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Abstract. The Hadamard product is employed in this study to describe a new class of
analytic functions that include linear operator. Some of the properties related to this new
class are also investigated. In the second result of this paper, applications on hypergeometric
functions that employ the popular hypergeometric functions with the operator are included

as well as achievement of some new results.

1. INTRODUCTION

Let X signify analytic meromorphic functions’ class f(z) which is normalized
by

f(2) =%+Zanz", (1.1)
n=1

in the punctured disk U* = {z:0 < |z| < 1}. Also, S*(8) and k(5) are em-
ployed, the subclasses of ¥ that contain all meromorphic functions, respec-
tively, include starlike of order 8 and convex of order 5 in U*, 0 < (3 (see the
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recent works [13] and [18]).
For functions f,,(z)(m = 1;2) given below

Im (Z) = % + Z an,mzna (1.2)
n=1

the Hadamard product (or convolution) for fi(z) and f2(z) can be expressed
as follows:

1 o0
=243 aniana”. 1.
(f1 % f2) Z+n:1a 10,22 (1.3)

Here, we the general Hurwitz-Lerch-Zeta function, is defined by the series (see

[[11], [12]]):

(2, k L 14
z,k,a) = — — :

(2,k, a) ak+nZ::1(n+a)k (1.4)
(a €eC\Zy, Zy ={0,-1,-2,...}; k € C whenz € U=U*U{0}; R (k) > 1
when z € 9U) .

Important special cases of the function ® (z, k,a) include, for example, the
Reimann zeta function ¢ (k) = ® (1,k,1), the Hurwitz zeta function ¢ (k,a) =
® (1, k, a), the Lerch zeta function lj () = ® (exp%’f, k, 1) ,J(EeRR(k) > 1),
the polylogarithm L} (z) = 2® (2, k,a) and so on. The expositions [[16], [17]]
provide recent results on ® (z,k,a). By employing the following normalized
function, Ghanim ([4], and also [5] and [6]) has introduced the function Gy 4,
defined by:

1
Gra(2) = (1 +a)" |® (2, k,a) — d* + -
z(14a)
1 1+a\* 5
=4+ < a> 2", zeU”
z 1 n+a

In agreement with the functions Gy, ,(2) and utilising the Hadamard product
for f(z) € ¥, a new linear operator Ly, f(2): ¥ — X is defined through the
following series:

1 X /1+a\" |, )
Liof(z) = 2 + Z lan| 2", z € U™. (1.6)

n-+a
n=1

From (1.6), it follows that

2 (LEf(2)) = aLkf(z) — (a+1) LEf(2). (17)
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The Hadamard product or convolution of the functions f given by (1.6)
with the function Ly ,g and Ly ,h given, respectively, by

Liag(z) = % + gjl (iii)k Ibn| 2", 2 € U*, g(2) € & (1.8)
and
Liah(z) = +§j(1+a> leal 2, 2 € U™, h(2) € 5 (1.9)
n=1
can be presented as follows:
Lia (f%9) ( +§:<1+G) lanbn| 2", z € U* (1.10)
n=1
and
Liq (f xh) (z):i+§<;iz>klancn|z”, zeU". (1.11)

The new class X (A, A, B) of meromorphic functions is introduced by ap-
plying the subordination definition, which can be given as:

Definition 1.1. A function f € ¥ with the form (1.1) is considered to be in
the class X¢ (X, 4, B) if it can satisfy the following subordination property:

Lio (f*g)(2) (A-DB)=
Miafeh () "N 1y Be

where —1 < B < A < 1, A\ > 0, with conditions |b,| > |c,] > 0 and

Lia (f xh)(2) #0.

As for the second result of this paper on applications involving hypergeo-
metric functions, we need to utilize the well known Gaussian hypergeometric
function needs to be used. We represent ¢(«, 3;z) as the function’s class,
given by

e U, (1.12)

Qg(aaﬁv 7+Z anJrl n (113)

where 8 #0,—1,-2,..., and o € C\ {0} and (A\)n = A(A + 1),,41 signifies the
Pochhammer symbol. It is clear that

Q;(Oé,ﬁ,Z) = %2F1 (1,@,6;2),
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where

= (D), (@), 2"
2F1(baa75;z):n§0()(nﬂgn)nn!'

The meromorphic functions with the generalized hypergeometric functions
have been considered recently by several authors; see, for example [1], [2], [3],
(7, 18], [9], [10], [14] and [15].

A new linear operator Ly, q(c, §) on 3 is defined, which corresponds to the
functions Gj4(2) given in (1.5) and employing the Hadamard product for
f(2) € X, through the follow series:

Ly (v, B) f(2) = ¢ (a, B;2) % G, , (2)
1 -

)
_;—&— Boey <n—|—a> lan| 2", z € U*.

n=1

Recently, many others considered the generalized hypergeometric and mero-
morphic functions along with the above operator. It follows from (1.14) that

2 (L5 (0,8) 1) = o (Th(a+1,8) £() = (a+ 1) LE (0, ) £(2). (1.15)

The following form is taken by the subordination relation (1.12) in conjunc-
tion with (1.14):

Ly (a+1,5) f(2) (A—B)z
A TN <A, 0SB<ASL >0 (L16)

Definition 1.2. A function f € ¥ in the form (1.1) is considered to be in the
class X (A, o, 8, A, B) if it can satisfy the above subordination relation (1.16).

2. CHARACTERIZATION AND OTHER RELATED PROPERTIES

Here, we will prove the characterization property that generates an essential
and the sufficient condition so that a function f € ¥ in the form (1.1) can fit
to the class X¢ (A, A, B) of meromorphically analytic functions.

Theorem 2.1. The function f € 3 is considered to be a member of the class
X% (N, A, B) if and only if it satisfy

00 k
5 (55%) Ol B) = feal 1L+ B) + 4= B) [on] < (A= B)21)
n=1
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For the function f,(2), the equality is attained, given by

a1 (A-B)(n+a) n
fn()_Z+(1+a)k()\|bn|(1+B)—|cn|(>\(1—|—B)—|—A—B)) - (22

Proof. Let f be in the form (1.1) belong to the class ¢ (A, A, B). Then, with
regards to (1.10) to (1.11), we find that

0 k
NS () an (o] = feal) 27

] k
(A=B) = 3 (32) an OB loal +{(A= B) = AB} [en]) 27!

n—

(2.3)

0 t
A D (222 Janl (1ol = feal) [27+1]

3
—_

— 00 t S 1.
(4=B) = % (52) Jan B oul + {(4 — B) = AB} |ea) [2+1]

n=1

—_

Putting |z| = (0 < r < 1), and considering the fact that the denominator
remains positive in the above inequality due to constraints stated in (1.12)
for all » € (0,1), by letting z — 1, we easily arrived at the desired inequality
(2.1).

Conversely, assuming that in the simplified form (2.3), the inequality (2.1)
holds true, we can easily show that

M(f*x9) (2) = (f +h) (2))}
AB((f x9) (2)) +{ (A= B) = AB} ((f x h) (2))
which corresponds equally to our theorem condition, so that f € ¢ (), A, B).
This completes the proof. O

<1, ze U",

From Theorem 2.1 we get the following result:
Corollary 2.2. If the function f € ¥ belongs to the class X¢ (X, A, B), then
(A=B)(n+a)*
(14 a)* AN |bp| (14 B) = |eal A(1+ B) + A — B))’
n > 1, where, for the functions f,(z), the equality holds true, given by (2.2).

The following growth and distortion properties can be stated for the class
Y8 (N A, B).

Theorem 2.3. If the function f defined by (1.1) is in the class £¢ (A, A, B),
then for 0 < |z| =r < 1, we get



448 Firas Ghanim and Belal Batiha

1 (A—B)
r b1+ B)—|al(ZN1+B)+A-B))
<[f (2)] (2.5)
1 (A— B) .
“r " (Al +B) =i/ A1+ B)+ A— B))
and
1 (A—B)
2 (A|b|(1+B) = || A1+ B)+ A— B))
< |f (2)] (2.6)
1 (A— B)

S 2 T OB a1+ B +A—B))

Proof. Since f € ¥¢ (), A, B), Theorem 2.1 readily gives inequality
c- (A—DB)

a,| < . 2.7
;| | (Ao1](1+ B) = |ei| (A (1+ B)+ A— B)) (27)
Thus, for 0 < |z| =r < 1 and employing (2.7), we have
1 & n
1f(2)] = E > lan 2]
n=1
1 m
<= (2.8)
<- —i—rnz:l\an\
< ! + (4- B) r
—r (A|(1+B)—|a|l(AM1+B)+A-B))
and
1 m
1f(2)] = F > lanl 2]
n=1
SER S (2.9)
T n=1
> 1 (4 B) T
“r Aw|(Q+B)—|al(AM1+B)+A-B)) "’
Also from Theorem 2.1, we get
- (A—B)
nlan| < . 2.10
2ol S R B eipa B A By 20
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Hence, we have

1 - _
17'(2)| = W+Zn|an\ Flks
n=1

1 m
< r—2+Zn\an\ (2.11)
n=1
_1 (A-B)
— 72 (Ah|(14+B)—|a|l(AM1+4+B)+ A—-B))
and
/ o 1 < n—1
1f'(2)] = —5 = > nlaal ||
1 m
> ﬁ—2n|an| (2.12)
n=1
1 (A-B)
— 12 (Ab|(1+B)—|e1i](AM(1+ B)+ A— B))’
This finishes the proof of Theorem 2.3. O

Next, the radii of meromorphically starlikeness and meromorphically con-
vexity of the class ¢ (A, A, B), is determined, given by Theorems 2.4 and 2.5
in the following:

Theorem 2.4. If the function f as defined by (1.1) is within the class X¢ (X, A, B).
Then f is considered to be meromorphically starlike of order & in the disk
|z| < 71, where

T = inf
n>1

(1= 6) (A lbal (1+ B) — e (A (1+ B) + A — B)) | 71
{ (n+2—46)(A—-B) } . (2.13)

For the function fy, (2), the equality is attained given by (2.2).
Proof. 1t is sufficient to prove that

W+1'§15. (2.14)
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For |z] <r; = (0 <r; < 1), we have
00 1 k
S (n+1) (H2) e
n=1
(M)k n
nre) anz

00 k
> (n+1) (T%‘;) a, 2"t
n=1

N =

_l’_

e

= SRR (2.15)
L+ E (niz> anzn+1
n=1
= 1+ k n+1
> (1) (35) lanl 12
=
=~ %) k
1= % () lanl =
n=
Hence (2.15) holds true for
o) k
1+a
S+ 0) (52 ) a2
n=1
00 k
1+4+a 1
<(1-9) (1—Z(n+a) \anw)
n=1
or
= 1+ k n+1
> (n+2-0) (E2) fanl |2
n=1 <1. (2.16)

1=9)
With the help of (2.1) and (2.16), it would be true to state that for fixed n
k
(n+2-8) (H2) |2
(1-9)
k
(£2)" (A Jbal (1+ B) = len (A (1+ B) + A - BY)
<

(2.17)

n-+a

(n>1).

Solving (2.17) for |z|, we get

(1= 8) (Aba| (14 B) — |ea] (A (1+ B) + A — B)) | w1
\z|<{ T2 8 (A_B) } . (218)

This completes the proof of Theorem 2.4. O
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Theorem 2.5. If the function f which is defined by (1.1) is in the class
Y2 (N, A, B), then f is considered to be meromorphically convex of order § in
the disk |z| < 2, where

(1=8) A lbal (1 + B) = [eal A (1 + B) + A= B) | 71
n(n+2-46)(A-B)
For the function f, (2), the equality is attained given by (2.2).

To = inf

n>1

(2.19)

Proof. By employing an identical technique used in the proof of Theorem 2.4,
we can show that

2 (f(2)"
(f (2))

For |z| < rg with the help of Theorem 2.1, Theorem 2.5 can be asserted. O

+ 2’ <1-4. (2.20)

3. APPLICATIONS INVOLVING GENERALIZED HYPERGEOMETRIC FUNCTIONS

Theorem 3.1. The function f € ¥ is considered as a member of the class
¢ (N a, B, A, B) if and only if it can satisfy

gy @ (LhaN*
Zl (Albp] (1 + B) = [en| (A (14 B) + A — B)) ( ) @l (3.1)

— (D)1 \n+a
<(A-B).
For the function f,(z) the equality is attained given by
fn(2)
1 < (A= B) (n+a)* (8),, n (3:2)

2

N z+§1 (A fba] (14 B) = |eal (A (14 B) + A= B)) (1 + a)* (), 1,
forn > 1.

Proof. By employing the same technique as in the proof of Theorem 2.1 as
well as Definition 1.2, Theorem 3.1 can be proved. O

(3.1) and (3.2) along with Definition 1.2, can be utilised to deduce the
following consequences of Theorem 3.1.

Corollary 3.2. If the function f € X belongs to the class 3¢ (A, o, 8, A, B),
then

(A—B)(n+a)f (B)ns1
(A [oul (14 B) = [ea| (A (14 B) + A= B)) (1 +a)* (),
forn > 1, where for the functions f,(z), the equality holds true given by (3.2).

(3.3)

|an| =~
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Corollary 3.3. If the function f as defined by (1.1) is within the class
X (N, B,A,B), then f is considered as meromorphically starlike of order §
in the disk |z| < r3, where

(L=8) (bl (14 B) ~Jeal A0+ B) + A= B) V7t
(n+2-9)(A—-B) ’ '

For the function fy, (2), the equality is attained given by (3.2).

Corollary 3.4. If the function f as defined by (1.1) is within the class

¢ (N a,B,A,B), then f is considered as meromorphically convex of order §
in the disk |z| < ryq, where

1
(A =06)(Alba (14 B) —[eal A1+ B)+A—B)) | "
= f . .
& 33%1{ n(n+2—3)(A—B) (3.5)
For the function fy, (2), the equality is attained given by (3.2).

rg = inf
n>1
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