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Abstract. We prove the existence, uniqueness and continuous dependence on initial data
of solutions of nonlinear Volterra integrodifferential equations with nonlocal conditions in an
arbitrary Banach space. The results are obtained by using the theory of analytic semigroups
and the contraction mapping principle.

1. INTRODUCTION

The notion of "nonlocal condition” has been introduced to extend the study
of the classical initial value problems, see, for example [2, 3, 6, 9, 13]. It is
more precise for describing nature phenomena than the classical condition
since more information is taken into account, thereby decreasing the negative
effects incurred by a possibly erroneous single measurement taken at the initial
time. The study of abstract nonlocal initial value problem (IVP for short) was
initiated by Byszewski [7]. In [7, 8], Byszewski using the method of semigroups
and the Banach fixed point theorem proved the existence and uniqueness of
mild, strong and classical solution of first order IVP:

u'(t) + Au(t) = f(t,u(t)), tE€ [to,to+al, (1.1)
u(to) + g(ty, ta, -+ ,tp, u(-)) = uo, (1.2)
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where 0 <tp <t <--- <t, <to+a,(p € N),up € X, —A is the infinitesimal
generator of Cy semigroup of T'(t),¢ > 0 in a Banach space X and f : [to,to +
al x X — X, g(t1,t2,--- ,tp,-) + X — X are given functions. The symbol
g(t1,ta, -+ ,tp,u(-)) is used in the sense that in the place of ' we can substitute
only elements of the set {t1,t2,--- ,t,}. For example g(t1,t2,--- ,tp,u(-)) can
be defined by the formula

g(t1,ta, - tp,u(v)) = Cru(ts) + Cau(ta) + - - + Cpu(ty),

where C; (i =1,2,--- ,p) are given constants.
In this paper, we discuss the existence and uniqueness of local solution for
nonlinear Volterra integrodifferential equation with nonlocal condition of the

type:

() + Ax(t) = f(t,x(t),/o Ktsa()ds), tel=[0, (L3
z(0) + g(t1,t2, -+ ,tp, z(-)) = zo. (1.4)

In (1.3), we assume that —A is an infinitesimal generator of analytic semigroup
T(t),t >0, in a Banach space X. We note that if —A is the infinitesimal gen-
erator of an analytic semigroup then —(A + af) is invertible and generates a
bounded analytic semigroup for a > 0 large enough, where I is the identity op-
erator. Therefore, we reduce the general case in which —A is the infinitesimal
generator of a bounded analytic semigroup and the generator is invertible. For
convenience, we suppose that |T(t)|| < M, for t > 0 and 0 € p(—A), where
p(—A) is the resolvent set of —A. For o > 0 we define the fractional power
A% by
Ao L /OO te= D) dt
I'(a) Jo ’
where I'(+) is the gamma function. Since A~ is one to one, A% = (A7)
For 0 < a < 1, A% is closed linear operator whose domain with domain

D(A%) D D(A) dense in X. The closedness of A% implies that D(A%), endowed
with the graph norm of A%,

2]l ae = llzfl + |A%]l, = € D(A),

-1

is a Banach space. Since 0 € p(—A), A% is invertible, and its graph norm
|| - || 4« is equivalent to the norm

[2]la = +[[A%]].

Thus, D(A®) equipped with the norm || - ||o, is a Banach space, which we
denote by X,,. From this definition, it is clear that 0 < oo < 3 implies X, D X3
and that the embedding of Xz in X,, is continuous. For basic concepts and
applications of this theory, we refer to the reader to A. Pazy [11].
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Throughout this paper, we use the notation J = [0,b]. Let f : J x X, x
Xo—= X, k:JxJxX — X, and g(ti,to, - ,tp,-) : Xo — X be nonlinear
functions.

Many authors have studied the problems such as existence, uniqueness,
boundedness and other properties of solutions of these equations (1.3)—(1.4)
or their special forms by using various techniques, see [1, 2, 3, 5, 10, 12]
and the references cited therein. In an interesting paper [4], Balachandran
and Chandrasekaran have studied the existence of local and global solutions
of (1.3)(1.4) when f = g(t,z(t)) +fgh(t,s,x(s),f;k(s,T,x(r))dT)ds. We
are motivated by the work of Balachandran and Chandrasekaran in [4] and
influenced by the work of Byszewski [7]. The results obtained in this paper
generalize the some results of [1, 4].

The paper is organized as follows. In section 2, we present the preliminaries
and hypotheses. Section 3 deals with main results. Finally, in section 4, we
discuss an example to illustrate the theory.

2. PRELIMINARIES AND HYPOTHESES

Before proceeding to the main results, we recall some basic definitions and
setforth preliminaries, and hypotheses that can be used in our further discus-
sion.

Definition 2.1. A continuous solution x(¢) of the integral equation
l’(t) = T(t)l’o - T(t)g(tla t25 U ,tpa CC())

t s
—i—/ Tt — s)f(s,x(s),/ k(s,T,:U(T))dT)ds, tedJ (2.1)
0 0
is called a mild solution of (1.3)—(1.4) on J.

Definition 2.2. A classical solution of the equations (1.3)—(1.4) on J is a
function z € C(J; X) [N C((0,b]; X) satisfies 1.3-1.4 on J.

Definition 2.3. A function z : J — X is said to be a local solution of (1.3)—
(1.4) if
(a) z:J — X is continuous from J to D(A);
(b) x : J — X is differential and satisfies (1.3)—(1.4). If the closed interval
J replaced by [0,00) then the local solution of (1.3)—(1.4) is called
global solution.
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Let us list the following hypotheses:

(Hp) —A is the infinitesimal generator of a bounded analytic semigroup of
linear operator T'(¢),t > 0, in X.

(H2) 0 € p(—A), the resolvent set of —A.

(Hs) For 0 < v < 1, the fractional power A® satisfies

|AYT(t)|| < Caqt™®, for ¢>0,

where C,, is a real constant.

(Hy4) For an open subset F of Jx X, x X4, f : E — X satisfies the condition,
if for every (¢,z,y) € E there is a neighborhood U C E and constants
L1 >0,0< 0 <1, such that

|f(t1, 21,91, 21) — f(t2, 22,2, 22)|| < L1 [|t1 —15]® + |21 — 22[|a

+ g1 — 2lla) (2:2)

for all (ti,xi,yi) elU,i=1,2.

(Hs) For an open subset W of J x Jx X, k: W — X satisfies the condition,
if for every (t,z,y) € W there is a neighborhood V' C W and constants
Ly >0,0< 01, ©5 <1, such that

”k(tl,Sl,l‘l) - k(t27527$2)” < L2 |:|t1 - t2|61 + |31 - 32|e2

+ llzr = 2], (2.3)

for all (¢;,si,2;) € V,i=1,2.
(Hg) g: JP x X, — X and there exists constants L3z > 0 and L4 such that
|A%g(t1,t2, - ,tp,z(:))|| < Ls, for 0<t<b
and

lg(tita, - tp,21()) — g(ta, b2, - -+ s tp, 22())l] < Lallz1 — 22|a-
3. EXISTENCE OF SOLUTIONS

Theorem 3.1. Suppose that the hypotheses (H1)— (Hg) hold. Then the initial
value problem (1.3)-(1.4) has a unique solution z € C([0,b); X) (N C1((0,b); X).

Proof. Choose t* > 0 and § > 0 such that estimates (2.2) and (2.3) hold on
the sets
U= {(t,x,y) :0 S t S t*7 Hx - mOHO& S 67 Hy - .T()”a S 5}7

and
V={{t,s,z):0<t,s<t"|z—x0la <5},

respectively.
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Let
t
M = e 1 (10, [ bt 20)ds )|
0

0<t<t*

Choose b such that for 0 <t < b

I7(6) A% — A%ao]| < 6/4,

IT()A%g(t1, T, -+ s tpe() = A%g(t1, ta, -, tpea()) | < 3/4
and

(1 —a) } m}
20, (L46 4 Ly6+ LyLs + Ly Lo(5 + Lg)b + M)
(3.1)

Let B = C(J; X) be the Banach space with usual supremum norm which we
denote by || - ||g. Define a mapping F': B — B by

(Fy)(t) = T(t) A% — T(t)A%(t1, 12, -, tp, A™y(-))

t s
—I—/ T(t— s)A“f(s,A_O‘y(s),/ k(s, T, A_O‘y(T))d7'> ds. (3.2)
0 0
Obviously, (Fy)(0) = A%y—A%g. Let S be the nonempty closed and bounded
subset of B defined by
S={ye B:y(0) =A% — A%, |y(t)— (A" — A%)| < é}.
For y € S, we have
[(Fy)(t) — (A%zo — A%9)]|
< | T(t) A%y — A%xp|
T T () A%g(tr, o, -+ s tp, A7Y()) — A% (tr, o, -+ s tp, Ay ()|

# [ 1T = 9l (540000, [ K m A () s

0< b<min{t*,

<ojaifis Aot - o) [17 (s, A(o), / k(s A7y (r))dr )
- f(s,a:o,/osk(s,T, :z:g)dr)H}ds
+ /Ot ATt - s)||Hf<s,:co,/OSk(s,T, o)) |ds

< /24 [ AT = 14 005) = (20— 0) gl

S t
+ / Lo||A™%y(1) — (0 — g) — gHadT} ds + / MCy(t —s)"%ds
0 0
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<5/2+ /Ot | A°T( = )|[L1 |3 + Ls + L2(0 + Ly)b| ds
+ MCHI (1 —a)7!
<8/24 Co(t — )11 —a) 'Ly [5 + L3+ La(5 + Lg)b]
+ MCHI" (1 — )7t
<6/24 Ca [Lus + LiLs + L1Ly(6 + L3)b + M} p=e)(1 — o)

<5§/2+C, [L45 4 L6 4+ Ly Ly + L1 Lo(5 + Ly)b + M] p1=2)(1 — )71

<6/2+0/2

= 0. (3.3)
Therefore, F' maps S into itself. Moreover, if y,y2 € S, then

[(Fun)(0) — (Fo)(0)]
<T@ A%l ta, -+t A9 () = A% (b1, st A7 ()|
# [ 1ot 17 (s A wn(o), [ woir A (r)ar)
—7(s. A (s), /0 (s, A7 (s))dr ) ] ds
<T@ AN [llgttrsta, - sty A9 ()) = glta,ta, 1y, A pa())]]
[ 1A= I [1A ) A o)l
/ (s, 7, A=92(7)) — k(s,7, A= (7))]ladl] s
< Cob (1~ a) L A ()~ Ao
# [ 14T = N [l ) — a6+ [ Lalbar) — el s
< Cob" (1 = a) " Lullyr — ol

t s
+/ |A“T'(t — s)|| L1 [Hyl —12||B +/ La|ly1 — y2||Bd7'} ds
0 0
< Cub (1 — ) Ly|lyr — v2llB
+ Cab (1= a) 7 L [ly1 = w2ll + Labllys — v2l5]

< Ca|Lat Li+ LiLob |67 (1 = 0) 7 yn = el (3.4)
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and using (3.1), the equation (3.4) implies that

1
[(Fy1) — (Fy2)llB < §||y1 —y2||B-

Hence, by the contraction mapping theorem, the mapping F' has a unique
fixed point y € S. This fixed point satisfies the integral equation

y(t) =T(t) A% — T(t)A%(t1, b2, -+ s tp, A™Y())

+ /01t AT (t — s)f(s, A" %(s), /OS k(s, T, A_ay(T))dT) ds. (3.5)

From (2.2), (2.3) and the continuity of y it follows that

(= f(t A, | Ity 5, A=y ()ds)

and t — k(t,s, A=%y(s)) are continuous on J and therefore, there exist con-
stants NV and K such that

I£(t.470(0). [ k(e s A7 p(s)as)) < (3.6
and
IK(t, 5, A=y(s)] < K. (3.7

Note that for every [ satisfying 0 < § < 1 — «a and every 0 < h < 1, we
have by Theorem 2.6.13 in Pazy [11] that

I[T(h) = TJAT(t — )| < Coh®|A*TPT(t — )| < rh(t — )"+, (3.8)
for some r > 0. If 0 <t <t 4 h < b, then we have

ly(t +h) —y(@
< T (h) = HAT()aol| + [[T(h) — AT (t)g(tr b, - -+ 5 tp, Ay ()l

# [ = 4ot = 1 (5,47, [ ks A ur)ir) s

+/tt+h |ACT (¢ + h — s)HHf(S,A_O‘y(s),/Osk(s,T,A_ay(T))dT)|ds
=L+ L+ I+ L. (3.9)
Using (Hg) and (3.6), we find that
I < rt=@HBpB < A ws,
Iy < rLst=@tPpB < MopP,

t
Jgnghﬂ/Kt—s)ﬁ”mdsgﬂghﬂ
0
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t+h
I < CQN/ (t+ h —s)"%ds < Myh".
t

Here, M7 and My depends on ¢ and vanish at ¢ — 0, but M3 and M, can be
selected to be independent of ¢t € J. Combining (3.9) with these estimates it
follows that for every ¢ there is a constant C; such that

ly(t) —y(s)|| < Cilt —s|® for 0<t <t,s<b
and therefore, this implies that y is locally Holder continuous on (0, b]. The lo-
cal Holder continuity of t — f(t, A™y(t), fot k(t, s, A‘ay(s))ds> follows from

15 (1. A70t0), [ Kt a=0toar) = 1 (5. 47060, [ Km A=)

< L[t = s|® + 1 47(8) = A=y(3) |
+\|/0 k(t,T,A—ay(T))dT—/O k(s. 7. A~y (r))dr
< IafJe =10+ 1) =+ [ Ikt m Au(r) = (s, 7 A=)

+ [kt Ay ld]

< I [\t —s|®+ Ot — s|°

s t
+/ Lo(Jt = s/ + |7 = 7% + A= y(r) = A= Y(7)]|a ) dr +/ Kr|
0 s
< I [|t — 8|9+ Oyt — | + Lot — 5|9 + K (t — s)}
<L [\t — 5P 4 Ot — 8|+ Loft — 5|0+ K (t — )10 (¢ — s)ﬁ]
<L [1 +Cy+ Lob+ Kbﬂfm} It — 8|7
S 02|t - S|,Ya
where Cy = I [1 + C1 + Lab + Kb(l_ﬁ)] and 0 < v < 1. Let y be a solution
of (3.5). Consider the inhomogeneous initial value problem
t
2/(t) + Az(t) = f(t, Aay(t),/ k(t, s, A=%y(s))d ) teJ=10,b, (3.10)
0

x(0) + g(t1,ta, -+ ,tp, A %y()) = (3.11)
This problem has a unique solution z € C*((0,b]; X), which is given by
x(t) :T(t)xo _T(t)g(thtZa 7tp7A y( ))
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t s
+ / T(t — 5)f (5. A7(s) / K(s.m A™y(r)dr ) s, (3.12)
0 0
For ¢t > 0, each term of (3.12) is in D(A) and a fortiori in D(A%). Operating
on both sides of (3.12) with A* we find that
A% (t) = T(t)A%o — T(t)A%g(t1,t2, -+ ,tp, A" %Y("))

+ /Ot T(t— S)Ao‘f(s, A™%(s), /05 k(s, T, A_ay(T))dT) ds. (3.13)

From (3.5), the right side of (3.13) equals y(t) and therefore, z(t) = A™%y(¢)
and by (3.12), z € C1((0,b]; X) is a solution of (1.3)—(1.4). The uniqueness
of z follows from the uniqueness of the solutions of (3.5) and (3.10)—(3.11).
Thus, the Theorem 3.1 is proved. O

In order to establish the global existence of classical solutions to (1.3), we
need the following lemma.

Lemma 3.2 ([1],p.185). Let ¢(t,s) > 0 be continuous on 0 < s <t <T < 0.
If there are positive constants A, B and « such that

¢
o(t,s) < A+ B/ (t — o) 1¢(0, s)do,
for 0 < s <t <T, then there is a constant C such that
o(t,s) < C.

The following theorem establishes the existence of global solutions of (1.3)-
(1.4).

Theorem 3.3. Suppose that —A is the infinitesimal generator of an analytic
semigroup T(t) satisfying | T(t)|| < M, fort > 0 and 0 € p(—A). Let the
hypotheses (Hy) and (Hs) be satisfied with J = [0,00). Moreover, if there are
continuous nondecreasing functions py, pa : [0,00) — R such that

1f 2,9l < pr@®lzlla + lyllal

and
[kt s, 2)[| < pa(t)]|zla

fort >0, z,y € X,, then the initial value problem (1.3)—-(1.4) has a unique
solution x which exists for all t > 0.

Proof. Applying Theorem 3.1 we can continue the solution of (1.3)—(1.4) as
long as ||z||o is bounded. It is therefore sufficient to show that if x exist on
[0,0) then ||z(t)||o is bounded ¢ T b. Since

A%z (t) = T(t) A% — T(£)A%(t1, tay -+ by, ()
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t s
+ / AT (t — s) f(s,x(s), / k(s,T,x(T))dT)ds. (3.14)
0 0
Taking norm on both sides of equation (3.14) and using the properties of

T(t) and A that they commute, T'(t) < M, AT (t) < Cat~%, for t > 0 and
hypotheses (H4) and (Hs), we get

[A%z ()| < T(#)A%ol| + 1T A%g (1, t2, - tp, ()]

t s
= [14eTe = 91 (s.0(0). [ KGs.matr)ir) s
< M| A% + 7| A% <t1,t2,~ )

/c (t = 5)p1()[le(s)lla + /HkSTQ: Dlidr|ds

< M| A% || + M| A% (t1, ta, -+ tp, 2())]

# [ Cutt=n) [lela+ [ pa(olleladr]ds
< M||A%xo| + M||A%g (tl,tg,'- o, ()l

+C/ts ) P(s)] ()]l + /Hx ladr]d

< M| A% || + M| A% (t1, ta, -+ tp, 2())]

+0up [ =9 [l + [l ladr]ds

that is,

oo < Gt Ca [ ¢ =9 [le@la+ [ laladr]ds, (.15

where C5 = M|| A% + M||A%g(t1,t2,- - ,tp,z("))||, C4 = CoP and P =
sup{p1(t),p2(t)}. Integrating (3.15) over (0, ) nd changing the order of inte-
gration, we get

t

/ 12(6) lade

<C’3b+04// £€—5) ||x M + /||m IIQdT déds
<Cibt Gy /0 (t = )0 — o) [zl + / l2(7)lladr]d

<03b+(104b)/(t—s) ()| + /H:J: HadT]ds
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t
0

<t Co [ (=9 [Je@la+ [ aDlladr]as (3.16)

for some positive constants Cs and Cg, depending on « and b. Adding (3.15)
and (3.16), we have

e (t) o + /0 (€) ade

t
0

<G [t= 9 [le@lat [ leladr]as,  (317)

for some positive constants C7 and Cy, depending on « and b. Define

0 = o0l + [ 1©)lade 3.15)
Using (3.18), the equation (3.17) becomes
() < Cr + Cy /0 (£ — 5)a(s)ds. (3.19)
Applying the Lemma 3.2 to (3.19), we obtain

2(t) < C on [0,b).

Therefore,

t
oo+ [ ll€)lads = 2 < C.
which yields
lz(®)]la < C.
This completes the proof of the Theorem 3.3. U

Theorem 3.4. Suppose that —A is the infinitesimal generator of an analytic
semigroup T(t) satisfying ||T(t)|| < M, fort > 0 and 0 € p(—A). Let the
hypotheses (Hs) — (Hg) be satisfied and xog € X,. Suppose that the functions
z1(t) and x2(t) satisfy the equation (1.3) for 0 <t <b < oo with

z1(0) = g(t1,t2, -+ tp, 1(-)) = 20"
and
22(0) = g(t1,ta, -+ tp, 22(+)) = 20™,
respectively and z1(t),x2(t) € Xo. Then, we have
[z1(t) — z2()]la < C.
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Proof. Let the functions z1(¢) and x2(t) satisfy the equation (1.3) for 0 <t <
b < oo with

x1(0) = g(t1, to,

and

332(0) = g(tla t27 o 7tp)x2(')) - xo**v
respectively and x1(t), x2(t) € X,. Then by Theorem 3.3, we obtain
A% (t) = T(t)A%o™ — T(t)A%(t1, ta,

ety x(4))
+/O AaT(t—S)f(57$1(5)’/08k(8’7—7$1(7—))d7—)d8

(3.20)
and
Aaxg(t) = T(t)Aaiﬁo** — T(t)AO‘g(tl, to, - ,tp, .CL'Q())

+ /0 AT (t — 5)f (s.22(5), /O K(s. 7 ma()dr)ds.  (3:21)

Using hypotheses and properties of T'(t) and A, we have
[A%z1(t) — A%z(t) |
<|T(t)A%xo™ — T(t) A%xo™||
+ HT(t)Aag(tla Lo, 7tp7 .%'1()) - T(t)Aag<t1, ta,

7tp’x2(.))
+/0 HAO‘T(t—S)H[Hf(s,xl(s),/Dsk:(s,T,xl(T))dT>
—f(s,xz(s),/o (s, 2a(r)dr ) ] ds

< M|z — 20™*||a + MOy~ (1 — ) "  Ly|z1 (t) — 22(t)||a

+Ca /0 (s [l1(5) = 23(5)la + Lo /0 " len(r) — 2a(r)udr | ds.

Therefore,

kk COle/t —
Tok — T ot — t—s) ¢
o = a0l + <5 [ 9)
<[

Jo(s) = a2l + La [ s (7) = () ] s,

(3.22)
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where C = [1 — MCoyb =) (1 —

m(t) =

a)*1L4}, MCb1=)(1—a)~'Ly < 1. Define
|x1(t) — x2(t)||o- Then from equation (3.22), we get

m(t) < L Jlwgx — 20|
>~ 6 0 0 «

+C [y fn)+ 1o [Cminaras. @

Integrating (3.23) over (0,¢) and changing the order of integration, we obtain
t

Mb
Am@%SMkW—mW

(e}

CLl// £ 5) a +L2/m dr}dgds
Mb
<

7”950* — 20"

Colnb

+ C(l_a)/ot(t—s)_o‘ [m(s) + Ly /Osm(T)d

T} ds.  (3.24)
Adding the corresponding sides of of equations (3.23) and (3.24), we have

+[m@@

(L +0)[lzo*x — z0™ [l
Coly b t o
+ - [1+(1_a)]/(t—s) +L2/m dT

t
§d1+d2/(t—8 a /m dT
0

<

Al F|

(3.25)
where d; = M(l + b)||lxo*x — 0™ || and
C Ll b CaL1L2 b
ds = ma + ,
p = max{ “E1 +

depending on « and difference estimation of initial data. Let

t
+ [ mieyae
Then equation (3.25) takes the form

t
w(t) < dy + ds /0 (1 — 5)~"w(s)ds. (3.26)
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Applying the Lemma 3.2 to (3.26), which yields w(t) < C' and consequently,
we have

[z1(t) — za(t)[la = m(t) < C,

where C' depends upon the initial data of solutions of the equation (1.3). This
proves the Theorem 3.4. O

4. APPLICATION

Now, we give an example to illustrate the application of our results estab-
lished in previous section. We consider the following boundary value problem

ow(t,§) 0?w(t, &)

ot o2
- M(t,w(t,f),/o alt, s,w(s,g))ds), t>0, £el=[0,q] (4.1)
w(t,0) =w(t,m) =0, t>0, (4.2)
w(0,8) =xo(&) + > aiw(t;,§), €, (4.3)
i=1

where p: I X RXxR — R, a:J xJ xR — R are continuous and ¢; > 0,
a; € R are prefixed numbers. Let us take X = L%([0,7]). We define the
operator A : D(A) C X — X by Aw = —wg¢, where D(A) = {w() € X :
w(0) = w(mw) = 0}. Furthermore, A has discrete spectrum, the eigenvalues
are n?,n € N, with corresponding normalized characteristics vectors wy, (§) :=
\/%sin(nﬁ), n=1,2,3,---, and the following conditions hold :

(i) {w, : n € N} is an orthonormal basis of X.

(ii) If w € D(A) then Aw = Yo% n? < w,wy, > wy,.
Hence, A is infinitesimal generator of an analytic semigroup 7'(¢),¢ > 0 on X
and is given by

o0
T(t)w = 267"% <w,wp > wy, weX.

n=1

Define the functions f : [0,00) x X x X — X, a: Jx Jx X — X, and
g:C(J,X) — X as follows

f(t,:r,y)f = M(t7$(t7€)7y(t7§))7
a(t,s,z(t,&)) = k(t, s, z)&,
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k
g(t17t27 e 7tk‘7x())€ = - Z/B’Lx(t’ug)a
i=1

t; > 0and 0 < & < w. From the above choices of the functions and

generator A, the equations (4.1)—(4.3) can be formulated as an abstract non-
linear Volterra integrodifferential equations (1.3)—(1.4) in a Banach space X.
Further, for every x € X,

(o)
A2 = Zl/n < W, Wy > W,

n=1

with HA_%H =1 and the operator A? is given by

o0
1
Azw = E n < w, W, > Wy,

n=1

on the space D(A%) ={weX:) 2 n<ww,>w, €X}. Let X, denote
the space D(A%) with a = 1/2. Under the assumptions that hypotheses (Hy)
and (Hjs) are satisfied then by Theorems 3.1 and 3.3 there exits a unique global
classical solution of the equations (1.3)-(1.4) which guarantees the existence
of a unique global classical solution of IVP (4.1)-(4.3).
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