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Abstract. Let 1,,(f1, f,..-fi, 91,92, ...g1)(2) be the integral operator defined by generalized
hypergeometric functions where each of the functions f,, and g,, are, respectively, analytic
functions in the open unit disk for all m = 1, ...,1. The object of this paper is to obtain several
univalence conditions for this integral operator. Our main results contain some interesting

corollaries as special cases.

1. INTRODUCTION

The study of hypergeometric functions plays a vital role in mathematics.
Hypergeometric functions had been extensively studied (for example) by Eu-
ler, Gauss, Riemann and of course many others. They obtained many inter-
esting results associated with this type of functions, these results could be
attributed to the applications of the hypergeometric theory along with its
beautiful structure. It is applicable in many subjects such as combinatorics,
numerical analysis, dynamical analysis and mathematical physics. Basically,
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q—hypergeometric functions are a generalization of the classical hypergeomet-
ric functions, in the sense of taking the (formal) limit g — 1, it will return to
the classical hypergeometric setting. The g—hypergeometric level can general-
ize many results for the classical hypergeometric functions. The generalization
g—Taylor’s formula in fractional g—caluculs introduced by Purohit and Raina
[17], where certain g—generating functions for g—hypergeometric functions are
derived.

Let A denote the class of functions of the form
oo
z):z—l—Zakzk, (1.1)
k=2

which are analytic and normalized in the open unit disk U= {z: |z| < 1}.

g—hypergeometric function is a power series in one complex variable z with
power series coefficients which depend, apart from ¢ on r complex upper pa-
rameters ap, as, ...,a, and s complex lower by, by, ...bs as follows (See Gasper
and Rahman [8])

k 1+s—r
> a17 a'f‘7q)k k ( 2 > k
s (a1, ...ar; b1, ...bs, q, -1 z
( 1 1 S q,z ZO bl q) (b q)k ( ) q
(1.2)
. kE\ k(-1 _ .
with 5 | =72 , where ¢ # 0 whenr > s+1,(r,s € Ng = NU{0};z € U),

N denote the set of positive integers and (a, q); is the g—shifted factorial de-
fined by

(1 k=0;
(G,Q)k = { (1 _ a)(l - aq)(l _ aq2)_,_(1 — aqk—l), k e N.

By using the ratio test, one recognize that, if |¢| < 1, the series (1.2) con-
verges absolutely (see Gasper and Rahman [8]) and Ghany [9]) for all zif r < s
and for |z| < 1if r = s+ 1. For brief survey on g—hypergeometric functions,
one may refer to [2, 4, 10] also see [11, 12].

Now for z € U,|q| < 1, and » = s + 1, the g—hypergeometric function
defined in (1.2) takes the form

o0

(a1, Qk--(ars Qe 1
Vs (@1, .eny @p; b1, .. q,z :
r s( s eeey Wy Ul S’ ’ z;) bl: ) (bS7Q)k ’

which converges absolutely in the open unit disk U .
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Corresponding to a function ,Ag(ai; bj; ¢, 2) defined by

ala (QT7Q)1€—1 k
A‘ a;b;q7 _Z U a’ 7q7 Z+ Z b
rAs(ai; bji g, 2) r0s(ai3 by Z @)r—1( bl, ) —1-(bs, @) -1

where i =1,...,r, j=1,...,s, a;,b; € C, bj e C\{0,—-1,-2,...}.

We will use the following operator which defined and studied by the authors
(see [1] ).

M (aza j7Q)f(Z) :f(z) * rAs(aiabj;% Z)7
M (@i, b:0) f(2) =(1 = X) f(2) * 7 As(as, bjs a3 2) + Az (f(2) * »As(ai, by g5 2))

Mt a(aisbii ) f(2) = M (Mm LE >>)

(1.3)
=z+ Z Tkakzk
where * denotes the usual Hadamard product of analytic functions and
T _ (a’17Q)k‘—1"'(a‘T’7Q)k’—1 (1.4)

(4, Q1 (b1, Q-1 (bs, @)1

In the following definitions, we introduce new subclasses of analytic func-
tions defined by a linear operator ./\/lrs /\(az, bi;q) f(2).

Definition 1.1. Let f € A. Then f € ]!, y(«) if and only if

2 (M2, (@i b0 ()
M, (@b D)

—1ll<a, 0<a<l, z€el, (1.5)

where M} \(ai, bj;q) f(2) is the operator given by (1.3).
Definition 1.2. Let f € A. Then f € B;"s,/\(n,ﬁ) if and only if

n / < !
(M7, 2 (ai, by q) f(2)) (Mﬁs,x(ai’bjw)f(2)> ~1 (16)
<1_B7O§/6<1)77207Z6U7

where M, \(a;,bj; ) f(2) is the operator given by (1.3).

We present some examples by using specializing the values of r, s, a1, as...a,,
bl, bg, ...bs and n.
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Example 1.3. For r = 1,5 = 0,a; = g and n = 0 in Definition 1.1, then

2f'(2)
f(2)

where S denote the class of analytic functions (see[6] and [7]).

Sy =

«

—1‘<a,0<a§1,z€U,

Example 1.4. For r = 1,5 =0,a; = ¢, and n = 0 in Definition 1.2, then

z

B A) = |9 (M)n—l\ <15

26U70§ﬁ<1777207

where B(n, 8) denote the class of analytic functions which has been studied
by Frasin and Jahangiri [5].

Using the operator defined by (1.3), we introduce the following new general
integral operator:

Definition 1.5. For I € NU {0}, fin(2),gm(2) € A and 6y, Y, p € C* =
C\{0}. We define the integral operator I,(f1, f2,...f1,91, 92, ...91)(2) : A" —
A" by

I,U(flv f2a "'flvglag27 gl)(z)

P l n . . 6m
— I / t,LL—l H (MT,S7)‘(CLZ’ b‘j’ Q)fm (t)> (eM:},s,)\(aivbﬁQ)gm(t))’ym dt
0 m=1

=

t
(1.7)

It should be remarked that the integral operator I,,(f1, fa, ... fn, 91, 92, ---g1)(2)
is a generalization of many other operators considered earlier, for example:
e Forn =0,r =1,s = 0,a1 = q, and y = 1, where 0, v € C, the
integral operator

.y o -~
FB(flanv"'fl7917927"'gl)(z) :/[) H <f7nt(t)> (egm(t)>'y dt

m=1
investigated by Stanciu and Breaz [18].

e Forn=0,r=1,s =0,a0 = ¢,u=1and [ = 1, where §,v € C, we
have the integral operator (see [18])

z 4
F(f1,f2,---f1791,92,...gl)(z):/0 (@) (eg(t)ydt
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e For n = 0,r = 1,s = 0,a; = ¢ and v, = O,where J,, € C and
pu € C* = C\{0}, the integral operator

z l o i
Fu(fi, fa, - fi)(2) = {M/O h—1 1‘_{1 <ﬂnt(t)> dt}

introduced by Breaz and Breaz [3].
e Forn=0,r=1,5s=0,a1 = ¢,vm = 0 and p = 1, where J,, € C, we
obtain the integral operator

Fo(2) :/OZ [l[ (fmt“))ém dt

m=1

studied by Breaz and Breaz [3].

The following results will be required in our investigation.

Lemma 1.6. ([14, 15]) Let p € C with Re(u) > 0. If f € A satisfies
_ | ~|2Re(p) "
L R0 27
Re(u) | f'(2)

for all z € U, then the integral operator
z ;
R = {u [0
0

Lemma 1.7. ([16]) Let p € C with Re(p) > 0,c € C, with |¢] < 1,¢# —1. If
f € A satisfies

is in the class S.

z2f"(z
puf'(2)

~—

clz 4 (1 — [2[*) <1

—_ 9

for all z € U, then the integral operator
z ;
R = {u [0 e
0

Lemma 1.8. (Generalized Schwarz Lemma, [13]) Let the function f be reg-
ular in the disk Ugp = {z € C : |z| < R}, with |f(2)| < M for fixed M. If f
has one zero with multiplicity order bigger than m for z = 0, then

is in the class S.

7)< lel™, (2 € Un)
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Equality can hold only if

where 0 is constant.
2. MAIN RESULTS

Theorem 2.1. Let the functions fum, gm € A, for allm € 1,2, ....1 and suppose
that

M7 s A (@05 b5 ) gm (2)| < M, (2 € U)

with My, > 1. If fn € S \(am), 0 < am < 1 and g € By \ (s Bim) s im >
0,0 < B < 1, then the integral operator I,,(f1, ..., fi, 91,...91)(2) given by (1.7)
1s analytic and univalent in U, where

l
> 3 (Gl + il (2 = Bun) M. (2.1)
m=1

Proof. By setting

l
N M (2] 3 4)Jm n . m
w(z) —/0 H < TS)\<a t] )f ( )> (e'/vlr,s,>\(azvijq)gm(t)>7 dt

m=1

ﬁ ( rsa(@is b3 0) fn (2 )> (ew,s,k(ai,bj;qmm(z))”m

Logarithmic derivative of w’(z) yields

: (M7 \(ai bj; q) fm(2)) n )
=2 [5m ( M (b @) fml(2) 1) +me M 00 ;q)gm(z))] '

This implies that

2w (2)

w'(z)
l
<y llém!
m=1

2(M] A (@i, bj;0) fm(2))
(@i 055 q) fn(2)

=1+ [l \Z(M?,s,x(aubj;Q)gm(z))’\] )
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which readily shows that

1 — |2|2BeW) | zu” (2) 1 — |z[2Re) ZZ: 6 (M7 (@i bji @) fn(2)) o
Re(u) w'(z) Re(n) =" rsaaisbjsq) fm(2)
+ [ |2(M] ¢ A (@i, bj; Q)gm(z))'|]
that is,
|Z|2Re 1) zw”(z)
Re( ) w'(z)
Z‘QRe(,u i | | Mrs)\( b‘;Q)fm(z)), 1
m=1 " rs)\(al?bj7q)fm(z)
T]m
+ 1m M:}s iab'; m ! i
Y| [(M 5 2 (ai, bj5 @) gm(2)) (M;}’S’A(ai,bj;q)gm(z)>
M i)b'; m i
o | Mrsate - D (2) |z|]. (2.2)

Since |M, \ (i, bj; q)gm(2)| < My, 2 € U using the General Schwarz Lemma
for the functions M (@i b q)gm(2) , we receive
M3 s A (@i b5 Q) gm (2)] < Minlz], 2 €U
forallme 1,2,... 1
Also, since f,, € Sr’fsv/\(am),o < ay, < 1, applying the relation (1.5) in the
relation (2.2), we have
1— ‘Z|2Re(u)
Re(p)
1— |Z’2Re(u)
= T(IU/)

2w (2)
w'(2)
l

> [|5m|am

m=1

NMm
+ vm M:‘Ls ai, bj; m\ % ' : -1+
v !(‘( (@i 0554)gm(2)) <M257A(ai,bj;q)gm(z))

According to the relation (1.6), we obtain

1) M,@m] |

1 — |2[2Re(®) 1
= S5 2 [l + 2 = 0.
m=1

Re(p)

2w (2)

w'(2)
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Thus using (8) and applying Lemma 1.6, we obtain that the integral operator
L.(f1, f2s - f1, 91, 92, -..q1)(2) € S. This completes the proof. O

In Theorem 2.1, if we set [ = 1, then we have the following corollary.

Corollary 2.2. Let the functions f,g € A and suppose that
(M7 a(ai bjsq)g(2)| < M, (2 € U)

with M > 1. If f € §)'; \(a), 0 <a<1andg€ B! \(n,8),n>0,0<p<1,
then the integral operator

1
4 I
z ME aivb'; t n b
L(f,9)(2) = ,u/ gt ( el b ) )) <6MT«S«*(“Z’I’J’Q)Q(”)Vdt
0 t
(2.3)
1 analytic and univalent in U, where
Re(p) = |6]o + |[y[(2 — B)M".
In Theorem 2.1, if we consider M| = My = --- = M; = M, then we get the

following corollary.

Corollary 2.3. Let M > 1, each of the functions fm,gm € A for all m €
1,2,..,1 satisfies fm € S \(am), 0 <y <1 and gm € Bl 5 (Mms Bm)s m >
0, 0 < B, < 1 with

l
Re(p) > Z [[6m |cem + [ym (2 = Bm) M™™] .
m=1
If
M7 s x(ai bjs q)gm(2)] < M,
then the integral operator 1,,(f1, fa,..-fi, 91, 92, ...91)(2) defined by (1.7) is ana-
lytic and univalent in U.

In Corollary 2.3, we consider M = 1, then we have the following corollary.

Corollary 2.4. Let each of the functions fm,gm € A for all m € 1,2,.../1
satisfies fm, € Sﬁsv/\(am),O < am <1 and g, € Bﬁs,)\(nm,ﬁm),nm > 0,0 <
Bm < 1 with

l
Re(u) > Y [[dmlam + [1m|(2 = Bm)] -

m=1
If
(Mo a(ais bjs @)gm(2)] < 1,
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then the integral operator 1,(f1, fo,...fi,91, 92, ...91)(2) defined by (1.7) is ana-
lytic and univalent in U.

Theorem 2.5. Let the functions fi, gm € A for allm € 1,2, ....1 and suppose
that

’M?,s,)\(alabpq)gm(z” < My, (Z € U)
with My, > 1. If fo, € S::g,)\(am)’o <am <1 and gy € BZ},S,)\(nmvﬁm)?nm >

0,0 < B < 1, then the integral operator 1,,(f1, ..., fi, 91,...91)(2) given by (1.7)
1s analytic and univalent in U, where

l
11 > ; S [6mltm + el (2 — Br) M (2.4)

m=1

Proof. From the proof of Theorem 2.1, we have

2w (z) zl: [(Sm(Z(M;},S,A(ai’bj;@fm(z)),

- 1) +Ymz (M, x (@i, by Q)gm(Z))'] :

w’(z) 1 M?‘,s,)\(ahbjaQ)fm(z)
Then we find
"
21 1— 21 rw (Z)
e+ (1 o) 2

o, (L= 12%) A(My (i bji @) f(2)
clz|** + . Z [5m < M:L’S’)\(a%bj;Q)fm(Z) 1

m=1

+ ymz (Mg A (ai, by Q)gm(Z))’]

l
1
< el + L > [|5m|

m=1

M2 (01,153 0) ()

—1
M:},s,)\(aia bj; Q)fm(z)

+ [yml 2] (M 2 (@i, by q)gm(Z))'l}- (2.5)
From the result in (2.5) and using the proof of Theorem 2.1, we impose

2w (2 1 &
el (1= ) 25 < el 3 ot + 2 = B

m=1

According to the hypothesis (2.4) and by Lemma 1.7, we obtain that
Iu(fla"'7flagl7"'gl)(z) GS D
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In Theorem 2.5, we put [ = 1. Then we have:

Corollary 2.6. Let the functions f,g € A and suppose that
M5 (aiy by q)g(2)] < M, (2 € U)

with M > 1. If f € S \(@),0 <a <1andg€ B \(n,8,n=>00<p<1,
then the integral operator I,,(f,g)(z) given by (2.3) is analytic and univalent
in U, where

L—ef =~ [I5!a+|’vl(2— B)M].

In Theorem 2.5, we consider M| = My = --- = M; = M, then we have the
following corollary.

Corollary 2.7. Let M > 1, each of the functions fm,,gm € A for all m €
2, ..., satisfies fm € S, \(@m),0 < am < 1 and g € By, \(ms Bim) s m >
0,0 < By < 1 with

l
= 3 (nlen + Pl (2.~ B) 217

"&:

If

(M7 s a(ais b3 a)gm(2)] < M,
then the integral operator 1,,(f1, fa, ... fi, 91, 92, ...91)(2) defined by (1.7) is ana-
lytic and univalent in U.

In Corollary 2.7, we consider M = 1, the we have:

Corollary 2.8. Each of the functions fum, gm € A for allm € 1,2, ...,1 satisfies
fm € S;fs,)\(o‘m%() <oy, <1 and 9m € 8237)\(nmuﬂm)anm > 07 0< /Bm <1
with

1 l
*Z |5 |am+"7m|(2*ﬁm)]'

“‘;

If

(Mo a(ais b3 q)gm(2)] < 1,
then the integral operator 1,(f1, fo,...f1,91, 92, ...91)(2) defined by (1.7) is ana-
lytic and univalent in U.
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