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Abstract. By using the fixed point index theorem and the first eigenvalue, we establish the
existence of one or two positive solutions for the impulsive singular Sturm-Liouville boundary
value problem. In particular, we give a number of corollaries and an example to demonstrate

the applications of the developed theory.

1. INTRODUCTION AND PRELIMINARIES

Sturm-Liouville boundary value problems play a very important role in both
theory and application, which have been widely studied by many authors (see
[1], [6],[8], [9],[13] and references therein). For example, Zhang and Liu [12]
have established unique solution of initial value problems of nonlinear second
order impulsive integral differential in Banach spaces. Sun and Zhang [8] have

9Received February 18, 2009. Revised October 27, 2009.

02000 Mathematics Subject Classification: 34B16, 34B18, 34B24.

9Keywords: Singular Sturm-Liouville boundary value problem, impulsive, fixed point
index, positive solution.

OThe project is supported financially by the Natural Science Foundation of China
(10871116).



230 Fenghua Yang, Lijun Wang and Haiyan Xu

applied the fixed point index theorem and the first eigenvalue to establish the
existence of positive solutions.

Recently, in [7], Lin and Jiang studied the following second-order impulsive
differential equation with no singularity

u” + f(t,u) =0, 0<t<l,
— Aupy = Ii(u(ty)), k=1,2,---m
u(0) =u(l) =0,

and obtained two positive solutions by using the fixed point index theorems
in cone.

Motivated by the work mentioned above, we study the positive solutions
of nonlinear singular boundary value problems for impulsive Sturm-Liouville
differential equation

(p()u'(t)) +a(t) f(u®) =0, teJ,

—Aufy=,, = I (u(tr)),

Au|t tk_‘[k( ( )) k=1,2,---,m, (1)
a1u(0) — B limy_oy p(t)u'(t) =0

agu(l) + B limy—1— p(t)u'(t) =

where J = (0,1),0 < t; <ty < -+ <ty < 1,J = J\ {t1,t2, - ,tm},J =
[0, 1], Jo = (0, tl], J = (tl, tg] y I = (tm, 1) g, Iy € C(R+,R+), Au’]t:tk

WD) — u(t ), Auleme, = u(t]) = ulty ), (60, ult]), ((5), ) demote
the right limit (left limit) of «/(¢) and w(t) at t = tj, respectively.

a; >0,8,>0 (i=1,2), fe C(R",RT),a(t) € C(J,R") is allowed to be
singular at t =0 or t = 1, RT = [0, +00), ( ) € C([0,1],RT)NCY(J,RT) and
fl pds < 400,p = f + 1B + oo fO p(s > 0.

By applying the fixed point index theorem, we shall establish the existence
of one or two positive solutions for the above problems, which improve and
generalize the corresponding results of papers [1]-[13].

The rest of this paper is organized as follows. In Section 1, we provide some
preliminaries and establish several lemmas. In Section 2, the main results are
formulated and proved and we give a number of corollaries, In Section 3, we
give an example to demonstrate the application of the developed theory.

Now we denote the Green’s functions for the following boundary value prob-
lems

(p)u'(t)) =0, 0<t<1,

aru(0) — B limy—o4 p(t)u' ()
agu(l) + B limy—;— p(t)u'(t)

0,
0

)
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by G(t,s). It is well known that G(t, s) can be written by

Gt.s) = L BiaB0.9) (B +asB(t 1)), 0<s<t<l
T p | (B +aaB(0,1)) (B2 + a2B(s, 1)), 0<t<s<1,
where B(t,s) = ts pc(l:), p = aof1 + ai12 + a1a2B(0,1). It is easy to verify

the following properties of G(t, s)
(I) G(t,s) < G(s,s) < % (81 + a1 B(0,1)) (B2 + a2B(0,1)) < +o0,

(IT) G(t,s) > oG(s,s), for any t € [a,b],s € [0,1], where a € (0,#1],b €
[tm, 1) and

0< J:min{@—i_OQB(b7 L) b —|—qu(0,a)} <1 (3)

B2 +a2B(0,1)" 31 + a1 B(0,1)

We denote the first eigenvalue and the corresponding eigenfunction of

() (1) = o(D)al), 1(0) ~ i i p(e)u' (1) =0,

azp(1) + B im p(t)u'(t) =0,

by A1, ¢1(t). It is well known that A\; > 0 and ¢;(¢) does not change sign in
(0,1) and therefore, without loss of generality, we assume that ¢;(¢) > 0 for
0<t<1land |1 = tnax lp1(t)| = 1.

For convenience and simplicity in the following discussion, we denote

I - I
fo = timinf min 227 10k = timing £ To(k) = tim ing 22
z—0t t€al] T z—0t T z—0t T
t I - 1
foo = Timinf min 257 1) = timint 25 T (k) = lim e 72
T—00 tea,b) x T—00 x T—00 x
I —0 1
f°° = lim sup max f(t,:c)’ I°(k) = lim sup k x), I (k) = limsup k(x),
T—00 te[a,b] €T Tr—00 €T Tr—00 €T
fY = lim sup max It x)) I°(k) = limsup Ik(m), To(k) = lim sup Ik(x)
z—0+ t€lab] x z—0t z x—0T x

(H1) -

Uk;(fo(k)@(tk) + Lo(k)#) (t))p(t)
Jo d1(ta(t)dt

3 (Too(R)61 (t1) + Too (K)64 (1) (1)
) ¢1(t)a(t)dt

f0+ >)‘17

foo“‘ > M.



232 Fenghua Yang, Lijun Wang and Haiyan Xu

(IO(k) (1) + T (k) (te))p (1)
o [ ¢1(t)a(t)dt
(I (k) (t) + T (k)¢ (tx))p(ts)

o [} ¢1(t)a(t)dt
(H3) There exist p > 0,7,nx,7; > 0 such that for all 0 < 2 < p and
0<t<1,[f(t,z) <np,Ix(z) < np, Ir(z) < Typ, and

NE

B
Il

o4+ =

< )\la

ANGE!

foo+k1 < M.

m 1 m
n+ Y (e +m) > 0,77/ G(s,s)a(s)ds + Y Gltg, tr) (e + 1) < 1.
k=1 0 k=1

(Hy) There exist p > 0,\, A, A\ > 0 such that for all op < 2 < p and

b
Y (/\k+)\k)>0,)\/a G(%,s)a(s)ds—i— 3 G(%,tk)(kak)n.

0<tp<3 0<tp<s
(Hs) 0< fol G(s,s)a(s)ds < oo.
~LetX =C [J,R*] denote the Banach space of all continuous mapping z :
J — Rt with norm ||z|| = sup,c|2(t)|, for k =1,2,--- ,m. Let

PC[J,RT] = {z:zisamap from J into RT s.t. x(t) is continuous
at t # tx, left continuous at t = t; and its right limit exists },

PC'[J,R*] = {z:z isamap from J into R* such that z’(t)
is continuous at t # tg, left continuous at ¢ =ty

and its right limit 2’ (t)) exists at ¢t = t;}.

Then they are Banach spaces with the norm ||z||pc = sup,cj|z(t)|, and

2]l por = max{|lz|lpc, ||l pc}.
Let K be a cone in X = PC[J,R"] defined by

K ={x € PC[J,R*] : 2(t) > 0,t € [0,1],and x(t) > o|z| pc,t € [a,b]}
Definition 1.1. A function
z(t) € PC'[J,RYINC2(J,R), p(t)a’(t) € C'([0,1],R),
is called a solution of BV P(1) if it satisfies BV P(1).
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Next, let us define an operator ® : X — X by

1
/Gmmmv@mmw

+ > Gt t) Tn(ulte) + Te(u(ty)), t€[0,1].
0<trp<t

Clearly, by (H;) and (Hs), we know that the operator ® is well defined, and
u is a positive solution of the BV P(1) if and only if u is a positive fixed point
of the operator .

Lemma 1.1. ®(K) C K. K is a cone defined before.

Proof. We show that for any u € K
Su(t) > o||Pu(t)| pc,t € [a,b].

For any v € K, from the property (I) of G(t,s), we know that

1
[®llpc < / G(s,s)a(s)f(u(s))ds + Z (e, t) (T (u(ty)) + Ii(u(tr)))
0 0<tp<t @
On the other hand, by the property (II) of G(¢,s), for any t € [a, b], we have
Du(t)
— 3 Gt s + 5 Gl () + u(w(t)
> o [y G(s,s)a(s) f(uls))ds + JO<tZ<tG(tk7 t) (T (u(te)) + I (u(ty)))
=0 {fo1 G(s, s)a(s)f(u(s))ds + o<;<tG(tk’ te) (L (u(ty)) + Ik(u(tk)))} :
(5)

It follows from (4) and (5) that for any v € K,

Su(t) > o||Pu(t)| pc,t € [a,b].
Thus, ®u € K. Therefore, ®(K) C K. O
Lemma 1.2. & : K — K is a completely continuous operator.

Proof. For any n > 2, we defined a continuous function a,, by

inf {a(t),a(2)}, 0<t<d,

— 1 1
an(t)— (I(t), n §t§ l_ﬁ’
inf {a(t),a(1-1)}, 1-1<t<1
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Next, for n > 2, we define an operator @, : K — K by

1
QO u(t) = /OG(t,s)an(s)f(u(s))ds
+ Y Gl te) (Ie(u(tn) + Te(u(tr), t€[0,1].

0<tp<t

Obviously, for any n > 2, ®,, is completely continuous on K by an application
of the Ascoli-Arzela theorem (see [3]). Then ||®,, — ®|pc — 0, as n — +o0.
In fact, for any v € By = {u € K : |[ul]|pc < 1}, from (H;), (Hs) and the
property (I) of G(t, s), we obtain

1
[ = @ullp = max /0 G(t, 9)[a(s) — an(s)]f(u(s))ds
< |7 G5, 9)la(s) — an(s)] f(us))ds

0
1

+ G(s,8)|a(s) — an(s)[f(u(s))ds

1—

3= 5=

IN

M ; G(s,s)|a(s) — an(s)|ds

1
+M/ ) G(s, 9)|a(s) — an(s)|ds
1—1
— 0, n — 400,

where M = Jnax f(z). Hence ||®,, — ®|[pc — 0, as n — +o0. Therefore, ® is
x

completely continuous. This completes the proof of Lemma 2.2. O

Forr > 0,let K, ={x € K : ||z|| <r} and 0K, = {x € K : ||z| = r}. The
following lemma is needed in this paper.

Lemma 1.3. [3] Let ® : K — K be a completely continuous operator, assume
&z #£ x for every x € OK,.. Then the following conclusions hold.

(i) if |z|| < ||®x| for z € OK,, then i(®, K,, K) = 0;

(ii) if ||z|| > ||®x]| for z € K, then i(®, K,, K) = 1.
Lemma 1.4. ([2],[3]) Let ® : K — K be a completely continuous mapping
and pudx # x for x € 0K, and 0 < p < 1. Then i(®, K,, K) = 1.

Lemma 1.5. ([2],[3]) Let ® : K — K be a completely continuous mapping.
Suppose the following two conditions are satisfied.
(i) infyesr, ||Pz|| >0
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(ii)) pPx # z for every z € 0K, and p > 1.
Then i(®, K, K) = 0.

2. EXISTENCE OF POSITIVE SOLUTIONS AND SOME COROLLARIES

Theorem 2.1 Suppose that (H;) and (H3) hold. Then BV P(1) has at least
two positive solutions u; and ug, such that 0 < |[uq|[pe < p < ||ual|pe-

Proof. The first step, suppose that (H3) holds, then i(®, K, K) = 1.
In fact let u € K with ||u||pc = p. From (H3) we have

1 m
[Pullpe < /0G(Svs)a(S)f(Svu(S))dSJrZG(%tk)(fk(u(tk))+I_k(u(tk)))

k=1

IN

k=1

1 m
p (Tl/o G(Sas)a(s)d5+ZG(tkvtk)(nk)+771c)>
p

= lullpe:
That is ||u|pe > ||Pu||pe for u € OK,. Therefore, by Lemma 1.3, we obtain
i(®,Kp, K)=1. (6)
The second step, we prove that there exists 0 < r < p such that
i(®, K, K)=0.

We first show inf,cpk, ||Pu|| > 0. By (Hi), there exists 0 < g9 < 1 such
that

o 3 (To(k)ér (tx)+To (K)&, (t)p(tx)

—_ k=1
(1 EO) fO * /01 o1 (t)a(t)dt > A1,
> vi (7)
7 32 oo (kg1 (tr)+T oo (R)1 (t))p(t1)
(L =eo) | Joo [y ¢1(t)a(t)dt > A1

By the definitions of fy, Iy and I, there exists 0 < r9 < p such that for any
t € la,b],0 <z <r,

F(t2) > fo(l—co)e, (@) > To(B)(1 —eo)e,  Ta(x) > To(k)(1 — o)z (8)
Let r € (0,79). Then for u € 0K, we have

ro > ||ullpe > u(t) > ol|ullpe = or >0, t € [a,bl. (9)
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So, by (8)and (9) we get

+o(k)(u (k)))
> (1 —eg)or fof G(3,s)a(s)ds
+ X G5 te) o

0<tk<7

this implies that inf,cox, |[Pull > 0.

Next we show u®u # u for every u € 9K, and p > 1. If it is not true, then
there exist ug € K, and pg > 1 such that uo®ug = ug. It is easy to see that
ug(t) satisfies

(p(t)up (1) + poa(t) f(uo(t)) =0, te T,
—Augli=t, = e (uo(tk)),

Au0|t:tk :Ik(uo(tk)), k: 1,2,--- ,m, (11)
aug(0) — By limy oy p(t)ug(t) =0,
Ctg’u,o(l) + ,32 limt_,l_ p(t)uf)(t) =0.

Multiplying (p(t)ug(t))’ by ¢1(t) and integrating the product from a to b with
respect to t, then we get

f(@u@)()

= [ or(t)d(p(t)up( +Zﬁ% d(p(t)up(t)
+L¢mw<><»

= <y1%m—o — [ (E)p(t)up(t)dt

)
(¢1(tk+1)P(tk+1)uo(tk+1 —0) — g1 (tr)p(tr)up(te +0))  (12)

;JW*<mw%@ﬁ—@wmmWM%+m
f A (t o(t)dt
= — Auo(tk)qﬁl tr)p f p(t @) (t)dt.

tm
m'
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Similarly, we have

S, (&) (£) ) (1)t »

—f“ ¢' (B)duol®) + X [ 6 (Op(t)duo(t) + [, 61t
= - El Ao 1) (t)p(te) = J; ({0 (1)) wo(t)dt

= — 5 Aug(t)d} (t)p(ti) + M [ a(t)1 (t)uo(t)dr.

k=1

Then, from (12) and (13), we get

S ()b (t)) ¢ (t)dt

= - kil A (1) (1) plty) + kil Aot (t)p(t)

—M1 [ a(t)gr (t)uo(t)dt

= o kﬁl (T (uo(tr)) 1 (tr) + T (uo(te)) ¢ (tr)) p(tr)

A [Da(t)gn (t)uo(t)dt.
From (11), we obtain (p(t)ug(t))" = —poa(t) f(uo(t)), so

b b
/ (p(#)uy(1)) b1.(E)dE = —pio / o1 (t)at) f (uo(£))dt.

Then, from (14) and (15), we get

237

p(t)duo(t)

(15)

M Jy a8 (Duo(t)dt = po Z (2 (uo(tr)) 91 (tr) + Ti(uo(tr)) ' (tk)) p(te)

+M0f p1(t)a(t) f(uo(t))dt

> (1 _60)1;::1( o(k)p1(tr) + To(k) @ (tr)) uo(tr)p(te)

(1 —e0) fo [ é1()a(t)uo(t)dt.

Since ug(t) > o||lul|pe > 0 for all ¢ € [a, b], we have

/qbl t)dt > 0

and

Z k)1 (tr) + To(k) ) (tr)) uo(tr)p(ty) > 0.

k=1

(16)
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By (16) we know A1 > (1 — &9) fo, and hence we obtain
(M = (1=20)fo) J; Ot HUO( )|t
> (M —(1 ~ 0 ) fo) fa ¢1 uo(t)dt
> (1 —eo) /;1 (Lo (k) (tr) +To(/€)¢'1(tk)) o (tr)p(tr) (17)

> (1 —eo)ofluo(®)] él (To(k)1(tr) + To(k) ¢, (1)) p(tr)-
This implies that
(A1—(1—e0) fo) / o1(t)a(t)dt > (1—eg UZ To(k) 1 (te) + To(k)dy (t)) p(tr)-
k=1

So,

m

U}; (To(K) 1 (tr) + To(k)¢h (k) p(tr)
= fo S2 pr(t)at)dt

which is a contradiction with (7). So we obtain u®u # u for every u € 0K,
and g > 1. Hence, by Lemma 2.5, we get

(P, K, K)=0. (18)
The third step, we prove that there exists large enough R such that
i(®, Kp,K)=0.

Firstly, we show inf,cox, [|[®ul| > 0. From the definitions of foo, Ioo and I,
there exists H > p > 0 such that for any ¢ € [a,b] and = > H,

ft,m) > foo(l—co)z, Ip(x) > Io(k)(1—e0)z, Ti(z) > Ioo(k)(1—go)z. (19)
Let

- ogiXH;E?é(b’ (t:2) = fool1 = 20)2]
+k210g§%<XH|Ik( ) — Iso(k)(1 — €0)z| (20)

+k2101<I}ca<XH|Ik( 1) — Io(k)(1 — g0)x|.

Then, from (19) and (20), we have

ft,x) > foo(l —e0)z — ¢, Ix(x) 2 I(k)(1 —e0)z — <,
I(z) > Io(k)(1 —eg)z — ¢, forall t € [a,b],z > 0.

Choose R > Ry = max{%,p}. Let v € OKg. Then u(t) > o||lul|pc = cR > H
for all t € [a,b], by (19) and (II) we have

F(t.2) > foo(l—e0)oR, In(x) > Lo(k)(1—0)oR, Tn(z) > Too(k)(1—co)oR.

(21)
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Proceeding as in second step, we can get inf,cpx, ||Pul| > 0.

Secondly, we show that if R is large enough, then we have u®u # u for
every u € OKg and p > 1. In fact, if it is not true, then there exist ug € 0Kg
and po > 1 such that pg®uy = ug. It is easy to see that wu(t) satisfies (11),
and similar to the analysis in second step, by (24), we obtain

M SYat)gr(tyuo(t)dt = pg 1§1 (Ix (o (tr)) o1 (tr) + Tr(uo(tr)) 94 (k) p(tk)

+110 f;ﬁbl(rs a(t) f(uo(t))dt
(1—50)kz (Too(K)p1(tr) + Too (k)@ (1)) uo(te)p(te)

(1_750 foof (151 ()
—(kzlwk)w ) pte) + [ 6t )

() If (1 = £0) foo < Au, then

m

(= (1= 20)foe) [ dn(Baltyup (B)dt + ¢ (2 (61(t) + 4 (t)) Plte)

bl

+ [0 o1 (f)a(t)dt) > (1 —¢o) kil (Too (F) 1 (1) + Too (k) (1)) o (te)p(tr),
such that
lluollpe(A1 — (1 = €0) foo) f ¢1(t)a(t)dt + c( i (¢1(tr) + &) (tx)) p(tr)

k=1

+ [ oradt) = (1= zo)aluolle 3 (T (W)1 (1) + Too (0)6 (1)) plt).

k=1
This implies

( 5% (61 (b)+6) (1) (i) + [ m(t)a(t)dt)
[uollpe < el . =: Ry.
(1200 35 (Too (k)01 (1) +Tow ()94 (1) )otr) - (s ~(1=e0) ) [ 61 (a0

(H) If (1 — Eo)foo > )\1, then

<i (61(tr) + &4 (t) p(te) + [7 b1 (t)a(t)dt)

k=1
> (1= 20) foo = M) f, S1(t)a(t)uo(t)dt
> (1 = €0) foo — A1)0l[t0lpe [, $1(t)a(t)dt.

e}

Thus
¢ (i (6n(t) + 64 (1)) plti) + 2 ¢1(t)a(t)dt>

k=1

(1 —e0)foo — A1) f o1(t

:RQ.

[uol|pe <
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Let R > max{Ry, Ry, Ro}. Then for all u € 0Kg and p > 1, u®u # u. Hence,
by Lemma 2.5, we have

i(®, Kp, K) = 0. (22)
By (6), (18), (25) and the property of the fixed points index, we obtain
i(®, Kp\Kp,K) = -1, i(®,K,\K,,K) = 1. Thus, BVP(1) has at least
two positive solutions u; and ug satisfying 0 < [Ju1||pe < p < [Juz||pe- O

Theorem 2.2. Suppose that (H3) and (Hy) hold. Then BV P(1) has at least
two positive solutions u; and us satisfying 0 < ||u|lpe < p < [|uz||pe-

Proof.  The first step, suppose that (Hy) holds, then i(®, K, K) = 0.
Let v € K with ||u||pc = p. From (H4) we have

[ Pul[pe ZQ?(%) _
= Jo G5, 9)a(s)f(s,uls)ds+ > G(5,tr) (Te(ultr)) + T(u(tr)))

0<tk<%

> [, G(3,9)als) f(s,ule))ds + X G, te) k(ulth)) + T(ulty)))

0<t1€<%

>p (A GEs)a(s)ds+ Y G t) (e + M)

0<tp<s
>p
= [Jellpe-
This implies that for any v € 0K, we have ||u|| < ||®u||. Therefore, by Lemma
1.3, we obtain

i(®, Ky, K) = 0. (23)

The second step, suppose that 0 < r < p holds. Then i(®, K,,K) = 1. In
fact, by (Ha), there exists 0 < 1 < min{\; — f°, A\; — f°°} such that

(== £ [ or0aat > 5 (k) +21) én(tn)
k) +e0) ) ) )y
(=1 = 1) L oa(Balat > 5 (1K) + 1) én(t)

+ (T(k) + 1) & (1) plte).

By the definitions of f°, % and TO, there exists 0 < rg < p such that for any
t € [a,b],0 <z <ry we have

+

/N

fta) < (P +en)e, I@) < (O0) +en)z,  Te(w) < (T'(k) +e)a. (25)
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Let r € (0,70). We now show that u®u # u for u € 0K, and 0 < p < 1. If this
is not true, then there exist ug € 0K, and 0 < pug < 1 such that pugPug = ug.
Then ug(t) satisfies BV P(11). From (25), multiplying (p(t)ug(¢))’ by ¢1(¢) and
integrating the product from a to b with respect to ¢, and proceeding as in the
second step of proof of theorem 2.1, we have

M, a(t)n (Huo(t)dt
= Ko Z (fk(uo(tk))¢1(tk) + Ti(uo(tr)) 9 (tr)) p(tr)
+uof P1(t)a(t) f(uo(t))dt
< 3 (e +el>¢1< o)+ (1) +el>¢1<tk>) o (t)p (1)
f0+61 f ¢1(t)a(t)uo(t)dt
Since ug(t) > o||ugl||pec = or for t € [a,b], we have
r(a = f0—e1) [y oa()er(B)dt < (O — [0~ e1) [ du(ta(tyuo(t)dt
< 3 (W) +=0)n ()
(1) + 1) (1)) o )p(t)
<r 5 (W) + 2ot + ')
+€1¢1(tk)) (tr)-
This is a contradiction with (24). Hence, by Lemma 1.4, we have
i(®, K, K) = 1. (26)

Thirdly, we prove i(®, Kr, K) = 1. From the definitions of f°°,1°° and T~
there exists H > p > 0 such that for any ¢ € [a,b] and x > H,

ftz) < (f°+evz, In(z) < (IP(k) +en)e, I(z) < (I7 (k) +er)a. (27)

Proceeding as in the third step of proof of theorem 2.1, for any ¢ € [a,b] and
x> H, let

e RA
+;1021XH\Ik() (I (k) +e1)a] (28)

+ 3 ma (Ti(x) — (I () + )al.

Then, from (27), for all t € [a,b],x > 0, we have

ft,z) < (f°° +e)r+e, Ip(x) < (I®(k)+e1)x +c,

Tp(x) < (T°(k) +e))x +c (29)
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Then we show that if R is large enough, we have u®u # u for every u € 0Kpg
and 0 < p < 1. In fact, if it is not true, then there exist ug € 0Kpg and pg > 1
such that po®ug = ug. It is easy to see that u(t) satisfies (11), and similar to
the proof of the third step of Theorem 2.1, we obtain

luollpe(\ — £ — 1) [ oa(t)en (t)dt
< ()\ — 2 —e1) [P 1 (t)atyuo(t)dt

< S5 (%00 + 2060 () + 0 + 2064 (1) uo ()
(i (61(6) + 6, 0)) () + [} 10011

m

< uollpe 3o ((I%°(k) + 1)1 (tr) + (T (k) + e1)8) (t)) p(te)

k=1

Te (i (Gn(ts) + (1)) plti) + [ <t>a<t>dt> |

k=1

So,

ol ( 3 (61 (t4) 40} (1) )plti) + [ m(t)a(t)dt)
U|lpe < b —
T e [ aaon 0di= 3 (1% (+ea)n ()T () e1)64 (0))o(0n)

=: Ry.

Let R > max{H, R;}. Then for all u € 0K and 0 < u < 1, uPu # u. Hence,
by Lemma 2.5, we have

i(®,Kp, K) = 1. (30)

By (23), (26), (30) and the property of the fixed points index, we obtain
i(®, Kp\Kp,K) =1, i(®,K,\K,,K)=—1. Thus, BVP(1) has at least two
positive solutions u; and ug satisfying 0 < [|ui||pe < p < ||uz]|pe- O

Corollary 2.1.. Suppose that (Ap)

S0 (10(k) 61 (1) + T (k)64 (1) ()

0 k=1 )\
I o [T o1 (t)alt)dt =
i (1 (k) (1) + T (), (1)) p(t)
foo k=1 1 < A1.
o [y o1(t)a(t)dt

Then BV P(1) has at least one positive solution.
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Corollary 2.2. Suppose that (As2)

o 3= (Io(k)é () + To (k)% (tx))p(te)

k=1 )\ :
fot X 6 (Dalt)dt -
akiluoo(k)m(tk) + Too (B)04 (1)) (t2)
0 = A.
Joo Jo é1(ta(t)dt s

Then BV P(1) has at least one positive solution.
Corollary 2.3. Theorem 2.1 is valid if (H;) is replaced by

Jo=o00, or Zfo )é1(tk)p(tr) = 0o, or ZIO )1 (tr)p(tr) = oo,
and
Joo =00, or Z k)1 (tr)p Z ¢1 tr)p(tr) = oc.
k=1 k=1
Corollary 2.4. Theorem 2.2 is valid if (Hs) is replaced by
=0, I°%) =0, T°(k)=0,0r f~=0,
I°(k)=0, T°(k)=0, k=1,2,---,m.
Corollary 2.5. Corollary 2.1 is valid if (A;) is replaced by
Jo=o00, or Zfo )é1(tk)p(tr) = oo, or Zfo )¢ (t)p(tk) = oo,
and
fe=0, I®°k) =0, T°(k)=0, k=1,2,--- ,m.
Corollary 2.6. Corollary 2.2 is valid if (As) is replaced by
Joo = 0, orZI k)o1(tg)p ooorZI k)¢ (tr)p(te) = oo,

and
=0, I°%) =0, T'(k)=0, k=1,2--- ,m.
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3. EXAMPLE

Example 3.1 Now we give an example

(t—28%/ ) +u +u’ =0t e J,0<a<1<p,
- Aul|t=tk - CkU(tk),Ck Z O7k - ]-a 27 s, MM,
Au|t=tk = dku(tk)vdk Z O)k = 1727 s, M, (31)
(0) =0,
12 1
1 1 .
| Zu + v =0

Then BV P(31) has at least two positive solutions u; and ug, satisfying
0 < flurllpe <p < fuzllpe:

Where

B1=0, ag=p ——71 oz_——u mG(tt) <1 G(tx, tr)d <f1
E c g
1 » a1 2= 5 @2 7’;€1 ks Uk )Ck (L, tr)di 5
(32)
By (32), choose 1 > 0 such that

2<?7<5<1—2Gtk,tk ZGtk,tk )
k=1 k=1
Since f(t,u) = u® +u®, fo = 00, foo = 00, so (H1) holds.

From B(t,s) = fs C(l:), and p = a1 + a1 f2 + a1a2B(0, 1),

G(s,s) = [1) (B + a1 B(0,s)) (B2 + a2B(s,1))

(B1 +a1B(0,1)) (B2 + a2B(0,1))
azf1 + a1B2 + a1 B(0, 1)
1

G

So, we have

1 1
(81 + a1 B(0,1)) (B2 + a2B(0,1)) 1
/0 Gls, 8)ds < / azf1 + a1 B2 + a1a2B(0,1) a 6

Let ni = ¢k, M, = di, such that n, ng, 7, satisfying

TH‘Z (M + M) >077/ G(s,s)a s)ds+ZG(tk,tk)(77k+ﬁk)<1.
k=1 k=1
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Let p =1 for every 0 < u < p. Then, we have

[t u) =u® + P Spo‘—i—p/6 =2 < np,
I (u) = cpu = nru < ngp,
Ij,(u) = dyu = 7p)u < pp.

So (H3) hlods. From Theorem 2.1, the conclusion is established.
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