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Abstract. In this article, we first presented some integral inequalities for Gauss-Jacobi type
quadrature formula involving generalized relative semi-(r; m, p, g, h1, h2)-preinvex mappings.
And then, a new identity concerning twice differentiable mappings defined on m-invex set via
conformable fractional integrals is derived. By using the notion of generalized relative semi-
(r;m, p, q, h1, ha)-preinvexity and the obtained identity as an auxiliary result, some new
estimates with respect to Hermite-Hadamard type inequalities via conformable fractional
integrals are established. It is pointed out that some new special cases can be deduced from

main results of the article.

1. INTRODUCTION

The following notations are used throughout this paper. We use I to denote
an interval on the real line R = (—o0, +00) and I° to denote the interior of I.
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For any subset K C R”, K° is used to denote the interior of K. R™ is used to
denote a n-dimensional vector space. The set of integrable functions on the
interval [a, b] is denoted by Lj]a, b].

The following inequality, named Hermite-Hadamard inequality, is one of the
most famous inequalities in the literature for convex functions.

Theorem 1.1. Let f : I CR — R be a convex function on I and a,b € I
with a < b. Then the following inequality holds:

(%57 <y [ s < IO -

In [6], [21], Tung and Yildirim defined the following so-called MT-convex
function:

Definition 1.2. A function f : I C R — R is said to belong to the class
of MT(I), if it is non-negative and for all x,y € I and t € (0, 1) satisfies the
following inequality:

Vit 1t
flta+ (1= 1)) < 52— f@) +
In recent years, various generalizations, extensions and variants of such
inequalities have been obtained. For other recent results concerning Hermite-
Hadamard type inequalities through various classes of convex functions the
reader are refer to [3]-[14], [16], [17], [19], [23], [27], [30], [36], [42], [43]. Frac-
tional calculus [22], was introduced at the end of the nineteenth century by
Liouville and Riemann, the subject of which has become a rapidly growing area
and has found applications in diverse fields ranging from physical sciences and
engineering to biological sciences and economics.

f(y). (1.2)

Definition 1.3. Let f € Li[a,b]. The Riemann-Liouville integrals JZ, f and
Jpr f of order o > 0 with a > 0 are defined by

R A A (O
and

b
Jé"f(w)ZF(la) / (t— o) f(dt, b>

where I'(a) = /+Ooe_”ua_1du. Here J2, f(z) = J0_f(z) = f(z).

0
In the case of a = 1, the fractional integral reduces to the classical integral.

Let us recall some special functions and evoke some basic definitions as
follows.
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Definition 1.4. The Euler beta function is defined for a,b > 0 as

[(a)l(b)
F(a+b)

Definition 1.5. The incomplete beta function is defined for a,b > 0 as

B(a,b) = /01 t7 (1 — 1) dt =

Be(a,b) = / 1 =) dt, o<z <1
0

For x = 1, the incomplete beta function coincides with the complete beta
function.

Definition 1.6. ([41]) A set M, C R" is said to be a relative convex (-
convex) set, if there exists a function ¢ : R — R"™ such that,

to(z) + (1 —t)p(y) € My, (1.3)
for all z,y € R, p(x), p(y) € M,,t € [0,1].

Definition 1.7. ([41]) A function f is said to be a relative convex (y-convex)
function on a relative convex (¢-convex) set M, if there exists a function
p : R" — R" such that,

fltp(x) + (1 =t)e(y)) < tf(e(z) + (1 —=1)f(e(y)), (1.4)
for all x,y € R" : p(z), p(y) € M, t € [0,1].

Definition 1.8. ([8]) A nonnegative function f : I C R — [0,400) is said
to be P-function or P-convex, if

flte+ (1 —=t)y) < f(x) + fly), Vo,yel, tel0,1].

Definition 1.9. ([2]) A set K C R" is said to be invex with respect to the
mapping n : K x K — R" if z+tn(y,z) € K for every z,y € K and t € [0, 1].

Notice that every convex set is invex with respect to the mapping n(y, z) =
y — x, but the converse is not necessarily true ([2], [40]).

Definition 1.10. ([29]) The function f defined on the invex set K C R" is
said to be preinvex with respect to 7, if for every z,y € K and t € [0,1], we
have

fle+in(y,z)) < (1 —1)f(z) +tf(y)-

The concept of preinvexity is more general than convexity since every convex
function is preinvex with respect to the mapping n(y,z) = y — x, but the
converse is not true.
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Definition 1.11. ([24]) Let h : [0,1] — R be a non-negative function and
h # 0. The function f on the invex set K is said to be h-preinvex with respect
to n, if
fz+tny,2)) < h(1 = t)f() +h(t)f(y) (1.5)

for each z,y € K and t € [0, 1] where f(-) > 0.
Definition 1.12. ([39]) Let o : J C R — R be a positive function, h # 0. We
say that f: I C R — R is h-convex, if f is non-negative and for all z,y € T
and t € (0,1), one has

F(tw+ (1= t)y) < h() (@) + (1 - £)£(y). (1.6)

Definition 1.13. ([38]) Let f : K C R — R be a non-negative function, we
say that f: K — R is a tgs-convex function on K if the inequality

F(( =2+ ty) <= @) + 1)) (L.7)

holds for all x,y € K and t € (0,1). We say that f is tgs-concave if (—f) is
tgs-convex.

Definition 1.14. ([25]) A function: ] C R — R is said to be m-MT-convex,
if f is positive and for all z,y € I, and t € (0,1), with m € [0, 1], satisfies the
following inequality

Vit myv1—t
tr+m(l —-1t)y) < )+ —Fr . 1.8
H( ( )y)—z\/ﬁf() NARAZ (1.8)
Definition 1.15. ([28]) Let K C R be an open m-invex set with respect to
n: KxKx(0,1] — Rand hy,hs : [0,1] — [0,400). A function f : K — R
is said to be generalized (m, hi, ha)-preinvex function with respect to n, if

f(ma + tn(y,z,m)) < mhy(t)f(z) + ha(t) f(y) (1.9)

is valid for all z,y € K and ¢ € [0,1], with m € (0,1]. If the inequality (1.9)
reverses, then f is said to be (m, hy, ha)-preincave on K.

In the following, we recall some definitions of conformable fractional inte-
grals which help to obtain main identity and results. Recently, some authors,
started to study on conformable fractional integrals [1], [18], [31]-[35]. In [15],
Khalil et al. defined the fractional integral of order 0 < av < 1 only. In [1], Ab-
deljawad gave the definition of left and right conformable fractional integrals
of any order o > 0.

Definition 1.16. Let o € (n,n + 1] and set 8 = a — n. Then the left con-
formable fractional integral starting at a is defined by

(I2f) (1) = ~ / (t— 2)"( — )P~ f(2)de.

Tl
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Analogously, the right conformable fractional integral is defined by

(1) )= / o 10— 2P f ().

Notice that if « =n+1,then 8 =a—-n=n+1—n =1, wheren=0,1,2,...,
and hence (I2f) (t) = (J2 1 f) (¢).

In [31], Set et al. established a generalization of Hermite-Hadamard type
inequality for s-convex functions and gave some remarks to show the relation-
ships with the classical and Riemann-Liouville fractional integrals inequality
by using the given properties of conformable fractional integrals.

Theorem 1.17. ([31]) Let f : [a,b] — R be a function with 0 < a < b, s €
(0,1], and f € Lila,b]. If f is a convex function on |a,b], then the following
inequalities for conformable fractional integrals holds:

o)) (47) < gy 200 ()]
{B(n+s+1,a—n) +5(n+l,a—n+s)} f(a)+ f(b)
25

with v € (n,n+1],n € N, n=0,1,2,..., where I' is Euler gamma function.

<
- n!

Also Set et al. established some results for some kind of inequalities via
conformable fractional integrals ([32]-[35]).

Due to the wide application of fractional integrals, some authors extended to
study fractional Hermite-Hadamard type inequalities for functions of different
classes ([22]-[30]).

The Gauss-Jacobi type quadrature formula has the following
+oo

b
/ (2= alP(b—2)1f(@)de =Y Bupf () + Rolfl, (110)

k=0
for certain By, i, v, and rest R}, |f| [37].

Recently, Liu [20] obtained several integral inequalities for the left-hand side
of (1.10) under the Definition 1.8 of P-function. Also in [26], Ozdemir et al.
established several integral inequalities concerning the left-hand side of (1.10)
via some kinds of convexity.

Motivated by the above literatures, the main objective of this article is
to establish integral inequalities for the left-hand side of Gauss-Jacobi type
quadrature formula and some new estimates on generalizations to Hermite-
Hadamard type inequalities via conformable fractional integrals associated
with twice differentiable generalized relative semi-(r;m,p,q, hi, he)-preinvex
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mappings on m-invex set. It is pointed out that some new special cases will
be deduced from main results of the article.

2. MAIN RESULTS INVOLVING (GAUSS-JACOBI TYPE QUADRATURE FORMULA

Definition 2.1. ([9]) A set K C R"™ is named as m-invex with respect to
the mapping 7 : K x K x (0,1] — R™ for some fixed m € (0,1], if ma +
tn(y,z,m) € K grips for each x,y € K and any t € [0, 1].

Remark 2.2. In Definition 2.1, under certain conditions, the mapping n(y, z, m)
could reduce to 7n(y,x). For example when m = 1, then the m-invex set de-
generates an invex set on K.

We next introduce generalized relative semi-(r; m, p, ¢, hi, he)-preinvex map-
pings.
Definition 2.3. Let K C R be an open m-invex set with respect to the
mapping 7 : K x K x (0,1] — R. Suppose that hq, hs : [0,1] — [0, +00) and
¢ : I — K are continuous functions. A mapping f : K — (0, 400) is said
to be generalized relative semi-(r;m, p, ¢, h1, he)-preinvex, if

f(me(@) + tn(e(y), o(x),m)) leaMy (ha(t), ha(t)ymf (@), f(y),p,0)  (2.1)

holds for all z,y € I and t € [0,1], for p,¢ > —1 and some fixed m € (0, 1],
where

MT(h1 (t)’ h?(t); mf(JU), f(y)’p7 q)

[mBY () f" () + B3 f7 ()] 7, if v #0;

h? hd .
mf@]"O [fw)™Y, =0,
is the weighted power mean of order r for positive numbers f(z) and f(y).

Remark 2.4. In Definition 2.3, if we choose r = p = ¢ = 1 and ¢(z) = =,
then we get Definition 1.15.

Remark 2.5. For r = p = ¢ = 1, let us discuss some special cases in Definition
2.3 as follows:
(i) If taking hqi(t) = (1 —¢)%, ho(t) = t* for s € (0, 1], then we get gener-
alized relative semi-(m, s)— Breckner-preinvex mappings.
(ii) If taking hi(t) = ho(t) = 1, then we get generalized relative semi-
(m, P)-preinvex mappings.
(iii) If taking hi(t) = (1 — )5, ho(t) = t=° for s € (0, 1], then we get gen-
eralized relative semi-(m, s)-Godunova-Levin-Dragomir-preinvex map-
pings.
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(iv) If taking hi(t) = h(1—t), hao(t) = h(t), then we get generalized relative
semi-(m, h)-preinvex mappings.
(v) If taking hi(t) = ho(t) = t(1 — t), then we get generalized relative
semi-(m, tgs)-preinvex mappings.
(vi) TF taking h(t) = Y20 ey = VP
2Vt 21—t

relative semi-m-MT-preinvex mappings.

then we get generalized

It is worth to mention here that to the best of our knowledge all the special
cases discussed above are new in the literature.

We claim the following integral identity.

Lemma 2.6. Let ¢ : I — K be a continuous function. Assume that f : K =
[me(a), me(a) +n(e(d), p(a),m)] — R is a continuous function on K° with
respect to n : K x K x (0,1] — R for n(p(b), p(a),m) > 0. Then for some
fized m € (0,1] and p,q > 0, we have

mp(a)+n(p(b),p(a),m)
/ (@ — mp(a))?(me(a) + (D), p(a), m) — x)! f(z)dz

me(a)

1
= PP (o (D), p(a), m) /0 tP(L =) f(mep(a) + tn(e(b), p(a), m))dt.

(2.2)
Proof. 1t is easy to observe that
mep(a)+n(p(b),p(a),m)
/ ) (z — mip(a))"(mp(a) + 1((b), ¢la), m) — o)1 (w)da
me(a

— n(p(b), 9(a), m) /0 (mip(a) + tn(o(b), p(a),m) — mep(a))?
x (mep(a) +n(e(d), p(a),m) — mp(a) — tn(e(d), p(a), m))?
x f(me(a) 4 tn(p(b), (a), m))dt

= np”“(w(b),w(a),m)/o (1= )1 (mep(a) + t((b), ¢(a), m))dt.

This completes the proof of the lemma. O
With the help of Lemma 2.6, we have the following results.

Theorem 2.7. Suppose hi, hg : [0,1] — [0, +00) and ¢ : I — K are contin-

uous functions. Assume that f : K = [mp(a), me(a) + n(e(d), p(a),m)] —

(0, 4+00) is a continuous mapping on K° with respect ton : K x K x(0,1] — R,
k

for n(p(d),p(a),m) > 0. Let k > 1 and 0 < r < 1. If f¥T is generalized rela-

tive semi-(r;m, P, q, h1, ha)-preinvez mappings on an open m-invezr set K for
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some fized m € (0, 1], where p,q > —1, then for any fized p,q > 0, we have

mep(a)+n(e(d)p(a),m)
/ ) (& — mip(a))P(mp(a) + n((b), p(a), m) — )1 f(z)de
me(a

<P (p(b), p(a), m) §/B(kp + 1, kg + 1)

X [mfE (@)W (b (1); . p) + fFT ()Y (ha(D)img)| T

(2.3)

where

N5l

1 3 1
U(hy(t);r,D) ::/0 hi(t)dt, W(ha(t);r,q) ::/O hs (t)dt.

k
Proof. Let k > 1 and 0 < r < 1. Since f*-1 is a generalized relative semi-

(r;m,D,q, h1, ha)-preinvex function on K, combining with Lemma 2.6, Holder
inequality and Minkowski inequality, we get

mp(a)+n(p(b),p(a),m)
/ (@ — mp(a))?(me(a) + (D), p(a), m) — x)! f(z)dz

me(a)

S

1
<P (p(b), p(a), m) [/0 t*P (1 — t)Mdt

k—1
k

x / fm<mw<a>+tn<so<b>,so<a>,m>>dt]
0

< P (o(b). ola),m) /Bl + 1 kg T 1)

- k-1

1 = rk — rk 1 E
x /0 [mhﬁ’(t)fk*l(a) R0 £ ()] dt]
< 17”+q+1(90(b) p(a),m)/Blkp +1,kq+ 1)

{(/ minfo s @a) + ([ oo )}

=Pt ((b), p(a), m) {/B(kp + 1, kq + 1)

k-1

rk rk =
X M@0 (17, 5) + fET W (ha(t)i )|
So, the proof of this theorem is complete. O

We point out some special cases of Theorem 2.7.
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Corollary 2.8. In Theorem 2.7 for r = p = ¢ = 1 and h1(t) = h(1 —
t), ha(t) = h(t), we have the following inequality for generalized relative semi-
(m, h)-preinvex mappings:

/mw(a)Jrn(sO(bW(a)m)

“ (z —mep(a))?(me(a) +n(p(b), p(a),m) — x)! f(z)dz

< P (o(b), ), m) §/Blkp + 1 kg + DT ((t):1,1)

< [msi@)+ 125 0)] ©

(2.4)

Corollary 2.9. In Theorem 2.7 forr = p = q = 1 and hi(t) = (1 —
)%, hao(t) = t°, we have the following inequality for generalized relative semi-
(m, s)-Breckner-preinvex mappings:

mp(a)+n(p(b),p(a)m)
[ (&~ mp(@)P (m(@) +n(o(b), o(a), m) — ) (@)
me(a
< P (p0), pla) m) BT + 1R+ 1) | IS
(2.5)

Corollary 2.10. In Theorem 2.7 for r = p = q¢ = 1 and hi(t) = (1 —
t)7%, ho(t) = t~° where s € (0,1), we get the following inequality for general-
ized relative semi-(m, s)-Godunova-Levin-Dragomir preinver mappings:

mep(a)+n(e((b),e(a),m)
/ (2 — mp(a)(mp(a) + (o), pla),m) — 2)1f (z)dz

meyp(a)
—1

mfET(a) + )|
1-—s '

< Pt (o(b), p(a), m) {/B(kp + 1,kq + 1)

(2.6)

Corollary 2.11. In Theorem 2.7 forr =p=¢q =1 and hy(t) = ha(t) = t(1—
t), we obtain the following inequality for genmeralized relative semi-(m,tgs)-
preinvexr mappings:

mp(a)+1(p(b),p(a),m)
[ (&= mp(a) P (mip(a) + n(p(0), (@), m) — )" (2)d
me(a
< W o(b), pla) m) Y/ B+ 1 kg 1 1) | LS ““’)] .

(2.7)
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V31—t
Corollary 2.12. In Theorem 2.7 forr =p=qg=1 and hy(t) = T/E,
ha(t) Vi deduce the following inequality f lized relati
= ————, we deduce the following inequality for generalized relative

semi-m-M'T -preinvex mappings:

mep(a)+n(e(b)p(a),m)
/ ) (& — mip(@))? (mep(a) + n(o(B), pla), m) — 2)7f (z)dz
me(a

< (5) F (o), pla),m) §/BlRp + LRg T 1)

k-1

X |mfET(a) + i)
(2.8)

Theorem 2.13. Suppose hy, hs : [0,1] — [0,4+00) and ¢ : I — K are con-
tinuous functions. Assume that f : K = [mp(a), me(a)+n(e(b), ¢(a), m)] —
(0, +00) is a continuous function on K° with respect ton : K x K x(0,1] — R,
for n(o(b), p(a),m) > 0. Let 1 > 1 and 0 < r < 1. If f' is generalized relative
semi-(r; m, D, q, h1, ha)-preinvex functions on an open m-invex set K for some
fixzed m € (0, 1], where p,q > —1, then for any fized p,q > 0, we have

(z —mep(a))?(me(a) +n(p(b), p(a),m) — x)! f(z)dz

me(a)
-1

< PP (p(b), o(a),m)BT (p+1,q+1)

x N/ mfri(a)I" (hi(t);r,p, q,D) + frH(O)I" (ha(t);r, p, ¢, 7).

/mw(a)Jrn(so(b),sa(a),m)

where

=)

1
I(hl(t);r,p,q,p)=/0 (1 —t)?h] (t)dt

and

q

1
I(ha(t);r,p,q,q):/O (1 — t)7h3 (t)dt.

Proof. Let 1 > 1 and 0 < r < 1. Since f' is generalized relative semi-
(r;m,D,q, h1, ha)-preinvex functions on K, combining with Lemma 2.6, the
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well-known power mean inequality and Minkowski inequality, we get

mp(a)+n(p(b),p(a),m)

| (& = mp (@) (mp(@) + 1(o(0), p(a), m) = ) (2)d
me(a

! [tp(l . t)q]

-1 1
[

1
= (b pla).m) [ [ oy]
x f(mep(a) + tn(e(b), p(a), m))dt

1 l—ll
<P (p(b), p(a), m) [/O tP(1 - t)th]

1
x / #(1 — 817 (mep(a) + t(e(b), p(a), m))dt
0

o~

-1

< PP (p(b), o(a), m)BT (p+1,q+1)

~I—

1 _ _ 1
< | [ e =t mit) @ + i o) i

-1

< Pt (b)), 0(a),m)BT (p+1,q+1)

§ { </01 mr (1~ t)th(t)fl(a)dt)r + (/01 w1 - t)%f (t)fl(b)dty }ﬂ

-1
1

=Pt (p(b), p(a),m)BT (p+1,q+1)

x N/ mfri(a)I" (ki (t);,p,q,D) + frHO)I" (he(t);r, p, ¢, 7).

So, the proof of this theorem is complete. O

We point out some special cases of Theorem 2.13.

Corollary 2.14. In Theorem 2.13 forr = p =g = 1 and hi(t) = h(1 —
t), ho(t) = h(t), we have the following inequality for generalized relative semi-
(m, h)-preinvex mappings:

mep(a)+n(e(b),e(a),m)
/ (2 — mip(a))? (mip(a) + 1(p(b), pla),m) — )0 (x)dz

mp(a)
-1
< Pt (o(b), p(a),m)BT (p+1,q+1)

< \fmf{a) I (h(t); 1,p.q. 1) + SO (R(D):; 1.0.p,1).

(2.10)
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Corollary 2.15. In Theorem 2.13 forr = p = q = 1 and hi(t) = (1 —
)%, ha(t) = t°, we have the following inequality for generalized relative semi-
(m, s)-Breckner-preinvex mappings:

(z —mep(a))?(me(a) +n(p(b), p(a),m) — x)! f(z)dz

-1

< PP (p(b), o(a), m)BT (p+1,q+1)

X \‘/mfl(a)ﬂ(p—l— Lg+s+1)+ fL(b)B(g+1,p+ s+ 1).

/mgo(a)-f-ﬂ(@(b):‘ﬁ(a):m)

meyp(a)

(2.11)

Corollary 2.16. In Theorem 2.13 forr = p = q = 1 and hi(t) = (1 —
t)75, ho(t) =t~°, we get the following inequality for generalized relative semi-
(m, s)-Godunova-Levin-Dragomir preinver mappings:

(z —me(a))?(me(a) +n(p(b), p(a),m) — x)! f(z)dz

-1

< PP (p(b), p(a), m)BT (p+1,q+1)

X \fmfUa)B(p+1.g—s+1) + fiD)Bg+ Lp—s+1).

/mso(a)+77(so(b),<ﬁ(a)7m)

mp(a)

(2.12)

Corollary 2.17. In Theorem 2.13 forr =p =g =1 and hy1(t) = hao(t) = t(1—
t), we obtain the following inequality for generalized relative semi-(m,tgs)-
preinvexr mappings:

mep(a)+n(e(b)p(a),m)

/ ) (& — mip(a))P(mp(a) + n(b), p(a), m) — )1 f(z)de
mep(a

< P (p(b), o(a), m)VB(p + 2, + 2)B T (p+1,q+1)

< {/mfi(a) + fL(B).

(2.13)

V=i
2Vt

we deduce the following inequality for generalized relative

Corollary 2.18. In Theorem 2.13 forr =p=q=1 and hy(t) =

Vit

hat) = 5=
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semi-m-M'T -preinvex mappings:
mep(a)+n(p(b),¢(a),m)
/ (z — mip(a)? (mep(a) + n(p(8), ¢(a).m) — 2)7f (2)da

meyp(a)

-1

< \lgn’”q“@(b), p(a),m)B T (p+1,q+1)

. \l/mfl(aw (450t 3) + 708 (a4 30+ 3).

(2.14)

3. OTHER RESULTS INVOLVING CONFORMABLE FRACTIONAL INTEGRALS

In this section, in order to prove our main results regarding some general-
izations of Hermite-Hadamard type inequalities for twice differentiable gener-
alized relative semi-(r;m, p, ¢, h1, ha)-preinvex functions via conformable frac-
tional integrals, we need the following new integral identity:

Lemma 3.1. Let ¢ : I — K be a continuous function. Suppose K C
R be an open m-invexr subset with respect to n : K x K x (0,1] — R for
some fired m € (0,1] and let n(p(b),p(a),m) > 0. Assume that f : K =
[me(a), me(a) + n(e(d), p(a),m)] — R be a twice differentiable mapping on
K° and " € Lilmy(a), me(a) + n(e(b), ¢(a),m)]. Then for r, « > 0, the
following integral identity holds:

(r+ 1) 3n(p(b), p(a),m) n(e(x), ¢(a), m)
+ 2e(@) p(a)m)

r n+3 mep(a) - m
(r+ 1™ [—<n+1>/ ’ (t — mip(a))"

192 (p(2), p(a), m) { —(r+1)B(n+2,a —n)f (me(a))

77Q+2((P(x)a (p(a),m) mep(a)
x [n(p(@), p(a),m) — (r + 1)(t —mp(a))]* " f(t)dt
m (a)Jrn(w(zlfl(a)»m) (3.1)
—(a—n-— 1)/ :

(t — mep(a))™
mep(a)

x [n(e(x), p(a),m) — (r+ 1)(t - ms@(a))]an2f(t)dt] }

N2 (p(x), p(b), m) —(r+ 1B +2,a=n)f (mp(b))
(r 4+ 1)"*3n(p(b), ¢(a), m) n(e(x), p(b), m)



336

A. Kashuri, R. Liko, M. Adil Khan and A. Igbal

(o(@),p(b),m)
)4 28 r«fl

(r+ 1)”+3 mp(b)+ L= .
+ 77Q+2(‘P(x)a o(b),m) [_ (n+1) /m<p(b) (t — me(D))

% [n(e(x),0(b),m) — (r + 1)(t — mp(b))]* " f(t)dt

mip(b)+ 2Elelpbl )
Slamne 1)/ ® (8 = mep(b)""!
mep

x [n(e(x), (b),m) = (r+1)(t - mw(b))}aan(t)dt] }

12 (p(2), ¢(a), m)

~ (o )" (p(b), p(a), m)

1
></0 (B(n+2,a—n)—Li(n+2,a—n))

x f" (mso(a) + T%n(w(m), w(a%m)) dt

n°"2(p(x), p(b), m)
(r+ 1)"3n(p(b), ¢(a), m)

1
x/o (B(n+2,aa—n) = Fi(n+2,a—n))

+

t
r+1

. f (mso(b) T n(eo(x),so(b),m)) i,

We denote

Ity o(x;0,m,m,m,a,b) =

12 (e (x), p(a), m)
(r+ 1) +3n(p(b), o(a), m)

1
></0 (B(n+2,aa—n) = fi(n+2,a—n))

<" (meta)+ (7 ) telo).sta).m) ) a

12 (e (x), p(b), m)
(r + 1) H3n(p(b), p(a), m)

1
></0 (B(n+2,a—n)—Bi(n+2,aa—n))

x f" (mw(b) + (

+

t
r—+1

) n(e(x), p(b), m)) dt.
(3.2)
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Proof. A simple proof of equality (3.1) can be done by performing two inte-
gration by parts in the integrals from the right side and changing the variable.
The details are left to the interested reader. 0

Using relation (3.2), the following results can be obtained for the corre-
sponding version for power of the second derivative.

Theorem 3.2. Let « > 0,71 € [0,1],0 < r < 1 and p1,p2 > —1. Suppose
hi,hy : [0,1] — [0,400) and ¢ : I — K are continuous functions. Suppose
K C R is an open m-invex subset with respect ton: K x K x (0,1] — R for
some fized m € (0,1]. Assume that f : K — (0,400) is a twice differentiable
mapping on K°, where n(p(b), p(a),m) > 0. If (f"(x))? is generalized relative
semi-(r;m, p1, p2, h1, ho)-preinver mapping, ¢ > 1, p~1 + ¢! = 1, then the
following inequality holds:

{Ifﬂlﬂp(xv a? Tl? n? m7 a7 b)‘
d(p,a; n)
> (7"1 =+ 1)n+5n(90(b)7 g&(a),m)

x {In(w(x)m(a),m)!““ [ (@)™ I (ha(0); 7,71, 1)
) (3.3)

(£ I (ot r,p2)|

+ (@), (), m) "2 [m (£ (6)™ I (b (8); 7,71, p1)

+ (f"(2) " I (ha(t); r, T17p2)} Tq},

where

and

1
6(p,a,n):/0 [B(n+2,a —n) — Bi(n+2,a —n)]"dt
t 1>dt, Vi=12.

1pi
I(hi(t);r,ri,p) = | h
utoprirnp) = [ nf (4

Proof. Suppose that ¢ > 1,7 € [0,1] and 0 < r < 1. From Lemma 3.1,
generalized relative semi-(r;m,p1, pa, h1, he)-preinvexity of (f”(z))?, Holder
inequality, Minkowski inequality and properties of the modulus, we have

| Lo 0,71, m,m, 0, b)|

n(e(@), p(a),m)|**?
= (r+ 1) n(p(b), p(a), m)]
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1
></0 |B(n—|—2,a—n)—ﬁt(n—|—2,a—n)

f" (msO(a) <r1t+1> n(w(ﬂf),so(a),m)>

+
[n(e(@), p(b), m)|**+
(r1 4+ 1)"F3[n (e (b), o(a), m)]

1
></ |ﬁ(n+2,a—n)—ﬁt(n+2,a—n)
0

x‘ dt

+

<77 (oo + (55 ) et m) )
g(h’_’f = <(<)>ZJ<+2 </1W”+” "= Bt(””’“‘””pdtf
(! ( ( 0+ (17 ) et sterm) ) )
(er (2;2}* ( B(n+2,a—n) - Bi(n+2,a— n)}Pdt>p
X( ( (et + (555) o et0m) ) ) |
b et s () B+ e m) = At 20w’
:

N
dt)

= (/01 [ﬁ(n+2,a—n)—ﬁt(n+2,a—n)]pdt>’l’

Ly
dt)

) </01 [B(n+2,a—n)—5t(n—|—2,a—n)]pdt>;

1))

) (/01 [mhz{l <r1 + 1) (f"(a))™ + h5? (7’1 i 1) (f"(x))™

[n(e(x), p(b), m)[*+?
(r1 4+ 1) +3n((b), ¢(a),

) (/01 [mhl{l (7’1 i 1) (F®)"™ + hy? (m i 1) (f"(x))"™

< !n( x), p(a), m)|*+?
~ (1t +377(@(5) o(a )

AU
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1

+(/01 E<r1+1> > }m

(e (), o(b), m)|**+?
T+ U n((6), ela), m)

(i
([ e <n:1>dt>f}”

_ d(p, a,m)
(r1 + 1)"3n(p(b), p(a), m)

x {n«o(x), @) )|+ [m (@) I (ha (8); 7, 71,1)

B =

X

/1 (n+2,a—n)— 5t(n+2,a—n)]pdt)
0

ﬂ»—‘
\/
SN—

S
H‘S‘E
7N
=
=
+1
—_
N————
=
~
N———
<

1

(@) ot p)]
(), 0(8), m) [ [ (£(0)) " I (a (8); 771, 1)

+ (f”(x))rq I"(ha(t);r, 7“1,]92): E }

So, the proof of this theorem is complete. O

We point out some special cases of Theorem 3.2.

Corollary 3.3. In Theorem 3.2 for hi(t) = h(1 —t), ha(t) = h(t), p1 = p2 =
r=1,7r =0 and a € (n,n + 1] where n = 0,1,2,..., we get the following
inequality for conformable fractional integrals:

**p(x), p(a), m)f'(me(a)) + 1T (p(x), 0(b), m) f'(me(b))

n(p(b), p(a), m)
~(n+2-0)(n+1)!

n(e(d), p(a), m)
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" [ <(mga(a)+77(80(5’3)7‘9(a)’m))Iaf> (me(a))

. ((mgo(b)-i‘T](‘P(vT)"p(b)’m))Iaf) (mSO(b))] ‘

o(p, ;) ' ‘ 3.4

= 00, pla),m) (/ o) .
X{In( )2 ¢ (7(a))? + (£ ()"
+ (@), 9(b),m) |+ {/m (£1(5)7 + (£ >>}

Corollary 3.4. In Corollary 3.3, if we choose a« = n+1 wheren =0,1,2,...
and f"(x) < L, for all x € I, we get the following inequality for fractional
integrals:

at(p(x), p(b), m) f'(me(b))

G
<LWJF(1)+1+O;) (/0 h(t)dt)

" In(e(x), e(a), m)|*** + In(p(x), p(b), m)|*+> .
n(e(b), p(a), m)

(3.5)

Corollary 3.5. In Theorem 3.2 forri =0, hi(t) = h(1 —t) and ha(t) = h(t),
we have the following inequality for generalized relative semi-(r;m, p1,p2, h)-
preinvexr mappings:
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‘Ifﬂ?,so(a?? «, 07 n,m,a, b)‘

5(p,a n)
n(p(b
{]n )\‘”2 [m (f”(a))rqfr(h(l—t);r,O,pl)
N (3.6)
+ (@) 1 )mO,pz)} "

+ In(p(@), o(0), >|a+2[ ()™ I" (h(1 = £);7,0,p1)
+ (f”(x))rq Ir(h(t);r,O,pz)} ,lq}

Corollary 3.6. In Theorem 3.2 for r1 = 0, hi(t) = (1 — t)%, ha(t) = t°,
we have the following inequality for generalized relative semi-(r;m,p1,p2,s)-
Breckner-preinvexr mappings:
‘Ifm,(p(ac;a,o,n, m,a, b)}

o(p,a,m)
~ n(e(b), p(a), m)

’ {M((p(x)’ el ml \q/m (FHa)™ (r +Tsp1>r +(f"(=)"™ <r +Tsp2)r

+ In(e(z), @(b),m)‘aﬁ T{/m (F7(0)™ <r —i—Tspl) ()™ <7° +Tsp2> }
(3.7)

Corollary 3.7. In Theorem 3.2 for rp = 0, hi(t) = (1 —¢)7%, ha(t) = t~*
where 7 > max{sp1, spa2}, we have the following inequality for generalized rel-
ative semi-(r;m, p1, p2, 8)-Godunova-Levin-Dragomir-preinvex mappings:

’van#’(l‘; «, 07 n,m,a, b)}

o(p,a,m)
n(¢(b), p(a),m)

x {m«a(:c), ola),m)|+? \/ @)y () e ()
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+rn@xxxgxw,wa*Z}/nuf~aarq(T_fﬂn)r-+(wwx»“1(r_ZWQ)T}.
(3.8)

Corollary 3.8. In Theorem 3.2 for ri =0, hi(t) = ha(t) = t(1 —t), we have
the following inequality for generalized relative semi-(r; m, p1, p2,tgs)-preinvex
mappings:

‘If,m@(x; «, 07 n,m,a, b)’

d(p,a,m)
n(¢(b), p(a),m)

X {\n(gp(w), p(a), m)|*t? [m (f"(a)" B" <p71 +1, % + 1)

1

" rq or (P2 p2 (3.9)
+ (") B <7+1,7+1>
+wwmwwmwﬂmmwww%T+LT+Q
/7 rq Hr (P2 D2 %
(@) (Tt }
Corollary 3.9. In Theorem 3.2 for r1 =0, hy(t) = \/2?, ho(t) = 2\/\1/%

where r > %, we have the following inequality for generalized relative

semi-(r; m, p1, p2)-MT -preinvex mappings:

[ o5 ,0,m,m, 0, )|

d(p,a,n)
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+ [n(p(x), (b), m)[*+2 [m (F'(5)" (;) or(1- 2 )

1} (3.10)

Theorem 3.10. Let « > 0, r; € [0,1], 0 < 7 < 1 and p1,p2 > —1. Suppose
hi,he : [0,1] — [0,+00) and ¢ : I — K are continuous functions. Suppose
K C R is an open m-invex subset with respect ton : K x K x (0,1] — R
for some fized m € (0,1]. Assume that f : K — (0,4+00) is a twice differen-
tiable mapping on K°, where n(¢(b), p(a),m) > 0. If (f"(x))? is generalized
relative semi-(r;m, p1, p2, hi, he)-preinvex mapping, g > 1, then the following
iequality holds:

v g (1N o p2 P2
+(f (x))q<2> ﬁ (1*5,14“%)

’Ifﬂw(@ o, T1,Mn, M, a, b)‘

ﬁl_%(n +3,a—n)
= (r1+ 1) (e(b), p(a), m)

x {m«o(:c),sa(a),m)w“ [ (£(@))"* A" (0)s 7,71, 0, )

N (3.11)
+ (f/,(:E))rq AT(h2(t)a r, T17aan7p2):| -
+ In(p(), p(B), m) 2 m (£(6) ™ AT (B (8); 7,71, 00, 1)
+ (f//(x))rq Ar(h’z(t)ﬂ T, o, 7%272)} K }7
where
A(hi(t)”a? rlaaanapi>
1 vy
=/O (B(n+2,a —=n) = Bi(n+2,a —n)) h;” <7’1i-1> dt, Vi=1,2.

Proof. Suppose that ¢ > 1,7 € [0,1] and 0 < r < 1. From Lemma 3.1,
generalized relative semi-(r; m, py, pa, h1, he)-preinvexity of (f”(z))?, the well-
known power mean inequality, Minkowski inequality and properties of the
modulus, we have

| Lo 0,71, m,m, 0, b)]

n(e(@), p(a),m)|**?
= (r+ 1) n(e(b), p(a), m)]
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1
< [ 15+ 2.a ) = A+ 20— m)
0

X dt

7 (mota) + (57 ) nieta) ol m)

[n(e(@), p(b), m)[**?
(r1 +1)"*3[n (e (b), ¢(a), m)]

1
></ B(n+2,a—n) = Be(n+2,a—n)|
0

X dt

f" (mw(b) + (7-1t+1) n(e(x), o (b), m))

n(e(x), p(a), m)|**>
~ (r+1)"n(p(b),0(a),m)

« (/1 [B(n + 2,0 —n) - 5t(n+2,a—n)]dt>

1—1
q

Bn+2,a—n)—fi(n+2,a—n)

1

. <f” ( )+ (1) et vla) m>))th] E

[n(e(@), o(b), m)|**2
(r1 + 1) (p(b), p(a), m)

Q=

1—
><< B(n+2,a—n) ﬁt(n+2,a—n)]dt>
[ B(n+2,a—n)—Bn+2,a—n)

1

< (1 (me+ (47) n(so<m>,so<b>,m>>)th] E

[n(e(x), p(a), m)|*+?
= (r1 + 1) 3n(e(d), p(a), m)

X </01 [ﬁ(n+2,an)ﬁt(n+2,an)]dt>

1-1
q
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[ 1
X -/0 [B(n+2,0—n) = Bi(n+2,a—n)]

1 1

x :mhfil () vy e () <f”<a:>>’"ﬂ Tdt] q

‘a+2

In(e(x), p(b), m)
(r1 + 1) 3n(p(b), p(a), m)

X (/01 [B(n—i-Q,a—n)—Bt(n—|—2,a—n)]dt)

1—1
q

[ 1
X -/0 [B(n+2,a—n) = Bi(n+2,a —n)]

1

t

e () o () g Tdtr

T a), m)|*t? !
[n(e(), e(a), ,)\ o (/0 [5(n+2,a—n)—Bt(n—l—Q,a—n)]dt)

1—1
q

mr (f"(a)? [B(n+2,a—n) — Bi(n+2,a — n)]h? (Tlil) dt>

2=

+ /0 ("(@)" [B(n+ 2,0 = n) = fuln + 2,0 = w)| by ( t+ 1> dt>r}

[n(o(x), o(b), m)|*+?

(r1 + 1)"F3n(p(b), p(a), m)

X /01 [5(n+2,a—n)—Bt(n+2,a—n)]dt>

+

1—1
q

P1

(
X { (/Olmi (f"®)? [B(n+2,0 —n) — By(n+2,a — n)|hy’ (n:—1> dt)r
(

1
P2 a

; /01 ("(@)" [Bn + 2.0 =n) = By(n + 2,0 = n)] by (m ; 1> dt>r}

_ Blf%(n-l—?),a—n)
(r1 + 1)"F3n(p(b), p(a), m)
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x {!n(w(w)aw(a),m)\a” [’m (f"(a))™ A" (h1(t); 7,71, @y, p1)

1

+ (f”(:c))rq A" (ho(t); 7,71, 0y, pg)] "

+ (@), 9(B), m) |+ lm (£(6)™ A7 (i (07,71, @, 1)

+ (f”(x))rq A" (ha(t);r,r1, 0y, pg)] i }

So, the proof of this theorem is complete. O
We point out some special cases of Theorem 3.10.

Corollary 3.11. In Theorem 3.10 for hi(t) = h(1 —t), ha(t) = h(t), p1 =
po=r=1,r1=0and a € (n,n+1] wheren =0,1,2,..., we get the following
inequality for conformable fractional integrals:

T p(@), pla),m) f'(me(a) + 1+ (), p(b), m) f'(me(D))
1(p(b), p(a), m)

(n+2—a)(n+1).

a),m)
[ DN, £) (mep(a))
< mip(b)+1(p(w) o (b m))laf) (mw(b))] '
*5 (n+3,a—n) o

77(90(6), p(a),m)

x q In(e(z), p(a), m)|* [m (f"(a))" A(h(1 = t);1,0,a,n,1)

Q=

+ (@) AB:1,0,0,n,1)]

+n(p(x), (b), m)|* [m (f"(8))" A(R(1 = £);1,0,c,m,1)

|

Q=

(/@) A(h(£);1,0,0,n,1)]



Some new Hermite-Hadamard type inequalities 347
Corollary 3.12. In Corollary 3.11, if we choose o = n+1 wheren = 0,1,2, ...

and f"(z) < L for all x € I, we get the following inequality for fractional
integrals:

a)) + 1% (p(2), 9(b), m) ' (mep(b))

p(z), p(b), m)) [(a+1)
n(p(d), p(a), m)

X [J (mip(a)+n(oe)p(@)m))—F (MP(D) + TGy 1) () ,my) | (M(B)) ] |

< LB (n—|—3a—n\/mA (1—1);1,0,a,7n,1) + A(h(t);1,0,a,7n,1)

o | (@), p(a), m)[**2 + [n(e(x), o(b), m)|*
n(e(b), p(a), m) '

(3.13)

Corollary 3.13. In Theorem 3.10 for r1 = 0, h1(t) = h(1 —t) and ho(t) =

h(t), we have the following inequality for generalized relative semi-(r;m, p1, p2, h)-
preinvexr mappings:

‘Ifmo(a:'a 0,n,m,a,b)|
< Bt 1(n+3 a—n)

n(e(b)
{!?7 )\a”{ (f"(a))™ A" (R(1 = t);7,0,a,n,p1)
R (3.14)
+ (f"(z ) h(t); T,Oja,n,pg)_ Tq

+ (e (@), 2(b), >|a+2[ (£7(8)™ A (h(1 = £);7,0,0,m, p1)

+ (f"(x))rq A" (h(t);r, 0, a,m, pg): na }
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Corollary 3.14. In Theorem 3.10 for r1 = 0, hi(t) = (1 —t)°, ha(t) = t°,
we have the following inequality for generalized relative semi-(r;m,p1,p2,s)-
Breckner-preinvexr mappings:
‘I]q7 o(z;0,0,n,m,a, b)’
61_7(n+3 a—n)
(e (b), (a),m)
x {rn«o(x), pla), )| [m (£ (@)™ A7((1 ~ 1)";7,0,,m, 1)

N (3.15)
(@) A5 7,0,0,m,p2)]

I (@), p(b),m) |2 [m (£ (6)™ A™(1 = £)757,0,00m, 1)

+ (f”(m))Tq Ar(ts; Ty 07 «, n7p2):| " }

Corollary 3.15. In Theorem 3.10 for r1 =0, hi(t) = (1 — )75, hao(t) = t~%,
we have the following inequality for generalized relative semi-(r;m,p1,pa,s)-
Godunova-Levin-Dragomir-preinver mappings:

|If.0(x;0,0,n,m, a,b)|
gt 1(n+3 ozfn)

n(e(b) m)
{!n )2 [ (7(@) AT~ )7, 0,0,m, 1)
N (3.16)
f ) i, 0,a,m pg)] "

+ (), o (b), >|a+2[ ()" A((1 = ) ~%7.0,0,m.p1)

+ (f”(m))rq A"(t7%r, 0, n,pg)] Tq}.

Corollary 3.16. In Theorem 3.10 forr; = 0, hy(t) = ha(t) = t(1—t), we have

the following inequality for generalized relative semi-(r;m, p1, p2,tgs)-preinvex
mappings:
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|10 (@32, 0,m,m, a,b)|
B (n+3,a—n)
n(@(b)7 90(@)7 m)

x {m«o(x), @), m)| 2 [m (@) A7 (#(1 = £);7, 0,7, 1)

R (3.17)
+ (f"(ac))rq AT(t(1 —t);7,0, n,pg)_ Tq
+ I (@), p(b), m) |2 [m (1"(5)"™ A™(t(1 = 1); 7,0, 0,m,p1)
+ (f"(x))w A"(t(1 —t);7,0, v, n,pg): m}.
V1—t Vvt

Corollary 3.17. In Theorem 3.10 forri =0, hi(t) = ———, ho(t) = ,

y f 1 1( ) 2\/% 2( ) 2\/m
we have the following inequality for generalized relative semi-(r;m,p1,p2)-
MT-preinver mappings:

|71, (x5 2, 0,0, m, a, )|
B (n+3,a—n)
n(e(b), p(a), m)

x {\n(so(x)v p(a),m)|**? [m (f"(a))™ A" (

1

+ (f//(ac))Tq A" (2\/\1/%;7',0,04,71,172) ] : (319
+ (), o), m) [+ [m oy (G

1

o (sisroans)] )

Remark 3.18. Applying our Theorems 3.2 and 3.10, we can deduce some
new inequalities using special means associated with generalized relative semi-
(r;m, p1, p2, hi, he)-preinvex mappings.

Vi-io )
— Y an,
N p1

37 07 «, n7p1)
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4. CONCLUSIONS

In this article, we first presented some integral inequalities for Gauss-Jacobi
type quadrature formula involving generalized relative semi-(r;m, p, q, h1, h2)-
preinvex mappings. And then, a new identity concerning twice differentiable
mappings defined on m-invex set via conformable fractional integrals is de-
rived. By using the notion of generalized relative semi-(r;m,p,q, hi,hs)-
preinvexity and the obtained identity as an auxiliary result, some new es-
timates with respect to Hermite-Hadamard type inequalities via conformable
fractional integrals are established. It is pointed out that some new spe-
cial cases are deduced from main results of the article. Motivated by this
new interesting class of generalized relative semi-(r;m,p,q, h1, ha)-preinvex
mappings we can indeed see to be vital for fellow researchers and scientists
working in the same domain. We conclude that our methods considered here
may be a stimulant for further investigations concerning Hermite-Hadamard,
Ostrowski and Simpson type integral inequalities for various kinds of prein-
vex functions involving local fractional integrals, fractional integral operators,
Caputo k-fractional derivatives, g-calculus, (p, ¢)-calculus, time scale calculus
and conformable fractional integrals.
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