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Abstract. Some integral inequalities of Jensen type for GA-convex functions defined on

intervals of real line are given. Applications in relation to Hermite-Hadamard inequalities and

Jensen discrete inequalities are provided. Inequalities for GA-convex functions of selfadjoint

operators on complex Hilbert spaces are established as well.

1. Introduction

We recall some facts on the lateral derivatives and subdifferential of a convex
function.

Suppose that I is an interval of real numbers with interior I̊ and Φ : I → R
is a convex function on I. Then Φ is continuous on I̊ and has finite left and
right derivatives at each point of I̊. Moreover, if x, y ∈ I̊ and x < y, then
Φ′− (x) ≤ Φ′+ (x) ≤ Φ′− (y) ≤ Φ′+ (y) which shows that both Φ′− and Φ′+ are

nondecreasing function on I̊. It is also known that a convex function must be
differentiable except for at most countably many points.
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For a convex function Φ : I → R, the subdifferential of Φ denoted by ∂Φ is

the set of all functions ϕ : I → [−∞,∞] such that ϕ
(̊

I
)
⊂ R and

Φ (x) ≥ Φ (a) + (x− a)ϕ (a) for any x, a ∈ I.
It is also well known that if Φ is convex on I, then ∂Φ is nonempty, Φ′−,

Φ′+ ∈ ∂Φ and if ϕ ∈ ∂Φ, then

Φ′− (x) ≤ ϕ (x) ≤ Φ′+ (x) for any x ∈ I̊.

In particular, ϕ is a nondecreasing function.
If Φ is differentiable and convex on I̊, then ∂Φ = {Φ′} .
Let I ⊂ (0,∞) be an interval; a real-valued function h : I → R is said to be

GA-convex (concave) on I if

h
(
x1−λyλ

)
≤ (≥) (1− λ)h (x) + λh (y) (1.1)

for all x, y ∈ I and λ ∈ [0, 1].
Since the condition (1.1) can be written as

h◦exp ((1− λ) lnx+ λ ln y) ≤ (≥) (1− λ)h◦exp (lnx)+λh◦exp (ln y) , (1.2)

then we observe that h : I → R is GA-convex (concave) on I if and only if
h ◦ exp is convex (concave) on ln I := {ln z, z ∈ I} . If I = [a, b] then ln I =
[ln a, ln b] .

It is known that the function h (x) = ln (1 + x) is GA-convex on (0,∞) [3].
For real and positive values of x, the Euler gamma function Γ and its

logarithmic derivative ψ, the so-called digamma function, are defined by

Γ (x) :=

∫ ∞
0

tx−1e−tdt and ψ (x) :=
Γ′ (x)

Γ (x)
.

It has been shown in [27] that the function h : (0,∞)→ R defined by

h (x) = ψ (x) +
1

2x

is GA-concave on (0,∞) while the function g : (0,∞)→ R defined by

g (x) = ψ (x) +
1

2x
+

1

12x2

is GA-convex on (0,∞) .
If [a, b] ⊂ (0,∞) and the function g : [ln a, ln b] → R is convex (concave)

on [ln a, ln b] , then the function h : [a, b] → R, h (t) = g (ln t) is GA-convex
(concave) on [a, b] .

Indeed, if x, y ∈ [a, b] and λ ∈ [0, 1] , then

h
(
x1−λyλ

)
= g

(
ln
(
x1−λyλ

))
= g [(1− λ) lnx+ λ ln y]

≤ (≥) (1− λ) g (lnx) + λg (ln y) = (1− λ)h (x) + λh (y)
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showing that h is GA-convex (concave) on [a, b] .
The identric mean I (a, b) is defined by

I (a, b) :=
1

e

(
bb

aa

) 1
b−a

while the logarithmic mean is defined by

L (a, b) :=
b− a

ln b− ln a
.

Now, since h ◦ exp is convex on [ln a, ln b] it follows that h has finite lateral
derivatives on (ln a, ln b) and by gradient inequality for convex functions we
have

h ◦ exp (x)− h ◦ exp (y) ≥ (x− y)ϕ (exp y) exp y (1.3)

where ϕ (exp y) ∈
[
h′− (exp y) , h′+ (exp y)

]
for any x, y ∈ (ln a, ln b) .

If s, t ∈ (a, b) and we take in (1.3) x = ln t, y = ln s, then we get

h (t)− h (s) ≥ (ln t− ln s)ϕ (s) s (1.4)

where ϕ (s) ∈
[
h′− (s) , h′+ (s)

]
.

2. Some Jensen’s type inequalities

Let (Ω,A, µ) be a measurable space consisting of a set Ω, a σ – algebra A of
parts of Ω and a countably additive and positive measure µ on A with values
in R ∪ {∞} . For a µ-measurable function w : Ω → R, with w (x) ≥ 0 for µ
–a.e. (almost every) x ∈ Ω, consider the Lebesgue space

Lw (Ω, µ) := {f : Ω→ R, f is µ-measurable and

∫
Ω
w (x) |f (x)| dµ (x) <∞}.

For simplicity of notation we write everywhere in the sequel
∫

Ωwdµ instead
of
∫

Ωw (x) dµ (x) .
If f, g : Ω → R are µ-measurable functions and f, g, fg ∈ Lw (Ω, µ) , then

we may consider the Čebyšev functional

Tw (f, g) :=

∫
Ω
wfgdµ−

∫
Ω
wfdµ

∫
Ω
wgdµ. (2.1)

The following result is known in the literature as the Grüss inequality

|Tw (f, g)| ≤ 1

4
(Γ− γ) (∆− δ) , (2.2)

provided

−∞ < γ ≤ f (x) ≤ Γ <∞, −∞ < δ ≤ g (x) ≤ ∆ <∞ (2.3)

for µ –a.e. (almost every) x ∈ Ω.



278 S. S. Dragomir

The constant 1
4 is sharp in the sense that it cannot be replaced by a smaller

constant.
If we assume that −∞ < γ ≤ f (x) ≤ Γ <∞ for µ –a.e. x ∈ Ω, then by the

Grüss inequality for g = f and by the Schwarz’s integral inequality, we have

∫
Ω
w

∣∣∣∣f − ∫
Ω
wfdµ

∣∣∣∣ dµ ≤
[∫

Ω
wf2dµ−

(∫
Ω
wfdµ

)2
] 1

2

≤ 1

2
(Γ− γ) . (2.4)

In order to provide a reverse of the celebrated Jensen’s integral inequality
for convex functions, S. S. Dragomir obtained in 2002 [7] the following result:

Theorem 2.1. Let Φ : [m,M ] ⊂ R→ R be a differentiable convex function
on (m,M) and f : Ω→ [m,M ] so that Φ ◦ f, f, Φ′ ◦ f, (Φ′ ◦ f) f ∈ Lw (Ω, µ) ,
where w ≥ 0 µ-a.e. (almost everywhere) on Ω with

∫
Ωwdµ = 1. Then we have

the inequality:

0 ≤
∫

Ω
(Φ ◦ f)wdµ− Φ

(∫
Ω
fwdµ

)
(2.5)

≤
∫

Ω

(
Φ′ ◦ f

)
fwdµ−

∫
Ω

(
Φ′ ◦ f

)
wdµ

∫
Ω
wfdµ

≤ 1

2

[
Φ′ (M)− Φ′ (m)

] ∫
Ω
w

∣∣∣∣f − ∫
Ω
fwdµ

∣∣∣∣ dµ.
If µ (Ω) < ∞ and Φ ◦ f, f, Φ′ ◦ f, (Φ′ ◦ f) f ∈ L (Ω, µ) , then we have the

inequality:

0 ≤ 1

µ (Ω)

∫
Ω

(Φ ◦ f) dµ− Φ

(
1

µ (Ω)

∫
Ω
fdµ

)
(2.6)

≤ 1

µ (Ω)

∫
Ω

(
Φ′ ◦ f

)
fdµ− 1

µ (Ω)

∫
Ω

(
Φ′ ◦ f

)
dµ

1

µ (Ω)

∫
Ω
fdµ

≤ 1

2

[
Φ′ (M)− Φ′ (m)

] 1

µ (Ω)

∫
Ω

∣∣∣∣f − 1

µ (Ω)

∫
Ω
fdµ

∣∣∣∣ dµ.
The following discrete inequality is of interest as well.

Corollary 2.2. Let Φ : [m,M ] → R be a differentiable convex function on
(m,M) . If xi ∈ [m,M ] and wi ≥ 0 (i = 1, . . . , n) with Wn :=

∑n
i=1wi = 1,
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then one has the counterpart of Jensen’s weighted discrete inequality:

0 ≤
n∑
i=1

wiΦ (xi)− Φ

(
n∑
i=1

wixi

)
(2.7)

≤
n∑
i=1

wiΦ
′ (xi)xi −

n∑
i=1

wiΦ
′ (xi)

n∑
i=1

wixi

≤ 1

2

[
Φ′ (M)− Φ′ (m)

] n∑
i=1

wi

∣∣∣∣∣∣xi −
n∑
j=1

wjxj

∣∣∣∣∣∣ .
Remark 2.3. We notice that the inequality between the first and the second
term in (2.7) was proved in 1994 by Dragomir & Ionescu, see [14].

On making use of the results (2.5) and (2.4), we can state the following
string of reverse inequalities:

Lemma 2.4. Let Φ : I → R be a differentiable convex function on the interval
of real numbers I and m,M ∈ R, m < M with [m,M ] ⊂ I̊, I̊ is the interior
of I. If f : Ω→ R is µ-measurable, satisfies the bounds

−∞ < m ≤ f (x) ≤M <∞ for µ-a.e. x ∈ Ω (2.8)

and Φ ◦ f, f, Φ′ ◦ f, (Φ′ ◦ f) f ∈ Lw (Ω, µ) , where w ≥ 0 µ-a.e. on Ω with∫
Ωwdµ = 1, then

0 ≤
∫

Ω
(Φ ◦ f)wdµ− Φ

(∫
Ω
fwdµ

)
(2.9)

≤
∫

Ω

(
Φ′ ◦ f

)
fwdµ−

∫
Ω

(
Φ′ ◦ f

)
wdµ

∫
Ω
fwdµ

≤ 1

2

[
Φ′ (M)− Φ′ (m)

] ∫
Ω

∣∣∣∣f − ∫
Ω
wfdµ

∣∣∣∣wdµ
≤ 1

2

[
Φ′ (M)− Φ′ (m)

] [∫
Ω
f2wdµ−

(∫
Ω
fwdµ

)2
] 1

2

≤ 1

4

[
Φ′ (M)− Φ′ (m)

]
(M −m) .

Remark 2.5. We notice that the inequality between the first, second and last
term from (2.9) was proved in the general case of positive linear functionals
in 2001 by Dragomir in [6].

If the differentiability condition is removed, then Φ′ can be replaced in the
inequality (2.9) above with a section ϕ of the subdifferential ∂Φ. We omit the
details.
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The following reverse of the Jensen’s inequality holds [10], [11]:

Lemma 2.6. Let Φ : I → R be a convex function on the interval of real
numbers I and m,M ∈ R, m < M with [m,M ] ⊂ I̊ . If f : Ω → R is µ-
measurable, satisfies the bounds (2.8) and f,Φ ◦ f ∈ Lw (Ω, µ) , where w ≥ 0
µ-a.e. on Ω with

∫
Ωwdµ = 1, then

0 ≤
∫

Ω
(Φ ◦ f)wdµ− Φ

(
f̄Ω,w

)
(2.10)

≤
(
M − f̄Ω,w

) (
f̄Ω,w −m

)
M −m

sup
t∈(m,M)

ΨΦ (t;m,M)

≤
(
M − f̄Ω,w

) (
f̄Ω,w −m

) Φ′− (M)− Φ′+ (m)

M −m

≤ 1

4
(M −m)

[
Φ′− (M)− Φ′+ (m)

]
,

where f̄Ω,w :=
∫

Ωw (x) f (x) dµ (x) ∈ [m,M ] and ΨΦ (·;m,M) : (m,M) → R
is defined by

ΨΦ (t;m,M) =
Φ (M)− Φ (t)

M − t
− Φ (t)− Φ (m)

t−m
.

We also have the inequality

0 ≤
∫

Ω
(Φ ◦ f)wdµ− Φ

(
f̄Ω,w

)
≤ 1

4
(M −m) ΨΦ

(
f̄Ω,w;m,M

)
(2.11)

≤ 1

4
(M −m)

[
Φ′− (M)− Φ′+ (m)

]
,

provided that f̄Ω,w ∈ (m,M) .

In what follows, we assume that w : Ω → R, with w (x) ≥ 0 for µ –a.e.
x ∈ Ω, is a µ-measurable function with

∫
Ωwdµ = 1.

We also have:

Lemma 2.7. With the assumptions of Lemma 2.6, we have the inequalities

0 ≤
∫

Ω
w (Φ ◦ f) dµ (x)− Φ

(
f̄Ω,w

)
(2.12)

≤ 2 max

{
M − f̄Ω,w

M −m
,
f̄Ω,w −m
M −m

}[
Φ (m) + Φ (M)

2
− Φ

(
m+M

2

)]
≤ 1

2
max

{
M − f̄Ω,w, f̄Ω,w −m

} [
Φ′− (M)− Φ′+ (m)

]
.



Inequalities of Jensen type for GA-convex functions 281

For a real function g : [m,M ] → R and two distinct points α, β ∈ [m,M ]
we recall that the divided difference of g in these points is defined by

[α, β; g] :=
g (β)− g (α)

β − α
.

The following result holds [12]:

Lemma 2.8. Let Φ : I → R be a convex function on the interval of real
numbers I and m,M ∈ R, m < M with [m,M ] ⊂ I̊ . If f : Ω → R is µ-
measurable, satisfying the bounds (2.8) and f, Φ ◦ f ∈ Lw (Ω, µ) , then by
denoting

fΩ,w :=

∫
Ω
wfdµ ∈ [m,M ]

and assuming that fΩ,w 6= m,M, we have∣∣∣∣∫
Ω

∣∣Φ (f)− Φ
(
fΩ,w

)∣∣ sgn [f − fΩ,w

]
wdµ

∣∣∣∣ (2.13)

≤
∫

Ω
(Φ ◦ f)wdµ− Φ

(
fΩ,w

)
≤ 1

2

([
fΩ,w,M ; Φ

]
−
[
m, fΩ,w; Φ

])
Dw (f)

≤ 1

2

([
fΩ,w,M ; Φ

]
−
[
m, fΩ,w; Φ

])
Dw,2 (f)

≤ 1

4

([
fΩ,w,M ; Φ

]
−
[
m, fΩ,w; Φ

])
(M −m) ,

where

Dw (f) :=

∫
Ω
w
∣∣f − fΩ,w

∣∣ dµ
and

Dw,2 (f) :=

[∫
Ω
wf2dµ−

(
fΩ,w

)2] 1
2

.

The constant 1
2 in the second inequality from (2.10) is best possible.

For recent results related to Jensen’s inequality, see [1]-[9], [15]-[26] and the
references therein.

Motivated by the above results, in this paper we establish some Jensen type
inequalities for the class of GA-convex (concave) functions. Some applications
for power and logarithmic functions are provided as well. Some inequalities
for functions of selfadjoint operators in Hilbert spaces are also established.

We have the following result concerning Jensen’s type inequalities for GA-
convex functions.
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Theorem 2.9. Let h : I ⊂ (0,∞)→ R be a GA-convex function and [k,K] ⊂
I̊ Assume also that x : Ω→ R is µ-measurable, satisfying the bounds

0 < k ≤ x (t) ≤ K <∞ for µ-a.e. t ∈ Ω (2.14)

and w ≥ 0 µ-a.e. on Ω with
∫

Ωwdµ = 1.

(i) If ϕ ∈ ∂h, the subdifferential of h and h◦x, lnx, (lnx)2 , (ϕ ◦ x )x lnx
and (ϕ ◦ x)x ∈ Lw (Ω, µ) , then

0 ≤
∫

Ω
(h ◦ x)wdµ− h ◦ exp

(∫
Ω
w lnxdµ

)
(2.15)

≤
∫

Ω
(ϕ ◦ x)wx lnxdµ−

∫
Ω

(ϕ ◦ x)xwdµ

∫
Ω
w lnxdµ

≤ 1

2

[
h′− (K)K − h′+ (k) k

] ∫
Ω

∣∣∣∣lnx− ∫
Ω
w lnxdµ

∣∣∣∣wdµ
≤ 1

2

[
h′− (K)K − h′+ (k) k

] [∫
Ω
w (lnx)2 dµ−

(∫
Ω
w lnxdµ

)2
] 1

2

≤ 1

4

[
h′− (K)K − h′+ (k) k

]
(lnK − ln k) .

(ii) Consider Ψh (·; k,K) : (k,K)→ R defined by

Ψh (t; k,K) =
h (K)− h (t)

lnK − ln t
− h (t)− h (k)

ln t− ln k
.

If h ◦ x, lnx ∈ Lw (Ω, µ) , then

0 ≤
∫

Ω
(h ◦ x)wdµ− h ◦ exp

(∫
Ω
w lnxdµ

)
(2.16)

≤
(
lnK −

∫
Ωw lnxdµ

) (∫
Ωw lnxdµ− ln k

)
lnK − ln k

sup
t∈(k,K)

Ψh (t; k,K)

≤
(

lnK −
∫

Ω
w lnxdµ

)(∫
Ω
w lnxdµ− ln k

)
h′− (K)K − h′+ (k) k

lnK − ln k

≤ 1

4
(lnK − ln k)

[
h′− (K)K − h′+ (k) k

]
,

and

0 ≤
∫

Ω
(h ◦ x)wdµ− h ◦ exp

(∫
Ω
w lnxdµ

)
(2.17)

≤ 1

4
(lnK − ln k) Ψh

(∫
Ω
w lnxdµ; k,K

)
≤ 1

4
(lnK − ln k)

[
h′− (K)K − h′+ (k) k

]
.
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(iii) If h ◦ x, lnx ∈ Lw (Ω, µ) , then

0 ≤
∫

Ω
(h ◦ x)wdµ− h ◦ exp

(∫
Ω
w lnxdµ

)
(2.18)

≤ 2 max

{
lnK −

∫
Ωw lnxdµ

lnK − ln k
,

∫
Ωw lnxdµ− ln k

lnK − ln k

}
×
[
h (k) + h (K)

2
− h

(√
kK
)]

≤ 1

2
max

{
lnK −

∫
Ωw lnxdµ

lnK − ln k
,

∫
Ωw lnxdµ− ln k

lnK − ln k

}
×
[
h′− (K)K − h′+ (k) k

]
.

In particular, we have

0 ≤
∫

Ω
(h ◦ x)wdµ− h ◦ exp

(∫
Ω
w lnxdµ

)
(2.19)

≤ 2

[
h (k) + h (K)

2
− h

(√
kK
)]
.

(iv) If h ◦ x, lnx ∈ Lw (Ω, µ) , then∣∣∣∣∫
Ω

∣∣∣∣h ◦ x− h(∫
Ω
w lnxdµ

)∣∣∣∣ sgn [lnx− ∫
Ω
w lnxdµ

]
wdµ

∣∣∣∣ (2.20)

≤
∫

Ω
(h ◦ x)wdµ− h ◦ exp

(∫
Ω
w lnxdµ

)
≤ 1

2

(
h (K)− h ◦ exp

(∫
Ωw lnxdµ

)
lnK −

∫
Ωw lnxdµ

−
h ◦ exp

(∫
Ωw lnxdµ

)
− h (k)∫

Ωw lnxdµ− ln k

)

×
∫

Ω

∣∣∣∣lnx− ∫
Ω
w lnxdµ

∣∣∣∣wdµ
≤ 1

2

(
h (K)− h ◦ exp

(∫
Ωw lnxdµ

)
lnK −

∫
Ωw lnxdµ

−
h ◦ exp

(∫
Ωw lnxdµ

)
− h (k)∫

Ωw lnxdµ− ln k

)

×

[∫
Ω
w (lnx)2 dµ−

(∫
Ω
w lnxdµ

)2
] 1

2

≤ 1

4

(
h (K)− h ◦ exp

(∫
Ωw lnxdµ

)
lnK −

∫
Ωw lnxdµ

−
h ◦ exp

(∫
Ωw lnxdµ

)
− h (k)∫

Ωw lnxdµ− ln k

)
× (lnK − ln k) .

Proof. (i) Since h is a GA-convex function on I, then the function Φ : I → R,
Φ (s) = h ◦ exp is convex on [ln k, lnK] . If we take the function f : Ω → R,
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f (t) = lnx (t) , t ∈ Ω, then f is µ-measurable and satisfying the bounds

−∞ < ln k ≤ f (t) ≤ lnK <∞ for µ− a.e. t ∈ Ω.

We also have

∂Φ (s) = {ϕ (es) es with ϕ ∈ ∂ (h)} for s ∈ I̊ .

Now, using the inequality (2.9) from Lemma 2.4 we have

0 ≤
∫

Ω
w (h ◦ exp) (lnx) dµ− (h ◦ exp)

(∫
Ω
w lnxdµ

)
≤
∫

Ω
wϕ
(
elnx

)
elnx lnxdµ−

∫
Ω
ϕ
(
elnx

)
elnxwdµ

∫
Ω
w lnxdµ

≤ 1

2

[
h′−

(
elnK

)
elnK − h′+

(
eln k

)
eln k

] ∫
Ω

∣∣∣∣lnx− ∫
Ω
w lnxdµ

∣∣∣∣wdµ
≤ 1

2

[
h′−

(
elnK

)
elnK − h′+

(
eln k

)
eln k

]
×

[∫
Ω
w (lnx)2 dµ−

(∫
Ω
w lnxdµ

)2
] 1

2

≤ 1

4

[
h′−

(
elnK

)
elnK − h′+

(
eln k

)
eln k

]
(lnK − ln k)

and the inequality (2.15) is obtained.
(ii) Using Lemma 2.6 we have

0 ≤
∫

Ω
w (h ◦ exp) (lnx) dµ− (h ◦ exp)

(∫
Ω
w lnxdµ

)
≤
(
lnK −

∫
Ωw lnxdµ

) (∫
Ωw lnxdµ− ln k

)
lnK − ln k

sup
t∈(k,K)

Ψh (t; k,K)

≤
(

lnK −
∫

Ω
w lnxdµ

)(∫
Ω
w lnxdµ− ln k

)
h′− (K)K − h′+ (k) k

lnK − ln k

≤ 1

4
(lnK − ln k)

[
h′− (K)K − h′+ (k) k

]
,

which proves the inequality (2.16).
The inequality (2.17) follows by (2.11).
(iii). Follows by Lemma 2.7.
(iv). Follows by Lemma 2.8. �

The following result also holds:

Theorem 2.10. Let h : I ⊂ (0,∞)→ R be a GA-convex function and [k,K] ⊂
I̊. Assume also that x : Ω→ R is µ-measurable, satisfying the condition (2.14)
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and w ≥ 0 µ-a.e. on Ω with
∫

Ωwdµ = 1. Then∫
Ω

(h ◦ x)wdµ ≤
lnK −

∫
Ωw lnxdµ

lnK − ln k
h (k) +

∫
Ωw lnxdµ− ln k

lnK − ln k
h (K) . (2.21)

Proof. Observe that for s ∈ [k,K] we have

ln s =
(lnK − ln s) ln k + (ln s− ln k) lnK

lnK − ln k
.

By the convexity of h ◦ exp on [ln, lnK] we have

h (s) = (h ◦ exp) (ln s)

= (h ◦ exp)

(
(lnK − ln s) ln k + (ln s− ln k) lnK

lnK − ln k

)
(2.22)

≤ lnK − ln s

lnK − ln k
(h ◦ exp) (ln k) +

ln s− ln k

lnK − ln k
(h ◦ exp) (lnK)

=
lnK − ln s

lnK − ln k
h (k) +

ln s− ln k

lnK − ln k
h (K)

for any s ∈ [k,K] .
Using (2.22) we have

h (x (t)) ≤ lnK − lnx (t)

lnK − ln k
h (k) +

lnx (t)− ln k

lnK − ln k
h (K) (2.23)

for any t ∈ Ω.
If we multiply (2.23) by w (t) ≥ 0 for almost every t ∈ Ω and then integrate

on Ω to get∫
Ω

(h ◦ x)wdµ

≤
∫

Ωwdµ lnK −
∫

Ωw lnxdµ

lnK − ln k
h (k) +

∫
Ωw lnxdµ−

∫
Ωwdµ ln k

lnK − ln k
h (K)

and since
∫

Ωwdµ = 1, the inequality (2.21) is proved. �

3. Some weighted Hermite-Hadamard type inequalities

Let h : I ⊂ (0,∞) → R be a GA-convex function and [a, b] ⊂ I̊ . Assume

also that w (t) ≥ 0 a.e. on [a, b] with
∫ b
a w (t) dt > 0. Using the results from the

previous section, we can state the following weighted inequalities for functions
of a single real variable.
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If ϕ ∈ ∂h then by (2.15) we have

0 ≤
∫ b
a h (t)w (t) dt∫ b
a w (s) ds

− h ◦ exp

(∫ b
a w (t) ln tdt∫ b
a w (s) ds

)
(3.1)

≤
∫ b
a ϕ (t)w (t) t ln tdt∫ b

a w (s) ds
−
∫ b
a ϕ (t) tw (t) dt∫ b

a w (s) ds

∫ b
a w (t) ln tdt∫ b
a w (s) ds

≤ 1

2

h′− (b) b− h′+ (a) a∫ b
a w (s) ds

∫ b

a

∣∣∣∣∣ln t−
∫ b
a w (s) ln sds∫ b
a w (s) ds

∣∣∣∣∣w (t) dt

≤ 1

2

[
h′− (b) b− h′+ (a) a

] ∫ ba w (t) (ln t)2 dt∫ b
a w (s) ds

−

(∫ b
a w (t) ln tdt∫ b
a w (s) ds

)2
 1

2

≤ 1

4

[
h′− (b) b− h′+ (a) a

]
(ln b− ln a) .

If h is differentiable on (a, b) , then ϕ from the inequality (3.1) can be re-
placed by h′.

If h : I ⊂ (0,∞)→ R is a differentiable GA-convex function and [a, b] ⊂ I̊ ,
then by taking w (s) = 1, s ∈ [a, b] in (3.1) we get

0 ≤ 1

b− a

∫ b

a
h (t) dt− h (I (a, b)) (3.2)

≤ 1

b− a

∫ b

a
h′ (t) t ln tdt− 1

b− a
ln I (a, b)

∫ b

a
h′ (t) tdt

≤ 1

2

h′− (b) b− h′+ (a) a

b− a

∫ b

a
|ln t− ln I (a, b)| dt

≤ 1

2

[
h′− (b) b− h′+ (a) a

] [ 1

b− a

∫ b

a
(ln t)2 dt− (ln I (a, b))2

] 1
2

≤ 1

4

[
h′− (b) b− h′+ (a) a

]
(ln b− ln a) .

If we take in (3.1) w (s) = 1
s , s ∈ [a, b] , then we get

0 ≤ 1

ln b− ln a

∫ b

a

h (t)

t
dt− h

(√
ab
)

(3.3)

≤ 1

ln b− ln a

∫ b

a
h′ (t) ln tdt− h (b)− h (a)

ln b− ln a
ln
(√

ab
)
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≤ 1

2

h′− (b) b− h′+ (a) a

ln b− ln a

∫ b

a

∣∣∣ln t− ln
(√

ab
)∣∣∣ 1

t
dt

≤ 1

4
√

3

[
h′− (b) b− h′+ (a) a

]
(ln b− ln a) .

Some of the integrals involved in (3.2) and (3.3) maybe calculated even further,
however we do not present the details here.

Consider Ψh (·; a, b) : (a, b)→ R defined by

Ψh (t; a, b) =
h (b)− h (t)

ln b− ln t
− h (t)− h (a)

ln t− ln a
.

Then by (2.16) we get

0 ≤
∫ b
a h (t)w (t) dt∫ b
a w (s) ds

− h ◦ exp

(∫ b
a w (t) ln tdt∫ b
a w (s) ds

)
(3.4)

≤

(
ln b−

∫ b
a w(t) ln tdt∫ b
a w(s)ds

)(∫ b
a w(t) ln tdt∫ b
a w(s)ds

− ln a

)
ln b− ln a

sup
t∈(a,b)

Ψh (t; a, b)

≤

(
ln b−

∫ b
a w (t) ln tdt∫ b
a w (s) ds

)(∫ b
a w (t) ln tdt∫ b
a w (s) ds

− ln a

)

×
h′− (b) b− h′+ (a) a

ln b− ln a

≤ 1

4
(ln b− ln a)

[
h′− (b) b− h′+ (a) a

]
and

0 ≤
∫ b
a h (t)w (t) dt∫ b
a w (s) ds

− h ◦ exp

(∫ b
a w (t) ln tdt∫ b
a w (s) ds

)
(3.5)

≤ 1

4
(ln b− ln a) Ψh

(∫ b
a w (t) ln tdt∫ b
a w (s) ds

; a, b

)

≤ 1

4
(ln b− ln a)

[
h′− (b) b− h′+ (a) a

]
.
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If we take w (s) = 1, s ∈ [a, b] in (3.4) and (3.5), then we get

0 ≤ 1

b− a

∫ b

a
h (t) dt− h (I (a, b)) (3.6)

≤ (ln b− ln I (a, b)) (ln I (a, b)− ln a)

ln b− ln a
sup
t∈(a,b)

Ψh (t; a, b)

≤ (ln b− ln I (a, b)) (ln I (a, b)− ln a)
h′− (b) b− h′+ (a) a

ln b− ln a

≤ 1

4
(ln b− ln a)

[
h′− (b) b− h′+ (a) a

]
and

0 ≤ 1

b− a

∫ b

a
h (t) dt− h (I (a, b))

≤ 1

4
(ln b− ln a) Ψh (ln I (a, b) ; a, b) (3.7)

≤ 1

4
(ln b− ln a)

[
h′− (b) b− h′+ (a) a

]
.

If we take w (s) = 1
s , s ∈ [a, b] in (3.4) and (3.5), then we get

0 ≤ 1

ln b− ln a

∫ b

a

h (t)

t
dt− h

(√
ab
)

≤ 1

4
(ln b− ln a) sup

t∈(a,b)
Ψh (t; a, b) (3.8)

≤ 1

4
(ln b− ln a)

[
h′− (b) b− h′+ (a) a

]
and

0 ≤ 1

ln b− ln a

∫ b

a

h (t)

t
dt− h

(√
ab
)

≤ 1

4
(ln b− ln a) Ψh

(
ln
√
ab; a, b

)
(3.9)

≤ 1

4
(ln b− ln a)

[
h′− (b) b− h′+ (a) a

]
.
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We have from (2.18) that

0 ≤
∫ b
a h (t)w (t) dt∫ b
a w (s) ds

− h ◦ exp

(∫ b
a w (t) ln tdt∫ b
a w (s) ds

)
(3.10)

≤ 2 max


ln b−

∫ b
a w(t) ln tdt∫ b
a w(s)ds

ln b− ln a
,

∫ b
a w(t) ln tdt∫ b
a w(s)ds

− ln a

ln b− ln a


×
[
h (a) + h (b)

2
− h

(√
ab
)]

≤ 1

2
max


ln b−

∫ b
a w(t) ln tdt∫ b
a w(s)ds

ln b− ln a
,

∫ b
a w(t) ln tdt∫ b
a w(s)ds

− ln a

ln b− ln a


×
[
h′− (b) b− h′+ (a) a

]
.

In particular, we have

0 ≤
∫ b
a h (t)w (t) dt∫ b
a w (s) ds

− h ◦ exp

(∫ b
a w (t) ln tdt∫ b
a w (s) ds

)
(3.11)

≤ 2

[
h (a) + h (b)

2
− h

(√
ab
)]
.

If we take in (3.10) and (3.11) w (s) = 1, s ∈ [a, b] , then we have

0 ≤ 1

b− a

∫ b

a
h (t) dt− h (I (a, b)) (3.12)

≤ 2 max

{
ln b− ln I (a, b)

ln b− ln a
,
ln I (a, b)− ln a

ln b− ln a

}
×
[
h (a) + h (b)

2
− h

(√
ab
)]

≤ 1

2
max

{
ln b− ln I (a, b)

ln b− ln a
,
ln I (a, b)− ln a

ln b− ln a

}
×
[
h′− (b) b− h′+ (a) a

]
and

0 ≤ 1

b− a

∫ b

a
h (t) dt− h (ln I (a, b))

≤ 2

[
h (a) + h (b)

2
− h

(√
ab
)]
. (3.13)
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We also have from (2.20)

∣∣∣∣∣∣∣∣
∫ b
a

∣∣∣∣h (t)− h
(∫ b

a w(s) ln sds∫ b
a w(s)ds

)∣∣∣∣ sgn [ln t− ∫ b
a w(s) ln sds∫ b

a w(s)ds

]
w (t) dt∫ b

a w (s) ds

∣∣∣∣∣∣∣∣ (3.14)

≤
∫ b
a h (t)w (t) dt∫ b
a w (s) ds

− h ◦ exp

(∫ b
a w (t) ln tdt∫ b
a w (s) ds

)

≤ 1

2

h (b)− h ◦ exp

(∫ b
a w(s) ln sds∫ b

a w(s)ds

)
ln b−

∫ b
a w(s) ln sds∫ b

a w(s)ds

−
h ◦ exp

(∫ b
a w(s) ln sds∫ b

a w(s)ds

)
− h (a)

∫ b
a w(s) ln sds∫ b

a w(s)ds
− ln a



×

∫ b
a

∣∣∣∣ln t− ∫ b
a w(s) ln sds∫ b

a w(s)ds

∣∣∣∣w (t) dt∫ b
a w (s) ds

≤ 1

2

h (b)− h ◦ exp

(∫ b
a w(s) ln sds∫ b

a w(s)ds

)
ln b−

∫ b
a w(s) ln sds∫ b

a w(s)ds

−
h ◦ exp

(∫ b
a w(s) ln sds∫ b

a w(s)ds

)
− h (a)

∫ b
a w(s) ln sds∫ b

a w(s)ds
− ln a


×

∫ ba w (t) (ln t)2 dt∫ b
a w (s) ds

−

(∫ b
a w (t) ln tdt∫ b
a w (s) ds

)2
 1

2

≤ 1

4

h (b)− h ◦ exp

(∫ b
a w(s) ln sds∫ b

a w(s)ds

)
ln b−

∫ b
a w(s) ln sds∫ b

a w(s)ds

−
h ◦ exp

(∫ b
a w(s) ln sds∫ b

a w(s)ds

)
− h (a)

∫ b
a w(s) ln sds∫ b

a w(s)ds
− ln a


× (ln b− ln a) .

If we take in (3.14) w (s) = 1, then we get

∣∣∣∣∣
∫ b
a |h (t)− h (ln I (a, b))| sgn [ln t− ln I (a, b)] dt

b− a

∣∣∣∣∣
≤ 1

b− a

∫ b

a
h (t) dt− h (I (a, b)) (3.15)
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≤ 1

2

(
h (b)− h (I (a, b))

ln b− ln I (a, b)
− h (I (a, b))− h (a)

ln I (a, b)− ln a

)
×
∫ b
a |ln t− ln I (a, b)| dt

b− a

≤ 1

2

(
h (b)− h (I (a, b))

ln b− ln I (a, b)
− h (I (a, b))− h (a)

ln I (a, b)− ln a

)

×
[

1

b− a

∫ b

a
(ln t)2 dt− (ln I (a, b))2

] 1
2

≤ 1

4

(
h (b)− h (I (a, b))

ln b− ln I (a, b)
− h (I (a, b))− h (a)

ln I (a, b)− ln a

)
(ln b− ln a) .

If we take in (3.14) w (s) = 1
s , then we get∣∣∣∣∣∣

∫ b
a

∣∣∣h (t)− h
(

ln
√
ab
)∣∣∣ sgn(ln t− ln

√
ab
)

1
t dt

ln b− ln a

∣∣∣∣∣∣ (3.16)

≤ 1

ln b− ln a

∫ b

a

h (t)

t
dt− h

(√
ab
)

≤ h (b)− h (a)

ln b− ln a

1

ln b− ln a

∫ b

a

∣∣∣ln t− ln
√
ab
∣∣∣ 1

t
dt

≤ 1

2
√

3
[h (b)− h (a)] (ln b− ln a) .

We also have from (2.21) that∫ b
a h (t)w (t) dt∫ b
a w (s) ds

≤
ln b−

∫ b
a w(s) ln sds∫ b

a w(s)ds

ln b− ln a
h (a) +

∫ b
a w(s) ln sds∫ b

a w(s)ds
− ln a

ln b− ln a
h (b) . (3.17)

If we take in (3.17) w (s) = 1, s ∈ [a, b] then we get

1

b− a

∫ b

a
h (t) dt ≤ ln b− ln I (a, b)

ln b− ln a
h (a) +

ln I (a, b)− ln a

ln b− ln a
h (b) . (3.18)

Now, we observe that

ln b− ln I (a, b)

ln b− ln a
=

ln b− b ln b−a ln a
b−a + 1

ln b− ln a

=
(b− a) ln b− b ln b+ a ln a+ b− a

(b− a) (ln b− ln a)

=
b− a− a (ln b− ln a)

(b− a) (ln b− ln a)
=
L (a, b)− a
b− a
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and, similarly we have

ln I (a, b)− ln a

ln b− ln a
=
b− L (a, b)

b− a
.

Therefore (3.18) becomes

1

b− a

∫ b

a
h (t) dt ≤ b− L (a, b)

b− a
h (b) +

L (a, b)− a
b− a

h (a) (3.19)

that has been obtained in a different way in ([27]).
If we take in (3.17) w (s) = 1

s , s ∈ [a, b] then we get (see also [21])

1

ln b− ln a

∫ b

a

h (t)

t
dt ≤ h (a) + h (b)

2
. (3.20)

We observe that, for r 6= 0, the function gr : R → R defined by gr (x) =
exp (rx) = (expx)r is convex on R. Then the function hr (t) = tr, t > 0 is
GA-convex on (0,∞) .

We observe that one can apply the above Hermite-Hadamard type inequali-
ties (3.2), (3.3), (3.6), (3.7), (3.9) etc. to obtain various inequalities for special
means as in [13].

If we use, for instance, the inequality (3.13) for the GA-convex function
hr (t) = tr, t > 0, r 6= 0 then we get

0 ≤ Lrr (a, b)− (ln I (a, b))r ≤ 2 [A (ar, br)−Gr (a, b)] , (3.21)

where

Lrr (a, b) :=
1

r + 1

br+1 − ar+1

b− a
, r 6= −1, L (a, b) :=

b− a
ln b− ln a

, r = −1

and G (a, b) :=
√
ab.

If we use the inequality between the first and last term in (3.2) then we
have for r 6= 0 that

0 ≤ Lrr (a, b)− (ln I (a, b))r ≤ 1

4
r2L

r−1
r−1 (a, b)

L (a, b)
(b− a)2 . (3.22)

4. Discrete inequalities

Let p = (p1, · · · , pn) be a probability distribution, i.e. pi ≥ 0, i ∈ {1, · · · , n}
and

∑n
i=1 pi = 1. If we write the inequalities from Theorem 2.9 for the discrete

measure we can get the following discrete inequalities.
Let xi ∈ [k,K] ⊂ (0,∞) for i ∈ {1, · · · , n} and p = (p1, · · · , pn) be a

probability distribution. If h : [k,K] → R is GA-convex and differentiable,
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then by (2.15) we get

0 ≤
n∑
i=1

pih (xi)− h

(
n∏
i=1

xpii

)
(4.1)

≤
n∑
i=1

pih
′ (xi)xi lnxi − ln

(
n∏
i=1

xpii

)
n∑
i=1

pih
′ (xi)xi

≤ 1

2

[
h′− (K)K − h′+ (k) k

] n∑
i=1

∣∣∣∣∣∣lnxi − ln

 n∏
j=1

x
pj
j

∣∣∣∣∣∣ pi
≤ 1

2

[
h′− (K)K − h′+ (k) k

]  n∑
i=1

pi (lnxi)
2 −

ln

 n∏
j=1

x
pj
j

2
1
2

≤ 1

4

[
h′− (K)K − h′+ (k) k

]
(lnK − ln k) .

Consider Ψh (·; k,K) : (k,K)→ R defined by

Ψh (t; k,K) =
h (K)− h (t)

lnK − ln t
− h (t)− h (k)

ln t− ln k
.

If we use the inequalities (2.16) and (2.17), then we have

0 ≤
n∑
i=1

pih (xi)− h

(
n∏
i=1

xpii

)
(4.2)

≤

lnK − ln

 n∏
j=1

x
pj
j

ln

 n∏
j=1

x
pj
j

− ln k


lnK − ln k

sup
t∈(k,K)

Ψh (t; k,K)

≤

lnK − ln

 n∏
j=1

x
pj
j

ln

 n∏
j=1

x
pj
j

− ln k

 h′− (K)K − h′+ (k) k

lnK − ln k

≤ 1

4
(lnK − ln k)

[
h′− (K)K − h′+ (k) k

]
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and

0 ≤
n∑
i=1

pih (xi)− h

(
n∏
i=1

xpii

)

≤ 1

4
(lnK − ln k) Ψh

ln

 n∏
j=1

x
pj
j

 ; k,K

 (4.3)

≤ 1

4
(lnK − ln k)

[
h′− (K)K − h′+ (k) k

]
.

By the inequalities (2.18) and (2.19) we get

0 ≤
n∑
i=1

pih (xi)− h

(
n∏
i=1

xpii

)
(4.4)

≤ 2 max


lnK − ln

 n∏
j=1

x
pj
j


lnK − ln k

,

ln

 n∏
j=1

x
pj
j

− ln k

lnK − ln k


×
[
h (k) + h (K)

2
− h

(√
kK
)]

≤ 1

2
max


lnK − ln

 n∏
j=1

x
pj
j


lnK − ln k

,

ln

 n∏
j=1

x
pj
j

− ln k

lnK − ln k


×
[
h′− (K)K − h′+ (k) k

]
and

0 ≤
n∑
i=1

pih (xi)− h

(
n∏
i=1

xpii

)

≤ 2

[
h (k) + h (K)

2
− h

(√
kK
)]
. (4.5)
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Also, by the use of the inequality (2.20) we have∣∣∣∣∣∣
n∑
i=1

pi

∣∣∣∣∣h (xi)− h

(
n∏
i=1

xpii

)∣∣∣∣∣ sgn
lnxi − ln

 n∏
j=1

x
pj
j

∣∣∣∣∣∣ (4.6)

≤
n∑
i=1

pih (xi)− h

(
n∏
i=1

xpii

)

≤ 1

2


h (K)− h

(
n∏
i=1

xpii

)

lnK − ln

 n∏
j=1

x
pj
j

 −
h

(
n∏
i=1

xpii

)
− h (k)

ln

 n∏
j=1

x
pj
j

− ln k


×

n∑
i=1

pi

∣∣∣∣∣∣lnxi − ln

 n∏
j=1

x
pj
j

∣∣∣∣∣∣

≤ 1

2


h (K)− h

(
n∏
i=1

xpii

)

lnK − ln

 n∏
j=1

x
pj
j

 −
h

(
n∏
i=1

xpii

)
− h (k)

ln

 n∏
j=1

x
pj
j

− ln k



×

 n∑
i=1

pi (lnxi)
2 −

ln

 n∏
j=1

x
pj
j

2
1
2

≤ 1

4


h (K)− h

(
n∏
i=1

xpii

)

lnK − ln

 n∏
j=1

x
pj
j

 −
h

(
n∏
i=1

xpii

)
− h (k)

ln

 n∏
j=1

x
pj
j

− ln k


× (lnK − ln k) .

Finally, by the use of the inequality (2.21) we have

n∑
i=1

pih (xi) ≤

lnK − ln

 n∏
j=1

x
pj
j


lnK − ln k

h (k) +

ln

 n∏
j=1

x
pj
j

− ln k

lnK − ln k
h (K) . (4.7)
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We consider the GA-convex function hr (t) = tr, t > 0, r 6= 0. Then by (4.1)
we have

0 ≤
n∑
i=1

pix
r
i −

(
n∏
i=1

xpii

)r
(4.8)

≤ r

[
n∑
i=1

pix
r
i lnxi − ln

(
n∏
i=1

xpii

)
n∑
i=1

pix
r
i

]

≤ 1

2
r (Kr − kr)

n∑
i=1

∣∣∣∣∣∣lnxi − ln

 n∏
j=1

x
pj
j

∣∣∣∣∣∣ pi
≤ 1

2
r (Kr − kr)

 n∑
i=1

pi (lnxi)
2 −

ln

 n∏
j=1

x
pj
j

2
1
2

≤ 1

4
r (Kr − kr) (lnK − ln k) ,

where xi ∈ [k,K] ⊂ (0,∞) for i ∈ {1, ..., n} .
Consider Ψr (·; k,K) : (k,K)→ R defined by

Ψr (t; k,K) =
Kr − tr

lnK − ln t
− tr − kr

ln t− ln k
.

By the inequalities (4.2) and (4.3) we have

0 ≤
n∑
i=1

pix
r
i −

(
n∏
i=1

xpii

)r
(4.9)

≤

lnK − ln

 n∏
j=1

x
pj
j

ln

 n∏
j=1

x
pj
j

− ln k


lnK − ln k

sup
t∈(k,K)

Ψr (t; k,K)

≤ r

lnK − ln

 n∏
j=1

x
pj
j

ln

 n∏
j=1

x
pj
j

− ln k

 Kr − kr

lnK − ln k

≤ 1

4
r (lnK − ln k) (Kr − kr)
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and

0 ≤
n∑
i=1

pix
r
i −

(
n∏
i=1

xpii

)r
≤ 1

4
(lnK − ln k) Ψr

ln

 n∏
j=1

x
pj
j

 ; k,K


(4.10)

≤ 1

4
r (lnK − ln k) (Kr − kr) ,

where xi ∈ [k,K] ⊂ (0,∞) for i ∈ {1, ..., n} .
Finally, if we use the inequalities (4.4) and (4.5) we get

0 ≤
n∑
i=1

pix
r
i −

(
n∏
i=1

xpii

)r
(4.11)

≤ max


lnK − ln

 n∏
j=1

x
pj
j


lnK − ln k

,

ln

 n∏
j=1

x
pj
j

− ln k

lnK − ln k


(
Kr/2 − kr/2

)2

≤ 1

2
rmax


lnK − ln

 n∏
j=1

x
pj
j


lnK − ln k

,

ln

 n∏
j=1

x
pj
j

− ln k

lnK − ln k


(Kr − kr)

and

0 ≤
n∑
i=1

pix
r
i −

(
n∏
i=1

xpii

)r
≤
(
Kr/2 − kr/2

)2
(4.12)

where xi ∈ [k,K] ⊂ (0,∞) for i ∈ {1, ..., n} .
The interested reader may obtain other similar results by employing the

inequalities (4.6) and (4.7). The details are omitted.

5. Inequalities for selfadjoint operators

Let A be a selfadjoint operator on the complex Hilbert space (H, 〈., .〉) with
the spectrum Sp (A) included in the interval [m,M ] for some real numbers
m < M and let {Eλ}λ be its spectral family. Then for any continuous func-
tion ϕ : [m,M ] → [a, b], it is well known that we have the following spectral
representation in terms of the Riemann-Stieltjes integral (see for instance [15,
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p. 257]):

〈ϕ (A)x, y〉 =

∫ M

m−0
ϕ (λ) d (〈Eλx, y〉) (5.1)

and

‖ϕ (A)x‖2 =

∫ M

m−0
|ϕ (λ)|2 d ‖Eλx‖2 , (5.2)

for any x, y ∈ H.
The function gx,y (λ) := 〈Eλx, y〉 is of bounded variation on the interval

[m,M ] and

gx,y (m− 0) = 0 while gx,y (M) = 〈x, y〉
for any x, y ∈ H. It is also well known that gx (λ) := 〈Eλx, x〉 is monotonic
nondecreasing and right continuous on [m,M ] for any x ∈ H.

Now, assume that Φ : [k,K] ⊂ I → (0,∞) is continuous GA-convex function
on the interval of real numbers I, f : [m,M ] → [k,K] , p : [m,M ] → (0,∞)
are continuous functions on [m,M ] and g : [m,M ] → R is monotonic nonde-
creasing on [m,M ] .

Using the first inequality in (2.15) and the inequality (2.21) written for
the Riemann-Stieltjes integral of monotonic nondecreasing integrators we can
state that

Φ

(
exp

(∫M
m p (t) ln f (t) dg (t)∫M

m p (t) dg (t)

))
(5.3)

≤
∫M
m p (t) Φ (f (t)) dg (t)∫M

m p (t) dg (t)

≤
lnK −

∫M
m p(t) ln(f(t))dg(t)∫M

m p(t)dg(t)

lnK − ln k
Φ (k) +

∫M
m p(t) ln(f(t))dg(t)∫M

m p(t)dg(t)
− ln k

lnK − ln k
Φ (K) .

Assume that Sp (A) is included in the interval [m,M ] ⊂ (0,∞) . Now, if we
apply the inequalities (5.3) for the monotonic nondecreasing function gx (λ) :=
〈Eλx, x〉 , x ∈ H, where {Eλ}λ is the spectral family of A, then we get

Φ

(
exp

(
〈p (A) ln f (A)x, x〉
〈p (A)x, x〉

))
(5.4)

≤ 〈p (A) Φ (f (A))x, x〉
〈p (A)x, x〉

≤
lnK − 〈p(A) ln(f(A))x,x〉

〈p(A)x,x〉

lnK − ln k
Φ (k) +

〈p(A) ln(f(A))x,x〉
〈p(A)x,x〉 − ln k

lnK − ln k
Φ (K)

for any x ∈ H, x 6= 0.
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In particular, if p is taken to be the constant 1, then for any x ∈ H, ‖x‖ = 1,
we have

Φ (exp (〈ln f (A)x, x〉)) (5.5)

≤ 〈Φ (f (A))x, x〉

≤ lnK − 〈ln (f (A))x, x〉
lnK − ln k

Φ (k) +
〈ln (f (A))x, x〉 − ln k

lnK − ln k
Φ (K) .

Moreover, if in (5.5) we take [m,M ] = [k,K] and f (t) = t, then we have

Φ (exp 〈lnAx, x〉) ≤ 〈Φ (A)x, x〉 (5.6)

≤ lnM − 〈lnAx, x〉
lnM − lnm

Φ (m) +
〈lnAx, x〉 − lnm

lnM − lnm
Φ (M) ,

for any x ∈ H, ‖x‖ = 1, provided Φ : [m,M ] ⊂ J → (0,∞) is continuous
GA-convex function on the interval of real numbers J.

Making use of the inequalities from Theorem 2.9 written for Riemann-
Stieltjes integral of monotonic nondecreasing integrators, we have the following
inequalities.

Assume that Sp (A) is included in the interval [m,M ] ⊂ (0,∞) and Φ :
[k,K] ⊂ I → (0,∞) is continuous differentiable GA-convex function on the
interval of real numbers I. Then for any x ∈ H we have the inequalities

0 ≤ 〈p (A) Φ (f (A))x, x〉
〈p (A)x, x〉

− Φ

(
exp

(
〈p (A) ln f (A)x, x〉
〈p (A)x, x〉

))
(5.7)

≤ 〈p (A) Φ′ (f (A)) f (A) ln f (A)x, x〉
〈p (A)x, x〉

− 〈p (A) Φ′ (f (A)) f (A)x, x〉
〈p (A)x, x〉

〈p (A) ln f (A)x, x〉
〈p (A)x, x〉

≤ 1

2

[
Φ′− (K)K − Φ′+ (k) k

]
×

〈
p (A)

∣∣∣ln f (A)− 〈p(A) ln f(A)x,x〉
〈p(A)x,x〉 1H

∣∣∣x, x〉
〈p (A)x, x〉

≤ 1

2

[
Φ′− (K)K − Φ′+ (k) k

]
×


〈
p (A) [ln f (A)]2 x, x

〉
〈p (A)x, x〉

−
(
〈p (A) ln f (A)x, x〉
〈p (A)x, x〉

)2


1
2

≤ 1

4

[
Φ′− (K)K − Φ′+ (k) k

]
(lnK − ln k) .
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In particular, we have the simpler inequality

0 ≤ 〈Φ (A)x, x〉 − Φ (exp 〈lnAx, x〉) (5.8)

≤
〈
Φ′ (A)A lnAx, x

〉
−
〈
Φ′ (A)Ax, x

〉
〈lnAx, x〉

≤ 1

2

[
Φ′− (M)M − Φ′+ (m)m

]
〈|lnA− 〈lnAx, x〉 1H |x, x〉

≤ 1

2

[
Φ′− (M)M − Φ′+ (m)m

] [〈
(lnA)2 x, x

〉
− 〈lnAx, x〉2

] 1
2

≤ 1

4

[
Φ′− (M)M − Φ′+ (m)m

]
(lnM − lnm) ,

for any x ∈ H, ‖x‖ = 1 and provided that Φ : [m,M ] ⊂ J → (0,∞) is
continuous differentiable GA-convex function on the interval of real numbers
J.

For Φ : [k,K] ⊂ I → (0,∞) a continuous GA-convex function on the
interval of real numbers I, consider ΨΦ (·; k,K) : (k,K)→ R defined by

ΨΦ (t; k,K) =
Φ (K)− Φ (t)

lnK − ln t
− Φ (t)− Φ (k)

ln t− ln k
.

If Sp (A) is included in the interval [m,M ] ⊂ (0,∞) , then

0 ≤ 〈p (A) Φ (f (A))x, x〉
〈p (A)x, x〉

− Φ

(
exp

(
〈p (A) ln f (A)x, x〉
〈p (A)x, x〉

))
(5.9)

≤

(
lnK − 〈p(A) ln f(A)x,x〉

〈p(A)x,x〉

)(
〈p(A) ln f(A)x,x〉
〈p(A)x,x〉 − ln k

)
lnK − ln k

sup
t∈(k,K)

ΨΦ (t; k,K)

≤
(

lnK − 〈p (A) ln f (A)x, x〉
〈p (A)x, x〉

)(
〈p (A) ln f (A)x, x〉
〈p (A)x, x〉

− ln k

)
×

Φ′− (K)K − Φ′+ (k) k

lnK − ln k

≤ 1

4
(lnK − ln k)

[
Φ′− (K)K − Φ′+ (k) k

]
and

0 ≤ 〈p (A) Φ (f (A))x, x〉
〈p (A)x, x〉

− Φ

(
exp

(
〈p (A) ln f (A)x, x〉
〈p (A)x, x〉

))
(5.10)

≤ 1

4
(lnK − ln k) ΨΦ

(
〈p (A) ln f (A)x, x〉
〈p (A)x, x〉

; k,K

)
≤ 1

4
(lnK − ln k)

[
Φ′− (K)K − Φ′+ (k) k

]
for any x ∈ H.
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In particular, if Φ : [m,M ] ⊂ J → (0,∞) is continuous GA-convex function
on the interval of real numbers J, then we have

0 ≤ 〈Φ (A)x, x〉 − Φ (exp 〈lnAx, x〉) (5.11)

≤ (lnM − 〈lnAx, x〉) (〈lnAx, x〉 − lnm)

lnM − lnm
sup

t∈(m,M)
ΨΦ (t;m,M)

≤ (lnM − 〈lnAx, x〉) (〈lnAx, x〉 − lnm)
Φ′− (M)M − Φ′+ (m)m

lnM − lnm

≤ 1

4
(lnM − lnm)

[
Φ′− (M)M − Φ′+ (m)m

]
and

0 ≤ 〈Φ (A)x, x〉 − Φ (exp 〈lnAx, x〉) (5.12)

≤ 1

4
(lnM − lnm) ΨΦ (〈lnAx, x〉 ;m,M)

≤ 1

4
(lnM − lnm)

[
Φ′− (M)M − Φ′+ (m)m

]
for any x ∈ H, ‖x‖ = 1.

With the above assumptions for p, f and Φ, we also have

0 ≤ 〈p (A) Φ (f (A))x, x〉
〈p (A)x, x〉

− Φ

(
exp

(
〈p (A) ln f (A)x, x〉
〈p (A)x, x〉

))
(5.13)

≤ 2 max

 lnK − 〈p(A) ln f(A)x,x〉
〈p(A)x,x〉

lnK − ln k
,

〈p(A) ln f(A)x,x〉
〈p(A)x,x〉 − ln k

lnK − ln k


×
[

Φ (k) + Φ (K)

2
− Φ

(√
kK
)]

≤ 1

2
max

 lnK − 〈p(A) ln f(A)x,x〉
〈p(A)x,x〉

lnK − ln k
,

〈p(A) ln f(A)x,x〉
〈p(A)x,x〉 − ln k

lnK − ln k


×
[
Φ′− (K)K − Φ′+ (k) k

]
for any x ∈ H.

In particular, we have

0 ≤ 〈p (A) Φ (f (A))x, x〉
〈p (A)x, x〉

− Φ

(
exp

(
〈p (A) ln f (A)x, x〉
〈p (A)x, x〉

))
(5.14)

≤ 2

[
Φ (k) + Φ (K)

2
− Φ

(√
kK
)]

for any x ∈ H.
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If Φ : [m,M ] ⊂ J → (0,∞) is continuous GA-convex function on the
interval of real numbers J, then we have

0 ≤ 〈Φ (A)x, x〉 − Φ (exp 〈lnAx, x〉) (5.15)

≤ 2 max

{
lnM − 〈lnAx, x〉

lnM − lnm
,
〈lnAx, x〉 − lnm

lnM − lnm

}
×
[

Φ (m) + Φ (M)

2
− Φ

(√
mM

)]
≤ 1

2
max

{
lnM − 〈lnAx, x〉

lnM − lnm
,
〈lnAx, x〉 − lnm

lnM − lnm

}
×
[
Φ′− (M)M − Φ′+ (m)m

]
and

0 ≤ 〈Φ (A)x, x〉 − Φ (exp 〈lnAx, x〉) (5.16)

≤ 2

[
Φ (m) + Φ (M)

2
− Φ

(√
mM

)]
for any x ∈ H, ‖x‖ = 1.

If we consider the GA-convex function hr (t) = tr, t > 0, r 6= 0, then
for any selfadjoint operator A such that Sp (A) is included in the interval
[m,M ] ⊂ (0,∞) , we have

exp 〈lnArx, x〉 ≤ 〈Arx, x〉 (5.17)

≤ lnM − 〈lnAx, x〉
lnM − lnm

mr +
〈lnAx, x〉 − lnm

lnM − lnm
M r,

0 ≤ 〈Arx, x〉 − exp 〈lnArx, x〉 (5.18)

≤ r [〈Ar lnAx, x〉 − 〈Arx, x〉 〈lnAx, x〉]

≤ 1

2
r (M r −mr) 〈|lnA− 〈lnAx, x〉 1H |x, x〉

≤ 1

2
r (M r −mr)

[〈
(lnA)2 x, x

〉
− 〈lnAx, x〉2

] 1
2

≤ 1

4
r (M r −mr) (lnM − lnm)

and

0 ≤ 〈Arx, x〉 − exp 〈lnArx, x〉 ≤
(
M r/2 −mr/2

)2
(5.19)

for any x ∈ H, ‖x‖ = 1.
The interested reader may apply the above inequalities for Φ (x) = ln (1 + x)

which is GA-convex on (0,∞) . We omit the details.
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