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Abstract. In this work, we study a class of singular multi-point nonlinear boundary value
problems with parameter A > 0, the existence and nonexistence results of positive solutions
are obtained when the nonlinear term satisfy different requirements of superlinearity and

sublinearity and the parameter lies in some intervals.

1. INTRODUCTION

This paper considers the existence and nonexistence of positive solutions
for the following second-order m-point boundary value problem (BVP):

(p(t)2' (1)) — q(t)z(t )+)\h( )f(t,x(t) =0, te(0,1),
az(0) — bp(0)z'(0) = i1 L az z(&), (1.1)
cx(1) +dp(1)a’ (1) = Y2772 Bz (&),
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3 ( ) al)ﬂl
(10,1], (0, +00)),q €

) is allowed to be

where A\ > 0 is a parameter, a,c € [0,+00),b,d € (0,+0),&; €
[0, 4+00) for (i € {1,2,--- ,m—2}) are given constants, p e c([o
C(]0,1],(0,+00)) and f € C([0,1] x [0, +00), [0, +oo)) h(t
singular at { = 0,¢t = 1.

fA=1h=p=1,¢=0,0;,8,=0 (i=1,2,---,m—2), m-point BVP
(1.1) reduces to the two-point BVP

2'(t) + f(t,z(t)) =0, te(0,1),
ax(0) — bz’ (0)
cz(1) + da'(1)

0, (1.2)
0

In this case, (1.2) has been intensively studied (see, [4, 6]).

In recent years, singular multi-point boundary value problems have been
extensively studied and many optimal results have been obtained (see, [6, 11,
12, 13, 14]) and references therein. In addition, many paper investigated the
existence of solutions for the nonsingular multi-point boundary value problems
(see,[2, 3, 4, 10]).

Recently, Ma [8] and Ma and Thompson [9] obtained many good results
about the existence of positive solutions for the more general m-point bound-
ary value problem (1.1), but they only considered the case the nonlinearity
being nonsingular. In this work, we consider the existence and nonexistence
of positive solutions for BVP (1.1), here we allow h has singularity at t = 0, 1.

This work is organized as follows. In section 2, we present some lemmas
that are used to prove our main result. Then in section 3, the existence and
nonexistence of positive solutions for BVP (1.1) will be established by using
the Krasnoselskii fixed point theory, which we state here for the convenience
of the reader.

Lemma 1.1. ([1, 5]) Suppose that E is a Banach space, K is a cone in E.
Let Q1 and Qo be two bounded open sets in E such that § € Qq and Q1 C Qs.
Let operator T : K N (Q\Q1) — K be completely continuous. Suppose that
one of the following two conditions is satisfied:

Q) |Tull < Ju|l, we Kno and ||[Tul] > |jul], ue K NINs.

(i) |Tull > |lul|, we KN and ||[Tul| < ||u], uwe KnNoQ,.

Then T has at least one fived point in K N (Q2 '\ Q).

2. PRELIMINARIES AND SOME LEMMAS

Let E = C|0,1] be a real Banach space equipped with the norm ||z| =
maxe(o ] |2(t)] for z € C[0,1]. Welet P = {z € E : z(t) > 0,t € [0,1]}.
Clearly P is a cone of E.
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In the rest of the paper, we adopt the following assumptions:
(Hl) JAS Cl([()? 1]7 (07 —l—OO)), qc C([O7 1]7 (Oa —|—OO>)

(Ha) a,ce€[0,+00), b,d € (0,+00) with ac+ ad + be > 0, o, 3; € [0, +00)
forie {1,---,m—2}.

(H3) f e C(]0,1] x [0,4+00), [0,+00)), h € C((0,1),[0,+00)) and
0 </ G(s,s)h(s)ds < 400,

where G(t, s) will be given by (2.3).

The following lemmas play important roles to prove our main results, which
can be found in papers [8] and [9].

Lemma 2.1. Let (Hy) and (Hg) hold. Let 1) and ¢ be the solutions of the
linear problems

(P (1)) (1) — q(t)¥(t) =0, te(0,1), (2.1)
$(0) =b, p(0)¢'(0) =a, '

and

{ GOOrO - g =0, te @) 2

respectively. Then

(1) 9 s strictly increasing on [0,1], and ¥ (t) > 0 on [0, 1].
(ii) ¢ is strictly decreasing on [0,1], and ¢(t) > 0 on [0, 1].

As in [9], set
_Zz I aip(&)  p— Zz 1 asz(fz)
p= 1 (&) =i 1 (i)

Then, by Liouville’s formula, we have

(0)
”‘ww>¢wn

G(t,s) = ; { i(t)w(‘s)’ 0 f st f 1f (2.3)

It is easy to see that

0<G(ts) <G(s,8), 0<s,t<1. (2.4)

- o=r0] 5 )

‘ = constant.

Define
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Lemma 2.2. Let (Hy) and (H2) hold. Assume that A # 0. Then for y €
C[0,1], the problem

(p(t)2'(1))'(t) — a(®)z(t) +y(t) =0, te(0,1),

az(0) — bp(0) Zazx& cz(1) + dp(1) Zﬁz (&),
(2.5)
has a unique solution
/ G(t, s)y(s)ds + Ay)(t) + B(y)d(t), (2.6)
where
| S e fy G s)y(s)ds p— 317 cid(&)
Ay) = A (2.7)
z 1 { fO 5“ - Zz 1 Z(b(&,)
and
1 - 22_12 azw(fz) 1 az fo éz;
B = 5 (2.9
p— 221712 (&) 7,_1 i fo (&, s)

Lemma 2.3. Let (Hy) and (Hs) hold. Assume

(Hy) A <0, p— Y72 0ip(&) >0, p— 2 Bb(&) > 0

Then for y € C0,1] with y > 0, the unique solution z of the problem (2.5)
satisfies

x(t) >0, forte|0,1].

Remark 2.4. By (2.3) and Lemma 2.1, for any t € [0, 1], we have

G(t,s)_{ ¢(t)’ 0<s<t<1, >{¢§0), 0<s<t<l1,
¥(1)?

_ ) oG
G(s, ) L 0<t<s<l,

Let v = min{%, %} Then G(t,s) > vG(s,s),0 < t,s <1.

<

Remark 2.5. Since v = min {qs— b

0)
W(t), we have v < — 20 «

< Sl

s B [+ according to the monotonicity of
(t)
( ) @)

0 50 0(t) = é(1), ¢ € [0, 1]. Similarly, by
the monotonicity of ¢(t), we have v < % = % % so ¢(t) > v¢(0),t €
0,1].

© <
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With Lemma 2.2, BVP (1.1) has a solution z = z(¢) if and only if = is a
solution of the following nonlinear integral equation

_ ) / Gt $)h(s) (s, 2())ds + A(F)o(1) + B(F)6(1),  (2.9)

where F' £ Ah(t)f(t,z(t)), A(-), B(-) are defined by (2.7) and (2.8), respec-
tively.
Define an operator T': P — P by

1
~ ) /0 Gt $)h(s) (s, 2())ds + A(F)b(t) + B(F)o(1).  (2.10)

It is easy to prove that the existence of solution to BVP (1.1) is equivalent
to the existence of solutions to Eq.(2.9). That is the fixed point of operator
T.

Let

K ={x € P:x(t) >~|z|,te0,1]}. (2.11)
It is obvious that K is a subcone of P. Let K, = {z € K : ||z|| < r} for r > 0.
Lemma 2.6. T(K)C K, and T : K — K is completely continuous.

Proof. For any x € K, (Hs) and (Hy) imply that (T'z)(¢) > 0. From (2.4),
(2.10) and the monotonicity of ¥ (t) and ¢(t), we have

1
(Tz)(t) < /\/0 G(s,s)h(s)f(s,z(s))ds + A(F)y(1) + B(F)(0),
which implies
1
ITz| < )\/0 G(s,s)h(s)f(s,z(s))ds + A(F)y(1) + B(F)¢(0). (2.12)
By Remarks 2.4 and 2.5, we have
1
(T)(t) = A/0 G(t, s)h(s)f(s,(s))ds + A(F)y(t) + B(F)o(t)
1
> [ Glo.h(a) (s, a()ds + AGFY0(1) + BFR00) - (213)

> - [ / (s, $)h(s) (s, 2(s))ds + A(F)b(1) + B(F)(0) | .

Then, (2.12) and (2.13) yield that
(Tz)(t) = ~[[T].

Thus, Tx € K. Therefore, T(K) C K. The complete continuity of T : K — K
is obvious. H
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For convenience, we introduce the following symbols :

1
A= —
A

B =

In this section, we present our main results as follows:

Theorem 3.1. Suppose that (Hy) —

00, foo > 0 and

Sl p- Y o)
SEEB = Bie(&)

—Sr P anb(&) Y
p— S Bb(&) S Bs

1
= / G(s,s)h(s)ds
0

3. MAIN RESULTS

, (2.14)

, (2.15)

(2.16)

(Hy) hold. Besides, we assume that f <

7 foo max { 1,7 AU(1),7B(0) | > (1+ Au(1) + B(0))f".

Then BVP (1.1) has at least one positive solution for any

1

1

<A<

V2L foo max{1,vAv(1),7B¢(0)}

(14 Ap(1) + Bo(0)) L fO

(3.1)

where 7 is defined in Remark 2.4 and A, B, L are defined by (2.14), (2.15) and

(2.16), respectively.

Proof. Let \ satisfies (3.1), we choose €1 > 0 such that foo —e1 > 0 and

1

P L(Jo = 21) max(L, 1 Au(1), 1 BH(0)] = =

Since f° < oo, there exists 71 > 0 such that

[t ) <

(f'+e)x, for0<t<1, 0<z<r.

1
(14 AY(1) + Bo(0))L(f° + 1)
(3.2)
(3.3)
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For any x € 0K,,, by (3.2) and (3.3) we obtain
1
ITz]) <A / G(s,3)h(3) 1 (5, 2(5))ds + A(F)(1) + B(F)$(0)
1
N +2) [ Gl h)ds]a]
0
1
FAG + en) A1) / G(s, 5)h(s)ds]z] (3.4)

1
LA + 1)B(0) / G(s, $)h(s)ds| ]
A0+ 21)L(1L + AG(1) + BHO)) <]

<||=[].

On the other hand, since max{l,'yAw(l),yBé(O)} > 0. Without loss of

generality, we assume that max{l,’yAw(l),fquﬁ(O)} = 1. By fo > 0, there
exists ro satisfying yre > r; > 0 and

ft,x) > (foo —e1)z, for x>y, 0 <t < 1. (3.5)

For any x € 0K,,, by (3.2) and (3.5) we have
1
[T| ZA/O G(t, 8)h(s)f(s,2(s))ds + A(F)y(t) + B(F)¢(t)
1
2)\7/0 G(s,s)h(s)f(s,x(s))ds

1
>3 (foo — 1) /0 G(s, 5)h(s)ds|z]

>||x|].

It follows from (3.4), (3.6) and Lemma 1.1 that the operator T" has a fixed
point in K,,\K,,, which is a positive solution of BVP (1.1). O

Corollary 3.2. Suppose that (Hy) — (Hys) hold and f° = 0, foo = co. Then
BVP (1.1) has at least one positive solution for X\ > 0.

Theorem 3.3. Suppose that (Hy1) — (Hy) hold. In addition, we assume that
> < 400, fo >0 and

7 fomax {1,7A(1),yBH(0) | > (1+ Ap(1) + Bo(0)f*.
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Then BVP (1.1) has at least one positive solution for any

1 1
<A< (3.7)

2L fo max {1,740(1), 7B4(0)} (1+ AP (1) + BH(0)) LS

where 7 is defined in Remark 2.4 and A, B, L are defined by (2.14), (2.15) and
(2.16), respectively.

Proof. Let \ satisfies (3.7), we choose €3 > 0 such that fy —e2 > 0 and
1 1

PL(fo — ) max( Ly A0(1), yBo(0)] = = (L + Av(D) + ZOREEE
Since f*° < oo, there exists r1 > 0 such that .

flt,x) < (f+eg)z, for0<t<1, 0<x<r. (3.9)
For any x € 0K,,, by (3.8) and (3.9) we obtain

1
[Tz |] S/\/O G(s,s)h(s)f(s,2(s))ds + A(F)(1) + B(F)$(0)
1
M= te) [ Gl (sl
1
+)\(f°°+52)Azp(1)/0 (s, 5)h(s)ds]z (3.10)

1
FAU™ + £2)B(0) / G(s, 5)h(s)ds|z]

=A(f + 9)L(1 + Ayp(1) + Bo(0))||z||
<[|=|l.

On the other hand, since max{l,fyAv,Z)(l),ngb(O)} > 0. Without loss of

generality, we assume that max {1, 7A@ZJ(1),7B¢(O)} = vAy(1). Since fy > 0,
there exists 0 < ro < yr; such that

f(t,z) > (fo —e2)zx, for te€0,1],z € [0,7a]. (3.11)
For any x € 0K,,, by (3.8) and (3.11) we have
1
Tz > /O G(t, 5)h(s) f(s,2(s))ds + A(F)(t) + B(F)o(t)
> A(Mh(s) f(s, 2(3))1 (1)
1
AP (fo — 2) /0 G(s, 5)h(s)ds ||| Ap(1)

>

(3.12)
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It follows from (3.10), (3.12) and Lemma 1.1 that the operator 7" has a fixed
point in K,,\K,,, which is a positive solution of BVP (1.1). O

Corollary 3.4. Suppose that (Hy) — (Hy) hold and fo = oo, f*° = 0. Then
BVP (1.1) has at least one positive solution for A > 0.

Theorem 3.5. Suppose that (H1)—(Hy) hold. Besides, we assume that f° =0
or f* = 0. Then there exists \g > 0 such that BVP (1.1) has at least one

positive solution for A > Ag.

Proof. Choose r; > 0 and

~1
No = 11 (L»y<1+Aw<1>+Bw<o>> min f<t,x>) ,
(t,x)eD

5

where D = {(t,z) : t € [0,1],z € [yr1,r1]}. For A > \g,x € 0K, we have

1
17| >>\/0 G(t, s)h(s)f (s, x(s))ds + A(F)p(t) + B(F)¢(t)

1 1
>)\7/ G(s,s)h(s)f(s,u(s))ds—i—)\’y/o G(s,8)h(s)f(s,z(s))dsAv(1)

—i—)w/ G(s,s) s,2(8))dsBy$(0)
>XoLy(1+ Avy(1) + Bye(0 ))(Iging(t,w)
=r1 = [l

(3.13)
If fO = 0. Taking ro € (0,~71) such that f(t,z) < ez, fort € [0,1],7 €
[0, 2], where ¢ satisfying e AL(1 + Ay(1) + B¢(0)) < 1. For x € K, we have

1
ik S/\/O G(s,8)h(s)f(s,2(s))ds + A(F)p(1) + B(F)¢(0)

<ALery + ALAY(1)ery + ALB®(0)ers (3.14)
=AL(1 4 A¢(1) + Bp(0))ers
<ry = |[lz|.

(3.13), (3.14) and Lemma 1.1 yield that the operator T has a fixed point in
K., \K,,, which is a positive solution of BVP (1.1).

If f°° = 0. Taking r3 € (%}, 00) such that f(t,z) < e, fort € [0,1],z €
[yr3, 00), where e satisfying eAL(1 + Ay(1) + B¢(0)) < 1. For = € 0K,,, we
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have yrs < z(t) <rs,t € [0,1]. So

1
[T| SA/O G(s,s)h(s)[f(s,2(s))ds + A(F)p(1) + B(F)¢(0)

<ALers + ALAY(1)ers + ALB@(0)ers (3.15)
SAL(1+ AY(1) + B&(0))ers
<rs = ||z||.
By (3.13), (3.15) and Lemma 1.1 that the operator 7' has a fixed point in
K, \K,;,, which is a positive solution of BVP (1.1). O

Theorem 3.6. Suppose that (H1)—(Hy) hold. Besides, we assume that fo =0
or feo = 0. Then there exists A\g > 0 such that BVP (1.1) has at least one
positive solution for 0 < A < Ap.

Proof. Choose r; > 0 and

-1
Ao =171 (L(l + Ay(1) + Bo(0)) (tril)ang(t,x)> ,

where D = {(t,z) : t € [0,1],x € [0,71]}. For 0 < A < X,z € 0K,

1
T <A / G(s,5)h(s)f (5, 2(5))ds + A(F)e(1) + B(F)$(0)
<AL max f(t,x) + ALAY(1) max f(t,x) + ALB¢(0) max f(t,x)

(t,x)eD (t,x)eD (t,x)eD
<AoL(1+ Ay(1) + B¢(0)) max f(t,x)
(t,x)eD
=r1 = |z|.

(3.16)
On the other hand, since max{l,'yAw(l),quS(O)} > 0. Without loss of

generality, we assume that max {1, ~AY(1), 'quﬁ(O)} = vB¢(0).

Case (i) If fo = oo, there exists ro € (0,71) such that f(¢,xz) > &z, for t €
[0,1], 2 € [0, ro], where & satisfying Ay3¢ LB¢(0) > 1. For any z € 0K,

1
Tz > /0 G(t, 5)h(s) f(s,2(s))ds + A(F)u(t) + B(F)o(t)
> B(Ah(s) (s, 2(s)))16(0)
1
> /0 G(s, 5)h(s)dsBo(0) ]

>l

By (3.16), (3.17) and Lemma 1.1 that the operator 7' has a fixed point in
K, \K,,, which is a positive solution of BVP (1.1).

(3.17)
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Case (ii) If foo = 0, there exists M > 0 such that f(¢,x) > &z, for 0 <t <
1,z > M, where £ satisfying A§yL > 1. Let r3 = max{%, %} For z € 0K,,,
minyejo. a(t) > ] > M. So

1
T 25 [ Gt s)hs) f(s,(5))ds + AF)O(E) + B(F)o(t)
>B(Ah(s)f(s,x(s)))v¢(0)
1
20 [ Gls, h()dsBo(0) ]
0

>||z]-

(3.18)

By (3.16), (3.18) and Lemma 1.1 that the operator 7' has a fixed point in
K, \K,,, which is a positive solution of BVP (1.1). O

Theorem 3.7. Suppose that (H1) — (Hy) hold. Besides, we assume that f° =
[ = 0. Then there exists Ao > 0 such that BVP (1.1) has at least two positive
solutions for A > Ag.

Proof. Choose two numbers 0 < r3 < yry. Let

-1
Mo =14 <L7(1 + A9 (1) + B16(0)) i f(t,x>) ,

,£)ED
where D = {(t,z) : t € [0,1],z € [yrs,r3] U [yry,r4]}. Similar to (3.13), we
have
ITx| > ||z||, for A > Xg, =€ IK,,, (3.19)
and
|Tz|| > ||z]|, for A > Xy, x€ OK,,. (3.20)
From the proof of Theorem 3.5 we know, if f0 = f* = 0, choose r; €
(0,7913), r2 € (%4, o0), respectively. Then we have

[Tz|| < [lzll, =€ oK, (3.21)

and
| Tz|| < [|z]], =€ 0K, (3.22)
By (3.19), (3.21) and (3.20), (3.22), T has at least one fixed point in K,,\ K,

and K,,\K,,, respectively. Therefore, BVP (1.1) has at least two positive
solutions x1, e satisfying r1 < [|z1|| < g <rg < [|z2|| < 79. O

Theorem 3.8. Suppose that (H1) — (Hy4) hold. Besides, we assume that fo =
foo = 0. Then there exists Ao > 0 such that BVP (1.1) has at least one positive
solution for 0 < A < Ap.
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Proof. Choose two numbers 0 < r3 < r4. Let
-1
o= ra (L4 Au(D) + BoO) o )
(t,x)eD
where D = {(t,z) : t € [0,1],2 € [0,74]}. Similar to (3.16), we have
|Tz|| < |z], for 0 <X <A, =€ IK,,, (3.23)
and
|Tz|| < ||z||, for 0 <A< Xy, x€IK,,. (3.24)
From the proof of Theorem 3.6 we know, if fo = f.o = o0, choose r; €
(0,73), 2 € (Z+, 00), respectively. Then we have
[Tz]| > ||lzll, =€ 0Ky, (3.25)
and
| Tz|| > ||z]|, =€ dK,. (3.26)

By (3.23), (3.25) and (3.24), (3.26), T has at least one fixed point in K \Ky,
and K,,\K,,, respectively. Therefore BVP (1.1) has at least two positive
solutions x1, 9 satisfying r1 < [|z1|| <13 <14 < [|z2|| < 790. O

Theorem 3.9. Suppose that (Hy) — (Hy) hold. Besides, we assume that f° <
oo and f* < oo Then there exists \g > 0 such that BVP (1.1) has no positive
solution for 0 < A < Ap.

Proof. Since f9 < 0o, f> < 00, there exist positive numbers pq, pg, 71,72 such
that r1 < ro and f(t,z) < pix,t € [0,1],x € [0,r1] and f(t,x) < pax,t €
0, 1], € [r2,00). Let ps = max {pr, po. maxyyep 2222}, where D = {(t,):
0 <t<1,r <a<ry}. Then f(t,x) < psz, t € [0,1],z € [0,00). Let
Ao = (Lps(1 + A¥(1) + Be(0))) ™" > 0.

Suppose that z(t) is a positive solution of BVP (1.1), i.e., (Tx)(t) = z(t),t €
[0,1]. For 0 < A < Ao, it follows that

1
[z = [|T=| SA/O G(s,s)h(s)f(s,z(s))ds + A(F)¥(1) + B(F)$(0)
<ALps|lz|| + ALAY (1) ps||z|| + ALB¢(0) ps]||
<AoLp3(1+ Ap(1) + Be(0))||=||
=|lzll,
which is a contradiction. O

Theorem 3.10. Suppose that (Hy) — (H4) hold. Besides, we assume that
fo > 0 and foo > 0. Then there exists \g > 0 such that BVP (1.1) has no
positive solution for A > Ag.
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Proof. Since fo > 0, foo > 0, there exist positive numbers o1, 02,71, 72 such
that 71 < 7o and f(t,z) > oz, t € [0,1],2 € [0,71] and f(t,z) > o9z, t €

[0,1],2 € [r2,00). Let 03 = min § 01, 09, ming zyep o) }, where D = {(t,x) :

xT

0 <t <1r <a <re}. Then f(t,z) > osx,t € [0,1],2 € [0,00). Let
Mo = (L93(1+ Ay (1) + By6(0))os )

Suppose that z(t) is a positive solution of BVP (1.1), i.e., (Tx)(t) = z(t),t €
[0,1]. For A > \g, it follows that

1
el = 7] > /O G(t, 5)h(s) (s, 2(s))ds + A(F)(t) + BF)(t)
1
>)\'y/0 G(s,8)h(s)f(s,xz(s))ds
1
Iy / G(s, 5)h(s) f (5, 2(s))ds Ayp(1)
0

1
+ Ay /0 (s, $)h(s) (5, 2())ds Br(0)

> Ly (1 + Ayip(1) + Bye(0))os||z|

which is a contradiction. O
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