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Abstract. In this paper, we prove some topological properties and a common fixed point
type theorem for two self mappings on new generalized metric spaces, called A—metric

spaces.

1. INTRODUCTION

The metric space forms an important environment for studying fixed point
of single and multi-valued operators and the fixed point theory is important on
applied sciences. Many authors have studied this important theory. In 1963,
Gahler [3, 4] introduced the notion of a 2—metric space. He claimed that
2—metric space is a generalization of an ordinary metric space. On the other
hand, Ha et al. [5] and Sharma [13] found some mathematical flaws in theses
claims. It was demonstrated that the 2—metric is not sequentially continuous
in each of its arguments, whereas an ordinary metric satisfies this property.
To overcome these problems, Dhage [2] introduced the concept of D—metric
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space as a generalization of a metric space and claimed that D—metric space
defines a Haussdorff topology and D—metric is sequentially continuous with
respect to all it’s three variables. He proved some topological property and
some fixed point results.

In 2003, Mustafa and Sims [6] introduced a new structure of generalized
metric spaces which are called G—metric spaces and suggested an important
generalization of a metric space. They studied some topological properties
of G—metric space and afterwards some authors have obtained generalized
fixed point theorems in the setup of G—metric space, see for examples [7, 14].
Next, Sedghi et al. [11] introduced a D*—metric space and observed that some
condition can be replaced with two axioms. So not every D*—metric space
needs to be a G—metric space. To overcome these difficulties, they introduced
a new generalized metric space called S—metric space [10, 12], they proved
that every a S—metric space is a generalization of a D*—metric space and
the G—metric space. A generalization of the S—metric space is called the
A—metric space (see [1]).

It is our purpose in this paper to study topological properties of an A—metric
space. We present here the concept of an A-metric space and some of its prop-
erties.

2. PRELIMINARIES

For n > 2, let X™ denotes the cartesian product X x X x X.... x X.

Definition 2.1. Let X be a nonempty set. A function A : X" — [0, +00)
is called an A-metric on X if for any z;,a € X,i =1,2,....... ,n, the following
conditions holds :

(A]‘) A($1a$27$37 "‘7xn—17xn) Z O)
(A2) A(x1,22,....%n—1,%y) =0 if and only if 21 = 20 = ... = 2p_1 = 2,
(A3) For any a € X,

A(l‘l,wz,wg, cerey xn_l,xn) S A(l’l,l‘l,l‘l, ceeey (wl)n_l, a)
+ A(xg, X2, L2, ..., (xg)n_l, a)
=+ A(.Tg, L35 L35 -ens (x3)n—17 (Z)
+ A("L‘nfla Tp—1y +eees ($n71)n717 (1)
+ Az, T, Tiy ooy (T )1, Q).

The pair (X, A) is called an A-metric space.
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Note that the A-metric space is an n-dimensional S-metric space (see [1]).
Therefore the ordinary metric d and S-metric are special cases of an A-metric
with n = 2 and n = 3, respectively.

Example 2.2. Let X = R. Define a function A : X" — [0, +00) by

A($17$2,$3,...,$n_1,$n) - |Z‘1 —LE'2|+|J,'1 _$3‘ ++|I1 _xn‘

+|zo — x| + |x2 — 24| + ... F |22 — Ty

"Hwn—Q - wn—l’ + |xn—2 - xn‘ + ‘1'71—1 - 1'71’

= ile‘i—%‘j\-

i=1 i<j

Then (R, A) is an A-metric space.

Example 2.3. For a standard ordinary metric d on X, we define a function
Aq on X" by
n

A1(21, 22, oy Tp—1, Tp) = Z d(zi, xj)
iyj=1,(i<J)
for all z; € X,i = 1,2,...,n. Then A; is an A-metric on X and is called
the standard A-metric on X. Obviously the first two conditions are satisfied.
To prove the third condition, let z;,a € X,i = 1,2,...,n, from the triangle
inequality, it follows
Ai(x1, 29, 0y xy) = d(xy,22) + -+ + d(x1,20) + d(x2,23) + -+ - + d(T2, TY)
+-+ d(l‘n72a xnfl) =+ d($n727 xn) + d(l'nfla xn)
< d(xla (I) + d(ava) et d(xlv a) + d(a,xn)
+ -+ d(xp-1,a) +d(a,z,)
< (n—1)d(z1,a) + (n — 1)d(z2,a) + -+ (n — 1)d(zp,a)

< Ai(z1, ..y 21,0) + Ay (22, o0y w2y a) + -+ - + A (T, ...y Ty @).

Hence (X, A1) is an A-metric space.

Lemma 2.4. ([1]) Let (X, A) be an A-metric space. Then A(x,z,x,...,x,y) =
Ay, y, Y, ...y, ) for all z,y € X.

Lemma 2.5. ([1]) Let (X, A) be an A-metric space. Then, for all x,y € X
we have

A($,$,$,~-- 7'%'72:) S (n—l)A(x,m,x, 7$7y)+A(2727Z7"' 7Z7y)
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and

A(CC,J,‘,:I},-'- 7:672) < (n—l)A(x,x,x, ,x,y)-i—A(y,y,y,-'- 7y72)'

Lemma 2.6. ([1]) Let (X, A) be an A-metric space. Then (X%, D,) is an
A-metric space on X x X with the metric D4 given by

DA((l'l, y1)7 (.’,13‘2,1/2), ) (xnv yn)) = A(l‘l,l’g, L3y --ey I’n) + A(y17y27 Y3, 73/77,)
forall x;,xv; € X,i,5=1,...,n.

Theorem 2.7. Let X1, Xo be two A-metric spaces with A-metrics p1 and ps
respectively. Then (X, p) is also an A-metric space, where X = X1 x Xy and
p((‘rh yl)) (l‘Zu y2)7 ceey (.Tn, yn)) = max {pl(xh T2y oeey xn)u p?(yla Y2, .- y?’b)} .

Proof. Obviously the conditions of nonnegativity and symmetry are satisfied.
To prove the third condition, let (z1,y1), (z2,y2), ..., (Tn, Yn), (a1,a2) € X =
X7 x X9. Then we have

PU(T1,y1)5 s (Tn—1, Yn—1)s (Tn, Yn))

L1y ey Tn )y P2(Y1, 0 Yn) }

Tl ey a1) + oo + p1(xn, .y a1), p2(y1, .., a2) + ... + p2(Yn, .., a2) }
Tl ey 1), p2(Y1y ooy a2) b + oo + max {p1(xn, ..., a1), p2(Yn, ...,a2)}
s (a1,a2)) + p((22,Y2), -, (a1, a2)

(TnyYn)s -y (G1,02)).

is an A-metric space. O

—~

= max {p1

< max {p;

—~

< max {p;

S p((‘xlayl
oty

Hence (X, p

~—

The following useful properties of an A-metric are easily derived from the
axioms.

Proposition 2.8. Let (X, A) be an A-metric space. Then for any x1, xa, ..., Tn,a €
X, we have

(1) A(z1, 22, .oy Tn) < 2?12 Az, 21, 0y 21, 25),
(2) A(z1,x2,....,22) < (n— 1)A(z1, 21, ..., T1, T2),
(3) A(z1, 22,0y p) <370 Aa,a, ...y a,75).

Proof. Let x1,x2,...,x,,a € X. Then

(1)
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by taking a = x1, we obtain

n

A1, 22, oy Tp) < ZA(xj, Ly .oy Tj, T1)
=2

and by using lemma 2.5, we have

n
A(x1, 22, .0y ) < ZA(xl,xl, ey X1, X))
Jj=2
also for almost ¢ = 1,2, ...,n, we obtain

n
A(z1, 22, .0y Tp) < Z Az, i, .oy x4, 5).
j=Li

411

(2) Using the previous property and by taking z; = xz2,Vj = 3,...,n, we obtain

A(xy, 29, ...y x2) < (n— 1)A(xy1, 21, ..., 21, T2).

(3) It’s obvious. By using the condition (A3) and Lemma 2.5, we obtain the

result.

g

Next the following lemma is needed to show the continuity of the A-metric

function in one variable and in all its variables.

Lemma 2.9. In an A-metric space X,
(i)

’A(xhx% sy Ip—1, a) - A(ZL‘l,ZBQ, sy Tp—1, b)|
n—1

<> [Ala,a,...,a,z5) + A(b,b, ..., b, ;)]
j=1

forall x1,...,xp_1,a,b € X,
(i)
|A(33]_, L2y eeey Tn—1, CL) - A(y17 Y2,y Yn—1, CL|
n—1
< [A(a, a, ...,a,z;) + Aa, a, ..., a,y5)] ,
1

<.
I

forall x1,....,xpn—1,Y1, oy Yn—1,a € X and
(ii)
‘A(‘r17m27"'7$n—17$n) _A(y17y27"‘7yn—1ayn)|
n
S Z [A(wjvxja "'7xj7y1) + A(yjayja "'7yj7x1)] ’
j=1

forall xq,...,Tn_1,Tn Y1,y s Yn—1, Yn € X.
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Proof. To prove this Lemma we use the Proposition 2.8.
(i) Let 1, ...,xp—1,a,b € X. Then by Proposition 2.8 (3) we have
|A(z1, 22, ..., Tp—1,a) — A(x1,22, ..., Tp—1, D)
< A(x1,x9, .0y Tp—1,a) + A(z1, 22, ..., Tp—_1,b)
n—1
= [A(a,a,...,a,z;) + A(b,b, ..., b,x;)] .
1

<.
Il

(i) Let #1, ..., Tn—1,Y1,%2, -, Yn—1,a € X. Then by using Proposition 2.8 (3)
we obtain
|A(-Tla T2y eeey Tn—1, CL) - A(yla Y2, "'7yn717a)’
S A(.’El, 'rZa ey mnflv CL) + A(yla y2’ --~»yn717a)
1
[A(a,a, ...,a,z;) + Aa, a, ..., a,y;)] .

IN
<. 3
Il |
—

(iii) Let @1, .oy Tn—1, Tn, Y1, Y2y ooy Yn—1,Yn, @, b € X. Then by condition (A3)
we have

‘A(l’]_,.’EQ, vy Ip—1, xn) - A(y17y27 vy Yn—1, yn)|
S A(.T]l,.f[fQ, ey Tn—1, .’L'n) + A(yl;y27 ey Yn—1, yn)

< Z [A(xﬁx]v sy Ly CL) + A(y]a Yjs s Yjs b)]
j=1

Take a = y1,b = x1, then we obtain the result. [l

3. THE A-METRIC TOPOLOGY

Definition 3.1. Given a point z( in an A-metric space (X, A) and a positive
real number r, the set

B(zo,r) ={y € X : A(y,y, ..., y, x0) <71}

is called an open ball centered at xo with radius r.
The set

B(x07r) = {y E X : A(y’ y? ""y’ ‘,'UO) S /r}
is called a closed ball centered at x¢ with radius r.

Let X be an A-metric space with A-metric A. Then the diameter 6(X) of
X is defined by

0(X) =sup{A(z,z,z,...,z,y) rx,y € X}.
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Definition 3.2. The A-metric space (X, A) is said to be bounded if there ex-
ists a constant r > 0 such that A(z,z,...,x,y) < r for all z,y € X. Otherwise,
X is unbounded.

Theorem 3.3. Let (X1, p1) and (X2, p2) be two bounded A-metric spaces with
bounds My and Mas, respectively. Then the A-metric space (X, p) is bounded
with bound M = max {Mi, Ms} , where X = X1 x Xo and p is defined as in
Theorem 2.7.

Proof. Since (X1, p1) and (X2, p2) are bounded, we have

pl(:vl,xl,...,atl,xg) < M; for all r1,x2 € X1,

P21, Y1, - Y1, y2) < My for all y1,y2 € Xo.
By definition of p, we obtain

p(($la yl)u ceey ($17y1)7 ($25 3/2)) = max {pl(xlv '--7x17x2))p2(y1) "'7y17y2)}
<max{M;, My} =M
for all (z1,y1), (z2,y2) € X = X1 X X5. This completes the proof. O

Definition 3.4. Let (X, A) be an A-metric space. A subset §2 of X is said to
be an open set if for each x € Q there exists an r > 0 such that B(x,r) C (.

Remark 3.5. The open sets so described are those of a topology on X called
A-metric topology.

Theorem 3.6. The open sets of an A-metric space X are exactly the union
of open balls.

Proof. First, each open ball is an open set in X ([1]). Then, any union of open
balls is open and, if €2 is an open set, for all € {2, there exists an r, > 0 such
that B(z,r,) C Q from where Q C (J,cq B(z,7:) C Q and we obtain equality
Q= Uyeq Bz, rz). O

Theorem 3.7. The A-metric function A(xy,x2,....,x,) i continuous in all
its variables.

Proof. Let € > 0 be given and let l'(l), v 1‘2 € X. Then for z1, xo, ..., x, €

n—1»
X such that
€

n
Lj € ﬂB(l‘?»%

i=1

)
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for j =1,2,...,n and using lemma 2.9 (iii), we obtain

|A(z1, 0, oy 1, ) — A2, 25, 201, 20))

M-

<
Il
—

[A(zj, ..., 2, 29) + A(LL‘?, :r?, s x?, z1)]

€., €
2n  2n

NE

<

( ) =€

<
Il
—

This completes the proof. O

We denote also another important problem that is the A-metrizability of
the topological space which is satisfied under a condition given in the following
theorem.

Theorem 3.8. If the topological space X is metrizable then it is A-metrizable.

Proof. Suppose that X is a metrizable space and denote the ordinary metric
on X by d, where d induces the topology of X. Using an A-metric A; on X
defined as in example 2.3. This A-metric generate the same topology on that
of X. We deduce that X is A-metrizable. g

Theorem 3.9. (Kolmogorov space) An A-metric space X is a Ty-space.

Proof. Let xg,yo € X be such that xg # yo. Suppose that A(yo, yo, ---, Yo, o) =
r > 0, then yo ¢ B(x,r), where B(x,r) is an open ball in X defined by

B(zo,r) ={y € X : A(y,y, ...y, %0) <71}
Hence X is a Ty-space. Il

Theorem 3.10. (Frechet space) An A-metric space X is Ty-space.
Proof. Let xg,y0 € X be such that zg # yg. Suppose that

A(y07y07 -+, Y0, :EU) = A(m()a'rO) '--7550790) =7 > 0.

Then yo ¢ B(zg,r1), where B(zg,m1) ={y € X : A(y,y,...,y,x0) < r1}. Simi-
larly, zog ¢ B(yo,71), where B(yo,rm1) ={z € X : A(z,x,...,x,yp) < r1}. Since
B(xg,r1) and B(yo,r1) are two open balls in X containing xy and ¥, respec-
tively, we deduce that X is Tj-space. O

Theorem 3.11. (Haussdorff space) An A-metric space X is Ty-space.
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Proof. Let xg,y0 € X such that z¢ # yo. Consider two sets B and Bj as
follows :

B ={zxe X : Alx,z,...,z,20) < A(z,2,...,2,90)}
and
B ={zeX: A(z,x,...z,y0) < A(x,z,...,x,20)}
It is clear that B} and Bj contains z¢ and yo, respectively. To prove that
B} N B3 = @, suppose there exists z € BY N B3, then
Az, 2,y 2,20) < A2, 2, .00y 2, 90)
and
Az, 2z, ..., 2,90) < A(z, 2, ..., 2, 20)
which is absurd, because there are two contradictory statements. Then B} N
B3 = @. It remains to prove that B} and Bj are open sets. For this, let
x € BY. Then we have
Az, z, ...z, x0) < Az, 2,y .0y 2, Y0)

Az, x,...;x,y0) — Az, z, ..., x, T0)
2(n—1)
1, because for z € B(x, s), we have

> 0. It is clear that B(x,s) C

and set s =

Az, z, ...,z y0) — Az, 2\ ...y 2, T0)
2(n—1)

(3.1)
therefore 2(n — 1)A(z, z, ..., z,x) < A(z,z,....,x,y0) — A(z, z, ..., x,z0), which
implies that
(n—1)A(z,...,z,z)+A(z, ..., x,x0) < Az, ...,x,90)— (n—1)A(z2, ..., z,2) (3.2)
Now from (3.2), Lemma 2.4 and condition (A3), we obtain

Az, oy zy20) < (n—1)A(z, ..., 2z,2) + A(xo, ..., To, T)
< Az, ..,z,y0) — (n—1)A(z, ..., z,2)
< (n—=1DA(z, ...z, 2) + Az, ...y 2,90) — (n — D A(z, ..., 2, x)
= A(z,....2z,90)-

So

Az, .oy 2,20) < A2y ooy 2,Y0)s

which is the desired result. This proves that B} is an open set contains xzg.
Similarly, we can show that B is also an open set contains yy. Hence, any
A-metric space is Th-space. ]
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3.1. Completeness of A-metric spaces.

Definition 3.12. Let (X, A) be an A-metric space. A sequence {z} in X is
said to converge to a point x € X, if A(xg,zk,...,xp,x) — 0 as k — +o0.
That is, for each € > 0, there exists ng € N such that for all k& > ng we have
Az, xgy ..., T, ) < € and we write limg 4 o0 7 = .

Lemma 3.13. ([1]) Let (X, A) be an A-metric space. If the sequence {xy} in
X converges to a point x, then x is unique.

Definition 3.14. Let (X, A) be an A-metric space. A sequence {zj} in X is
called a Cauchy sequence if A(zy, zk, ..., Tk, Tm) —> 0 as k,m — +oo. That
is, for each € > 0, there exists ng € N such that for all k,m > ng we have
A(Tk, Thy ooy Thy Tr) < €.

Lemma 3.15. ([1]) Every convergent sequence in A-metric space is a Cauchy
sequence. The converse does not hold in general.

Definition 3.16. The A-metric space (X, A) is said to be complete if every
Cauchy sequence in X is convergent.

Lemma 3.17. ([1]) Let (X, A) be an A-metric space. Then the function
Az, x,...,x,y) is continuous if there exist {zy} and {yx }such that limy_, o xf =
x and limg_,oo yr, =y then limg_,oo A(Tk, Ty oy Tk, Y) = Az, 2, .oy 2, y).

The following lemma shows that every metric space is an A-metric space.

Lemma 3.18. Let (X,d) be a metric space. Then we have

(1) Ag(z1, 22, ..., 2pn) = Z?;ll d(xi, xy) for all x1,....,x, € X is an A-
metric on X.

(2) xp, — z in (X, d) if and only if z, — x in (X, Ay).
(3) {zn} is Cauchy in (X,d) if and only if {x,} is Cauchy in (X, Ayg).
(4) (X,d) is complete if and only if (X, Ag) is complete.

Proof. (1) Obviously, the first and the second conditions are satisfied. For the
third condition we have:
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n—1
Ag(x1, 29, 00y p) = Z d(zi, xn)
i=1

n—1
< Z [d(x,a) + d(a, zy)]
:1:11 n—1
= Z d(zi,a) + Z d(a,x,)
=1 =1
n—1 n—1
< ld(@ia) + .+ d(ziya)] + Y da, z)
i=1 i=1

n—1
= Z Ag(xi, x4y ooy iy a) + Ag(Tn, Ty ooy Ty @)
i=1

n
= ZAd(wi,{Ei, ceey xi,a).
=1

(2) We have
z, — x in (X,d) <= d(zp,x) —0
— d(zp,x)+ ... +d(xn,z) — 0 in (X, d)
— Aglzp,..,Tn,2) —0

where Ag(pn, Tn, ..oy Tn, ) = (n — 1)d(zy, ), that is x,, — = in (X, Ayg).
(3) We have

{zn} is Cauchy sequence in (X,d) <= d(zyn,zm) —> 0asn,m — +oo
= Ag(xn,...,Tm) = (n—1)d(zn, Tm)
—0

as n,m — +oo, that is {z,} is Cauchy in (X, 4y).

(4) Tt is a consequence of (2) and (3). O
The following example proves that the inverse implication of the precedent

lemma does not hold.

Example 3.19. Let X =R and

n n
A(x1, 22, vy p) = Z Z |z — x;

i=1 i<j
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for all z1,z2,...,x, € X. A is an A-metric (see[l], p7). Suppose that there
exists a metric d with A(z1,z2,...,2,) = Z?;ll d(x;, xy,) for all zy,...,2, € X.
Then A(z;, x4, ...y iy ) = d(xi, ) + d(zi, xp) + ... + d(zi, z,,) and so

d(zi, xn) = mA(wi,xi, ey Tiy Ty

We have also

n—1 1 n—1
Zd(xi,xn) =7 ZA(:U,-,Q?Z-, vy Tiy L)
i=1 " i=1
1 1
= — lA(iL‘l, iy 1, L) F e+ mA(:rn_l, ey Tp—1, Tp)
1 1
= n_1|x1—xn\—i-n_1|x2—xn—|—...+n_1|xn,1—xn|

Clearly, A(z1,22,...,xn) # Y iy d(x;, ), and this is a contradiction.

Next we show that the A-metric space is normal. Let C be a closed subset
of an A-metric space X. We define a function A(z,z,z,...,xz,C) by

Az, x,...,z,C) =inf {A(x,z,...,x,¢) : c € C}.
Then it is clear that
Alz,z,....,2,C) =0z € C.

We need the following lemma in the sequel.

Lemma 3.20. x — A(x,z,...,x,C) is a continuous function in an A-metric
space X .

Proof. Let ¢ € C. Then by the condition (A3), Lemma 2.4 and Lemma 2.5 we
have

Az, z, ...z, c) < (n— 1Az, z,....,x,y) + Ay, Yy, ..., y, C) (3.3)
and

Ay, y,....y,¢) < (n—1DA(y,y, ..., y,z) + Az, z, ..., z, C). (3.4)
It follows from (3.3) and (3.4) that

Az, z,...,z,C) — Aly,y,..,y,C) < (n— 1) A(z,z,....,x,y)
and

Aly,y, ...y, C) — Az, z, ...z, C) < (n — D A(y,y, ..., y, T).
And then we obtain

|A(z, z,...,C) — Ay, y,...,y,C)| < (n — D A(z, x, ..., z,y).
Therefore, if {z;} is a sequence such that ; — y and

’A<x’57 Lijyeeey Ty, C) - A(y7 Y, Y, C)’ < (n - l)A(xU Ly ey T,y y):
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then we obtain A(x;,z;, ..., 2z, C) — A(y,y,...,y,C). This shows that x —
A(z,z,...,xz,C) is a continuous function on X. O

Theorem 3.21. Let C and B be two closed subsets of an A-metric space X
such that CNB = @. Then there exists a continuous real function f : X — R
such that f(x) =0 for x € C and f(x) =1 for x € B.

Proof. Define a function f: X — R by

Az, z,...,z,C
fla) = : ) .
Az, z,y ...z, C) + A(z, 2, ..., z, B)
Since the function z — A(z,z,...,x,C) is continuous and denominator is

continuous and positive, the function f is continuous on X and satisfied f(z) =
0 for x € C and f(z) =1 for z € B. O

Theorem 3.22. An A-metric space X is normal.

Proof. Let A and B be two closed and disjoint subsets of X. Using the The-
orem 3.21, there exists a continuous real function f : X — R such that
f(z) =0for x € A and f(z) =1 for x € B. Define the open sets U and V in
X by

U:{xeX/f(a:)<z}
and

V= {xEX/f(gc)> i}
It is clear that, AC U and B C V and U NV = @. Hence, X is normal. [
Theorem 3.23. If a Cauchy sequence in an A-metric space contains a con-
vergent subsequence, then the sequence is convergent.

Proof. Let {z,} be a Cauchy sequence in an A-metric space X. Then, for each
€ > 0, there exists ng € N such that for all k&, m > ng we have

€
2(n—1)

Since the subsequence {ww(n)} of {x,,} converging to a point z € X, and also,
at the same ¢ > 0 is associated ry such that

ATk, Tl ooy Thoy Try) <

€
W 2 10, AT () Tp(r)s -+ T(r)s @) < 5

As ¢ is strictly increasing, there exist r; > rg such that ¢(r1) > ng, then for
all k& > ng,

A(Tg, Thy ooy Ty ) < (00— D A(Th, Thy ooy Thy Typ(y))

T A(Zp(r1)s Tip(r1)5 -+ Tip(r1)5 T)
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(n—1e €
=on—-1) "2 ©
Finaly, for all € > 0 there exist ng € N such that for all & > ng we have
Az, Ty ooy Thy ) < €. O

Theorem 3.24. Let X1, X2 be two A-metric spaces with A-metrics p1 and pa,
respectively. Define A on X1 x X9 by

A(('xlayl)v (332)3/2)7 ceey ('xnvyn)) = max {Pl(fEl, L2y eeny l‘n))pQ(yl)va 7yn)}

for (x1,vy1), (2,Y2)s ooy (Tnyyn) € X1 X Xo. Then (X, A) is complete if and
only if (X1, p1) and (X2, p2) are complete.

Proof. From the definition of completeness, we can prove this theorem. O

Definition 3.25. A sequence {F),} of closed sets in an A-metric space X is
said to be nested if

FiD>ODFD>...DF,D..

Theorem 3.26. (Intersection theorem) Let X be an A-metric space and let
{F,.} be a nested sequence of nonempty subsets of X such that §(F,) — 0 as
n — oo. If X is complete, then ;2 Fy, is a singleton.

Proof. Let X be complete. For each n € N, there exists z,, € F,, which is
nonempty. Then, for all m > n we have z,, € F,,, C F,,. So, for all m > n
and k > n we get A(Tp, Ty -ory Tm, T) < O(Fy,) such that §(F,) — 0 as
n — oo that is to say, for all € > 0 there exist ng € N such that for all n > ng
we have 0(F),) < e, a fortiori, we will have for all m > ng and k& > ng we
get A(Tm, Ty ooy Ty ) < €. Then {z,,} is a Cauchy sequence in a complete
space X and then {x,} converges. Let x be the limit of {x,}. Asforallm >n
we have z,,, € F,, and then x € F,, = F,, (F, closed), from where z € NyenF,
which is nonempty. Finally, if y € N,en F, we get

Az, x, .o,y y) < O(Fy)
for all n € N, so if n tends to infinity, we obtain
Az, x,....,z,y) <0.

It follows from A(x,x,...,x,y) = 0 that x = y. Therefore the intersection is a
singleton. O
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3.2. Compactness in A-metric spaces.

Definition 3.27. Let (X, A) be an A-metric space, and let € > 0 be given.
Then a set 2 C X is called an e-net of (X, A) if given any x in X there is at
least one point a in Q such that x € B(a,€). If the set 2 is finite then Q is
called a finite e-net of (X, A). Note that if 2 is an e-net then Q = (J . 4 B(a, €).

Definition 3.28. An A-metric space (X, A) is called A-totally bounded if for
every € > ( there exists a finite e-net.

Definition 3.29. An A-metric space (X, A) is said to be a compact A-metric
space if it is A-complete and A-totally bounded.

Theorem 3.30. Every sequentially compact A-metric space X is A-totally
bounded.

Proof. If X is not A-totally bounded, there exists € > 0 such that X has no
e-net. Let g € X. Then there must exists a point x1 € X, distinct from x,
such that A(x1,x1,...,21,20) > €, for otherwise, {xo} would be an € — net for
X. In the same way, there exists a point xo € X, distinct from zg and x; such
that A(zo,z2,...,z2,21) > €, for otherwise {xg, 1} would be an e-net for X.
Continuing this process, we obtain a sequence {xg,x1, ...} with the property
Axj,xj,...,xj,x;) > €, @ # j. Then {x,} cannot contain any convergent
sequence. Hence X is not sequentially compact. O

Below we give a theorem in an A-metric space without proof, since its proof
is similar to ordinary metric space case with appropriate modifications.

Theorem 3.31. For an A-metric space (X, A), the following are equivalent:
(1) X is compact,
(2) X is countably compact,
(3) X has Bolzano-Weierstrass property,
(4) X is sequentially compact.
Before stating our main result, we recall the following definitions which will
be useful later.

Definition 3.32. ([8]) A pair of maps f and g is called weakly compatible if
they commute at coincidence points.

Example 3.33. Let (X = [0,1],d) be a metric space with d(z,y) = |z — y|.
Define f, g : [0,1] — [0,1] by

flz)=z,9(x)=1—2 if z € [0,;],
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and
F(@) = g(z) = % iz e Bl] |

Then, for any = € [%, 1] , fg(x) = gf(z), therefore f,g are weakly compatible
maps on [0, 1].

Example 3.34. Let X = R. Define f,g: R — Rby f(z) =2> -1,z € R
and g(x) =z — 1,z € R. 0 and 1 are two coincidence points for the maps
fyg. We have fg(1) = gf(1) = —1, but fg(0) = 0 and ¢gf(0) = —2. Hence f
and g are not weakly compatible maps on R.

Now,we present the concept of weakly A-contractive for mapping f : X — X
as follows:

Definition 3.35. Let (X, A) be an A-metric space. A mapping f: X — X is
said to be weakly A-contractive type if for all x; € X, i = 1,...,n, the following
inequality holds :

1 1
A(fl‘l, f‘r27 ceey fxn) S %A(l'l, ey L,y fa:Q) + %A(LUQ, ey L2, fo)

1 1
4+ %A(:vn_l, ooy X1, fp) + %A(xn, vy Ty f1)
— ¢ (A1, ooy f22)y ooy A ety oy f0), ATy ooy f21))

where ¢ : [0, +00)" — [0, 400) is a continuous function with ¢(aq, ag, ..., ) =
0 if and only if a; =0 for all i =1, ..., n.

The following definition of the altering distance function was introduced in
([9]).-

Definition 3.36. The function % : [0, +00) — [0,+00) is called an altering
distance function if the following properties are satisfied :

(1) 4 is continuous and increasing;
(2) 9(t) = 0 if and only if t = 0.
4. MAIN RESULTS

Let (X, A) be an A-metric space and f,g : X — X be two mappings.
We say that f is a generalized weakly contraction mapping (g.w.c.m.) with
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respect to g if for all z,y € X, the following inequality holds:
¥ (A(fz, ..., fr, fy))
< <21n [(n —2)A(gz, ..., fz) + A(gz, ..., fy) + A(gy, ..., fx)]) (4.1)
— ¢ (Agz, ..., fz),...., A9z, ..., fx), A(gx, ..., fy), A(gy, ..., fx)),

where

(1) % is an altering distance function;
(2) ¢:[0,+00)" — [0, +00) is a continuous function with ¢(z1, xa, ..., T,)
=0 if and only if z; =0, for all ¢ =1,...,n.

Theorem 4.1. Let (X, A) be an A-metric space and f,g : X — X be two
mappings such that f is a g.w.c.m. with respect to g. Assume that

(i) f(X) Cg(X),
(ii) g(X) is a complete subset of (X, A),
(iii) f and g are weakly compatible maps.

Then f and g have a unique common fized point.

Proof. By using the assumption (i), we can construct a sequence {z,,} in X
such that gxpm4+1 = fxm, for any m € N. If for some m, gxm+1 = gTm, we
obtain gx,, = fx,, and then f and ¢ have a common fixed point. Assume
that gz, 11 # gry, for any m € N. For m € N and by (4.1) and (A43), we get

¢(A(9$ma ...,g$m7g$m+1))

= ¢ (A(fxm—la ooy fxm—lu fxm))

< w <2]’-fl [(n_Q)A(gxm—la ceey gl'm)‘i‘A(ngm_l, '“7gxm+1)+A(gxmv seey gxm)])
- ¢ (A(g.’Em_l, ) gxm)a ) A(gxm—la ) gxm—‘,-l); A(gwm, ) g.Tm))

1
< 77/) <2n [(2n - 3)A(gzvm_1, <y §Tm—1, gxm) + A(gxm—i-l, -'-7g$m+17g$m)]> .

Since 1) is increasing, by (4.2) and Lemma 2.5 we obtain

A(gmma ceey gxm+1)

1

< on [(n—2)A(9Zm-1, -, 9Tm) + A(gTm—1, s GTm+1)] (4.2)

1
< o [(2n — 3)A(9Zm—1, -, 9Tm) + A(GTm, ooy GTm+1)] -
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Then we have

1 2n—3
(1 - %)A(Ql‘m, ...,gﬂcm,gxm+1) < m A(gxm—la "'7gxm—1¢gxm)
2n—1

IN

m A(gl‘mfla vy §Tm—1, gxm)a

it implies that
A(gxm, ) gwm)me—i-l) < A(g$m—1a <5 §Tm—1, gl’m)

for any n > 1. Therefore {A(gZm, ..., 9Tm, gTm+1),n € N} is a non-increasing
sequence. Hence there exists o > 0 such that

lim A(gxm, ... 9Tm, gTm+1) = 0. (4.3)
m—r0o0
Letting m — 400 in (4.2), we obtain

lim A(gTm—1, s 9Tm—1, 9Tm+1) = NO. (4.4)

m—o0

We also have from (4.2)
T/J (A(gl‘ma ) gxm—i-l))

1
< <2n [(n —2)A(9Zm—1, -, 9Tm) + A(gTm—1, ...,gxm+1)]>
— O (A(gTm—1, o §Tm)y ooy A(gTm—1, oo, 9Tm), A(9Tm—1, -, 9Tm+1),0) .
Letting m — +oo and using (4.3), (4.4) and the continuity of ¥ and ¢, we get

Y(0) < ¥(o) — ¢(0, s 0,n0,0),

hence ¢(p, 0, ..., 0,n0,0) = 0. By a property of ¢, we deduce that ¢ = 0, that
is

lim A(gzm, ..., 9Tm, §Tm+1) = 0. (4.5)

m—o0

To prove that {gx,,} is a Cauchy sequence, we proceed as follows : Suppose
{gzm} is not a Cauchy sequence, then there exists € > 0 such that, for all
¢t € N, there exists two subsequences {gxp(i)} and {gxq(i)} of {gxm,} such
that ¢(7) is the smallest index for which ¢(i) > p(i) > 1,

A(gxp(i)a ) gxp(i)vgxq(i)) > €. (46)
Therefore we have

A(gxp(i), w0y 9T p(4) gmq(i),l) < €. (47)
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Using (4.6), (4.7) and the condition (A3), we have

€ < A(9Tp(i), s GTp(i)s 9Tq(s))

< (0= 1) A(gTp), -+ 9Tp(i)> 9Tp(i)—1) + AGT4(i)s -+ ITq(i)s 9Tp(i)—1)

< (0= 1) A(GTp(i), s 9Tp(i)> 9Tp(iy—1) + (0 — D) A(9Z(i)s -5 9T q(i)> ITq(i)—1)
+ A(GZp(i)—15 -+ 9Tp(i)—15 9Tq(i)—1)
< (n = 1) A(GTp(i), -+ 9Tp(i)> 9Tp(i)—1) + (1 — D)A(9Z (i) -5 9T q(i)> ITq(i)—1)
+ (0 = D) A(GTp(i)—15 -+ 9Tp(i) =15 9Tp(i)) + A(GTq(i) =15 -5 GTq(i)—1> 9Tp(i))

< (n = 1) A(GTp(i), s GTp(i)> 9Tp(i)—1) + (0 — D) A(9Z(i)s -5 9T q(i)> ITq(i)—1)

+ (0 = 1) A(gTp(i)—15 -+ 9Tp(i)—15 9Tp(s)) + €

Letting ¢ — +o0 in the precedent inequalities and using (4.5), we obtain

lim  A(9p3), s 9Tp(i)» 9Tq(i))

i——400
- hm A( i)s ey gL 9Ty (; )
i—400 ( ) a(i) p()= (48)
= ZE«IFOOA(gxp(Z)_h = 9Tp(i)—1, gxq(i)—l)
= €.

Now, by (4.1) we have

(0 (A(gﬂfq(i), s G (i) ITp(i)) )
(A(fxq(z 15 '7fxq(i)—l7fx i ))

gw(”;nzmgaz v Fa) + 5 A1 Fn 1)

1
+ A(g.’E IRIREEY) fl‘q(z )) - ¢ (A(gxq(z I RIREEY) fxq(z ) x3)
A(gxq(z 1y ey f.’B ) (gxp(z IEREES) fxq(z ))
= 1l)<2n [(n— Q)A(g$q(i)—1> 5 9%q(i)) + A(9Tg(i)=15 -+ ITp(s)) (4.9)
+A(gTpi) -1, -+ 9T ())]) — ¢ (A(gTg(i)—15 - 9Tg(i))s -
A(gxq(i)—h ey gxp(i))a A(gxp(i)—la ey gxq(z)))

1
< 1l)<2n [(n = 2)A(g2q()—15 - 9T 4(3)) + AGTg() =1, - ITp(s))
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Since 1) is increasing and by (As), we obtain

n—2

A(gwq(z)7 < 9Lq(i)> gwp(z)) < WA(gxq(i)—la = 9Tq(i) -1, gwq(z))

1
+ %A(g%(i)—b ey GT (i) =15 9Tp(i) )

1
+ 5 AlGTp(i) 15 -+ 9Tp(i) 15 ITq(i))

n—2
< 5 ATy 15 -+ 9Tq(i) -1, 9T ()
n n—1

2n

1

+ %A(gxp(i% ces 9T (i) 9T p(i)—1)
n—1

2n

A(GT (i) =15 -+ 9Tq(i)—1 ITp(i)—1)

+ A(GZp(i)—15 -+ 9Tp(i)—1, ITq(i)—1)
1
+ %A(gxq(i)—b = 9Lq(i)—15 gxq(z))

Letting ¢ — oo in the precedent inequalities and using (4.5) and (4.8), we get

‘=3 iginooA(gxq(")_l’ s §q(i) 15 Tp(i)) + €
1
< o [2(n — 1)¢]
It implies that
1' A . cee N . = 2 — €. 4.1
lﬁlfloo (gxq(Z)—h 79%(1)—179%@)) ne — € (4.10)

Letting i« — 400 in (4.9) and by (4.5), (4.8), (4.10) and the continuity of
and ¢, we get

1
n

P(e) < (2 [2ne — e+ e]) —¢(0,...,0,2ne — €, €) .

Therefore € = 0, this is a contradiction. We deduce that {gz,,} is a Cauchy
sequence in g(X), which is a complete subset of (X, A). So we obtain the
existence of t,u € X such that {gz,,} converges to t = gu and then

lim A(gzm, ..., gTm, gu) = 0. (4.11)

m—r+00

By using Lemma 3.17 we have

lim  A(gzm, ..., gTm, fu) = A(gu, ..., gu, fu). (4.12)

m——+00
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Now, we show that fu =t¢. By (4.1), we get
Y (A(gTm+1, -, fu))
=Y (A(fom, ..., fu))
< (A(g:z:m,. wfam) + %A(gajm, vy fu) + %A(gu, ey f:z:m)>
- ¢( (gxm, ceey fl'm), s A(gxm, ceey fU), A(gu7 L) fxm))
= <n2;2 (9Tmy -y GTmt1) + %A(gmm, oy fu) + %A(gu, ey f$m+1)>

- ¢ (A<gxm7 ...,g$m+1), 7A(g$7TL7 3] fu)7 A(gua "-7g$m+1)) .

Letting m — +oo and using (4.5), (4.11), (4.12) and the continuity of ¢ and
¢ and the fact that 1 is increasing, we get

Y (A(gu, ..., gu, fu))
< <21n [A(gu, ..., gu, fu)]) - ¢(0,...,0, A(gu, ..., gu, fu),0).

Then, A(gu,...,gu, fu) = 0 and hence fu = gu = t. Therefore, u is a coin-
cidence point of f and g. And since the pair {f, g} is weakly compatible, we
have ft = gt.
Now, to prove that ¢ is a common fixed point of f and g, we have by (4.1)
(0 (A(gta - gL, g$m+1))
= (A(f EE) ft7 f$m))

< zlz) < [(n - Q)A(gt7 ) gt’ ft) + A(gt’ "7gt7 fmm) + A(gxm7 ) gxm? ft)]>
— o (A(gt, .., gt, ft), .., A(gt, ..., gt, fxm), A(gTm, .., GTm, f1))
=1 < [(0+ A(gt, .., gt, gTm+1) + A(gTm, --7gxm,gt)])

—¢(0,...,0,A(gt, .., gt, gTm+1), A(gTm, .., gTm, gt)) -

Letting m — +o0o and by Lemma 2.5 and the fact that 1 is increasing, we
obtain

Y (A(gt, ..., gt, gu)) < 1/}( [0+ A(gt, .. ,gt,gu)+A(gu,---,guvgt)]>
_d)( 7"'707A(gt?"'?gt?gu)7A(gu7"‘7gu7gt))

<y ([Agt, ...,gu)]) — ¢ (0, ...,0, A(gt, ..., gu), A(gu, ..., gt)) .

Then ¢ (0, ...,0, A(gt, ..., gt, gu), A(gu, ..., gu, gt)) = 0 and with the property of
¢, we obtain A(gt,...,gt,gu) = 0. Therefore, gt = gu = t. We deduce that
ft = fu =t and then ft = gt =t, so the result follows.

(4.13)
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To prove the uniqueness, suppose that w is another common fixed point of
f and g. Using (4.1), we get

Y (A(t, ..., w)) =¥ (A(ft, ..., fw))
< <21n (1 — 2A(ft, oo 1) + Af, ooy f0) + A(fo0, ...,ft)])
G CAt, oo )y oors A(fs oo FE) A(Fty oo f0), ACf10, s f1))
< <iA(ft, ...,fw)> 30,y 0, AFEy s f0), A(f0, oy f1))

<Y (At ...,w)) —¢(0,...,0, A(t, ..., w), A(w, ..., t)) .

Then by the property of ¢, we have ¢ (0, ...,0, A(t, ..., t,w), A(w, ...,w,t)) = 0.
This implies that A(t,...,t,w) = 0 and then ¢t = w. O

Corollary 4.2. Let (X, A) be an A-metric space and f,g : X — X be two
mappings. Suppose that g(X) is a complete subspace of (X, A), f(X
and the pair {f, g} is weakly compatible. By putting

Y(t) =t, ot t, ... tn) = <21n - /B) > i,
i=1

where B € [0, %) in the inequality (4.1) and by Theorem 4.1, we conclude that
f and g have a unique common fized point.

N
o
>

Corollary 4.3. Let (X, A) be an A-metric space and f : X — X be a mapping
such that

Y (A(fz, fz, ..., fz, fy))
< <21n [(n—2)A(z,...,z, fx) + A(z, ..., z, fy) +A(Y, ..., v, fx)])
— ¢ (A(zy .y, f2), ..., Az, .y, f2), Az, ..., x, fy), Ay, ..., y, fx)),

where 1 is an altering distance function and ¢ : [0,+00)" — [0,4+00) is a
continuous function with ¢(x1,x2,...,2n) = 0 if and only if x; = 0, for all
t=1,....,n. Then f has a unique fized point.

Proof. By taking g = Idx, the identity mapping on X in Theorem 4.1, the
result follows immediately. O

Example 4.4. Let X = [0, 3] and the A-metric on X define by :

Az, z2, ..y xp) = Z Z |z — a4

i=1 i<j
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for n > 2 and 1, 29,...,2, € X. By taking ¢¥(t) = t, ¢(t1,te,....ty) =

Z’:lti,kz >2n, fr =2 and g = Idx, then we obtain
v (A(fz, fz,.... fz, fy)) =¥ (A(2,2,..,2)) =0
and

On the other hand, we have

o (A(z,y...,x,2), ..., Az, ..., z,2), Ay, ..., y,2))

= ¢((n - 1)"7: - 2’7 e (n - 1)“/17 - 2‘7 (n - 1)|y - 2|)
_(n=1%z -2+ (n— 1)|y — 2|

= ; ’

which means that the condition (4.1) is satisfied. Also we have, f(X) =
{2},9(X) =10,3], f(X) C g(X), g(X) is a complete subset of (X, A) and
the pair {f, g} is weakly compatible. Then f and g have a unique common
fixed point xz = 2.
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