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Abstract. In this paper, we present the stability results and alternative stability results
concerning the quadratic functional equation in non-Archimedean fuzzy normed spaces.
As corollaries, we obtain the stability results of the quadratic functional equation in non-

Archimedean normed spaces.

1. INTRODUCTION

A classical problem which was raised by Ulam [33] in the theory of func-
tional equations is the following: “When is true that a function, which ap-
proximately satisfies a functional equation must be close to an exact solution
of the equation?” If the problem accepts a unique solution, we say the equa-
tion is stable. In 1941, Hyers [14] considered the case of approximate additive
mappings satisfying the Cauchy difference controlled by a positive constant
in Banach spaces. Bourgin [5] and Aoki [1] treated this problem for additive
mappings controlled by unbounded functions. In [30], Rassias provided a gen-
eralization of Hyers’ theorem for linear mappings which allows the Cauchy
difference to be unbounded. Géavruta [10] then generalized these theorems
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for additive mappings controlled by the unbounded Cauchy difference with
regular conditions. Subsequently, the stability problem of various functional
equations has been studied by a number of authors [12, 20, 21, 23]. Taking
into consideration a lot of influence of Ulam and Hyers, the stability of func-
tional equation is called by Hyers—Ulam stability. Hyers—Ulam stability of the
quadratic functional equation

flx+y)+ flz—y)=2f(z) +2f(y) (1.1)

was first proved by Skof for mapping f : E1 — FEs, where E; is a normed
space and FEs is a Banach space [32]. In the papers [7, 8], Czerwik proved the
Hyers—Ulam stability of the quadratic functional equation (1.1).

In particular, Kannappan [16] introduced the following functional equation

f@+y)+flyt2)+flz+x)=flr+y+2)+flx)+fly)+f(z) (1.2)

and proved that a function on a real vector space is a solution of (1.2) if and
only if there exist a symmetric biadditive function B and an additive function
A such that f(z) = B(z,z) + A(z).

In [2], the authors proved the generalized Hyers—Ulam stability of the func-
tional equation

f@—y)+fly—2)+fz—2)+ flz+y+2) =3[f(x) + fy) + f(2)],

which is equivalent to the quadratic equation (1.1).
Recently, Kim and Shin [22] proved the general solution of the following
quadratic functional equation

f@+ny) + f(y +nz) + f(z + nx) (1.3)

=nfz+y+2)+ 0> —n+1)[f(z)+ fy) + f(2)]

and investigated the Hyers—Ulam stability of the equation (1.3) in some spaces,
where n (# 0,£1) is an integer.

In 1897, Hensel [13] discovered the p-adic numbers as a number theoretical
analogues of power seires in complex analysis. The important examples of non-
Archimedean spaces are p-adic numbers which do not satisfy the Archimedean
property. During the last three decades the theory of non-Archimedean spaces
has gained the interest of physicists for their research, in particular the prob-
lems that emerge in quantum physics, p-adic strings and superstrings [19].

Katsaras [17] introduced the concept of a fuzzy norm on a linear space in
1984, in the same year Wu and Fang [35] introduced a notion of fuzzy normed
space to give a generalization of the Kolmogoroff normalized theorem for fuzzy
topological linear spaces. In 1992, Felbin [9] introduced an alternative defini-
tion of a fuzzy norm on a linear space with an associated metric of Kaleva and
Seikkala type [15]. Xiao and Zhu [34] found the lonear topological structures
of fuzzy normed spaces. In 1994, Cheng and Mordeson introduced a definition
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of a fuzzy norm on a linear space in such a way that the corresponding induced
fuzzy metric is of Kramosil and Michalek type [28]. In 2003, Bag and Samanta
[3] modified the definition of Cheng and Mordeson [6] by removing a regular
condition. Recently many various results have been investigated in this topic
(see [24, 25, 26, 27] and references therein).

In this paper, we study the Hyers—Ulam stability and alternative the Hyers—
Ulam stability for the functional equation (1.3) in the setting of non-Archimedean
fuzzy normed spaces. As corollaries, we obtain the stability results and al-
ternative stability results of the quadratic functional equation (1.3) in non-
Archimedean normed spaces.

2. PRELIMINARIES

In this section we recall some notations and definitions of a non-Archimedean
fuzzy normed spaces

Definition 2.1. Let K be a field. A non-Archimedean absolute value on K is

a functional | - | : K — [0, 00) such that for any r, s € K we have
(1) |r| = 0 if and only if r = 0;
(2) [rs| = |rllsl;

(3) [+ s| < max{r], |s|}.

The condition (3) is called the strong triangle inequality. Clearly, |1| =
| =1 =1and n <1 for all n € N. We always assume in addition that | - | is
non trivial, i.e., that there exists an ro € K such that |ro| # 0, 1.

Definition 2.2. Let X be a vector space over a scalar field K with a non-
Archimedean nontrivial valuation | -|. A function || - || : X — R is a non-
Archimedean norm (valuation) if it satisfies the following conditions:

(i) ||z]| = 0 if and only if = = 0;
(ii) [Jra]] = [rll;
(iii) the strong triangle inequality (ultrametric); namely,
l +yl < max{[|z[|, lyl[} (z,y € X).

Then (X, || -]]) is called a non-Archimedean space.

Example 2.3. Let p be a prime number. For any nonzero rational number
r, there exists a unique integer n, € Z such that x = 7p"*, where a and b
are integers not divisible by p. Then |z|, := p~"* defines a non-Archimedean
norm on Q. The completion of Q with respect to the metric d(x,y) = [z — y|,
is denoted by @, which is called the p-adic number field. In fact, Q, is the set
of all formal series x = > /% arp®|, = p~"=, where |a| < p — 1 are integers.
The addition and multiplication between any two elements of Q, are defined
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naturally. The norm |Z;€n>f7iz arp®|p| = p~™= is a non-Archimedean norm on

Qp and it makes Q, a locally compact field (see [11, 29]).

—Ng

Definition 2.4. Let X be a linear space over a non-Archimedean field K. A
function N : X x R — [0, 1] is said to be a non-Archimedean funzzy norm on
X if for all z,y € X and all s,t € R :

(N1) N(z,c) =0 for all ¢ < 0;

(N2) z =0 if and only if N(z,c) =1 for all ¢ > 0;

(N3) N, ) = Nia, b);

(N4) N(z + y,max{s,t}) > min{N(z,s), N(y,t)};

(N5) limyyoo N(x,t) = 1.

A non-Archimedean fuzzy normed space is a pair (X, N), where X is a
linear space and N is a non-Archimedean fuzzy norm on X. If (N4) holds
then so is

N(z +y,t) > min{N(z,t), N(y,t)}
for all xz,y € X, t € R.

Example 2.5. Let (X, || -||) be a non-Archimedean normed space. For all
x € X, consider
t
—, if >0,
N(z,t) = t+ 2]
0, if ¢<0.

Then (X, N) is a non-Archimedean fuzzy normed space.

Example 2.6. Let (X, | - ||) be a non-Archimedean normed space. For all
x € X, consider

Nty = 1% it t < |z,
O I T T (111

Then (X, N) is a non-Archimedean fuzzy normed space.

Definition 2.7. Let (X, N) be a non-Archimedean fuzzy normed space. Let
{z,} be a sequence in X. Then {z,} is said to be convergent if there exists
x € X, such that lim, _,oo N(z, — x,t) = 1 for all ¢ > 0. In that case, z is
called the limit of the sequence {z,} and we denote it by lim, _,~ =, = .

A sequence {x,} in X is said to be a Cauchy sequence if limy, o0 N (Zp4p —
Zp,t)=1forallt >0and p=1,2,3,---. Due to the fact

N(xn—f—p — Tn, t) > min{N<mn+p — Tn+p—1, t), T 7N<mn+1 — Tn, t)}
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the sequence {z,} is Cauchy if for each € > 0 and each ¢ > 0 there exists ng
such that for all n > ng we have N(xy+1 — xp,t) > 1 —e. We will frequently
use this criterion in this paper. It is easy to show that every convergent se-
quence in a (non-Archimedean) fuzzy normed space is Cauchy. If each Cauchy
sequence is convergent, then the fuzzy norm is said to be complete and the
(non-Archimedean) fuzzy normed space is caled a (non-Archimedean) fuzzy
Banach space.

3. HYERS-ULAM STABILITY OF (1.3)
IN NON-ARCHIMEDEAN FUZZY NORMED SPACES

In this section, we investigate the Hyers—Ulam stability for functional equa-
tion (1.3) in non-Archimedean fuzzy normed spaces. Throughout this paper,
we will assume that K is a non-Archimedean field, X is a vector space over
K, (Y, N) is a non-Archimedean fuzzy Banach space over K and (Z, N') is a
fuzzy normed space.

For the sake of convenience, given mapping f : X — Y, we introduce a
difference operator D f as follows :

Df(z,y,z) = flz+ny)+fly+n2)+ f(z+nz)
—nf(@+y+2) - (0 —n+Df(@)+ f(y) + F(2)]

for all x,y,z € X, where n(# 0,%1) is a fixed integer.

We introduce the following lemma which was proved in [22].

Lemma 3.1. Let V and W be real vector spaces. If a mapping f : V —
W satisfies the functional equation (1.3), then f is a quadratic functional
equation.

We present a main theorem, which concerns the Hyers-Ulam stability of a
quadratic functional equation in non-Archimedean fuzzy normed spaces.

Theorem 3.2. Let a > |n|? be fized real number and ¢ : X3 — Z be a
mapping

N'(¢(n~ a0 y,n"12), 1) > N'(¢(z,y, 2), at) (3.1)

for all x,y,z € X and allt > 0. If f : X — Y with f(0) = 0 is a mapping
satisfying

N(Df(z,y,2),t) > N'(¢(z,y, 2),t) (3.2)

for all z,y,z € X and t > 0, then there exists a unique quadratic mapping
Q: X =Y, such that

N(f(z) = Q(x),t) > N'(¢(=,0,0),at) (3.3)
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forallxz € X andt > 0.
Proof. Letting y, z by 0 in (3.2), respectively, we get
N(f(nz) —n®f(z),t) > N'(¢(x,0,0),1) (3.4)

for all z € X and ¢t > 0. Replacing = by n~("*Yz in (3.4) and using inequality
(3.1), we obtain
N(f(n™™x) —n®f(n~" '), t) > N'(¢(n~™ '2,0,0),t)
> N(¢(2.0.0),0" )
for all z € X and t > 0, m € N. Thus it follows that

N@*™ f(n™"a) = n*" 2 f(n~" L), 1)

= N(f(n_mx) —n?f(n " ), \n|12mt>

, am+1t
>N (¢($»0»0)a W>
According to the fact lim,, oo N'(¢(z,0,0), %) = 1, above inequality shows

that {n?™f(n~™z)} is a Cauchy sequence in the non-Archimedean fuzzy Ba-
nach space (Y, N). Thus, we may define a mapping @ : X — Y as

Q) = lim n" f(n "),

that is, lim,, s N(n?™f(n ") — Q(x),t) =1 (x € X). For each m > 1,
re X and t >0,

—1

N(f(@) = 02" f(n~"2),t) = N (3 m f(m~Fa) = m* 2 (=), 1)

3

¥
[e=]

1
>min | J{N®*f(n*z) — 2 f(n k1), 1)}
k=0
= N'(¢(x,0,0), at).
We conclude the estimation (3.3) of f by @ holds for all x € X and t > 0.
Now we claim that the mapping @ is quadratic mapping. Setting (x,y, 2)
= (n""x,n ™y, n"™z) in (3.1), we see that

3
[

1
N(@n*™Df(n "z,n ™y,n""2),t) = N (Df(nmx,nmy,nmz) t)

’ |n|2m

_ _ _ 1
> N’ (¢(n Mr,n"™y,n mz),’n’th)

, am+1
2 N (Qs(xayaz)awnt)
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for all z,y,z € X and ¢t > 0,m € N. Thus it follows that

N(DQ(z,y,z),t)

>

v

min{ N (Q(z + ny) — n*" f(n~"(z + ny)), 1),
N(Q(y +nz) —n*"f(n~"(y + nz)), 1),

(z 4+ nx) —n®"f(n"™(z + nx)), t),
nQ(z +y+z) =" (" (2 4y +2)),t ),
(n* = n+1)Q(x) — (n® —n+1)n*" f(n~
(n* = n+1)Qy) — (n* — n+ n*" f(n~
(n2 —-n+1)Q(z) — (n2 —n+ l)nsz(n_
(n*™Df(n~"™ n~"z),t)}
min{ N (Q(z + ny) — n®" f(n~" (x + ny)), 1),
N(Q(y + nz) — n®*™ f(n ™ (y 4+ nz2)),t),
N(Q(z + nx) — n*™ f(n~™(z 4+ nx)),t),

N(Q(az+y+z)—n2mf(nm(a:+y+z)),it),
71 t
n?—n+1 >’
71 t
n?—n+1 >’

2m —m 1
Q(z) —n™" f(n 2)7Mt)7

aerl
[ t) }

)7 )7
)7 )’

(@Q
(
(
(
( "z2),1),

222222

—m
:L'?n y?

n?" f(n""w),

n?" f(n""y),

N <¢<x,y,z>,

for all z,y,z € X and all positive integers m. Taking the limit as m — oo,
one see that @) satisfies (1.3). By Lemma 3.1, @ is quadratic.

To show the uniqueness of ), we assume that there exists a quadratic
mapping Q' : X — Y which satisfies the inequality

N(f(x) - Q/(x)vt) > N/(¢($, 0’ 0)7 at)

for all z € X and ¢t > 0. Then, since Q and Q' are quadratic mappings, we see

from the equality Q(n

NQ(z) ~ Q'(z),t) = min{N(Q(z) —n*"f(n™"™

“My) =n"?mQ(z) and Q'(n”

mr) = n"2mQ (x) that

N(n*™f(n "x) —
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> i (N (@) = ), )
N(fma) - @), )

" fnfm
, am+1
> N (?b(ﬂfv 0,0), Wt)
for all x € X,t > 0,m € N. By taking m — oo, we complete the proof. O

Corollary 3.3. Let X be a linear space and (Y, || - ||) be a non-Archimedean
normed space. Suppose f: X — Y with f(0) = 0 satisfies the condition

IDf(z,y,2)|| < d(x,y,2) (2,92 € X),
and ¢ : X3 — [0,00) is a mapping such that
o(n'z,n Ty, nTl2) <at(n,y,2) (2, € X),

where o is a positive real number with o > |n|?. Then there exists a unique
quadratic mapping Q : X — Y such that

1
I () = Q)] < ~¢(,0,0)
forallx € X.
Proof. Let Z = R with the following fuzzy norm

o it t>0zez
N'(z,t) = t+||7]

0, if t<0,z€ 7,
and also define the following fuzzy norm
t
— if t>0,y€ey,
N(y,t) = t+ [yl
0, if t<0,yeY.

By the Example 2.5, N’ is a fuzzy norm of R and N is a non-Archimedean
fuzzy norm on Y. We can easily check that all conditions of Theorem 3.2 are
equipped. Using Theorem 3.2, we arrive at the desired conclusion. Il

Corollary 3.4. Let X be a linear space and (Y, | -||) be a non-Archimedean
normed space. Suppose f: X — Y with f(0) =0 satisfies the condition

IDf(z,y,2)|| < Ol [|” + [[y[|” + ||2[]")  (z,y,2z € X),
where p € (0,2) and 8 > 0. Then there exists a unique quadratic mapping
Q: X =Y such that
0
1f(2) = Q@) < Il

n|P
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for all x € X.

Proof. The proof follows immediately by taking ¢ : X3 — [0, 00) is defined by
o(x,y,2) = 0(l=|” + [lyll” + [|2[")

for all ,y,2 € X and choosing o = |n|? in Corollary 3.3. O

Next, we are going to prove an alternative stability theorem of the functional
equation (1.3) in non-Archimedean fuzzy normed spaces.

Theorem 3.5. Let o > |n|? be fived real number and ¢ : X x X — Z be a
mapping with,

N'(¢(nz,ny,nz),t) > N'(¢(z,y, z), a"1t) (3.5)

for all x,y,z € X and allt > 0. If f : X — Y with f(0) = 0 is a mapping
satisfying

N(Df(z,y,2),t) = N'(¢(z,y,2),t) (3.6)

for all z,y,z € X and t > 0, then there exists a unique quadratic mapping
Q: X =Y, such that

N(f(z) = Q(x),t) = N'(¢(,0,0), |n|*t) (3.7)
forallz € X and t > 0.
Proof. As the similar pattern of the proof of Theorem 3.2, we obtain the
following inequality

N(ﬁf(nm“m) — nQ%f(n’”x),t) > N'(¢(,0,0), ——1)

for all z € X and ¢ > 0. Since limyy00 N'(6(z,0,0), 22" ) = 1, above in-

™

‘ ‘Qm

equality shows that {n 2" f(n™x)} is a Cauchy sequence in a non-Archimedean
fuzzy Banach space (Y, N). Therefore, we may define a mapping @ : X — Y
as

Qx) == Tr}gnoo n=2m f(n™x),

that is, limy, 0o N(n 72" f(n™z) — Q(x),t) = 1 for all z € X,t > 0. For each
n>1lxe X andt >0,

m—1
N(f(z) —n=2mf(n™z),t) = N( Z n~2f(niz) — n” A2 f(n ), t)
i=0

m—1
> min U {N 21f n .73) 72i72f(ni+1x)7t)}

= N(¢($, 0, 0)7 ’n’2 )
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It follows that

N(f(z) = T(z),t) > min{N(f(z) —n>"f(n"z),1),
N(n=2"f(n™z) — Q(x), t)}
> N(¢(x,0,0), |n[*t).

Thus the estimation (3.7) of f by @ holds for all z € X and ¢ > 0. The rest
of the proof is similar to the that of Theorem 3.2. O

Corollary 3.6. Let X be a linear space and (Y, || - ||) be a non-Archimedean
normed space. Suppose f: X — Y with f(0) = 0 satisfies the condition

IDf(z,y,2)|| < d(z,y,2) (2,y,2 € X),
and ¢ : X3 — [0,00) is a mapping such that
¢(nx,ny,nz) < ap(x,y,z) (z,y,z € X),

where o is a positive real number with o > |n|?. Then there exists a unique
quadratic mapping QQ : X — Y such that

1£(2) - Q)] < 1|2¢<x,o,o>

|n
for allx € X.

Corollary 3.7. Let X be a linear space and (Y, || - ||) be a non-Archimedean
normed space. Suppose f: X —Y with f(0) = 0 satisfies the condition

IDf(,y, 2)|| < Olll” + [lyll” + [1z17)  (z,y,2 € X),

where p € (2,00) and 0 > 0. Then there exists a unique quadratic mapping
Q: X =Y such that

1f(@) - Q)l| < — ol

nf?
for all x € X.
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