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Abstract. If p(z) = > 7_ga,z" is a polynomial of degree n and having no zeros in |z| < 1,
then Aziz [2] proved that for every real «,

1
max [ (2)] < Z(MZ + MZy.0)%,

=]

where
M, = max i(a“’”)/”) .
1<p<n

p(e
In this paper, we consider a class of polynomial P} and P, , of degree n with restricted

zeros and present certain generalizations of above inequality in terms of polar derivatives of

polynomials.

1. INTRODUCTION

Let P, denote the space of all complex polynomials of degree n, defined as
p(z) = > 0_gayz”. Then

max |p'(z)| < nmax |p(z)] . (1.1)

|z|=1 |z|=1
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Inequality (1.1) is well-known result of Bernstein (see [12]) and the equality
in above holds if p(z) = az".

Frappier, Rahman and Ruscheweyh [5, Theorem 8] was proved that

ipT

plen)|

Clearly (1.2) represent the refinement of inequality (1.1) because the maximum
of |p(z)| on |z| = 1 may be larger than the maximum of [p(z)| taken over the
2nt" roots of unity, as one can shown by taking an example p(2) = 2" +ia, a >
0.

In this connection, Aziz [2] improved the inequality (1.2) by showing that
if p € P,, then for every real «,

/
paylr () <n ma,

(1.2)

n
max [p/(2)] < 5 (Ma + Mar), (1.3)
where
M, = lglfé(n p(ei(a+2p7r)/n) ) (1_4)

If we restrict ourselves on the class of polynomial p € P, having all zeros in
|z| <1, then
n

/
max |p (2)| > = max |p(z 1.5
mas /()] > § max p(2) (15)
and if p(z) # 0 in |z| < 1, then
, n
max |p'(2)] < = max |p(2)|. 1.6
mas[p/(2)] < § max p(2) (16)

Inequality (1.5) proved by Turdn [13] and inequality (1.6) was conjectured by
Erdos and proved by Lax [8].

Chan and Malik [4] improved inequalities (1.5) and (1.6) by considering the
class of n'" degree polynomials p(z) = ag + S " ayz’,0 < p < n, denoted as
P}, and proved that for p(z) # 0 in |z| < k, k > 1,

n

'(2)] < . 1.7

max [p'(2)] < {7 maxlp(2)] (1.7)

Also, for the class of polynomials p(z) = a,2™ + >, 4 a,2”,0 < p < n of
degree n, denoted as P, ,,, and having all its zeros in |z| < k, k < 1,

'(2)| > . 1.8

max [p'(2)] = T max |p(2)] (1.8)

Hans, Tripathi and Tyagi [6] proved the following generalization of inequal-
ity (1.3) due to Aziz [2].
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Theorem 1.1. ([2]) If p € P is polynomial and p(z) # 0 in |z| < k,k > 1,
then for every real a and m = min‘z|:k Ip(2)],

max |p/(z

|2|=1 \/ 1+k2“

where My, is defined in (1.4)

(M2 4 M2, —2m?)? (1.9)

Let Dsp(z) denote the polar derivative of polynomials p(z) of degree n with
respect to § with |§| > 1 and defined as

Dsp(z) = np(z) + (6 — 2)p/ ().

The polynomial Dsp(z) is of degree n — 1 and it generalize the ordinary de-
rivative by dividing Dsp(z) to § and taking § — oo, that is,

lim [D‘”;(z)} =p(2).

d—00

In 1988, Aziz [1] was first proved the inequalities (1.1), (1.6) and other
related inequality in terms of polar derivative. Latter on, Aziz and Shah [3]
proved inequality (1.5) for the polar derivative of polynomials.

2. LEMMAS
For the proofs of results, following lemmas are required.

Lemma 2.1. ([4]) If p € P} and having no zero in |z| < k,k > 1, then
kP (2)] < ld' ()], (2.1)

where q(z) = z2"p(1/Z).

Lemma 2.2. ([4]) If p € P, and having all it’s zeros in |z| < k,k < 1, then
|4 (2)] < B[P (2)], (2.2)

where q(z) = 2"p(1/Z).

Lemma 2.3. ([7]) If p € P,, then for 1 <s <mn and |z| =1

PEI+E) <nn—1)---(n—s+1) max p(2)], (2.3)

where q(z) = z2"p(1/Z).

Next lemma is implicit in [2].
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Lemma 2.4. ([2]) If p € P,, then for |z| =1 and for real «
2
n
() + Inp(2) = 2p ()" < 5 (Mg + M3r), (2.4)

where M, is defined same as in (1.4).

Lemma 2.5. ([9]) If p € P} and having no zeros in |z| < k,k > 1, then for
2] =1,

Er—L + n]ao — m‘
Lo e '(2)] < |d(2)| — 2.5
{n’ao — m‘ + N|au|k”+1 ’p (Z)‘ = ’q (Z)‘ nm, ( )

where m = min, |y |p(2)| and q(z) = 2"p(1/Z).

3. MAIN RESULTS

In this article, we first prove the following results concerning the polar
derivative of a polynomial.

Theorem 3.1. Ifp € P} and having no zeros in |z| < k,k > 1, then for every
real o and 6| > kH,

max [Dsp(2)| (3.1)
1
(18] — k) { 2 2 m? }2
<n |k'max|p(z)| + ———=== M5+ Mi  — 2~ ,
SR 2(1 + k%) g

where My, is defined in (1.4) and m = min, |, |p(2)|.

Proof. Let p(z) € P} have no zeros in |z| < k,k > 1 and ¢(z) = 2"p(%). Since
[Dsp(2)] = |np(2) + (6 — 2)p'(2)]
< 18lIp' ()l + 1d' ()] (3.2)
and since for k > 1, k* > 1,4 > 0, from (3.1), we have
[Dsp(2)] < [6][p'(2)] + K*|q'(2)]

(18] = &) [p' ()] + K ([p'(2)] + |d' (2)]) - (3:3)
Now, using Lemma 2.3 for s = 1 in inequality (3.2), we have
max | Dsp(z)| < nk" max Ip(2) + (18] — &) max P (2)]. (3.4)

From inequality (1.9) of Theorem 1.1, inequality (3.4) become

n(|o] — &) { 2 2 m2}2
max |Dsp(2)| < nkt max |p(z)| + ——=< MZ+ M5, . —2 (3.5
ma Dsp()] < b max p(2)| + oo n =205t (35)

This completes the proof of Theorem 3.1. O
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If we consider £ = 1 in above Theorem 3.1, then the following result has
been obtained.

Corollary 3.2. Ifp € P,, and having no zero in |z| < 1, then for every real «

and 0| > 1,
}, (3.6)

On taking p = 1 in inequality (3.1), we have the following result.

N|=

max | Dsp(2)] < n {max ip(z) + =1

M? + M2, — 2m?
l2|=1 l2|=1 9 ( a+ a+7 m)

where M, is defined in (1.4) and m = min,_; [p(z)|.

Corollary 3.3. Ifp € P, and having no zero in |z| < k,k > 1, then for every
real o and |0| > k,

(‘5| — k) 2 2 22 2
max | D < — <M M —2— .
|z|i)1(’ 5])(2)‘ =n + 2(1 T ]{72) ot Myir L2n 7(3 7)

where M, is defined in (1.4) and m = minj,_y, [p(2)].

k max |p(z)|

||

Remark 3.4. On dividing inequality (3.6) and (3.7) by ¢ and taking § — oo,
we have some other generalization of inequality (1.9). Which was proved by
Rather and Shah [9].

If we consider some zeros of p € P} are on |z| = k, i.e. m = 0, then following
result has been obtained form Theorem 3.1.

Corollary 3.5. If p € P} and having no zeros in |z| < k,k > 1, then for
every real o and 0| > k*,

(lo] — &)

1
— (M2 4+ M2, )2, (38
2u+k%)( +r) (38

max |Dsp(2)| < n | k¥ max |p(2)| +
|z|=1 |z|=1

where M, is defined in (1.4).

On dividing inequality (3.8) by § and taking 6 — oo, we have following
inequality.

Corollary 3.6. If p € P} and having no zeros in |z| < k,k > 1, then for
every real «,

N

max [p'(z)] < 1 (M2 +M2,,)7, (3.9)

|2|=1 T V/2(1 + k2
where My, is defined in (1.4).
Remark 3.7. Corollary 3.6 was proved by Hans, Tripathi and Tyagi [9]. If

we take k = 1 in above inequality (3.9), inequality (1.3) due to Aziz [2] has
been obtained.
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Now, we proved a generalization of inequality (3.1) of Theorem 3.1 in fol-
lowing manner.

Theorem 3.8. Ifp € P} and having no zeros in |z| < k,k > 1, then for every
real o« and 6| > kH,

max | Dgp(2)] < n 4 k|p(z)| + (M2 + M2, —2m?) y, (3.10)

=1 2(1+ A2%)
where My, is defined in (1.4), m = min, |, [p(2)| and

A — i+ {M‘au‘ku_l + n(Jao| — m)}
! n(lao| —m) + play ket -

Proof. Since p € P} having no zeros in |z| < k,k > 1, we get from inequality
(3.3) of proof of Theorem 3.1

max |Dsp(z)] < nk max p(2)| + (|0] — &) max P (2)]. (3.11)
On combining inequality (3.11) and (3.13) of Corollary 3.9, we have
max [Dsp(z)| (3.12)
iy
<8 b max ()] + SO g2y a2 o3
|=l= 2(1+ A2)
which follows the Theorem 3.8. U

The following result has been obtained from Theorem 3.8 by dividing in-
equality (3.16) to ¢ and taking § — oo, which was proved by Rather, Ahangar
and Shah [11].

Corollary 3.9. If p € Py and having no zeros in |z| < k,k > 1, then for
every real o,
n

N

max |p(z)| < (M2 + M2, —2m?)?, (3.13)

l#1=1 /2 (1+42)

where My, is defined in (1.4), m = min,_y [p(2)| and A, is defined in Theorem
3.8.

Remark 3.10. We also find some other generalization of Theorem 3.8 by
applying same condition as on Theorem 3.1 and their respective corollaries.

Next, we prove following result by considering the class of polynomial P,
and all of its zeros lies in |2| < k, k < 1.
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Theorem 3.11. If p € P, and having all its zeros in |z| < k,k < 1, then
for every real a and |6| > 1,

max [ Dsp(z)| (3.14)

> (6] — k) |max|p(e) — —— L yaz, o™\’

= 2|1 p 2(1 i k;QH) a o+ k2n )
where M, is define in (1.4) and m = min),— |p(2)|.
Proof. Since p(z) € P, ,, having all its zero in |2| < k < 1, ¢(2) = 2"p(L) € P}
having no zeros in |z| < % Now, we know that

* . / . n —
m —|IZI|13%|61(Z)! = |z?illr}k’2 p(1/7)|
|2 r .
— wwin| )| = i (k)|
1. 1
= ﬁﬁﬁ\p@)l:ﬁm, (3.15)

hence, for ¢(z) inequality (1.9) of Theorem 1.1 becomes

N[

nk*

V2(1 + k2m)

Also it is simple to obtain that |¢/(2)| = |np(z) — p/'(2)| = n|p(z)| — |p'(2)] for
|z| = 1, then inequality (3.16) follows for |z| =1,

/()] < oz -mal e

I s EL ST L) SR
Since
1Dsp(2)] = |np(2) + (0 = 2)p/ ()]
> ollp"(2)] = |d'(2)]; (3.18)
from Lemma 2.2 for p € P, , in inequality (3.18), we have for |z| =1
[ Dsp(2)| = (16] = &) I/ (2)]. (3.19)
On combining (3.17) and (3.19), we get
|Dsp(2)| (3.20)
2 (8= ) (1) - s { M2+ M - 2,;”}] .

Theorem 3.11 is completed. O
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By taking k = 1 in inequality (3.14) of Theorem 3.11, we get the following
result.

Corollary 3.12. If p € P, and having all its zeros in |z| < 1, then for every
real o and |6| > 1,

1 1

max | Dsp(2)| 2 n(|0] ~ 1) |max|p(2)| - 3 {M3+ M3, —2m?}2 |, (3.21)
zZ|= zZ|l=

where My, is define in (1.4) and m = min|;—; [p(2)|.

By considering = 1 in inequality (3.14) of Theorem 3.11, following result
has been obtained.

Corollary 3.13. If p € P, and having all its zeros in |z| < k,k < 1, then for
every real o and |§] > 1,

max [Dsp(z)| (3.22)
> n(|5] — k) | max| (z)yk{M2+M2 2’”2}2
= |z\:1 p 2(1 T kz) o o+ ]{}2” )

where My, is defined in (1.4) and m = min, | |p(2)|.

By assuming some zeros of the polynomial p(z) € P, , are on |z| = k, i.e.
m = 0, then from inequality (3.14) following result has been obtained.

Corollary 3.14. If p € P, and having all its zeros in |z| < k,k < 1, then
for every real a and |0] > 1,

max |Dsp(2)] (3:23)

If we divide inequality (3.14) by ¢ and taking § — oo, we get following
result.

Jett
> n(|8] — k") |max |p(2)| — ———xe (M2 + M?, .
> n(lg >Ll1|p< )=~ (M + M)

where M, is defined in (1.4).

N|=

Corollary 3.15. If p € P, and having all its zeros in |z| < k,k < 1, then
for every real «,

max |p/(2)] > n nrlax|(z)|—ku{M2—i—]\42 _2m2}2 (3.24)
i [ o R S =TS B R

where My, is define in (1.4) and m = minj,_y, |p(2)].
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Remark 3.16. We also have some other generalizations of inequalities (1.18),
(1.19) and (1.20) by dividing it to § and making 6 — oo.

In accordance with Theorem 3.8, we also generalized Theorem 3.11 by prov-
ing the following result.

Theorem 3.17. If p € P, and having all its zeros in |z| < k,k < 1, then
for every real a and || > 1,

fﬁ%ﬁll%p(ZN (3.25)

m n 2 2 m’ 1/2
2 1 (|6] = k) 9 [p(2)] = —=—=—== (Mo + Mayr = 2052)7"
2(1+ B2)
where My, is defined in (1.4), m = miny,—y, |p(2)| and

_ la K+ nfka, — |
M kit knay, — m| 4 plaglkn

Proof. If p € P, and having all its zero in |z| < k,k < 1, then no zeros of
q(z) € P lies in |z| < +. Therefore from inequality (2.5) of Lemma 2.5 for
q(z), we have

1 { lan— k' + nlay —m*|

Gl < -, @20

kit nlan, — m*| + plap—,|k=#B+1
where m* is defined in (3.15).
Equivalently,

(Buld (2)] +nm*)* < [p' ()P,
that is, for |z| =1
Bild (2)* +n*m* < |p'(2)]?
or
(B + g () + n*m* < [p'(2)]” + |d' (=), (3.27)

| plan—plk' "4 njan—m*|
where BIU’ T kel {n|an*m*|+,u«‘an—u|k7<“+1) }
Using Lemma 2.4 in inequality (3.27), we get for |z| =1
2
n

(B + Dlg' (2)* +n®m™ < - (Mg + M),

that is,
n

(M2 + M2, - 2m™)1/2. (3.28)
2(1+ B2)

d'(2)] <
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Since |¢'(2)| = |np(2) — zp'(2)| > n|p(z)| — |p'(2)] for |z] = 1, inequality (3.28)
follows for |z| =1,

P'(2)] = nlp(z)] — ——

e (M2 + M2, - 2m™)1/2. (3.29)
2(1+ B2)

Now, on combining inequality (3.19) with above inequality (3.29) and using
(3.15), we have for |z| =1,

[ Dsp(z)| (3.30)
2
n m
> 1 (8] = k) 4 [p(2)| — —————==(M5 + M — 2@)1/2 :
2(1+ Bﬁ)
where
P U O
H kit nlan, — m*| + pla,|k=E+D
ula, [k + nlk"a, —m|
nkttHkma, —m| + pla,|km
This completes the proof. O

By dividing inequality (3.25) to ¢ and letting 6 — oo, we have following
generalization of Corollary 3.15.

Corollary 3.18. If p € P, and having all its zeros in |z| < k,k < 1, then
for every real «,

/ n 2 2 m’ 1/2
max [p'(z)| > n { [p(2)] — ——=—=(Ms + My, —275.)/" p, (3.31)

|z|=1 2(1 +B;21,) k2n

where My, is defined in (1.4), m = min|, |y |[p(2)| and By, is defined in Theorem
3.17.

Remark 3.19. By applying same conditions as on Theorem 3.11 and their
respective corollaries, we have been obtained some other generalization of The-
orem 3.17.

Acknowledgments: The authors are thankful to the learned referee for
his/her deep observations and their suggestions which greatly helped us to
improve the paper significantly.



Generalization of an inequality concerning the polar derivative of a polynomial 321

REFERENCES

[1] A. Aziz, Inequalities for the polar derivative of a polynomial, J. Approx. Theo., 55
(1988), 183-193.

[2] A. Aziz, A refinement of an inequality of S. Bernstein, J. Math. Anal. and Appl., 144(1)
(1989), 226-235.

[3] A. Aziz and W.M. Shah, Some inequalities for the polar derivative of a polynomial,
Proc. Indian Acad. Sci. Math. Sci., 107(3) (1997), 263-270.

[4] T.N. Chan and M.A. Malik, On Erés and Laz theorem, Proc. Indian Acad. Sci. Math.
Sci., 92(3) (1983), 191-193.

[5] C. Frappier, Q.I. Rahman and St. Ruscheweyh, New inequalities for polynomials, Trans.
Amer. Math. Soc., 288 (1985), 69-99.

[6] S. Hans, D. Tripathi and Babita Tyagi, Some inequalities for the derivative of polyno-
mials, J. Math., 2014, Article ID 160485.

[7] N.K. Govil and Q.I. Rahman, Functions of exponential type not vanishing in a half plane
and related polynomials, Trans. Amer. Math. Soc., 137 (1969), 501-517.

[8] P.D. Lax, Proof of conjecture of P. Erés on the derivative of a polynomial, Bull. Amer.
Math. Soc., 50 (1944), 509-513.

[9] M.A. Quazi, On the mazimum modulus of polynomials, Proc. Amer. Math. Soc.,115
(1992), 337-343.

[10] N.A. Rather and M.A. Shah, On the derivative of a polynomial, Appl. Math., 2012(3)
(2012), 746-749.

[11] N.A. Rather, S.H. Ahangar and M.A. Shah, Some Inequalities For The Derivative of A
Polynomial, Inter. Jour. of Appl. Math., 26(2) (2013), 177-185.

[12] A.C. Schaffer, Inequalities of A. Markoff and S. Bernstein polynomial and related func-
tion, Bull. Amer. Math. Soc., 47 (1941), 565-579.

[13] P. Turdn, Uber die Ableitung von polynomen, Composito Math., 7 (1939), 85-95.



