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Abstract. In this paper, the authors employ a new proof method to establish some results on
the location of zeros of a certain class of polynomials P, (2) = ao+>_7_ , a; 27 with restricted
coefficients and thereby obtain a variety of interesting extensions and generalizations of
Enestrom-Kakeya’s Theorem.

1. Introduction

Let P(z) = Z;'l:o ajzj be a polynomial of degree n. The following famous
and interesting result on the location of zeros of a polynomial with restricted
coefficients is known as the Enestrom-Kakeya theorem [1, 2.

Theorem 1.1. ([1]) Let P(2) = > ", a;jz? be a polynomial of degree n whose
coefficients a; satisfy

ap > Ap—1 > -+ > a1 > ag > 0.
Then all the zeros of P(z) lie in the closed unit disk |z| < 1.
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There are several extensions and generalizations of the Enestrom-Kakeya
theorem in the literature [1-13].

In this paper, we prove some extensions of the above result by considering
a certain class of polynomials

n
P,(z) =ao+ Z ;2!
J=H

with a gap between the leading and the preceding real coeffiencients, which has
an index of pu. This polynomial is greatly studied in connection with Berstein
type inequalities [12]. It easy to see that

P(z) = Z ;2!
=0

is a special case of P,(z) = ag + Z?:u a;z’ and thereby obtain a variety of
interesting extensions and generalizations of Enestrom-Kakeya’s Theorem.

2. Main results

Theorem 2.1. Let P,(z) = ap+ Z?:N ajz!, where ag # 0 and for some reals
p1,p2,t >0, 1 < pu<A<nand

p1+t"an <t"la, 1 <o < t’\+lax+1 < thay,

A A-1
thay >tV Tay—1 > - > tlay, > ag — po.

Then all the zeros of P,(z) lie in the union of the disks |z| <t and

P1 1 p—1 2p2 lap—1] 2a)
‘Z + a| < |an|(7a’nt —P1 T 1 + tn—1 tn—1 + tanfl)‘

Proof. Consider the polynomial

F(z) = (t—2)Pu(z) ,

apt + 37, ajtz) —aoz — 377 a;2’

apt + Y25, ajtz) — Z;‘;jﬂ aj_12’

ao(t —2) + >0, ajtzd — Z;‘;jﬂ aj_12

= aot+ (au—1 —ap + p2)z — p2z — a1z + aytzt
+(ant — ap—1)2" + Z?;;H(ajt —aj—1)2 — apz"tt

= —an2" + (p1 — ant)2™ + autzt + (ant — p1 — an—1)z"
+antz" + agt + (au—1 — ap + p2)z — p2z — ay—1%
+(a#+1t — GM)Z“Jrl + Z?:_;H(ajt — (Ljfl)zj.



We have
[F(z)] =

v

Now, let |z| > ¢, so that

[F(2)]
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| — anz™ + (p1 — ant)z™ + autzh + (ant — p1 — ap—1)z"
+%m"+%VH%Lrwm+mV—pﬂ—@ww
+(aﬂ+1t - au)z““‘ + Z] p,Jrl( it — aj_l)zj‘
| — a2+ (p1 — ant)2™ + aytzt + (ant — p1 — ap—1)2"
+antz" + agt + (ay—1 — ao + p2)z — paz — ap-12
+(au+1t —ay) 2t + Z] (@it —aj1)2
+300 1+A(aj —aj-1)7|
(apt1t—ay)zit? a,tzt

|Z (_anz —p1+ (ant +p1 — anfl) + on ] on
agt+(au—1—ao+p2)z—p2z—a,_12 by (ajt—a;_1)27
- + 2ot

ZTL Zn
D j
+ 5l Eﬁi;ﬁ;ik;)
J=1+A on
|Z|n|anz + ,01|
—| 2| ant 4+ p1 — an_1| + ‘T;‘Fi anl | | ‘I%“
+||i(|)7|1t + |auf‘1Z|:iol+p2| +| |n i

lajt—a;_1] lajt—aj_1]

lag—1]| A —
+‘Z|n71 +iju+2 7 +ZJ A 27 ].

1
<

ER 1,j for 1 < u < j <n. Then, we have

(™

> |z|*lanz + p1f
—(‘ant + P1 — an71| + ‘a‘gﬁl_t;_a#l + ‘z‘ﬁfjﬂ
+|a0|t + lay—1—ao+p2| + | lpz
t|"

il A | | | |
ay,— A a;jt—a;_— ajt—a;_
it + e s+ A )]
= |z["llanz + p1l

*(*ant —pP1 + Gn—1 + t_na‘;'+12 - tn u 1 + |t‘n o

+T% - L*‘:11 N t,§’2

_ A-1 A1 -
a
t")‘l—i_zj A+1tn)\1 — Qp— 1_2?)\+1th )]

|Z|n[|anz+p1| ( ant_p1+aﬂ 1+tn p—1

v

a,— A— 1 a A—1 a
_|_i::_11| + tnfifl Z] N+2 ﬁ - Ei ,uJ,-Qatn ; T

tnA1+ZJ )\+1tn)\1 an—l_E] )\+1tnA1)]
> 0.

It is easy to see that,

lanz + p1| > (—apt —p1 — au 1+ 2p2 +|(Z5:11|+ 2a>\ 0,
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that is,

Pl 1 Au—1 2p2 lap—1] 2ay
‘Z + a| > |an|(_ant —pP1 — tn—1 + m—1 + tn—1 + tnf)\fl)a

then all the zeros of F'(z) whose modulus is greater than or equal to ¢ lie in

4 2] < (et —pr— B4 2 4 gl g 2
But observe that all the zeros of P,(z) are also the zeros of F'(z). Hence it
follows that all the zeros of F(2) and hence of P,(z) lie in the union of the

disks |z| <t and

p1 1 au—1 2p2 la,—1| 2a
‘Z + a| g |an|(_ant —pP1 — n—1 + n—1 + n—1 + tnf)\fl)‘

This completes the proof. O

For p1 = —(1 — k)t"a,, we have the following corollary.

Corollary 2.2. Let P,(z) = ag + Z;'l:u ajzj, where ag # 0 and for some real
p2,t>0,0<k<1, 1< u<A<n and
kt"an <" lapy <o < P ayy < thay,
thay > M tayg > > tha, > ag — po.

Then all the zeros of P,(z) lie in the union of the disks |z| <t and

24 (k— )" < A (—ktta, + 2ot — 2e2 4 ool 200

|(1n‘ tn—1 tn—1 tn—1 tn—A—1

For ag > 0, we obtain the following result.

Corollary 2.3. Let P,(z) = ao+3_7_, ajz?, where ag # 0 and for some reals
p1,t>0,1<pu<A<nand

p1+t"an <t"la, 1 <o < t’\+1aA+1 < thay,
tray >t ay_y > - > tha, > ag > 0.
Then all the zeros of P,(z) lie in the union of the disks |z| <t and

2+ 2] < ph(—ant — p1 o+ o).

Theorem 2.4. Let P,(z) = ap+ Z?:u ajz!, where ag # 0 and for some reals
p,t>0, 1< u<A<n and

tray > M ay > > tra, > ag—p > 0.
Then all the zeros of P,(z) lie in the union of the disks |z| <t and

‘Z| S |T1/\|(7a)\t + tffl + tn2fa;\>\71 )
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Proof. The proof follows directly from the proof of Theorem 2.1 if we set
p1 =0,p2 = p, n = X and so the details are omitted. 0

Remark 2.5. Theorem 2.1 remains true for complex coeffients a; with a slight
modification.

Remark 2.6. By setting p = 0and ¢t = 1, we recapture the famous Enestrom-
Kakeya theorem.

3. Applications

Finding the zeros of a polynomial is long standing classifical problem which
has emerged as an interesting and fascinating area of research for Mathemati-
cians and Engineers (see [7, 10]). Enestrom-Kakeya result serves as a very
powerful tool for obtaining the region in the complex plane having all the zeros
of a class of polynomials. This result has been employed to : analyze overflow
oscillation of discrete-time dynamical system [10], investigate the properties
of orthogonal wavelets [10], determine the asymptotic behavior of zeros of the
Daubechies filter [10, 12], model high energy collision [10, 12].
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