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Abstract. In this paper, three results concerning the existence and uniqueness of common
fixed point for four mappings satisfying contractive inequalities of integral type in metric
spaces are introduced and proved. And also, we give the three examples.

1. INTRODUCTION AND PRELIMINARIES

In 2008, Dutta and Choudhuty [4] proved the following result for (v, ¢)-
weakly contractive mappings in a complete metric space.
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Theorem 1.1. ([4]) Let T' be a mapping from a complete metric space (X, d)
into itself satisfying

P(d(Tx, Ty)) < p(d(z,y)) — ld(z,y)), Y,y € X, (1.1)

where 1, p : RT — RT are both continuous and monotone nondecreasing func-
tions with ¥(t) = p(t) = 0 if and only if t = 0. Then T has a unique fized
point a € X such that lim,, oo T"x = a for each x € X.

In 2002, Branciari [3] was the first to introduce the concept of contractive
mapping of integral type and proved the following result, which generalizes
the Banach fixed point theorem.

Theorem 1.2. ([3]) Let T be a mapping from a complete metric space (X, d)
into itself satisfying

d(Tx,Ty) d(z,y)
/ e(t)dt < c/ p(t)dt, Vr,ye X, (1.2)
0 0

where ¢ € (0,1) is a constant and ¢ : RT™ — R™ is Lebesque integrable, sum-
mable on each compact subset of R and fos (t)dt > 0 for each e > 0. Then
T has a unique fized point a € X such that lim,_,.o T"x = a.

In recent years, the researchers [1, 2, 5, 6, 8-16] proved some fixed and com-
mon fixed point theorems involving a lot of (¢, ¢)-weakly contractive map-
pings and contractive mappings of integral type. In particular, Liu et al. [9]
and Hosseini [6] certified the following theorems, which extend the results of
Branciari [3] and Dutta and Choudhuty [4].

Theorem 1.3. ([9]) Let T be a mapping from a complete metric space (X, d)
into itself satisfying

d(Txz,Ty) d(z,y)
1/}(/0 w(t)dt) < ¢</0 w(t)dt)
d(z,y)
—¢>< / so(t)dt)>, Vo,y € X,
0

where ¢ : RT — R* is Lebesgue integrable, summable on each compact sub-
set of RY and [5¢(t)dt > 0 for each e > 0, ¢ : Rt — RT satisfies that
liminf, o ¢(an) > 0 if and only if iminf,, o a, > 0 for each {an}nen C
R*, ¢ : Rt — RT is continuous and monotone nondecreasing function with
¥(t) =0 if and only if t = 0. Then T has a unique fized point a € X such
that lim,,—yoo T"x = a.

(1.3)
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Theorem 1.4. ([6]) Let T and S be two mappings from a complete metric
space (X, d) into itself satisfying

d(Tz,Sy) M(z,y)
w(/o go(t)dt) < z/z(/o go(t)dt)
M (z,y)
—¢>< / so(t)dw), Va,y € X,
0

where ¢ : RT — RT is Lebesque integrable, summable on each compact subset
of RT and [5 ¢(t)dt > 0 for each e > 0, ¢ : Rt — RT is semi-continuous
and ¢(t) = 0 if and only if t =0, ¢ : Rt — RT is continuous and monotone
nondecreasing function with ¥(t) = 0 if and only if t =0 and

(1.4)

M) = max {d(o,).d(a, o), ),
X (1.5)
g[d(y,Tx) + d(z, Sy)]}, Vr,y € X.

Then T and S have a unique common fized point a € X.

The purpose of this paper is both to study the existence and uniqueness of
common fixed point for certain four mappings satisfying contractive inequal-
ities of integral type in metric spaces, and to construct three examples to
illustrate that our results are proper generalizations of Theorem 1.2 and are
different from Theorems 1.1, 1.3 and 1.4.

Throughout this paper, we assume that RT = [0,4+00),Ny = NU {0}, N
denotes the set of all positive integers and

P = {go c@:RT = RT is Lebesgue integrable, summable on each

&€
compact subset of RT and / (t)dt > 0 for each ¢ > 0}7
0
Dy = {<p s :RT — RT satisfies that liminf ¢(a,) > 0 < liminfa, >0

for each {ap}nen C R*},
®3 = {p:¢:RT - R" is continuous },
Oy ={p:p:RT = RT is semi-continuous and ¢(t) = 0
if and only if ¢ = 0},
@5 = {p:p:R" = R is nondecreasing and continuous and
o(t) =0< t =0}



476 Z. Liu, M. He, X. Liu and L.S. Zhao

Definition 1.5. ([7]) A pair of self mappings f and ¢ in a metric space (X, d)
is said to be weakly compatible if for all ¢ € X the equality ft = gt implies
fgt =gft.

Lemma 1.6. ([10]) Let ¢ € ®1 and {r,}nen be a nonnegative sequence with
lim,, yoo 7 = a. Then

Tn

lim o(t)dt = /Ua (t)dt.

n—oo 0

Lemma 1.7. ([9]) Let ¢ € ®3. Then ¢(t) > 0 if and only if t > 0.

2. COMMON FIXED POINT THEOREMS

In this section, we show three common fixed point theorems for contractive
mappings of integral type (2.4), (2.15) and (2.19).

Theorem 2.1. Let A, B,S and T be mappings from a metric space (X, d)
into itself such that

{A,T} and {B, S} are weakly compatible; (2.1)
T(X) C B(X) and S(X) C A(X); (2.2)
one of A(X),B(X),S(X) and T(X) is complete; (2.3)
d(Tz,Sy) My (@,y)
o [0 eta) <o [T etar)
My (z,y) (2.4)
0
where (p, p,1) € D1 X Py X 3 and
Ml(m7y)
— {atae, By). a4z 7o) By, 5), Glat Ao, )+ d(T. By
1+ d(Azx, By) 1+ d(Az, By) (2.5)
mdm% Tz), md(By, Sy)

d?(Az, T d*(B
(4z, Tz) , (By, Sy) , Vr,ye X.
1+d(Tz,Sy) 1+ d(Tx, Sy)
Then A, B,S and T have a unique common fized point in X.

Proof. Let zy € X. (2.2) guarantee that there are two sequences {zp }nen,
and {yn nen in X such that

Yont+1 = Bropt1 = Tx2pn,  Yont+2 = ATonto = Sxont1, VneNp.  (2.6)
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Put d,, = d(yn, yn+1) for all n € N. Suppose that doy,, < da,+1 for some n € N.
Because of (2.4)-(2.6), (¢, d,1) € @1 x Py x 3 and Lemma 1.2, we obtain
that

My (z2n, T2nt1)
= Imax {d(A$2n, B$2n+1), d(AQS‘Qn, Tl’Qn), d(Blf2n+1, Sl‘QnJrl),

1
—[d(Axan, Stont1) + d(Txon, Brant1)],

2
1+ d(Axoy,, Bront1)
1+ d(Bw2nt1, ST2n11)
1+ d(Axop, Brayy1)
1+ d(AIEQn, T:Egn)
d*(Aay, Tan)  d*(Bxant1, Stant1)
1+ d(T.TQn, SxQn—&-l)’ 1+ d(TJL‘Qn, Sx2n+1) }

d(AxQnu T«T2n)7

d(Bxap41, STon+t1),

= max {d(yzm Yon+1), A(Y2n, Yont1), A(Y2nt1, Yont2),

1
§[d(y2n, Yon+2) + d(Y2n+1, Y2n+1)],

1+ d(yon, y2n+1)
1+ d(y2n+1, Yont2
1+ d(y2n, Y2n+1)
1+ d(y2n, Y2n+1)
d?(Y2n, Yon+1) A2 (Yont1, Yon+2) }
L+ d(Y2n+1,Y2n+2) " 1+ d(Y2n+1, Y2n+2))

1 1+d
= max {d2n; don, don+1, =d(Y2n, Yon+2), — 2 o,

) d(iUZm y2n+1)7

d(Y2n+1, Y2n+2)s

2

14 dop, d%n d%n'i‘l }
T d2n+1, )
1+ dgn 1+ d2n+1 1+ d2n+1
= max{dap, don+1} = don+1

don+1
dt
o [T et
d(Tx2n,STon+1)
= w( /0 ' w(t)dt>
M (z2n,T2n41) M (z2n,22n11)
<o( [ eta) ~o( | ()

and
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o [ i) o [ et
< w( /0 . w(t>dt>,

which is a contradiction. Hence

don+1 < dop, = Mi(22p, Ton+1), VYn €N

In the same way,

dopn < dop—1 = Mi(z2n, x2n—1), Vn eN.

That is,
dpt1 < dp,  doy = Mi(x2n, Tont1),

don—1 = Mi(z2p,Ton—1), VYVn €N,

which implies that {d, },en is nonincreasing sequence. Therefore, there exists
¢ € R such that lim,, o d,, = c¢. Suppose that ¢ > 0. In light of (2.4), (2.7),
(p, P,1) € D1 x Py x P35 and Lemma 1.1, we get that

o [ o)

dan+1 d(Tx2n,STon+1)
= limsup ¢ ( / Lp(t)dt) = limsup ¢ ( / w(t)dt)
0 0

n—o0 n—oo

Mi(z2n,T2n+1) Mi(x2n,T2n+1)
<tmsup [u( [ ettar) ~ o | ettt |
d2n d2n
=i dt ) — d
im sup [w (/D o(t) t) ¢ (/0 o(t) t)]
d2n d2n
< limsup ¢ (/ go(t)dt) — liminf ¢ (/ go(t)dt)

<w(/ocso<t>dt),

which is absurd. Thus ¢ = 0, which means that

lim d,, = 0. (2.8)

n—0o0

In order to prove that {y,}nen is a Cauchy sequence, according to (2.8),
we need to prove that {yo, }nen is a Cauchy sequence. Otherwise, {yap fnen is
not a Cauchy sequence. That is, there exists € > 0 such that for each k € N
there exist 2m(k), 2n(k) € N with 2m(k) > 2n(k) > 2k satisfying

d(an(k)7y2m(k)) > €. (29)

(2.7)
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For each k € N, 2m(k) is the least integer exceeding 2n(k) satisfying (2.9). It
follows that

d(Yan(k)s Yom(k)—2) < &, Yk €N, (2.10)

which together with (2.9) and the triangle inequality give that

e < d(Yon(k)» Yom(k))
< d(Won(k)> Yom(k)—2) + AdWomk)—2> Yomk)—1) + dYomk)—1> Yom(k))  (2.11)
< e+ dgm(k)_g + d2m(k)—17 Vk e N
and
|d(Yon(k)s Yomk)—1) — AWan(k)> Yomi))| < domy—1, Yk € N;
|d(Y2n (k)15 Yom(k)) — AYon(k), Yomk))| < donry, Yk €N; (2.12)
|d(Yon(k)+1> Y2m(k)—1) = A Yon(k)> Yomk)—1)] < dony, Yk € N.
Letting £ — oo in (2.11) and (2.12) and using (2.8), we have

lim d = lim d
Jm (Y2n(k)s Yam(k)) e (Y2n(k)> Y2m(k)—1)
= lim d(Yon(k)+1> Y2m(k))
oo 2 Bom() (2.13)
= kli}rglo d(an(k)+1v y2m(k)fl)
=£.

In view of (2.4), (2.5), (2.13), (p,¢,7¢) € &1 x &3 x 3 and Lemma 1.1, we
claim that

My (Zon(k)s T2m(k)-1)
= max {d(Aﬂ%n(k), Broyk)-1)> A Ao ), TTonk) ),
A(BTom(k)—1, STam(k)—1),

%[d(Al?n(k)v STomk)—1) + AT Tonk), BTomr)-1)],
1+ d(Azon k), BTamk)—1)
L+ d(BZopm(k)—15 STam(k)—1
L+ d(Azapn(k), Brom(k)—1)
1+ d(Azon(ry, TZonk))

P (Azoney, Toony) A2 (BZom(i)—1, STom(k)-1) }
L+ d(Twon), Swgm(k),l)’ L+ d(T@on (k) STom(k)—1)

) d(Ax2n(k) ’ TxQn(k) ) )

A(BT (k) -1, STam(k)—-1),
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= max {d(an(k) s Yom(k)—1)» A(Y2n(k)> Yon(k)+1)» AY2m(k)—1> Y2m(k))s
1
B [d(Y2n (k) Yom(k)) T A(Yan(k)+1> Y2mk)-1)];
L+ d(Yan(k)> Y2m(k)—1)
L+ d(Yom(k)—1> Yom(k))
L+ d(Yan(k)s Y2m(k)—1)
L+ d(Yon(k) Yon(k)+1)

P (Yan(ky Yon(e)+1) 4 Womk)—1> Y2m (k) }

L+ d(Yank)+1 Yom@k)) 1+ d(Wan(i)+15 Yom(k))

1
— max {6,0,0, 5(6 + 5),0,0,0,0}

d(y2n(k) ) y2n(k)+1)u

d(yzm(k)qa y2m(k)>7

=cas k—

c d(Y2n (k)+1:Y2m(k))
(0 </ <p(t)dt> = limsup ¢ </ <p(t)dt>
0 k—o00 0

A(Tx2p (k) »STom(k)—1)
/ cp(t)dt)

and

= lim sup ¥ <

k—o0 0

M1 (Zon k) T2m(k)—1)
/ go(t)dt)
0

My (Z2n (k) T2m(k)—1)
o [ e(0at)

M1 (Zon k) T2m(k)—1)
< lim sup ¢ < / go(t)dt)

< limsup [1/1(

k—o0

k—o0 0

M1 (%20 (k) sT2m (k) —1)
— liminf ¢ (/ @(t)dt)
k—o00

0

<ol [Cewar),

which is impossible. Hence {y, }nen is a Cauchy sequence.
Assume that A(X) is complete. Obviously, {y2, }nen is a Cauchy sequence

in A(X). Therefore, there exists (z, w) € A(X) x X such that lim,_,o y2n, =
z = Aw. It is easy to see that

z= lim y, = lim Tz, = lim Bxo,4+1
n—oo n—oo n—oo

(2.14)

= lim Sz9,—1 = lim Axg,.
n—oo n—oo
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Suppose that Tw # z. Taking account of (2.4), (2.5), (2.14), (p,¢,¥) €
® X Py x 3 and Lemma 1.1, we derive that

My (w, zop41)

= max {d(Aw, Bxopt1), d(Aw, Tw), d(Bxopt1, STon+1),

1
i[d(Aw, Sxont1) + d(Tw, Bron41)],

1+ d(Aw, Bxap+1)
1+ d(Bx2n+1, Sl’gn_H)
1+ d(Aw, Bxop+1)

1+ d(Aw, Tw)
d2(Aw,Tw) d2(B.C62n+1, Sx2n+1)
1+ d(Tw, Sx2n+1)’ 1+ d(TU}, SxQn—i—l) }

d(Aw, Tw),

d(Bxap41, STon+t1),

— max {d(Aw, 2),d(Aw, Tw), d(z, z), %[d(Aw, z) + d(Tw, z)],

1+ d(Aw, z) 1+ d(Aw, z) d(z2)
1+d(z,2) "1+ d(Aw, Tw) 77

d*(Aw, Tw) d*(z, z)

14+ d(Tw,z) 1+ d(Tw,z2) }

d(Aw, Tw)

1 2(2,T
:max{O,d(z,Tw),O,2d(Tw,z),d(z,Tw),O @z, Tw) 0}

"1+ d(Tw,z)’
=d(Tw,z) as n — o0

and

¢([f@w”¢@ma

d(Tw,Sz2n+1)
= lim sup ¢ < / go(t)dt)
0

n—o0

My (w,x2n+1) My (w,2n+1)
< lim sup [¢</ go(t)dt) - ¢</ @(t)dt)]
n—00 0 0

My (w,z2n+1) My (w,z2n+1)
< limsup ¢ (/ ga(t)dt) — lim inf ¢ (/ go(t)dt)
0 0

n—oo n—o0

d(Tw,z)
<¢<A www)

which is a contradiction. Hence Tw = z. Making use of (2.2), we get that
there exists a point u € X with z = Bu = T'w. Suppose that Su # z. In terms
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of (2.4), (2.5), (2.14), (p,¢,¢) € ®; x Py x $3 and Lemma 1.1, we deduce
that

Ml (.TQn,U)
= max {d(Axgn, Bu),d(Axay, T'ray,), d(Bu, Su),

1+ d(A.%'Qn, Bu)
1+ d(Bu, Su)

d2(A$2n, Tl'Qn)

"1+ d(Txop, Su))’

1
§[d(A:v2n, Su) + d(Txay, Bu)], d(Axan, Txop),

1+ d(A.%’Qn, Bu)
1+ d(A:EQn, Txgn)
d?(Bu, Su)
1+ d(Txan, Su)) }

d(Bu, Su)

— max {d(z, Bu),d(z, z),d(Bu, Su), %[d(z, Su) + d(z, Bu)],

1+ d(z, Bu) d(z. ) 1+ d(z, Bu)

1+ d(Bu,Su) 777 14d(z,2)
d*(z, 2) d*(Bu, Su)

1+d(z,Su))’ 14 d(z, Su) }

d(Bu, Su),

2
= max {0, 0,d(z, Su), %d(z, Su),0,d(z, Su),0 d(Z’SU)}

"1+ d(z, Su)
=d(z,Su) as n — o

w(/od(z,Su) (p(t)dt>

d(Tzon,Su)
= lim sup v < / gp(t)dt)
0

n—oo

Mi(x2n,u) M (x2n,u)
< limsup {w(/o so(t)dt> - ¢(/0 SD(t)dt)]

M (z2n,u) M (zon,u)
< limsup ¢ </ go(t)dt) — liminf ¢ (/ gp(t)dt)
0 0

n—00 n—oo

d(z,Su)
< w( /0 @(t)dt>,

which is absurd. Hence Su = z. By means of (2.1), we know that Az =
ATw = TAw = Tz and Bz = BSu = SBu = Sz. Suppose that Tz # Sz.

and
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Using (2.4), (2.5), (¢, ¢,1) € &1 x Py x P35 and Lemma 1.2, we have

M (z,2)

= max {d(Az,Bz),d(Az,Tz) d(Bz,Sz %[ (Az,Sz) +d(Tz, Bz)],

)s
1+ d(Az, Bz) Md(& 52)
T d( S

—————d(Az, T

1+ d(Bz,Sz) d(Az T2), Az, Tz)
d*(Az,Tz) d*(Bz,Sz)

1+d(Tz,52)) 1+ d(Tz,5z))

1
= max {d(Tz, Sz),0,0, §[d(Tz, Sz)+d(Tz,Sz2)],0,0,0, O}
=d(Tz,S5z)

and

o [ R ottyir) <o [ . ottyit) o | e ottt
. ¢</Od(Tz,Sz) gD(t)dt) ) ¢</Od(Tz,Sz) @(t)dt)
) w(/o-d(Tz,Sz) @(t)dt),

which is impossible. Hence Tz = Sz. That is, Az =Tz = Bz = Sz.
Suppose that Tz # z. On account of (2.4), (2.5), (¢, ¢,¢) € ®1 x Py x D3
and Lemma 1.2, we attain that

Mi(z,u)
- max{d(Az,Bu),d(Az,Tz),d(Bu Su), 1[d(Az Su) + d(T=, Bu)),

1+ d(Az, Bu) 1+ d(Az, Bu)

1+ d(Bu, Su) 1+ d(Az,Tz)
d*(Az,Tz) d*(Bu, Su)

14+d(Tz5u))’ 1+ d(Tz, Su)) }

d(Az,Tz), d(Bu, Su),

1
= max {d(Tz, 2),0,0, §[d(Tz, z)+d(Tz,2)],0,0,0, O}
=d(Tz,z)
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o[ )

and

d(Tz,Su)
dt)

()
( Mle) dt> ¢</OM1(ZVU) @(t)dt)
. ( d(Tz2) dt) , ( /Od(Tz,z) <p(t)dt>
<o [T ewar),

which is ridiculous. Therefore, Tz = z, which implies that z is a common fixed
point of A, B, S and T.

Suppose that A, B, S and T have a common fixed point b € X \ {z}. Using
(2.4), (2.5), (v, ¢,1) € D1 X Py x &3 and Lemma 1.2, we arrive at

A4i(b,z)

G

= max {d(Ab, Bz),d(Ab,Tb),d(Bz, Sz), [d(Ab Sz)+d(Tb, Bz)),

1+ d(Ab, Bz) 1+ d(Ab, Bz)
1+ d(Bz, 52) 1+ d(Ab, Tb)
d?(Ab, Tb) d*(Bz, Sz)
14d(Tb,S2))" 1+ d(Tb,Sz))
1
max {d(b, 2), 0,0, §[d(b, z) 4 d(b, 2)],0,0,0, O}

d(b, z)

d(Ab, Tb), d(Bz,Sz),

and

w</0d(b,z) <p(t)dt> _ ¢</Od (Tb,Sz) )
</0M1 (b.2) > - ¢</0M1(b,z) go(t)dt)
. ( /Od (b,2) ) ¢</Od(b,z) go(t)dt)
< ¢</0 7 o(t )dt>

which is a contradiction. Hence A, B, S and T have a unique common fixed
point in X. Analogously we infer that A, B, S and T have a unique common

<
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fixed point in X if one of B(X), S(X) and T'(X) is complete. This completes
the proof. O

Theorem 2.2. Let A, B,S and T be mappings from a metric space (X, d)
into itself satisfying (2.1)-(2.3) and

o [ R otyir) <o | e ()

Ma(z,y)
_¢</ Sp(t)dt>7 V‘T?yer
0

N

(2.15)

where (@, p,1) € 1 X Py x P3 and

Ms(z,y) = {d(Aa;, By),d(Az,Tx),d(By, Sy),

1+ d(Azx, Sy)
"2+ d(Tx, Sy)
1+ d(Az, Sy)
"1+ 2d(Tx, Sy)

%[d(Am, Sy) + d(Tx, By)]

1+ d(Tz, By)
2+d(Tx,Sy)
1+ d(Tz, By)
1+ 2d(Tx, Sy)

d(Tz, By),
(2.16)
d(Ax, Sy) d(Ax, By),

d(A:):,By)}, Va,y € X.

Then A, B, S and T have a unique common fixed point in X.

Proof. Let xzyp € X. By virtue of (2.2), we get that there are two sequences
{Zn}nen, and {yn}nen in X such that (2.6) holds. Put d,, = d(yn, yn+1) for
all n € N. Suppose that ds, < dojpy1 for some n € N. Apparently,

d(Yon, Yon+2) - 2don i1 + d3, 1 — dop — dont1

> >0 2.17
24+ d2n+1 2+ d2n+1 ( )

dony1 —

and

1+ d(yan, y2n+2)d2 S dont1 +2d3, | — day — dondani1 — d3,
n =

> 0,
1+ 2do, 11 1+ 2doni1

doni1 —
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which together with (2.6), (2.15)-(2.17), (¢, ¢,v) € &1 x $3 x 3 and Lemma
1.2 ensure that

M (z2n, Tont1)

= max {d(Aaizn, Bxopt1), d(Axoy, Txoy,), d(Brans1, STant1),

1
3 [d(Az2p, Stont1) + d(Tx2pn, Brany1)]

1+ d(Axgn, Sx2n+1
2+ d(Tl’Qn, Sl‘QnJrl
1+ d(TJ}gn, Bxont+1
24+ d(TZEQn, S$2n+1
1+ d(Azan, Sront1)
1+ 2d(T$2n, Sl‘zn+1)
1+ d(Tl’Qn, B.%'Qn_H)
1+ 2d(TJE2n, Sl‘Qn_H)

d(Tx2p, Broni1),

)
)
))d(A902m STont1),

d(Axopn, Bxopy1),

d(Azay, B$2n+1)}

= max {d(yzn, Yon+1)s A(Y2n, Yon+1), AY2n+t1, Yont2),

) 1+ d(Y2n, Y2n+2)
Zld d
2[ (Y2n, Yan+2) + d(Y2n+1, Y2n+1)]s 2+ d(y2n+1, Yon+2

1+ d(y2n, Y2n+2)
1+ 2d(y2n+1, Y2n+2)

)d(y2n+17 Yon+1),

1+ d(y2n+1, Y2n+1)

2 + d(y2n+1, Y2n+2)

1+ d(y2n+1, Y2n+1) }
d ) 1

1 4 2d(yon+1, Y2n+2) (20, Y2n-1)

d(me y27’b+2)7 d(yQ’ﬂn y2n+1)7

d(y2n7 y2n+2)

1
7d(y2nay2n+2)707 2+d2 1
n

2

1+ d(y2n7 y2n+2) 5 d2n }
1+ 2d2n—|—1 " 1+ 2d2n+1

= max{dap, don+1} = don+1

don+1
dt
o [ e
d(Tx2n,STon+1)
= w( /0 ' w(t)dt>
M (x2n,T2n41) M (x2n,22n11)
<o( [ eta) ~o( | (at)

= max {dgn, don, don+1,

and
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o [ i) o [T o)
<o [* et

which is impossible. Hence

don+1 < don = Ma(xopn, xont1), VYn €N
In the same manner, we get that

dop < dop—1 = Ma(xopn, x2n—1), VYn €N.

That is,

dp1 < dp, don = Ma(x2p, Tant1),

2.18
don—1 = Ma(z2pn, x2n—1), VYn €N, (2.18)

which implies that {d,,},en is nonincreasing sequence. Observe that there
exists ¢ € R* such that lim, o d, = c. Suppose that ¢ > 0. In virtue of
(2.15), (2.18), (p, ¢, 1) € &1 X P9 x ®3 and Lemma 1.1, we claim that

o [ o)

dan+1 d(Tx2n,Sz2n+1)
= lim sup ¢ ( / @(t)dt) = lim sup ¢ ( / go(t)dt)
0 0

n—0o0 n—o0

Ma(z2n,T2n+1) Ma(z2n,T2n+1)
<tmsup [u( [ ettar) ~o( | ettat) |
dgn d2n
=i dt ) — d
im sup [w</0 o(1) t> ¢</0 o() t)]
d2n d2n
< limsup ¢ (/ go(t)dt) — liminf ¢ (/ go(t)dt)
n—00 0 n—00 0

<¢(/Ocso<t>dt),

which is a contradiction. Thus ¢ = 0, that is, (2.8) holds.

Now we assert that {y,}nen is a Cauchy sequence. Due to (2.8), we need
to prove that {ya, nen is a Cauchy sequence. On the contrary, {yon tnen is
not a Cauchy sequence. That is, there exists € > 0 such that for each k € N
there exist 2m(k), 2n(k) € N with 2m(k) > 2n(k) > 2k satisfying (2.9)-(2.13).
It follows from (2.13), (2.15), (2.16), (¢, ¢,¢) € &1 x P9 x 3 and Lemma 1.1
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that

Ma(Zon (k) Tom(k)—1)
= max {d(AxQn(k% Bromk)—1)s A(AZ25 k), TTon) ),
A(BTam(k)—1> STam(k)—1)5

1
5[ AZ20 (1), STy 1) + AT (k) By 1))
L+ d(Azon k), STomk)—1)
24+ d(Tx2 (k)» S‘r2m )
L+ d(Tzon k) Bomk)— 1)
2+ d(T$2n Sw2m(k )
1+ d(Azop k), STom(r)-1)
d AIL’ n ,B!T m -1/
T+ 30T s, Samisy ) (AZ2n(k), B om(k)-1)
L+ d(Twon (k) Brom(k)—1)
1+ Qd(TxQn(k)a Sme(k:)fl)

d(TxQn B$2m(k‘) 1)

(A$2n SfUQm(k) 1)

d(Azp k), szm(k)l)}

= max {d(y2n(k) s Yom(k)—1)> AY2n (k) Yon(k)+1) > AY2m(k)—15 Y2m (k) )
%[d(?bn(k) s Yam(k)) T AY2n(k)+1> Y2m(k)—1)]5
L+ d(Yon(k)s Yom(k))
2 + d(Yon(k)+1> Y2m (k)
1+ d(Y2n(k)+1: Y2m(k)—1)
2+ d(Yon(k)+1: Y2m(k))
L+ d(Yan(k)> Yom(k))
L+ 2d(Yan(k)+1> Y2m(k)
L+ d(Yon(k)+15 Y2m(k)—1)
L+ 2d(Y2n(k)+1> Y2m(k))
cre), 1+€€, 1+5€’ 1+e .. 1+4e¢ 5}
24¢ 24 142 142

) d(an(k)—i-h y2m(k)—1)a

A(Yon(k)s Y2m(k))

) d(an(k)v y2m(k)—1):

d(an(k)v y?m(k)—l) }

1
— max {8,0,0,2(

=cas k—

w(/: so(t)dt>

A(Yan (k) +1:Y2m (k)
= lim sup v < / (,D(t)dt>

k—00 0

and
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AT T2 (k) STom(k)—1)
= lim sup ¥ /

k—o0

cp(t)dt)

0

M2 (Zan (k) T2m(k)—1)
< limsup [w</

k—o0

0 cp(t)dt)

M2 (Zon (k) sT2m (k)—1)
- <Z>< /O s@(t)dt>]

M2 (Zon (k) T2m(k)—1)
< limsup ¢ ( / gp(t)dt)

k—o0 0

/MQ(I2n(k)7x2m(k)1)

489

— lim inf ¢< go(t)dt)
k—o0 0

<¢</06so<t>dt),

which is absurd. Therefore, {y, }»en is a Cauchy sequence.

Assume that A(X) is complete. It is clear that {2y }nen is a Cauchy se-
quence in A(X). Therefore, there exists (z, w) € A(X)x X with lim, o0 Y2, =

z = Aw. It is obvious that (2.14) holds. Suppose that T'w #

z. Notice that

(2.14)-(2.16), (@, ¢, 1) € 1 x Py x P3 and Lemma 1.1 yield that

Ma(w, T2n41)
= max {d(Aw, Bzxopt1), d(Aw, Tw), d(Bxapt1, STon+1),

. 1+ d(Aw, Sxop+1)
S[d(Aw, Szon11) + d(Tw, Brany1)), 2+ d(Tw, Szap+1)

2
14+ d(Tw, B:Egn_H) 1+ d(Aw, Sx2n+1)
"1+ 2d(Tw, Szap+1)

(
2+ d(Tw7 SxQn—i—l)
d(Aw, B.TQn_H)}

d(Aw, Sx2n+1)

1+ d(Tw, B$2n+1)
1+ 2d(Tw, Sxan+1)

— max {d(Aw, 2), d(Aw, Tw),d(z, z), %[d(Aw, z) +d(Tw, z)],

1+ d(Aw, z) 1+d(Tw, z)

SR E) i, 2), D E) g

3T d(Tw, ) (LA gy o WA 2);
1+ d(Aw, z) 1+ d(Tw, z)

S TREWE) G Aw, 2), D) goa
T+ 2d(Tw, 2) " A 2 T 9a(Tw, A ?)

1 d(Tw, z)
= d(z,T —d(T _—
max {O, (z, w),O72 ( w’z)’2+d(Tw,z)’0’0’0}

=d(Tw,z) as n — o0

d(T'lU, Bx2n+1)7

d(Aw, Bx2n+1),
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and

w([f@“”¢amﬁ

d(Tw,Sz2n+1)
= limsup ¢ ( / go(t)dt)
0

n—o0

Mo (w,x2n41) Mo (w,x2n+1)
< lim sup [¢</ go(t)dt) - ¢</ cp(t)dt)]
M (w,x2n41) M (w,x2n41)
< lim sup1/1</ go(t)dt) — lim infqﬁ(/ go(t)dt)
0 0

n—00 n—eo
d(Tw,z)
<o [T eto),
0

which is absurd. Thus Tw = z. By means of (2.2), we gain that there exists
a point v € X with z = Bu = Tw. Suppose that Su # z. Taking advantage
of (2.14)-(2.16), (¢, ¢,9) € @1 X Py X 3 and Lemma 1.1, we derive that

Ms (2, u)

= max {d(Axgn, Bu),d(Axay,, Txay), d(Bu, Su),

1

3 [d(Azap, Su) + d(Txay, Bu)l,

1+ d(Azap, Su) 1+ d(Tx2y,, Bu)
2 4+ d(T'xap, Su) "2+ d(Txop, Su)
1+ d(Azap, Su) 1+ d(Txay,, Bu)
1+ 2d(Txopn, Su) "1+ 2d(Tzop, Su)

d(Tzoy,, Bu) d(Axapn, Su),

d(A.TQn, Bu) d(Aa:Qn, Bu)}

— max {d(z, Bu),d(z, z),d(Bu, Su), %[d(z, Su) + d(z, Bu)],

1+ d(z,Su)
2 +d(z, Su)
1+ d(z, Su)
1+ 2d(z, Su)

1+ d(z, Bu)
"2+ d(z, Su)

1+ d(z, Bu)

—_— B
"1+ 2d(z, Su)d(z’ u)}

1
= max {O, 0,d(z, Su), §d(z, Su), 0, %, 0, O}

d(z, Bu) d(z, Su),

d(z, Bu)

=d(z,Su) as n — o0
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¢</Od(z,Su) SO(t)dt>

d(Tx2n,Su)
= lim sup ¢ ( / go(t)dt)
0

n—oo

Ma(xan,u) Ma(xan,u)
<tmsup [u( [ ettat) - o( | ettat) |

Mo (x2n,u) Mo (xay,u)
< limsup ¢ (/ ga(t)dt) — lim inf ¢ (/ w(t)dt)
0 0

and

n—oo n—oo

d(z,Su)
<w(A ¢@ﬁ)

which is a contradiction. Hence Su = z. Using (2.1), we know that Az =
ATw =TAw =Tz and Bz = BSu = SBu = Sz. Suppose that Tz # Sz. It
follows from (2.15), (2.16), (v, ¢,9) € &1 x &9 x &3 and Lemma 1.2 that

Ms(z, 2)
= max {d(Az, Bz),d(Az,Tz),d(Bz, Sz), %[d(Az, Sz)+d(Tz,Bz)],

1+ d(Az, Sz)
2+d(Tz,Sz)
1+ d(Az, Sz)
1+2d(Tz,Sz)

1+ d(Tz,Bz)
"2+ d(T=, 52)
1+d(Tz,Bz)
1+2d(Tz,Sz)

d(Tz, Bz) d(Az, Sz),

d(Az,Bz), d(Az,Bz)}

1
= max {d(Tz, Sz),0,0, i[d(Tz, Sz)+d(Tz,52)],d(Tz,Sz),

1+d(Tz, Sz)
2+d(Tz,Sz)
1+d(Tz,Sz)
1+2d(Tz,S%)
=d(Tz,S5z)

. ( /Od(Tz,sz) <p(t)dt)
<w(4%&”wwﬁ)¢(4%“”¢mw)

1+d(Tz,5z)
2+d(Tz,Sz)
1+d(Tz,Sz)
1+2d(Tz,Sz)

d(Tz,Sz), d(Tz,Sz),

d(Tz,Sz), d(Tz, Sz)}

and



492 Z. Liu, M. He, X. Liu and L.S. Zhao

_ ¢</Od(Tz,Sz) gp(t)dt) - ¢</Od(Tz,sz) cp(t)dt)
) w(/o-d(Tz,Sz) <p(t)dt>,

which is absurd. Hence Tz = Sz, which yields that Az = Bz =Tz = S=z.
Suppose that Tz # z. Taking account of (2.15), (2.16), (¢, ¢,v) € P X
®5 x 3 and Lemma 1.2, we have

Ms(z,u)

= max {d(Az, Bu),d(Az,Tz),d(Bu, Su), %[d(Az, Su) + d(Tz, Bu)],

1+ d(Az, Su) 1+ d(Tz, Bu)
———=d(Tz,Bu), ——————d(A
2+ d(Tz,Su) d(Tz Bu), 2+ d(Tz, Su) d(Az, Su),
1+ d(Az, Su) 1+ d(Tz, Bu)
15 2d(T2, Su) "% B T 5407, 5y 1A% BY)
1
= max {d(Tz, 2),0,0, i[d(Tz, z) +d(Tz, z)],
1+d(Tzz) 1+d(Tz,z2)
——=d(T ——=d(T
2+d(Tz,z) ( Z’Z)’Q—I—d(Tz,z) (T2, 2),
1+d(Tz,z) 1+d(Tz,z2)
——=d(T —=d(T
T+ 24(T7, 2 5 2 T 2q(T, 2 A7)
=d(Tz,z)

and

w(Awwawmﬁ>

:w(A“hﬁw@amQ

o [ ewa) o [T pwar)
o [T ) o [T e
<w<AﬂD@¢@wﬁ,

which is ridiculous. Therefore, Tz = z, that is, z is a common fixed point of
A B,Sand T.

Suppose that A, B, S and T have another common fixed point b € X\ {z}.
Making use of (2.15), (2.16), (¢, ¢,¢) € ®1 x $3 x &3 and Lemma 1.2, we

N
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claim that
M (b, z)
— max {d(Ab, Bz),d(Ab, Tb), d(Bz, S=), %[d(Ab, Sz) + d(Tb, B=)),

1+ d(Ab, Sz)
2 1 d(Th, Sz)
1+ d(Ab, Sz)
1+ 2d(Tb,Sz)

1+ d(Th, B)
"2+ d(T0, 5%)
1+ d(Th, Bz)
"1+ 2d(Tb, Sz)

d(Tb, Bz) d(Ab, Sz),

d(Ab, Bz) d(Ab, Bz)}

= max {d(b, 2),0,0, %[d(b, z) +d(b, z)],d(b, 2),

By e LUBE e e OS]
1+d(b,2) 1+d(b,z)
T+ 2400, 2) 00 T 2q0, 4 Z)}

=d(b,2)

and

which is a contradiction. Hence z is a unique common fixed point of A, B, S
and T in X.

Analogously we conclude that A, B, S and T have a unique common fixed
point in X if one of B(X),S(X) and T(X) is complete. This completes the
proof. O

Similar to the proof of Theorems 2.1 and 2.2, we have the following result
and omit its proof.
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Theorem 2.3. Let A, B,S and T be mappings from a metric space (X, d)
into itself satisfying (2.1) — (2.3) and

o [ R ottyir) <o | e o(0at)

Ma(zy) (2.19)
_¢</ gD(t)dt), Vx7y€X7
0
where (@, p,1) € P X Py x P3 and
MB(xu y)
1
— {atas, By) e, 7o), a(By. ). a4z, 59) + d(T. B
1+ d(Azx, Sy) 1+ d(Tz, By)
—_ —————d(Ax, T
1+ 24(Tx, Sy) " BY ) T 24T, 8y WA T2): (2.20)

1+ d(Az, Sy)d(Tz, By
1+ d(Az, By)d(Tz, Sy
1+ d(Az, Sy)d(Tx, By
1+ d(Az, By)d(T'z, Sy)
Then A, B,S and T have a unique common fized point in X.

;d(A:L‘, Tzx),
)

d(By, Sy)}, v,y € X.

3. REMARK AND EXAMPLES

Remark 3.1. Theorems 2.1-2.3 generalize Theorem 1.2. Examples 3.1-3.3
show that Theorems 2.1-2.3 extend substantially Theorem 1.2, and differ from
Theorems 1.1, 1.3 and 1.4.

Example 3.2. Let X = R be endowed with the Euclidean metric d(z,y) =
|z — y| for all z,y € X. Define A, B,S,T: X — X and ¢, ¢, : Rt — RT by

Ar =2z, Bx =22, St =0, Vze X,

. {o, v e X\ {1},

1 _1
16° T=3

P(t) =logy(t +1), o(t) =2'In2, VtecR",
b(t) = logasg(t+1),  Vtel[0,v2—1],
T Vi e (V2 —1, 400).

It is easy to see that (2.1)-(2.3) hold, (¢, ¢,1) € &1 x $g x P3, 1 is increasing,
sup p(RT) < = and ¢(t) > § > & = ¢(t) for each t € (V2 — 1, +00), that is,
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Y(t) = ¢(t) for each t € RY. Let ,y € X. In order to prove (2.1), we need to
consider two possible cases as follows:
Case 1. z € X \ {}. Obviously

w(Aﬂmﬁwﬂoﬁ):osw(AM@wwwﬁ)—¢<AM@wwwﬁ>

Case 2. z = %. Clearly

1 1 3
> —_ —_- — — = —
Mi(z,y) = d(Az,Tx) 1 6" 16
and
d(Tx,Sy) 1% N
w(/ ¢@w>=w<A w@ﬁ>=w@w—n
0
L1 31
= 108227 = 15 < 15~ 1

3

<¢<Am¢@ﬁ)—¢<émww¢@ﬁ)
< w(/OMl(x’y) sO(t)dt) - ¢</0M1(x’y) w(t)dt)-

Thus, (2.1) holds. It follows from Theorem 2.1 that the mappings A, B, S and
T have a unique common fixed point 0 € X. But Theorems 1.1-1.4 are useless
in proving the existence of fixed points of 7" and common fixed points of T
and S in X.

Suppose that there exist ¢ and ¢ € @5 satisfy the conditions of Theorem
1.1. It follows from (1.1) that

o) =) <o b)) o )
(k) -() o(8)

which is absurd.
Suppose that there exist ¢ € (0, 1) and ¢ € ®; satisfy the conditions of
Theorem 1.2. By (1.2), we get that
L) 1

d(TévTTle) d(évw 16
0< / o(t)dt = / o)t < / ot)dt < / o(t)dt,
0 0 0 0

which is a contradiction.

&l
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Suppose that there exists (¢, @, 1) € &1 x Py x P35 satisfies the conditions
of Theorem 1.3. Using (1.3), we gain that

1

o [ E ottyit) = | e )0t

which is impossible.
Suppose that there exists (p, @, 1) € &1 x ®4 x P5 satisfies the conditions
of Theorem 1.4. It follows from (1.4) and (1.5) that

11 1 1 1 1 1 1
u (5 15) =45 15) (5 75) 45 51
1 1 1 1 1
“ld| =, 7= ) +d[=,5—
o156 75) valss5s) |

and

which is absurd.

Example 3.3. Let X = RT be endowed with the Euclidean metric d(z,y) =
|z —y| for all z,y € X. Define A, B,S,T: X — X and ¢, ¢, : RT — RT by

Ax:{o, Vo e X\ {11, Tx:{o, Vo e X\ {1},

_ 1 1 _ 1
V.f—z, R Vx—z,
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Bxr=z, Sxr=0, VrelX,
W(t) =64t, o(t) =2t, ot) = H% vt € RT.
It is easy to see that (2.1)-(2.3) hold, (p, ¢, 1) € &1 x $g x P3, 1 is increasing,
P(t) = ¢(t) and ¢(t) < 1 for each t € RT. Let x,y € X. In order to prove

(2.15), we need to consider two possible cases as follows:
Case 1. z € X \ {1}. It is easy to see that

w(Aﬂhﬁwwwﬁ)=0<w<4%@wwwﬁ)—¢<AM“M¢Mﬁ>

Case 2. x = i. It is clear that

1
My(z,y) > d(Az, Ta) = 5 — = =

DN | =

and
1

w(Amwmwwﬁ>=w<As

go(t)dt) =1<9-1
3

<¢<Agwow)—¢<4%@m@@w>
w( /0 e so(t)dt) - qs( /0 e w(t)dt).

Thus, (2.15) holds. It follows from Theorem 2.2 that the mappings A, B, S
and T have a unique common fixed point 0 € X. But Theorems 1.1-1.4 are
useless in proving the existence of fixed points of T" and common fixed points
of T'and S in X.

Suppose that there exist ¢ and ¥ € &5 satisfy the conditions of Theorem
1.1. Tt follows from (1.1) that

o(5) =olel(rirs)) <o(oas)) -ola(is))
oft) () =)

which is absurd.
Suppose that there exist ¢ € (0, 1) and ¢ € ®; satisfy the conditions of
Theorem 1.2. By (1.2), we get that

N

1

s d(T5.T3) d(3:5) §
0< / (t)dt = / e(t)dt < c/ e(t)dt < / o(t)dt,
0 0 0 0

which is a contradiction.
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Suppose that there exists (¢, @, 1) € &1 x Py x P35 satisfies the conditions
of Theorem 1.3. Using (1.3), we gain that

o [ : oltyit) = / D )i
o[ ) [ )
w(o ot ) ¢>(/fso<t>dt)

].C] P .]]

Suppose that there exists (¢, @, 1) € &1 x ®4 x P35 satisfies the conditions
of Theorem 1.4. It follows from (1.4) and (1.5) that

(i)~ t) o35
R CCHICRI)

=9

and

which is absurd.

Example 3.4. Let X = [0, 1] be endowed with the Euclidean metric d(z,y) =
|z —y| for all z,y € X. Define A, B,S,T: X — X and ¢, ¢, : RT — RT by

2 1
e[ Vel
1, Vl’ = (g, 1],
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Az =2?, Bx=2z, Sx=1, VzelX,

t
t) =9t t)=1 t) = ——
PO =9 P =1, ()= 5t
It is easy to see that (2.1)-(2.3) hold, (p, ¢, 1) € &1 x Pg x P3, 1 is increasing,
P(t) > ¢(t) for each t € RT and sup ¢(RT) < %. Let x,y € X. In order to

prove (2.19), we need to consider two possible cases as follows:
Case 1. x € [0, 3. It follows that

YVt e RT.

My(z,y) > d(Az, Tz) = |22 §\ =
and
d(Tz,Sy) 3 1
w(/ go(t)dt)z@b(/ go(t)dt>:3<5—
0 0 10

N
<

([ etwar) o [ v
0 0
Case 2. x € (%, 1]. Clearly

¢< /0 e go(t)dt) —0< ¢< /0 e <p(t)dt> - ¢< /0 ety go(t)dt).

Thus, (2.19) holds. It follows from Theorem 2.3 that the mappings A, B, S
and T have a unique common fixed point 1 € X. But Theorems 1.1-1.4 are
useless in proving the existence of fixed points of T" and common fixed points
of T"and S in X.

Suppose that there exist ¢ and v € ®5 satisfy the conditions of Theorem
1.1. Tt follows from (1.1) that

o(5) =olalr5ms)) <o(4(55)) -ol4(5:5))
<)) 0)

which is absurd.
Suppose that there exist ¢ € (0, 1) and ¢ € ®; satisfy the conditions of
Theorem 1.2. By (1.2), we get that

: A3 ) a3.4) ;
0< / o(t)dt = / o)t < / ot)dt < / o(t)dt,
0 0 0 0

which is a contradiction.
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Suppose that there exists (¢, @, 1) € &1 x Py x P35 satisfies the conditions
of Theorem 1.3. Using (1.3), we gain that

w(/oé go(t)dt) =¢</Od(T§’Té)cp(t)dt>
e ottsir) o | " ottt
“otnat) - o | : at)

o(0at).

wln
=

which is impossible.
Suppose that there exists (¢, @, 1) € &1 x ®4 x P35 satisfies the conditions
of Theorem 1.4. It follows from (1.4) and (1.5) that

(33) <o ) i3 55,
kGG

S9

W

and

<
AN
S~
W=
S
=
IS
IS
S~
I
<

which is absurd.
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