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Abstract. The existence and uniqueness of stationary points for certain multi-valued con-
tractive mappings of integral type with d-distance in complete metric spaces are established
and three illustrative examples are provided. The results presented in this paper extend or

differ from several known results in the literature.

1. INTRODUCTION AND PRELIMINARIES

Branciari [2] generalized the Banach fixed point theorem and proved the
following fixed point theorem for the contractive mapping of integral type.
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Theorem 1.1. ([2]) Let f be a mapping from a complete metric space (X,d)
into itself satisfying

d(f=z,fy) d(z.y)
/ p(t)dt < c/ p(t)dt, Vz,y € X, (1.1)
0 0

where ¢ € [0,1) is a constant and p € ®1 = {p : ¢ : [0,400) = [0, 400) is
Lebesgue integrable, summable on each compact subset of [0, +00) and f(f o(t)dt
> 0 for each ¢ > O}. Then f has a unique fized point a € X such that
lim,, o f*x = a for each x € X.

Afterwards the authors [1-4,9, 10, 1318, 20] and others continued the study
of Branciari and obtained a lot of fixed point and common fixed point the-
orems for various single-valued and multi-valued contractive mappings of in-
tegral type. In particular, Liu et al. [13] extended the result of Branciari
and established the following fixed point theorems for some new contractive
mappings of integral type.

Theorem 1.2. ([13]) Let f be a mapping from a complete metric space (X, d)
into itself satisfying

d(fz,fy) m(z,y)
/ p(t)dt < a(d(z,y)) / ot)dt, VoyeX,  (12)
0 0

where ¢ € &1, « € O = {a : a : [0,400) — [0,1) is a function with
limsup,_,; a(s) < 1 for each t € [0,+00)} and

(2.0 ¢ dly. £

() = maas {d(a,y), dlz, o), dy, fy), L

(1.3)

Then f has a unique fixed point a € X such that limy,_,o f"x = a for each
reX.

Theorem 1.3. ([13]) Let f be a mapping from a complete metric space (X, d)
into itself satisfying

d(fz,fy) m(z,y)
/ S(B)dt < a(m(z,y)) / ot)dt, VeyeX,  (14)
0 0

where ¢ € &1, a € © and m is defined by (1.3). Then f has a unique fized
point a € X such that lim,,_,o f"x = a for each x € X.

Jachymski [10] proved the following fixed point theorem for the multi-valued
contractive mapping of integral type with the Hausdorff metric H.
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Theorem 1.4. ([10]) Let (X,d) be a bounded complete metric space, F' : X —
K(X), which is the family of all nonempty compact subsets of X, be a multi-
valued mapping satisfying

H(Fz,Fy) d(z,y)
/ p(t)dt < c/ e(t)dt, Vzx,ye X, (1.5)
0 0
where ¢ € &1 and ¢ € [0,1) is a constant. Then F has a fized point.

On the other hand, Stojakovic et al. [20] deduced the following fixed point
theorem for the multi-valued contractive mapping of integral type with the
d-distance.

Theorem 1.5. ([20]) Let (X,d) be a bounded complete metric space, F' : X —
B(X), which is the family of all nonempty bounded subsets of X, be a multi-
valued mapping satisfying, for all x,y € X with x # vy,

o [ e olt)it) < atiteao( [ o dit). (o)

where ¢ € ®1, @ € O and ¢ € P9 = {d) : ¢ [0,4+00) = [0,400) is upper
semicontinuous and nondecreasing and ¢(t) <t for each t > 0}. Then F has
a fixed point.

Motivated and inspired by the results in [1-20], in this paper we introduce
a few new multi-valued contractive mappings of integral type with J-distance,
establish the existence and uniqueness of common stationary points for these
contractive mappings of integral type with §-distance and construct three ex-
amples to illustrate that the results obtained generalize or differ from a few
results in [2,3,7,10-14,17,20].

Throughout this paper, N denotes the set of all positive integers, Ng =
NuU {0}, R* = [0, +oc) and

d3 = {(;S : ¢ : (RT)> = RT is upper semicontinuous and nondecreasing in
each coordinate variable and ¢(t,t,t,t,t) < t for each t > 0}.

Let (X, d) be a metric space and CB(X) denote the family of all nonempty
closed and bounded subsets of X. The Hausdorff metric H : CB(X) x
CB(X) — RT is defined by

H(A, B) = max { supd(:v,B),supd(y,A)}, VA, B € CB(X),
€A yeB

where d(z, B) = inf{d(z,y) : y € B}. For A, B C X, define
0(A, B) = sup{d(a,b) :a € A,b € B} and (A, A) = §(A4).

If A is singleton {a}, we write (A4, B) = 6(a, B). Let F,G : X — B(X) and
f:X — X. Apoint x € X is called a stationary point of F' if Fz = {z}. Note
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that every stationary point of F' is a fixed point of F, but not conversely. A
point z € X is called a common stationary point of F'and G if F'x = Gx = {z}.
F and G are said to be commuting if FGx = GFz for all x € X. F and f are
said to be commuting if F'fx = fFx for all z € X. Define

Cp={T:T:X — B(X) satisfies that 7" and F' are commuting }
and
CCr={f:f:X — X is continuous and F and f are commuting }.
It is clear that Cp D {F™ : n € Ny}, where F'z = {z} for z € X.

Definition 1.6. ([8]) Let {Ay}nen be a sequence of sets in B(X) and A €
B(X). The sequence {Aj}nen is said to converge to the set A if
(1) each point a € A is the limit of some convergent sequence {a,}nen,
where a,, € A, for n € N;
(2) for arbitrary ¢ > 0, there exists k& € N such that A, C A, for n > k,
where A. is the union of all open spheres with centers in A and radius
€.

Lemma 1.7. ([14]) Let ¢ € ®1 and {ry}nen be a nonnegative sequence. Then
limy, 00 fg” e(t)dt = 0 if and only if limy, 0o 7, = 0.

Lemma 1.8. ([19]) Let ¢ : RT — RT be upper semicontinuous and nonde-
creasing. Then for every t > 0, ¥(t) < t if and only if lim, . ¢¥"™(t) = 0,
where Y™ denotes the composition of 1 with itself n-times.

Lemma 1.9. ([5]) If {An}nen and {By}nen are sequences of bounded subsets
of a complete metric space (X, d) which converge to the bounded subsets A and
B, respectively, then the sequence {0(Apn, Bp)tnen converges to §(A, B).

2. COMMON STATIONARY POINT THEOREMS

In this section, we give five common stationary point theorems for the fol-
lowing multi-valued contractive mappings of integral type (2.1), (2.9), (2.11),
(2.13) and (2.14).

Theorem 2.1. Let (X,d) be a bounded complete metric space, F,G : X —
B(X) be continuous and commuting mappings satisfying

/5(FquxyFiGjy) /6(UDECFGD{x7y})

p(t)dt < qﬁ(
0 0
where p,q,i,7 € N and (¢, ) € @1 x $y. Then

(a) F and G have a unique common stationary point z € X;
(b) The sequence {F"G"z}nen converges to {z} for all x € X.

go(t)dt), Ve,y e X, (2.1)
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Proof. Let M = §(X), 1 = max{p,q}, lo = max{i,j}, k =11 + 12, X,, =
F"G"X and 6, = 6(X,) for each n € N. Clearly,

and for all (n,D) € N x Cpg,
DX, = DF"G"X = F'"G"DX C F"G"X = X,,. (2.3)

Let A, B € X. It follows from (2.1) and (¢, ¢) € &1 x Py that

§(FPGYa,FiGIb) 8(Upecyg D{ab})
/ et <of | (et
0

0

5(Upecypg (DAUDB))

g¢</ ¢@ﬁ) W(a,b) € Ax B,
0

which yields that

/5(FquA,FiGJ' B) /a(uDecF - (DAUDB))

¢®ﬁ§¢< w@ﬁ> (2.4
0 0
Put n € N. It is clear that there exist a,, b, € Ny with 0 < b,, < k satisfying
n =ka, +b, and n — oo ifand onlyif a, — cc. (2.5)
It follows from (2.1)-(2.5) and (¢, ¢) € ®1 x P2 that
5y = 5(Fl1 Gh (F12+bnGl2+ank(an—1))a Flgl (Fl1+bnGll+ank(an—1)))
— (S(Fqu(Fll+l2+bn7pGl1+l2+bn7QXk(a 71))7
FiGj(Fll+12+bn—iGl1+12+bn—ij(a _1))),

(5(UDecFGD(Fll+12+bn—pGl1+lz+bn_qu(an_1)
U Fhitltbemighthtn=ix, 1))

= §(Upecpg FHan— GRan=1)(p plitltba—pghlatbn=q x
U DFhH+ba—ightlatba=j X))

< 8(Xk(an-1)) = Ok(an—1)

and

/Oén o(t)dt = /ONI p(t)dt < qs( /ON2 <p(t)dt> < ¢</06k(a”1) @(t)dt),

where
N, = 5(Fqu(Fll+l2+bn_pGll+l2+bn_(IXk(an_l))’

FiGi (FZ1+l2+bn—iGl1+lz+bn—ij(an_1)))
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and
Ny = 5(UDecFGD(Fl1+l2+bn—pGll+l2+bn—qu(an_1)

U Fll+lz+bn—iGl1+lz+bn—ij(a _1)))

which implies that

A%w®ﬁ§¢<4%%” ) ¢< e ﬁ)
< ¢“"‘1< ) < ¢ ( o(t )dt>

/0 " ()t < g ( /0 " gp(t)dt), (2.6)

where {ay, }nen is defined by (2.5).
Choose z,, € X,, for each n € N. By (2.2), (2.5) and (2.6), we get that

d(Tn,Tm) 5(Xn,Xm) On
/ o(t)dt < / o(t)dt < / o(t)dt
0 0 0

M
< ¢ (/ go(t)dt), VYm,n € N with m > n.
0

That is,

(2.7)

Consequently, {x,}nen is a Cauchy sequence by (2.7), Lemmas 1.7 and 1.8.
Since X is complete, it follows that there exists a point z in X such that
Tn — z as n — oo. From (2.2), we have

0z, Xn) < d(z,xm) + 6(xm, Xn)
<d(z,zm) + §(Xm, Xn)
<d(z,zm) + 6p, VYm,n €N with m > n.

Letting m tend to infinity, we obtain that
0(z,Xpn) < 0n, VneN.

Since F' and G are continuous and z,, — z as n — o0, it follows that { F'xy, }nen
and {Gzp }nen converge to {Fz} and {Gz}, respectively. Note that

Fz, C F(F'"G"X) = F"G"(FX) C X,, Vn€N,
Gz, C G(F"G"X) = F'"G"(GX) C X,,, VneN,
which yield that
max{d(z, Fxy,),0(z,Gey)} < 0(2,X,) <d,, VneN (2.8)
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By virtue of (2.5), (2.6), (2.8), Lemmas 1.8 and 1.9, we have

max{d(z,Fxn),0(2,Gxn)}
0 S/

on
0 p(t)dt < /0 (1)t

M
§¢“”</0 go(t)dt)%o as n — oo,

which together with Lemma 1.7 and the continuity of F' and G means that
max{d(z,Fz),0(2,Gz)}

/ p(t)dt =0,

0

that is, max{d(z, F'z),d(z,Gz)} = 0. Consequently, we conclude immediately
that F'z = Gz = {z}.

Suppose that F and G have a second common stationary point w € X —{z}.
Obviously {u} = F"G"u C X,, for each u € {z,w} and n € N. In view of
(2.2), (2.5), (2.6), Lemmas 1.7 and 1.8, we infer that

d(z,w) On M
0< / p(t)dt < / p(t)dt < ¢ </ cp(t)dt> —0 asn— oo,
0 0 0

which yields that z = w. Hence F' and G have a unique common stationary
point z.

Choose y, € F"G"z for each (z,n) € X x N. By means of (2.2), (2.5),
(2.6), Definition 1.6, Lemmas 1.7 and 1.8, we have

d(yn,z) S(F"G"x,z) 3(Xn,z)
0< / p(t)dt < / e(t)dt < / p(t)dt
0 0 0

On M
< /0 p(t)dt < ¢ (/0 cp(t)dt) —0 asn— oo,

which means that {F"G"z},cn converges to {z}. This completes the proof.
O

Theorem 2.2. Let (X,d) be a bounded complete metric space, F,G : X —
B(X) be continuous and commuting mappings satisfying

6(Fqux,Fiy) 5(UD€CFGD{I7y})
/ o(t)dt < ¢(/ <p(t)dt>, Vz,y € X, (2.9)
0 0

where p,q,i € N and (p,p) € &1 x ®o. Then (a) and (b) of Theorem 2.1 hold.

Proof. Let M = §(X), | = max{p,q}, k =1+i, X,, = F"G"X and ¢,, = §(X,,)
for each n € N. Clearly, (2.2), (2.3) and (2.5) hold. Let A, B € X. It follows
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from (2.9) and (¢, ¢) € &1 x Py that
§(FPGia,F*b) §(Upecpe D{a,b})
/ p(t)dt < ¢< / ap(t)dt)
0

0
§(Upecpe (DAUDB))
< d)(/ go(t)dt), V(a,b) € A x B,
0
which yields that
S(FPGIA,Fiy) §8(Upecpg (DAUDB))
/ p(t)dt) < ¢</ gp(t)dt). (2.10)
0 0

In view of (2.2), (2.3), (2.5), (2.9), (2.10) and (¢, ¢) € @1 x Po, we get that
571 — 6(FlGl(Fi+bnGi+ank(an—1))a Fi(FlernGlJriernXk(an_l)))
= 6<Fqu(Fl+i+bn*pGl+i+bn*qu(an71))7 F? (Fl+bn Gltitbn Xk(an—l)))v

5(UD€CFGD(Fl+i+bn—pgl+i+bn—qu(an_l) U Fltn Gl+i+ank(an—1)))
= 6(Upecyg, FHan—DGhlan=1)( ppltitba—pGltitba=ax |y pFltbaGlrithn X))
< Ok(an—1)

and

5n
p(t)dt

/5(FPGQ(Fl+i+anGl+i+bnqu(an1))7Fi(Fl+bn Gltitbn Xk(an—l)))
0

S~

0

o(t)dt

( /6(UD€CFGD(Fl+i+bn_pGl-H-H)n_qu(an—1)UFl+bnGl+i+ank(an—l)))
0

Ok(am—1
s¢([;< )wumﬁ,

which implies that

On 6k(an71) 6k(an*2)
/'wwﬁs¢</ w@ﬁ>§ﬁ< w®ﬁ>
0 0 0
<

<ocom( M)

IN

@(t)dt)

That is,
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where {ay, }nen is defined by (2.5). That is, (2.6) holds. The remaining portion
of the proof can be derived as in that of Theorem 2.1. This completes the
proof. O

Theorem 2.3. Let (X,d) be a bounded complete metric space, F,G : X —
B(X) be continuous and commuting mappings satisfying

5(pr,Gjy) J(UDECFGD{Ivy})
/ p(t)dt < ¢(/ w(t)dt), Ve,ye X, (2.11)
0

0
where p,j € N and (¢, ¢) € @1 x Po. Then (a) and (b) of Theorem 2.1 hold.

Proof. Let M = 0(X), k = p+j, X, = F"G"X and §,, = §(X,,) for each
n € N. Clearly, (2.2), (2.3) and (2.5) hold. Let A, B € X. It follows from
(211) and (QO, ¢) € ®; x ®5 that

§(FPa,GIb) d(UpecpgD{ab})
/ et <o | )at)
0

0
$(Upecpg (DAUDE)
< ¢</ @(t)dt), W(a,b) € A x B,
0
which yields that
5(FPA,GIB) $(Upecpg (DAUDB))
/ o(t)dt) < ¢( / @(t)dt). (2.12)
0 0

By virtue of (2.2), (2.3), (2.5), (2.11) and (2.12), we deduce that
8(Upecue D(FInGF o Xy 1y U FFHonGPYon Xy (1))
= §(Upecpg FHan= D GRan=1) (D pitbn G+bn x|y D phtbe Grton X))
< Ok(an—1)

/O " ()

6(Fp(Fj+bnGk+ank(an—l))7Gj (Fk+bnGp+ank(an—1)))
p(t)dt

and

0

§(Upecpg D(FItbnGhtbn Xy UFkFtbnGrtbn X (1))

6k(an—1)
(/ d’f)

IN
-

go(t)dt)

IN
-
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( 5k<an—2) dt)
<o [t

which implies that

On 5k(an—1)
d
| ettrar < ¢< / ) e
<...< ¢an*1 < )

/Oén p(t)dt < ¢ (/OM w(t)dt>7

where {a, }nen is defined by (2.5). That is, (2.6) holds. The remaining portion
of the proof can be derived as in that of Theorem 2.1. This completes the
proof. O

That is,

As in the arguments of Theorems 2.1, 2.2 and 2.3, we conclude similarly
the following result and omit its proof.

Theorem 2.4. Let (X,d) be a bounded complete metric space, F : X — B(X)
be a continuous mapping satisfying

§(FPz,Fiy) d(Upecy D{z.y})
/ e(t)dt < gb(/ go(t)dt), Vo, y e X, (2.13)
0

0
where p,i € N and (@, p) € @1 x $y. Then

(¢) F has a unique stationary point z € X ;
(d) The sequence {F"x}nen converges to {z} for all x € X.

Now we give a common fixed point theorem for two pairs of single and
multi-valued contractive mappings of integral type in metric spaces.

Theorem 2.5. Let (X,d) be a bounded complete metric space, F,G : X —
B(X) be commuting, f,g: X — X satisfy that f,g € CCp N CCq and

§(FPz,Giy)
/ (1)t
0
O(fx,FPx) 5(gy,G%) 5(fz,G)
< ¢< / o(t)dt, / o(t)dt, / ot)dt,  (214)
0 0 0

3(gy,FPx) d(fz,gy)
[ ewar | so(t)dt), Va,y € X,
0 0

where p,q € N and (¢, ¢) € ®1xP3. Then (b) of Theorem 2.1 and the following
(e) and (f) hold:

(e) f, g, FP and GY have a unique common fized point z € X;
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(f) FPz =Gz = {z}.

Proof. Let r(t) = ¢(t,t,t,t,t) for each t € RT, M = §(X), k=p+gq, X, =
F"G"X and §,, = 6(X,,) for each n € N. Clearly, (2.2) and (2.5) hold. As in
the proof of Theorem 2.1, we infer that by (2.14) and (¢, ¢) € ®; x 3

§(FPA,G9B)
/ (1)t
0
S(fA,FPA) 5(9B,G9B) 5(fA,G9B)
§¢</ wmm/ mmm/ o(t)dt,  (2.15)
0 0 0

d(gB,FPA) d(fA,gB)
/ o(t)dt, / go(t)dt), VA, B € B(X).
0 0

Note that f,g € CCrNCCq and F and G are commuting. It follows from
(2.2), (2.5), (2.14), (2.15) and ¢ € 5 that

A%wﬁﬁ

S(EP(FItInGRTn Xy (o, 1)),GI(FFTIRGPTOR X (1))

I
o
BS)
—~
=
QU
~

/5(qu+b” GF N X — 1), FRTInGRFOn X (1)

A
<
N

0
S(gFFHnGPTon Xy (), FETOINGR Xy ()

p(t)dt,

5(qu+bn Gk+ank(an—1)7Fk+bn Gk+ank(an—1))
p(t)dt,

S(gFFTonGPTin Xy o, 1), FETInGFFIn X, (1))

p(t)dt,

S(fFFITnGRtbn Xy (1), gFFTonGPEinX, 1))

o(0at)

6(Xk(an71)7X71) 6(Xk:(a,n71)7X’ﬂ) 6(Xk(an71)7Xn)
ooy, [ plt)ir, [ p(t)dt,
0 0 0

6(Xk(an—1)7XTL) /6(Xk(an—1)7Xk(an—l))

IN
-

p(t)dt, go(t)dt)
0
Ok(an—1) Ok(an—1) Ok(an—1)
w@ﬂp/ ¢aw5/ o(t)dt,
0 0 0

k(an—1) Ok(an—1)
wmw/ ¢®ﬁ>
0

IN
-

s~ s~ — 50— 5&— —

=2
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Ok(an—1)
=7 </ gp(t)dt),
0
which implies that

/jn p(t)dt < r(/oék(anl) go(t)dt) < rQ(/Oék(a“) go(t)dt)
<< r“n—l(/oék gp(t)dt) < ran(/OM go(t)dt).

0< /O " o(t)dt < rn ( /0 " go(t)dt>, (2.16)

where {a,}nen is defined by (2.5). Obviously, (2.5), (2.16) and Lemmas 1.7
and 1.8 ensure that

That is,

1i_>m on = 0. (2.17)
For each n € N, choose a point x,, € X,,. It follows that
frpn € fF'G"X = F"G"fX C F"G"X, VneN. (2.18)

Similarly, gz, € F"G"X for each n € N. From (2.2), (2.5) and (2.16), we get
that

d(zn,m) S(F"GnX,GnFnGm—n Fm—nX)
o< [T emar< | o(t)dt
0

0
. . (2.19)
< / p(t)dt < ror (/ go(t)dt), VYm,n € N with m > n.
0 0

In terms of (2.19), Lemmas 1.7 and 1.8, we conclude that {2, },en is a Cauchy
sequence. Since X is complete, it follows that there exists a point z € X such
that z, — z as n — oco. The continuity of f and g ensures that fx, — fz
and gx, — gz as n — oco. Consequently, it follows from (2.18) that

0<d(fz,92) <d(fz, fzn) + d(frn, gzn) + (970, g2)
<d(fz, fxn) + op + d(gzn,g92), Vn eN.

Letting n tend to infinity and using (2.17), we obtain that d(fz, gz) = 0, that

is, fz = g=.
We next show that z is a common fixed point of f, g, FP and GY9. Clearly,
(2.18) yields that
0 < d(z,92) < d(z,2n) + d(2n, gn) + d(g2n, 92)
(z,2n) + 0p + d(gxn,g2), Vn eN.

As n — oo we conclude that d(z,gz) = 0, that is, z = gz. Similarly, z = fz.

<d
<d
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We now assert that 6(z, G4z) = 0. Otherwise §(z, Gl2) > 0. From (2.2)
and (2.18), we have

3(z,G%) < d(z,9xm) + 6

<d(z,g9zm)+9

< d(z,9xm)+9

(92m, G12)
(F"G™X,G%)
(F"G"X,G%), Vm,n € N with m > n.
Letting m tend to infinity, we obtain that
d(z,G92) < H(F"G"X,Gz), VYneN. (2.20)

It follows from (2.15), (2.18), (2.20), f,g € CCrNCCq, (¢, ¢) € 1 x P35 and
z = gz that

S(fF"PG"X,G%) < O(F" PG PfGPX, grp—p) + d(gTn—p, 2) + I(z, GI2)
< p—p+ d(gTn—p, 2) +6(2,G%),
d(gz, FPF"PG"X) < d(gz, gzpn) + 0(gxn, F"G"X) < d(z,92n) + On,
S(FF"PGPX, g2) < 6(F"PG™P fGPX, gn_p) + d(gn_p 07)
< Op—p +d(gTn—p,2)

6(z,G1z) (F"G"X,GYz)
/ (1)t < / o(t)dt
0 0

S(fF"—PGM X, FPFn—PGNX)
of

and

p(t)dt,

6(92,G1z) O(fF"PG"X,Gz2)
[ e | P00,
0 0

/5(gz,FPF"_pG"X) /6(fF"_PG"X,gz)
0

ettt [ so(t)dt)

On—p 6(z,G1z) On—p+d(gzn—_p,2)+0(2,G9%)
<o [ et [ e, | ooyt
0 0

0
d(z,92n)+0n On—p+d(gTn—p,2)
/ cp(t)dt,/ go(t)dt), Yn > p.
0 0

Letting n tend to infinity and using (2.17) and ¢ € ®3, we get that

6(z,G1z) 6(2,G1z) 0(z,G9z)
/ o(t)dt < ¢<0, / o(t)dt, / <p(t)dt,0,0>
0 0 0

0(2,G1z) 0(2,G1z)
< ’I“(/ cp(t)dt) </ o(t)dt,
0 0

S~
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which is a contradiction. Hence §(z,G%2) = 0. Consequently, Giz = {z}.

Similarly, FPz = {z}. That is, FPz = G%2 = {z}. For each (z,n) € X x N,
choose y, € F"G"z. It follows from (2.16) that

d(yn,z) I(F"G"z,z) 0(Xn,z)
/ o(t)dt < / o(t)dt < / ot dt
0 0 0

[ o(t)dt < ron Map(t)dt ,
0 0

where {ay, }nen is defined by (2.5). Letting n tend to infinity and using Defi-
nition 1.6, Lemmas 1.7 and 1.8, we conclude that {F"G"x},cn converges to

We finally show that z is the unique common fixed point of f, g, F? and GY.
Suppose that f, g, FP and G? have a second common fixed point w € X —{z}.
If 0(FPw,G9w) > 0, from (2.14) and ¢ € ®3, we have

O0(FPw,Glw)
/ o(t)dt
0
0(fw,FPw) 0 (gw,Glw) 0(fw,Glw)
< ¢< / po | co, | o(0)dt,
0 0 0
d(gw,FPw) d(fw,gw)
/ ety [ @(t)dt>
0 0
0(Glw,FPw) §(FPw,Glw)
< ¢< / coy, | o(0)dt,
0 0

0(FPw,Glw) 0(Glw,FPw)
/ ety [ (0.0
0 0

§(FPw,Glw) §(FPw,Glw)
< r(/ gp(t)dt) </ o(t)dt,
0 0

which is impossible. Therefore §(FPw, Glw) = 0. Note that w € FPw N Glw.
Consequently, FPw = Glw = {w}. Using (2.14) and ¢ € ®3, we get that

0(z,w) (FPz,Glw)
| etnae= | o(t)dt
0 0

d(gw,FPz) d(fz,gw)
[ et [T o)

0 0
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0(z,w) 0(z,w) 6(z,w)
< ¢><o, o [ e, [ et [ w(t)df>
0 0 0

§(z,w) 0(z,w)
< r(/ w(t)dt> </ o(t)dt,
0 0

which is a contradiction. Therefore z is the unique common fixed point of f,
g, FP and GY. This completes the proof. O

3. REMARKS AND ILLUSTRATIVE EXAMPLES

In this section, we construct three examples to show that Theorems 2.1-2.5
generalize or are different from some results in [2,3,7,10-14, 17, 20].

Remark 3.1. Theorem 2.1 extends Theorem 2.2 in [12]. The following exam-
ple manifests that Theorem 2.1 differs from Theorems 1.4 and 1.5 in the first
section.

Example 3.2. Let X = [0,1] U {2} be endowed with the Euclidean metric
d=1-|. Define F,G: X — CB(X) and ¢, ¢ : Rt — R* by

Fz = 0.5], ¥z eo], Gz ={z}, VrelX,
{1}, x =2,

1
o(t)=2t, VteR" and ot) = b vt € RT.

Take p = j = 2 and ¢ = i = 3. Obviously, (X, d) is a bounded complete metric
space, F' and G are continuous and commuting, (¢, ¢) € ®; x P9 and
2. _ _ Yyl _ z 3. Z
F22 = UyeraFy = Uyepo,z) [0, ﬂ - [0, Z]’ Fiz = [0, g}’ vz € [0,1],
1 1
F22 = Fl = [0 f} F39 = [0, 7]
217 4

Put x,y € X. In order to verify (2.1), we need to consider four possible cases
as follows:
Case 1. z,y € [0,1]. It follows that

§(F2G3z,F3G2%y) 5([0,%1,[0,%])
/ oty = [ o(t)dt
0

0
max{Z £} 2 .2
= v 2tdt:max{x—,y—}
0 16" 64
1 5([0, 1000, §]u{z.y})
< gmaxta ) = o [ o(ar)
0

5(Upcepg Dizy))
< ¢( / @(t)dt>;
0
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Case 2. x =y = 2. It is clear that

S(F2G32,F3G2y) 5(10,31,[0,3) 3
/ o(t)dt = / o(t)dt = / otdt = -
0 0 0
5(00,410(2)
<2- ¢</ @(t)dt)
0

5(Upecpe Dizy})
s¢</ ¢ww)
0

Case 3. x € [0,1],y = 2. Tt is easy to see that

1

§(F2G3z, F3G2y) 5([0,%],[0,]) r
/ go(t)dt:/ go(t)dt:/ dt = —
0 0 0
5([0,2]1u[0,3]U{=,2})
<2=of [ otar)

0
6(UDECFGD{z7y})
< ¢< / w(t)dt>;
0
Case 4. x =2,y € [0,1]. It is easy to verify that

1

S(F2G32,F3G2y) 5([0,31,00,4))
/ o(t)dt = / o(t)dt = / otdt = -
0 0 0 4
5([0,3]U[0,4]u{2,3})
<2= ¢</ o(t) dt)
0

6(UD€CFGD{x7y})
< ¢</ cp(t)dt).
0

Hence, (2.1) holds. That is, the conditions of Theorem 2.1 are satisfied. It
follows from Theorem 2.1 that F' and G have a unique common stationary
point 0 € X and the sequence { F"G"z},en converges to {0} for all z € X.

However, we don’t invoke Theorems 1.4 and 1.5 in the first section to show
the existence of fixed points of F' in X. Suppose that F' satisfies the conditions
of Theorem 1.4. That is, there exist ¢ € ®; and a constant ¢ € [0, 1) satisfying
(1.5). It follows from (1.5) that

1 H([0,],1) H(F1,F2)
/ o(t)dt = / o(t)dt = / o(t)dt
0 0 0
d(1,2) 1 1
< c/ p(t)dt = c/ (t)dt < / p(t)dt,
0 0 0

which is a contradiction. Suppose that I’ satisfies the conditions of Theorem
1.5. That is, there exist (¢, ¢) € ®1 x ®2 and a function o € O satisfying
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(1.6). By virtue of (1.6) and (¢, ¢) € ®1 x $2, we deduce that

o [ 1 ottrit) =o( [ sy ottrit) =o( [ e ottt
d(1,2)
ald(1, 2>>¢( / @(t)dt>
~as( [ 1 ottrit) <o [ 1 )it ).

Remark 3.3. The following example reveals that Theorem 2.3 differs from
Theorems 1.1, 1.2 and 1.3 in the first section, Theorem 3.1 in [14] and Theorem
2 in [17].

which is impossible.

Example 3.4. Let X = [0, 3] be endowed with the Euclidean metric d = |-|.
Define F,G : X — CB(X) and ¢, ¢ : Rt — R* by

_ sk Vo € [0, 1], ~JE vz € [0,1],
o= {{az— 1, veed, 7 {{§<x— L}, vee (1,3,
ot)=2t, VteR" and ¢(t) = %t, vt € RT.

Take p = j = 1. Obviously, (X, d) is a bounded complete metric space, F' and
G are continuous and commuting ) € &1 x &y and

FGZL‘_{

Put z,y € X. In order to verify (2.11), we need to consider four possible cases
as follows:
Case 1. z,y € [0,1]. It follows that

d(Fz,Gy)
/ o(t)dt
0

vV € [0,1],
(z—1), vze(1,3].

w\»—‘a\&

I
o\_
NI
|
e
[\
~
IS
~
|

AN
|
=
o
"

(
<gmax{(e-§)"(-5) )
1 max{x,%y,%} 5({3373/7%7%})
-5/ 2tdt < ¢< / so(t))dt
0 0

5(Upecpe Dizy})
< <z>( / sO(t)dt>;
0
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Case 2. z,y € (1,3]. It is clear that

R A Y (R ()]
2 2
g (=30-3))" 6-56-2)))
1 1 1
1
T2

max{o— 5 (y=1)w—3 = 1)) IR ICEEYRTORE I
/ 2tdt < ¢>< / go(t)dt)
0 0

6(UD€CFGD{:C’y})
(/ wwﬁ)
0

Case 3. x € [0,1],y € (1, 3]. It is easy to see that

<

-

war (e~ 30~ )" 0 1))

1

2

1 max{z—g(y—3)y—gz}

- / 2dt < ¢(
2 Jo

8(UpecpgD{z.y})
g¢(/ wmw)
0

Case 4. z € (1,3],y € [0,1]. It is easy to verify that

d(Fz,Gy) (z—3)—% 1 2
/ o(t)dt = / 2 ouar = ((ac - 5) - %)
0 0
1 1 1y 1
]_ y 2 1 xféy 6({:3,1/,5(23*5),6],/})
< (z-2) = <
< 2(33 6) 2/0 otdt < ¢(/ gp(t)dt)

0
8(Upecpg D{z.y})
</ gp(t)dt).
0

Hence, (2.11) holds. That is, the conditions of Theorem 2.3 are satisfied. It
follows from Theorem 2.3 that F' and G have a unique common stationary
point 0 € X and the sequence { F"G"x},en converges to {0} for all z € X.
Now we claim that Theorems 1.1, 1.2 and 1.3 in the first section, Theorem
3.1 in [14] and Theorem 2 in [17] are useless in proving the existence of fixed
points of F'in X. Suppose that F' satisfy the conditions of Theorem 1.1. That
is, there exist ¢ € ®; and a constant ¢ € [0, 1) satisfying (1.1). It follows from

IN
©-
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(1.1) and ¢ € ®; that

1

1 d(F1,F%) d(1,
[P etar= [T ewar<e [T ety

- c/j o(t)dt < /0%’ o(b)dt,

which is impossible. Suppose that F' satisfy the conditions of Theorem 1.2.
That is, there exist ¢ € ®1 and a function a € © satisfying (1.2) and (1.3).
By virtue of (1.2), (1.3) and (¢, ) € ®1 x O, we conclude that
3 3 3 3\ d(1,F3)+d(3,F1)
m(1.5) = max{a(1, 5).d0. F1. (5, F5). 2 }

1 d(1,1) +d(2,1 1
’d(lai)ad(§71)7 ( )+ (2 2)}:

2 2 2 2

1 d(F1,F%) 3 m(1,3)
= < —
/0 o(t)dt /0 gp(t)dt_a(d(l,2))/0 o(t)dt

:04(%) /Oégo(t)dt</0 o(b)dt,

which is a contradiction.

Suppose that F' satisfy the conditions of Theorem 1.3. That is, there exist
¢ € ®; and a function a € © satisfying (1.4). It follows from (1.4), (¢,a) €
®; x © and m(1,3) =  that

L d(F1,F3) 3 m(1,3)
= < —
/0 o(t)dt /0 gp(t)dt_a<m<1,2))/0 o(t)dt

N
a(5) [ etnde < [ oar
27 Jo 0
which is impossible.

Since Theorems 1.2 and 1.3 are generalizations of Theorem 3.1 in [14] and
Theorem 2 in [17], respectively, it follows that Theorem 3.1 in [14] and Theo-
rem 2 in [17] are unapplicable.

(W
=

{1
max < —
2

and

QU

N

-
[N

Remark 3.5. Theorem 2.5 extends Theorem 2 in [7] and Theorem 1 in [11].
The following example reveals that Theorem 2.5 is different from Theorems 1
and 2 in [3].

Example 3.6. Let X = {1,2,5,7,9} be endowed with the Euclidean metric
d =1-|. Define f,g : X - X, G : X = B(X), ¢ : Rt - R and
¢: (RT)> = RT by

fl=f2=f5=f71=2, f9=1 grx=2x, VzelX,
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Fl=F2=F7={2), F5={27), F9={5}, G=F
1, Vtelo,5],
£ =
() {et, vt € (5, 400)

and
6 L
¢(t17t27t37t47t5) = ?max{t17t2at3at47t5}) th eR 1€ {172>3>475}'

Take p = 2 and ¢ = 3. Obviously, (X,d) is a bounded complete metric space,
F and G are commuting, f,g € CCr N CCq and (p,¢) € ®; x $3. Put
z,y € X. In order to verify (2.14), we need to consider three possible cases as
follows:

Case 1. x € {1,2,5,7}, y € X. Tt is clear that

(F2x,G3y) [2—2|
/ o(t)dt = / p(t)dt =0
0 0
§(fz,F2x) 5(g9y,G3y) 5(fy,G3y)
< ¢< [ e [ ptwar [ et
0 0 0

5(gy,F2x) d(fz,g9y)
/ ey, | <p(t)dt>;
0 0

Case 2. x =9,y € {1,2,5,7}. It follows that

8(F29,G3y) 6({2,7},2)
/ o(t)dt = / pt)dt =5 <

5(1{2,7}) 6 [0(f9,F29)
</ dt+/ tdt) / p(t)dt = 7/ p(t)dt
0

(f9,F29) 5(g9y,G3y) 5(£9,G3y)
< <z>< / e, [ e, [ et
0 0 0

§(gy,F29) d(£9,9v)
J s, @(t)dt);
0 0

(5+ef —ed)

NS
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Case 3. x =y =9. Notice that

5(F29,G39) 6({2,7},2) 6
/ ooyt = [ 5o+ - )
0

7
1dt+ [ eldt ey o(t)dt
=2 / )2

f9,F29) 5(99,G39) 5(£9,G39)
< <z>( / e, [ pnan [ par,
0 0 0

6(99,F29) d(£9,99)
/ o(t)dt, / go(t)dt) .
0 0

Hence, (2.14) holds. That is, the conditions of Theorem 2.5 are fulfilled. It
follows from Theorem 2.5 that f, g, F2 and G® have a unique common fixed
point 2 € X.

However, Theorems 1 and 2 in [3] cannot be used to prove the existence
of common fixed points of f, g, F and G in X. Suppose that f, g, F' and
G satisfy the conditions of Theorem 1 in [3]. That is, there exist ¢ € @1,
a€[0,1) and @ > 0,b > 0 with a + b < 1 satisfying

/ (1)t
0

/maX{d(f‘Tvgy)vd(fvaz)7d(gy7Gy)}

<a (t)dt (3.1)

0
d(fz,Gy) d(gy,Fz)

+(1-a) <a/0 o(t)dt + b/02 go(t)dt>.

It follows from (3.1) and ¢ € ®; that

5 H(F5,G2)
/ o(t)dtdt / o(t)dt
0 0

max{d(f5,92),d(f5,F5),d(¢92,G2)}
<« / o(t)dt
0

d(f5,G2) d(g2,F'5)

+(1-a) (a/o2 o()dt + b/02 go(t)dt)
= a/oo p(t)dt + (1 — «) <a /00 (t)dt + b/oo go(t)dt)

=0,

which is a contradiction.
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Suppose that f, g, F and G satisfy the conditions of Theorem 2 in [3]. That
is, there exists (@, ¢) € ®1 x Pq satisfying

H(Fz,Gy)
/ (1)t
0

5 ( /max{d(fw,gy),d(fm,Fx),d(gy,Gy),d(fxz’Gy),d(gyf’”)} (32)
<

go(t)dt).

0

By virtue of (3.2) and (¢, ¢) € &1 x P2, we conclude that

5 H(F5,G2)
| etwa= [ o(t)dt
0 0

¢< /max{d<f5,g2>,d<f5,F5>,d(gz,Gz>,W,‘W}
<

ga(t)dt)

0

_ ¢</00 cp(t)dt) = (0) =0,

which is impossible.
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