _1 S(z2m+27 22m+2; 22m+1)a
A vl ¢ max S
(w2m+2a Wom+2, w2m+1)

6 (max S(22m+2, 22m+2, Z2m+1),
S(Wam+2, Wom+42, W2m+1)

It follows that 29,42 = 2zom+t1 and wap+2 = Wam+1. Continuing in this process
we can conclude that zo,, 1 = 2om and woy, 1 = won, for all £ > 0. It follows
that {z2,,} and {wap,} are Cauchy sequences.

Case (ii) Assume that 2o, # zop+1 and wa, # wa,41 for all n.
Put S, = max {S(zn+1, 2n+1, 2n)s S(Wnt1, Wny1,wy)}. Since

% min

S(A($2n+2a y2n+2)’ A($2n+27 y2n+2)u P$2n+2),
S(B(z2n41, Y2n+1); B(T2041, Y2n+1), QT2n41),
S(A(y2nt2, Tany2), A(Y2nt2, T2nt2), PYany2),
S(B(Y2n+1, Tan+1)s B(Yant1, Tant1), QY2nt1)

< max { S(Pxant2, Pronto, Qrant1), S(Pyant2, Pyant2, Quant1) },

from (2.1.4), we have

¥ (S(22n42, 22n12, 22041)) < mpm (M (T2m12, Y2m+2; T2m11, Y2mt1))

where

—¢ (M (2m42, Y2m+2, T2m+1, Y2m+1)) »

M (z2m+2, Y2m+2, T2m+1, Y2m+1)

= max

S(22n+1, 22n+15 22n)s S(W2n11, Won 41, Wan),
S(22n+2, 220425 22n+1)s S (Wan+2, Wan4+2, Woan+1),
S(

2on+41, 220415 22n), S(W2n41, Wan1, Wan),
S(z2n+2,22n+2,22n) S(Z2n+1,22n+1,22n+1)
(

1+S(227L+17Z27L+1722n) ’

S(w2nt2,W2nt2,W2n) S(W2nt1,W2nt1,W2nt1)
1+S(wan+1,Wan+1,W2n )

_ max{ S(2on+1, 22n+1, 22n), S (22n+2, Zon+2, 22n4+1), }

S(Wan+1, Want1, Wap ), S(Want2, Wan42, Want1)

=max { Son+1,5n }
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Therefore

1
) (S(22n42, 22n+42, Z2n41)) < w2 Y (max {Son+1, S2n })
_¢ (maX {S2n+17 SQTL}) .

Similarly, we can prove that

1
Y (S(won+2, Want2, Want1)) < =12 ¥ (max {Son+1, 520 })
—¢ (max {S2n41,S2n}) -
Thus

¥ (Sont1) < gz ¥ (max { Sony1, Son }) — ¢ (max { Sany1, Son }).

If S9,41 is maximum, then we get a contradiction so that So, is maximum.
Thus

V(&) S g ¥ (Sa) — 6 (San) 2.1)
< ¢ (Sgn) .

Similarly we can conclude that 1) (S2,) < ¥ (S2p—1). Since ¥ is nondecreasing
and continuous, it is clear that {S,} is a non-increasing sequence of non-
negative real numbers and must converges to a real number say k£ > 0. Suppose
k > 0. Letting n — oo, in (2.1), we have

V() < oo w(k) — O() < b(k)

This is a contradiction. Hence & = 0. Thus, we have

lim S(zn41, 2nt1,2n) =0 (2.2)
n—oo
and
lim S(wp41, Wnt1,wy) = 0. (2.3)
n—oo

Now we prove that {z2,} and {ws,} are Cauchy sequences in (X,S). On
contrary we suppose that {z2,} and {wz,} are not Cauchy. Then there exist
€ > 0 and monotonically increasing sequences of natural numbers {2my} and
{2ny} such that for ny > my,

rnax{S(Zka, 22my, 5 Zan)7 S(mek , Womy, w2nk)} > € (24)

and

max{S(22m, , 22my > 22ny_s)s S (Wamy , Wam, , Wan,_,)} < €. (2.5)
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From (2.4) and (2.5), we have

€ < My =max{S(zam,, 22my> 22ny)s S (Wamy, s Wam,,» Won, ) }
< 2bmax{S(zam,, 22my > 22mp+2)s S (W2, s W2, , Wom,+2) }
+0% max{S(22m;+2, Z2mp+2> 220 )5 S (Wamy +2, Wamy +2, Wan, )
< 2b (2bmax{S(z2my s 22my » 22mp+1), S (W2, , Wam, , W2, +1) })

+2b (0% max{ S (22my 11, 22my 115 22my+2)s S (Wamy 1, Wy 41, W2y +2) })
+b% (2b max{ S (22m,, +2, 22my+2> 220, +1) S (Wamy 12, Womy 2, Wany 41) })
+b? (b2 max{S(22n,+1; 22n,+1s 22ny )+ S (W2ny +1, Won,+1, QUan)})

= 4° maX{S(Zka+1, 22mp+15 Zka)v S(w2mk+1v W2my,+1; U}ka)}
+2b% max{S (22m, 12, 22my+2> 22my+1)s S (W2, 12, Wy +25 Wom, +1) }
+20% max{S (22m;, 12, 22my+2: 220 41)> S (Womy 12, Wamy 42, Won, +1) }

+b4 maX{S(ZQTLk-i-l: ank7 Z2nk)7 S<w2nk+17 wQTLk ) ank)}
Letting k£ — oo and apply ¥ on both sides, we have that
€
= 2.6
v <2b3) (2.6)
< klirlgo¢ (max{S(22my+2; 22mp+2> 22n5+1)s S (W2ny+2;, W2y +2; Wong+1)}) -

Now first we claim that

S(A(Tomy+25 Y2mp+2)s A(X2mp+2, Yomp+2)s PTomg+2),

1 : S(B($2nk+17y2nk+1)7B(w2nk+1aank-&—l):Ql’an—&-l)y
— mMin
8b3 S(A(y2mk+27 :L'ka—l—Q), A(mek-i-Qa mek+2)7 PmekJ,—Q),
S(B(Y2ny,+1; T2n,+1), B(Yon,+1, Tang+1), QY2n,+1)
S(Promy+2, Promy+2, QT2n,+1)
< max ke ke RS 2.7
B { S(Py2mk+2ypy2mk+27Q?/Qn;ﬁ-l) ( )

On contrary, suppose that

S(A(Z2my+25 Yomp+2), A(X2mp+25 Y2mp+2) s PTomy+2),
S(B(z2n,+1, Y2np+1)s B(T2n,+1, Y2n,+1), @T2n,+1),
S(A(Y2my+2: Tamp+2), AY2mp+25 Tamy+2), PY2my+2),
S(B(Y2ny+1, Tanp+1), B(Y2ng+1, Tong+1), QY2nj+1)

S(Pzom,+2, Prom, +2, QTon,+1)
> max ke kT4 kT4
{ S(Py2mk+2a Py?mk—i-% Qy%@k—&-l)

1

33 min
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Now from (2.4), we have

e < max{S(22m,, 22my - 22n,.)s S (Womny s Wamy,, Wan, ) }
< 22 max{S (22m,+1s 22me+15 22my ) s S (W2 41, W2y +15 W2y, ) }
+b2 maX{S(Z2mk+1’ 22my+1; Zan)a S(w2mk+l’ W2my,+1, w2nk)}
< 22 max{S (22m,+15 22me+15 22my ) s S (W2rmp 41, W2y +1, W2y, )

S(ZQ’/TLk-i-Q) Z2mk+27 z?mk-i-l)a
o 1 ) S(womy+2, Wamg+2, W2mg+1),
+b” 5 min
8b S(Zan+1, Z??’Lk-i-l) 22nk)7
S<w2nk+17 w2nk+17 wQTLk)

Letting k — oo, we have ¢ < 0. It is a contradiction. Hence the claim is holds,
that is, (2.7) holds.
Now from (2.1.4), we have

Y (S(22mp+25 22mp+25 22mp+1))

S(22mp+1, 22mp+15 220, )5
S(w2mk+1a W2my,+1, w2nk)7
(Zka+27 22m 425 Zka—l—l),
(w2mk+2a W2m,+2, w2mk+1)7
(Zan+17 22n,+15 Z2nk)7

(w2nk+17 w2nk+17 wQTLk)a

S(22my +2:22my +2,22n, ) S(22n),+1,22n, +1,22m) +1)
1+S(Z27nk+1722mk+1a22nk)

S(Wamy+2,W2my +2:W2n;, ) S(Wony +1,W2n,+1,Wamy +1)

1+S(wamy +1,W2my +1,W2n,,)

< 1) | max

»nnnn

Y

(Zka—l—l; 22my 415 Zan)7
(w2mk+la W2my+1, w2nk)>
(Z2mk+27 22m 425 ZkaJrl)a
(w2mk+2a W2m,+25 w2mk+1)7
222nk+17 22n,+15 Zan)a

w2nk+17 w2nk+17 w2nk)7
(22my+2,22my +2,22n; ) S(22n, 41,220 +1,22m+1)
1+S(22my +1,22mp +1,22n), )
S(wamy +2,W2m, +2,W2n; ) S(Wany +1,W2ny +1,W2my +1)
L 1+S(Wamy +1,W2my +1,W2n,

—¢ | max

NN »ninn

)

Similarly,
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Y (S(W2my,+2, Womy+2, Wamy+1))

1
< 45b12¢ max

—¢ | max

Thus,

S(2omy+1, 22mp+15 22ny, )5
(w2mk+17 W2my+1, w2nk)7
(Zka+27 22mp+25 ZkaJrl),
(w2mk+27 W2m,+25 w2mk+1)>
EZan+la 22np+15 Zan)a

w2’nk+17 w2nk+1, w2nk)a

(Z2my+2:22mp+2:22n, ) S(22n, +1,22n, +1,22m; +1)
1+S(22m, +1,22mp +1,22n), ) ’

S(w27nk+27w27nk+27w2nk) S(w2nk+17w2nk+1a’w2'mk+1)

il U n »n

nln »nn »n

1+S(wamy +1,W2my+1,W2n,, )

(Zka—i-l, z2mk+17 ank>7 S(mek-‘rlv w?mk-i-l) wQTLk)7
(Zka+27 Zka-i-Q; 22mk+1>7
(mek-i-Q: w?mk+27 w?mk—l-l)a

22415 Zng+15 220y, ), S (Wan, +1, Wan, 41, Wan,, ),
(22my+2,22my +2,22n; ) S(22n) +1,%2n, +1,22my +1)

1+8(22my+1,22my +1,22ny,) ’

S(wamy +2,W2m; +2,W2n; ) S(Wany +1,Wany +1,W2my +1)

1+S(wamy,+1,W2my +1,W2n,,

1/} (maX {S(Zka—‘er 22mp+25 Zka-i-l)? S(w2mk+27 W2m,+2, mek"Fl)})

1
Swib

—¢ | max

S(22mp+1, 22mp+15 22n, )

S (Warmp+15 W2mp+1, Wany )

S (22mp+25 22mp+25 22mp+1),
S (Wamy+2, Wamp+2, Wamy+1)5

max
S(ZQHk-i-la Z2nk,+17 ZZTLk)a S(U}an-i-la w?nk-i-la w2nk)7
S(22my+2:22my +2,22ny,) S(22n, 41,220, +1,22m +1
1+S(22m +1,22mp+1,22ny,) ’
S(Wamy+2,W2mp+2,W2n, ) S(W2ny +1,Won, +1,W2m; +1)
1+S(Wamy +1,W2mp+1,W2n,, )
\
S(22mp+1, 22mp+15 22ny, )5
S (Wormp+1, Wy +1, Wany, )
S(22mp+25 22mp+25 Z2me+1),
S(w2mk+25 w2mk+27 w2mk+1)>
S(Zan+17 Zan+17 Z2’nk)7
S(w2nk+17 w2nk+17 w2nk)7
S(22my+2,22my+2,22ny,) S(22n, +1,22n, +1,22my +1)
1+S(22my, +1,22mp +1,22n}, ) ’
S(Wamy+2,W2my +2:W2ny ) S(Won, +1,W2n,+1,Wamy +1)
1+S(wamy +1,W2my+1,W2n,, )

(2.8)
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But

max{S (22m+1, 22my+1, 22nz )5 S(Warmy 41, Wormy+1, Wany, )

< 2bmax{S(22my+15 22my+15 22my )s S (W21, W2my+1, Wy, ) }
102 max{S(2om,, 22my.» 22y )y S (W, , W, » Wan, )}

<2b maX{S(Zka_H, 22my+1; Z2mk)’ S(U)?mk-i-la W2my,+1, mek)}
+b? (2b max{S(22m,, 22my > 22ns_s)s S (Wam, , W2, , wgnk%)})
+b? (62 max{S(22n, -2, 22n, -2, 22n,, ) S (Wan, —2, Won, —2, wgnk)})

< 2bmax{S(22my+1, 22my+1, 22my )s S (W2my+1, W2my+1, Wy, ) }
+2b3e+b4(2b max{S(z2n,—2, 22n,—2, 22np—1), S (Wan,—2, Wan, —2, Wan,—1)})
+* (b2 max{S(22n,_,,22n,—1, 22n,), S(wznk,l,wgnk,l,wgnk)})

< 20 max{S(22mp+1, 22mp+15 22my, ) > S (Wompy +15 Womy+1, Wamy, )
+20%€ + b7 max{S(22n,, 22n,» 22np—1)5 S (Wan, , Wan, , Won,—1) }

+2b% max{S (220, 1, 220, -1, 22nx—2)s S (Wang—1, Wopy 1, W, —2) }-

Letting k — oo, we have

kli_)m mMax{S (22my+15 22mp+15 220y )s S (Wormg 41, Wamy 11, Wany )} < 26%€.
oo

Also, we have

lim S(2omp+2> 22mp+25 22n;, ) S (22,41, 22n4+15 22mp+1)
k—o0 1 + S(Zka-‘rla Zka—l—l) Zan)

2
QbS(Zka+2, 22mp+2 Zka-i-l) + b S(Z2mk+17 Z?mk+1 3 Zan)]
2
2bS(Z2nk+17 Z2nk+17 Zan) + b S(ZQRka 22nk7 Zka-i-l)

< lim
k—o00 1+ S(Zka-‘rl; Z22my,+1, Zan)
5
< lim b S (22mp+15 22my+1> 22ny ) S(22my+15 22mp+1, 22ny )
~ k—oo 1+ S(ZkaH, 22my+1, Zznk)
. 5
< lim 7S (22m, 415 22mp+1, 22n;)
k—o0
< 208¢.

Similarly, we obtain that

lim S(z2mk+27 Z2mk+27 ZQ’VLk) S(ank—f—l; w2nk+17 mek—‘rl)

< 2b%.
k—o0 1+ S(wgmk+1, W2m+15 ank)
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Letting £ — oo in (2.8). Then we have

klggo ¥ (max {S(z2m,+2; 22my+25 22my+1), S(Wamy, +2, Wamy+2, W2y +1) })

< 571121/) (max{2b’€,0,0,0,0,2b%, 2b%})
[ S(22my+1, 22my+15 221 )5

S (W41, Wrmp+1, Wany )
(Z2mk+27 22mp+25 ZkaJrl),
(w2mk+27 W2m,+25 w2mk+l)7
(

(

— lim ¢ | max

Zan-i-la 22nk+17 ZQTLk. )7
k—oo

w2nk+17 w2nk+17 w2’nk)a
(22my +2,22mp +2,22n;, ) S(22n) +1,22n, +1,22m +1)
1+S(22m +1,22m +1,22n), ) ’
S(wamy +2,W2my +2,W2n, ) S(Wany +1,W2n ) +1,W2m, +1)
L 1+S(Wamy +1,W2mp+1,W2n,, )

1 8
Now letting n — oo in (2.6), from (2.2),(2.3) and (2.9), we have
€ 1 3
v <2b3) < gt (27)

This is a contradiction. Hence {z2,} and {ws,} are Sp-Cauchy sequences in
(X, S). In addition,

0w ln »nn n

max{S(22n+1, 22n4+1, 22m+1), S(W2n41, W2n41, Wom+1)}

< 2bmax{S(22n41, 22n+1, 22n)s S (W41, Want1, Wan)}
+bmax{S(22m+1, 22m+1, 22n), S (W21, Wam+1, W2n) }

< 2bmax{S(22n+1, 22n+1, 22n)s S (Wan 41, Want1, W2n)}
+2b% max{S(22m+1, 22m+1, 22m)s S (Wam-+1, Wam+1, Wom ) }
+b% max{S(22n, 22n, 22m ), S (Wan, Wan, Wam ) }-

It is clear that
S(22n+1, 22n+1; 22m+1) < €
and
S(w2n+1a Wan+1, w2m+1) <e

Therefore {z2,,41} and {wa,+1} are also Sp-Cauchy sequences in (X, S). Thus
{zn} and {w,} are Sp-Cauchy sequences in (X, .5).

Suppose P(X) is an Sp- complete subspace of (X, S). Then the sequences
{zan+1} and {wan11} are convergent to « and 5 in P(X). Thus there exists a
and b in P(X) such that

lim 2z, =a=Pa and lim w, =/ = Pb. (2.10)

n—o0 n—00
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Before going to prove the common coupled fixed point for the mappings
A,B,P and @, first we claim that for each n > 1 at least one of the fol-
lowing assertion is hold.

. S(z z Zom,)
1 271+17 27’L+17 277, bl <
8b° i { S(w2n+17 Wan+1, ’w2n) } = max { S(a’ a, 22”)’ S(ﬁ’ 5’ wQ") }

or

. S(22n, 22n, 22n—1),
81173mm{ S (Wan, Wan, Wan—1) < max { (e, 22n-2), 5(6, , wan2) }-

On contrary suppose that
. S(z 2 Zon)
1 2n+1y “2n+15 #2n ),
= min > max{ S(a,a, z9,,), 5 w
s { S(wan+1, Wont1, Wan) } { Sa,a;22n), (8, B, wan) }

and

ﬁ min{ S‘?Y((jz::fj;’ziz;i)ls } > max{ S(a, e, zon-1), S(B, By wan—1) } .
Now, we know that
min{ S(2zon, 220, 22n—1)s
S(wan, wap, Wop—1)
< min{ 2bS (zan, 2on, @) + bQS(?, a, 29n—1), }

QbS(an, w2n7/6> + bZS 7/3a ZQn—l)
S, o, 295) S(a, o, z9n-1)
< 2b2 s &y 220 ) b2 s &y 220 )
= max{ S(8, Bowza) [ TV S(8, 8, 20001)
. S(z z Zon) ) S(zan, Zon, 22n—1)
1 2n+1s #2n+1, <2n ), 1 2ny A2ny “2n—1);
< - min + 2z min
4b S(Wont1, Wan41, Wap) 8b S(wan, Wan, Wan—1)
. S(ZQ 2214 29 _1) 1 . S(ZQ 2914 29 _1)
< imln (%) 7 n 9 + 4 min [ 13 mn )
-4 S (Wan, Wan, Wan—1) 8b S(wan, Wan, Wan—1)
— & min S(z2n, 22n, 22n—1),

S(wap, Wap, Wap—1)

This is a contradiction. Hence our assertion is true.
First, we suppose that

. S(z 2z Zom,)
1 2n+1, “2n+1, #2n ),
== Inin < max o, QL 2 /3 5] .
g3 M { S(w2n+1aw2n+17w2n) } n { S( o 271)’5( ’ 7w2n) }

Now we have to prove that A(a,b) = o and A(b,a) = B. On contrary, suppose
that A(a,b) # « or A(b,a) # (. Since
S(A(a,b), Aa,b), o),
. S(22n+1, 22041, 22n),
%mln S((AQ(b—’_(:;) 124(—210,)2,6)) < max{ S(a,a,zzn),S(ﬁ,ﬁ,an) } )
S(w2n+1, Want1, Wan)
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from (2.1.4), definition of 1 and Lemma 1.11, we have

(& (2bS(A(a b), A(a )
< hm 1Hf¢( (A (a b)vA(avb)aB($2n+1ay2n+l))

S(a, a, zan), S(8, B, wan),
S(A(a,b), A(a,b),a), S(A(b,a), A(b,a), ),

S
S(ZQTl-l-la 22n+1, 2271)7 S(w2n+17 Wan+1, an)7

{ S(A(a,b), A(a,b), Qrant1) }

1
= lim inf4 | max XS (Zon+1, Zoan+1, )

b n—oo
1+S(CV,C!,Q22”+1) )

[ S(A(b,a), A(b, a), way) }
X S(wan+1, Wan+1, B)
1+S(5767Qy2n+1)

( S(Oé,Oé722n),S(B,B,w2n),
S(A(a,b), A(a,b), o), S(A(b,a), A(b, a), B),
S(2on+1, 220415 22n), S(Wan+1, Want1, Wan),

[ S(A(a,b), A(a,b), Qranyi1)

—nlgrolomf ¢ | max XS (22n+1, Z2n+1, @)
1+S(,,Qran+1)

[ S(A(b,a), A(b,a), way,) ]
X S(wan+1, Wan+1, B)
1+S(5757Qy2n+1)

), S(A(b,a), A(b,a), 3),0,0,0,0 })
A(b,a), A(b,a),B) })

L ¢ (max { 0,0,S(A(a,b), A(a,b),
1 w(max{ S(A(a,b), A(a,b), ), S(

Similarly, we have

0 (;bS(A(b a), A(b, a),5> < ﬁw (maX{ i((A(b, a), A(b,a), B) }) '
(max{ SAL00- M) 1)
< s (e { AL DAV LY

— 3 = Pb.

By the definition of v, it follows that A(a,b) = a = Pa and A(b, a)
Since (A, P) is w-compatible pair, we have A(«, 3) = Pa and A(B, «) = PS.

Thus

<
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From the definition of Sy-metric it is clear that

S(A(a, B), A(a, B), Par), S(A(B, ), A(B, @), PB3)
g5 Tin S(B(z2n+1,Y2n+1), B(Tont1, Y2nt1), QTant1),
S(B(y2n+1; Tan+1); B(Y2n+1, T2n+1), QY2n+1)

< maX{ S(PaapaanQ’n-i-l)a S(PﬂapﬂvQyZn-i-l) } .
From (2.1.4), by the definition of ¢ and Lemma 1.11, we have

¥ (LS(Aa, B), A, B), @)

S(A(aaﬂ)aA(a7ﬂ)722n)7
S(A(,B,Ck),A(B,Oé),’wgn),
S(2on+1, 22041, 22n),
S (Wan+1, Wan41, Wan),
S(Z2n+1722n+1a14( 75)))
S(wan+1, want1, A(B, @),

< 51;% lim sup % | max
n—oo

S(A(O[’/B)’A(O[76)722n)7 )
S(A(ﬂ7a)7A(67a)7w2n)7
S(22n+1, 22n+1, 22n)
S(Wan+1, Want1, Wan),
S(z2n+1, 22n+1, Ala, B)),
S(wany1, Wang1, A(B, @),

3y bS(A(a, ), A(a, B), ), 2b8 < ( @), A(B, @), B), })
e 0,0,625(ar, o, A(, §) B,
%@Z)(%Zmax{ S(A(a, ), Al 8), @),

Similarly, we have that
1 1 S(A(a, B), Ala, B), a),

"7[) <2Z)S(A(Oé,ﬁ),z4(0£,ﬁ),a> < %ﬁ "7[) <2b2 max{ S(A(,B,Oz),A(ﬁ,Oé),ﬂ) }) .

Thus

— lim sup ¢ | max
n—oo

| A

); b
S5(A ( a), A(B, o

3
S(A(B, @), A(B, @), ) )
By the definition of %, it follows that A(a,8) = o = Pa and A(f,a) =
B = PpB. Therefore (o, ) is common coupled fixed point of A and P. Since
A(X x X) C Q(X), there exist x and y in X such that A(«, 5) = a = Qx and
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A(B,a) = B = Qy. Since
S(A(a, B), Ale, B), Pav),
1 in S(A(B,a), A(B,a), PP) < max S(Pa, Pa, Qx),
853 Bz = S(PB, PB,Qy)
from (2.1.4), we have
0(8(4(a 8), Ala,8). Bla)) < st v (pmax{ 3% P00)
¢<max{ S(B(x,y), B(x,y), ), })
S(B(y,z), By, x),8) [)
Similarly

¥ (S(8,8,B(y, 7)) < gzm ¢ <bmax{ S((B:Oé
Y

Thus
o (m{ SEE B 1) = o (s ] : W)
o (max { S50 %’ }>

It follows that B(z,y) = « = Qz and B(y,xz) = 8 = Qy Slnce (B,Q) i
w-compatible pair, we have B(a, ) = Qa, and B(S,«a,) = Q.

Since
7 S(Pa, Pa, Qa),
, } = max{ S(PB, PS.QP) }
from (2.1.4) we have
¥ (S(A(e, B), A, B), B(e, B)))

S(a,a, B(a, B)), S(8, 8, B(5, 0)),
< g (m‘“{ S(B(a, B), Bla, B), a), S(B(, ), B(5, ), B) })

. S(a,a, B(a, B)), S(8, B, B(8, ),
¢< { S(B(a, B), B(a, B), ), S(B(8,a), B(3,a), B) }>
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Similarly

¥ (5(6. 6, B(8,0) < sy ¥ (bmax { (s Bla, 6)), 56,6, B(5,)) ).
Thus

S(a, o, B(a, B)), S(a, o, B(e, B8)),
v <mx{ S(8.5, B(5.0)) }) < wm v (b max{ 5(8.6. B(p.a)) }) |
It implies that B(a, 8) = a = Qo and B(f,«a) = 8 = QS. Therefore (a, 3) is
common coupled fixed point of A, B, P and Q.

To prove the uniqueness, let us take (a!,3') is another common coupled
fixed point of A, B, P and . Since

lmin{ S(A(Oz,ﬁ),A( /3) )7 ( (5704)7‘4( ’ ) ) }
8? S(B(al,ﬂl),B( ,81),Qat), S(B(B', ), B(B', a'),QB")
< max { S(Pa, Pa,Qal), (PB,PB,QB )},

from (2.1.4) we have

P (S, e, 0t)) =1 (S(A(, B), A, B), B(Oél,ﬁl)))
S(a, a,al), (/Bﬂﬁ) S(a, a, @),

g%%¢ max (555) (aaa) (51515)
S(e,a.at)S(atat,a) S(8,8,61)S(8,8',8)

1+S(a,a,a1) ’ 14+5(8,8,81)
S, a,al), (555) S(a, o, a),
max 555) (04040‘) (5151/8)
S(a,a,a)S(at,al,a) S(8,8,61)S(81,6L,8)
1+S (o, ozl) ) 1+5(8,8,81)
b#qbbmax{Saaa) S(3,8,5M)}).
Similarly, we have
U (S(8,6.6)) < 55 V(bmax{S(a,a,a"), 53, 5,89}

Thus
¢ (max { S(a,e,a'),S(8,8,8") }) < gz Y(bmax{S(a,a,a'),S(8,5,8")}).

It implies that & = o' and 8 = B'. Hence (o, f3) is the unique common
coupled fixed point of A, B, P and Q.

Similarly the remaining proof also follows when the Sub case(b) holds. That
is,
1 { S(22n, 22n; 22n—1),

= min
b S (wan, Won, Wap—1)

} gmax{ S(a, o, z2n-1), S(B, B wan—1) }
O

8



242 K. P. R. Rao, W. Shatanawi, G. N. V. Kishore, K. Abodayeh and D. Ram Prasad

Theorem 2.2. Let (X,S) be a complete Sy-metric space. Suppose that A :
X x X — X is a mapping satisfying

: S(A(z,y), A(z,y),x),
Sizgmln{ S(A(U,Z),A(u,g),u), }Smax{ S(x,2z,u),S(y,y,v) }

which implies that

¥ (S(A,9), Alr,9), Aw,0))) < mrth (M (2,9, 0,0)) — & (M (2, ,1,v)),

for all z,y,u,v in X, where 1) : Rt — RY is linear and monotonically increas-
ing function and ¢ : R™ — RT is lower semicontinuous, 1¥(0) = ¢(0) = 0 and
¢(t) >0, for allt >0 and

M (z,y,u,v) = max

Then A has a unique coupled fixed point in X x X.

Example 2.3. Let X = [0,1] and S : X x X x X — R*' by S(z,y,2) =
(ly + 2 — 22| + |y — 2])>. Then S is S, metric space with b = 4. Define
AB:XxX = Xand P,Q: X — X by A(z,y) = ;*},B: ;*},P(x):
and Q(z) = 1. Also define 1, ¢ : R — RT by 9(t) =t and ¢(t) = 501z

]

b (S(Alz,y), Az, y), B(u, v)))
= (|A(z,y) + B(u,v) — 2A(z, y)| + |A(z,y) — B(u,v)])?

= (2 [A(z,y) — B(u,v)|)?

2

— 4 z+y _ utw
473 483
_ 2 |4z—u + 4y—v 2
-3 49 49
< 1 (max ‘4’”_“ ay—v|1)?
— 6(46)2 16 1| 16

xz _ u

1
6(412) max{h 16

IN

2 1y v |2
14 -5
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= (412 max{ S Px, Px QU) (Py,Py,Q’U),S(A(.%’,y),A([L’,y),PJ}) }

7

S(Pz, Px QU), S(Py, Py, Qu),
et
S(B B(v,u), Qu
1 ) )
< 3pm) ¥ | max (Alz,9). Az ,y> Qu) S(B(uw),Bluw), Pr).
1+S(Pz,Pz,Qu)
S(A(y.2). Aly.).Qv) S(B(v,u),B(v.u).Py)
1+S(Py,Py,Qv)

( S(Px, Pr, QU) S(Py, Py, Qu), )
by
S(B(u,v B(v,u), Qu),
—¢ | max S(A(r,9), Al ,y> Qu) S(B(uyw), B(uy),Pz)
1+S(Pz,Pz,Qu) )
S(A(y,2),A(y,2),Qu) S(B(v,u),B(v,u),Py)
1+5(Py,Py,Qu) )

It is clear that all conditions of Theorem 2.1 satisfied and (0, 0) is a unique
common coupled fixed point of A, B, P and Q.

3. APPLICATION

In this section, we study the existence of a unique solution to an initial
value problem, as an application to Theorem 2.2.
Consider the initial value problem:

ot (t) = f(t,x(t), z(t), t € I =[0,1], z(0) = o, (3.1)
where [ : 1 X [xo oo) X [ﬂo,oo) — [”ﬁf,oo) and o € R.

Theorem 3.1. Consider the initial value problem (3.1) with
f EC(IX [”CO oo) X [%0,00)) and

Off(s,x(s),y(s))ds: \/%M min{ E)if(s,,:z:(s),:z:(s))als,ftf(s,y(s),y(s))ds }

0

Then there exists a unique solution in C (I, [%0, oo)) for initial value problem
(3.1).

Proof. The integral equation corresponding to initial value problem (3.1) is

¢
:w0+/f (s))ds.
0



244 K. P. R. Rao, W. Shatanawi, G. N. V. Kishore, K. Abodayeh and D. Ram Prasad

Let X = C (I, [%,00)) and S(z,y, 2)

:(|y+z—2x|+|y—z\) forz,ye X.
Define ¢, a, 5 : [0,00) — [0,00) by ¥(t) = t,

o(t) = 5b12 Define A: X x X —
X by
A(z,y)(t) = = —I—/f(s,ar(s),y(s))ds. (3.2)
0
Now
S(A(z,y)(t), A(z,y) (1), A(u,v)(1)) ,
={| A(z,y)(t) + A(u,v)(t) — 2A(z, y)(t) | + | Az, y)(t) — A(u,v)(t) [}
=4 | Az, y)(t) — A(u,v)(t) |
t t 2
=4 {f(5,90(8)7y(8))d8 - Off(&u(S)»U(S))dS
¢ ¢ 2
[ f(s,x(s),z(s))ds, [ f(s,u(s),u(s))ds,
= ﬁ min{ ©, —min¢ 9,
Off(s,y(s),y(s))ds Off(&v(s)vv(s))ds
t t 2
[ F(s,2(5),2(5))ds — [ f(s,u(s),u(s))ds.
< 513% max { Y, 0,
Off(s,y(S)ay(S))dS - gf(SaU(S),U(S))dS
t t 2
{f(svx(s)7x(s))d5 - Off(37u(s)7u(s)>dsa
= 3% max t t )
bff(s,y(s),y(s))ds — [ f(s;v(s),v(s))ds

0
:@ max{ 2 | z(t) — u(®) *,2 |y(t) — v@) [* }
10 maX{S(l‘,fE,U),S(y,y,U)}
< w( (x,u,y,v)) — ¢(M(z,u,y,v)).

It follows from Theorem 2.2 that A has a unique coupled fixed point in X. O

4. CONCLUSION

In this attempt, we prove a Suzuki type unique common coupled fixed
point theorem for two pairs of w-compatible mappings along with (¢ — ¢) -
and Rational contraction conditions in Sp-metric spaces. We also furnish an
example as well as application to integral equation.
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