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Abstract. In this paper, we study a new two-step iteration scheme of mixed type for two
total asymptotically nonexpansive self-mappings and two total asymptotically nonexpansive
non-self mappings and establish some strong convergence theorems in the framework of
Banach spaces. Our results extend and generalize several results from the current existing

literature.

1. INTRODUCTION

Let C be a nonempty subset of a real Banach space E. Let T: C' — C be a
nonlinear mapping. Then we denote the set of all fixed points of T" by F(T)).
The set of common fixed points of four mappings S1, So, 11 and T will be
denoted by F' = F(S1)(F(S2) F(T1) () F(T2). Throughout this paper N
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denotes the set of all positive integers and RT denotes the set of all positive
real numbers.

Definition 1.1. A mapping T': C — ('is said to be asymptotically nonexpan-
sive [6] if there exists a positive sequence {k,} in [1,00) with lim, o k, =1
such that

[T"(z) =T (W)l < Eullz -yl (1.1)
for all z,y € C and n € N.

The class of asymptotically nonexpansive mappings was introduced by Goebel
and Kirk [6] as a generalization of the class of nonxpansive mappings. They
proved that if C'is a nonempty closed convex subset of a real uniformly convex
Banach space and T is an asymptotically nonexpansive mapping on C, then
T has a fixed point.

Definition 1.2. A mapping T': C' — (' is said to be asymptotically nonexpan-
sive in the intermediate sense if it is continuous and the following inequality
holds:

limsup sup (|7 (x) = T(y)] — o — ]| ) < 0. (1.2)

n—oo  z,yeC
Observe that if we define
e =limsup sup (IIT7(z) = T" ()| - o — yll) and v, = max{0, cu},

n—oo zyeC
then v, — 0 as n — oo. It follows that (1.2) is reduced to
[T"(z) =Tyl < [z =yl +vn (1.3)

for all z,y € C and n € N.

The class of mappings which are asymptotically nonexpansive in the in-
termediate sense was introduced by Bruck, Kuczumow and Reich [2]. It is
known [9], that if C' is a nonempty closed convex bounded subset of a uni-
formly convex Banach space E and T is asymptotically nonexpansive in the
intermediate sense mapping, T" has a fixed point. It is worth mentioning that
the class of mapping which are asymptotically nonexpansive in the intermedi-
ate sense contains properly the class of asymptotically nonexpansive mappings.

Albert et al. [1] introduced the concept of total asymptotically nonexpansive
mappings in 2006.

Definition 1.3. A mapping 7: C — (' is said to be total asymptotically
nonexpansive [1] if

1T"(x) =T" Wl < Mz =yl + patp ([l = yl) + va, (1.4)
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for all z,y € C and n € N, where {u,} and {v,} are nonnegative real se-
quences such that p, — 0 and v, — 0 as n — oo and a strictly increasing
continuous function #: [0,00) — [0, 00) with #(0) = 0.

From the above definition, we see that the class of total asymptotically
nonexpansive mappings include the class of asymptotically nonexpansive map-
pings as a special case; see also [5] for more details.

Remark 1.4. From the above definition, it is clear that each asymptotically
nonexpansive mapping is a total asymptotically nonexpansive with v, = 0,
pn =kp —1foralln>1 ()=t t>0.

Definition 1.5. A subset C of a Banach space F is said to be a retract of
E if there exists a continuous mapping P: E — C (called a retraction) such
that P(z) = x for all z € C. If, in addition P is nonexpansive, then P is said
to be a nonexpansive retract of E.

If P: E — C is a retraction, then P2 = P. A retract of a Hausdorff space
must be a closed subset. Every closed convex subset of a uniformly convex
Banach space is a retract.

In 2003, Chidume et al. [3] defined non-self asymptotically nonexpansive
mappings.

Definition 1.6. A non-self mapping T: C' — F is said to be asymptoti-
cally nonexpansive [3] if there exists a positive sequence {k,} in [1,00) with
lim,,— o kn, = 1 such that

IT(PT)" (&) = T(PT)" " ()|l < kullz —y] (1.5)
for all x,y € C' and n € N.

Recently, Yolacan and Kiziltunc [18] defined non-self total asymptotically
nonexpansive mappings.

Definition 1.7. Let C' be a nonempty closed and convex subset of a Ba-
nach space E. A non-self mapping T: C — F is said to be total asymptoti-
cally nonexpansive [18] if there exist sequences {u,} and {v,} in [0, 00) with
tn — 0 and v, — 0 as n — oo and a strictly increasing continuous function
Y: [0,00) = [0,00) with ¢(0) =0

IT(PT)"(z) = T(PT)" ()| < llz = yll + pat (2 = yll) + v (1.6)
for all z,y € C and n € N.

Chidume et al. [3] studied the following iteration process for non-self asymp-
totically nonexpansive mappings:
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1 = z€C,
it = PlanT(PT)" '+ (1= an)zn), 0> 1, (1.7)

where {a,} is a sequence in (0, 1).

Chidume et al. [4] studied the following iteration scheme:

rn = zeC,
Tpp1 = Pla,T(PT)" 'z, 4+ (1 —an)z,), n > 1, (1.8)

where {a,} is a sequence in (0, 1), and C is a nonempty closed convex subset
of a real uniformly convex Banach space E, P is a nonexpansive retraction
of F onto C, and proved some strong and weak convergence theorems for
asymptotically nonexpansive non-self mappings in the intermediate sense in
the framework of uniformly convex Banach spaces.

In 2006, Wang [16] generalized the iteration process (1.8) as follows:

r1 = z€C,
Tnr1 = P(1—ap)z, + a1 (PTl)"_lyn),
Yn = P((1-Bn)zn+ 5nT2<PT2)n_1mn)a n=>1, (1.9)

where 17, T»: C' — E are two asymptotically nonexpansive non-self mappings
and {a,}, {8} are real sequences in [0, 1), and proved some strong and weak
convergence theorems for asymptotically nonexpansive non-self mappings.

In 2012, Guo et al. [7] generalized the iteration process (1.9) as follows:

ry = z€C,
Tne1 = P(1—ap)STx, + oznTl(PTl)”_lyn),
Yn = P((1—Bn)S%rn + BuTo(PTy)" ta,), n > 1, (1.10)

where S1, So: C — C' are two asymptotically nonexpansive self mappings and
Ty, To: C — FE are two asymptotically nonexpansive non-self mappings and
{an}, {Bn} are real sequences in [0, 1), and proved some strong and weak con-
vergence theorems for mixed type asymptotically nonexpansive mappings.

Now, we define the mixed type iteration scheme.
Let E be a real Banach space, C' be a nonempty closed convex subset of

and P: E — C be a nonexpansive retraction of E onto C. Let S7, So: C — C
be two total asymptotically nonexpansive self mappings and Ty, T5: C — FE
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are two total asymptotically nonexpansive non-self mappings. Then the mixed
type iteration scheme for the mentioned mappings is as follows:

ry = z€C,
Tne1 = P(1—ap)STx, + oznTl(PTl)”_lyn),
Yn = P((1—=Bn)S%rn + BuTo(PTy)" ta,), n > 1, (1.11)

where {a,,} and {3, } are real sequences in [0, 1).

The purpose of this paper is to study newly defined mixed type iteration
scheme (1.11) and establish some strong convergence theorems in the setting
of real Banach spaces.

2. PRELIMINARIES

A mapping T: C — C with F(T) # () is said to satisfy condition (A) [14] if
there is a nondecreasing function f: [0,00) — [0,00) with f(0) =0, f(¢) >0
for all t € (0,00) such that || — Tz| > f(d(x, F(T))) for all x € C, where

d(w, F(T)) = inf{|lz — p|| : p € F(T)}.

A mapping T': C' — C'is called:
(1) demicompact if any bounded sequence {z,} in C such that {z, — Tz, }
is convergent, then it has a convergent subsequence {zy, };
(2) semi-compact (or hemicompact) if any bounded sequence {z,} in C
such that {z, — Tx,} — 0 as n — oo has a convergent subsequence.

Every demicompact mapping is semi-compact but the converse is not true in
general.

Senter and Dotson [14] have approximated fixed point of a nonexpansive
mapping 7' by Mann iterates whereas Maiti and Ghosh [10] and Tan and Xu
[15] have approximated the fixed points using Ishikawa iterates under condition
(A) of [14]. Tan and Xu [15] pointed out that condition (A) is weaker than
the compactness of C.

Proposition 2.1. Let C' be a nonempty subset of a Banach space E which
s also a nonexpansive retract of E, and T1,T5: C — E be two total asymp-
totically nonexpansive non-self mappings. Then there exist nonnegative real
sequences {pn} and {vn} in [0,00) with py, — 0 and v, — 0 as n — oo and a
strictly increasing continuous function 1: RT — RT with ¢(0) = 0 such that

1T (PT)"H (z) = Ti(PT)" ()| < Nl — yll + pap (e = yll) +va, (21)

and

IT2(PTo)" (2) = To(PT2)" ()| < llw = yll + stz = yll) + vn, (2:2)
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for all z,y € C' and n € N.

Proof. Since T1,T5: C — E are two total asymptotically nonexpansive non-
self mappings, there exist nonnegative real sequences {u.,}, {u}, {v),} and
{v/'} in [0, 00) with u),, pu) — 0 and v/, vl — 0 as n — oo and strictly increas-

ing continuous functions 11, 19: RT — Rt with 11 (0) = 0 and 12(0) = 0 such
that

1T (PT)" (2) = TL(PTO)" ()| < Nl = yll + mvn (e = yll) + vy, (2:3)
and
IT2(PT2)" " (z) = To(PT2)" ()l < llo —yll + ppe(lle = yll) + vy, (2.4)
for all x,y € C' and n € N.
Setting
i = ey i}, v = masc{u, v
and
¥(a) = max{¢(a), ¥2(a)}, fora >0,
then we get that, there exist nonnegative real sequences {u,} and {v,} in

[0, 00) with p,, — 0 and v, — 0 as n — oo and a strictly increasing continuous
function ¢: RT — RT with (0) = 0 such that

1T (PT)" () = i(PT)" (W)l < Nz = yll + g (e = yll) + v,

< Nz =yl + pp(lz = yll) + vn
and
|ITo(PTe)" (&) = T(PT2)" W)l < o —yll + ppa(llz — ) + vy
< o=yl + pto(llz = yll) + vn,
for all x,y € C and n € N. This completes the proof. O

Proposition 2.2. Let C be a nonempty subset of a Banach space E and
let S1,82: C — C' be two total asymptotically nonexpansive self mappings.
Then there ezist nonnegative real sequences {fin,} and {vy,} in [0,00) with

tny, = 0 and vy, — 0 as n — o0 and a strictly increasing continuous function
¥ RT — RT with ¢(0) = 0 such that

157 (2) = ST < [z =yl + sl = yll) + va, (2.5)

and

152 (@) = S2 Il < Nz =yl + pny bl = yll) + vas,s (2.6)
for all z,y € C and n € N.
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Proof. Since S51,S52: C — C are two total asymptotically nonexpansive self
mappings, there exist nonnegative real sequences {su, }, {pn, }, {v,,} and
{vp,} in [0,00) with py, ,puy, — 0 and v, ,v,; — 0 as n — oo and strictly
increasing continuous functions 3,14 : RT — RT with 13(0) = 0 and 14(0) =

0 such that

157 () = ST < o=yl + 3l = yll) + vy, (2.7)
and
195 (x) = Syl < Nlo —yll + pn balllz = yll) + vy, (2.8)

for all x,y € C' and n € N.

Setting

! " VA
Hny = max{lj’nlvunl}v Vny = ma‘x{yn;u Vm}
and

Y(a) = max{ys(a),¥s(a)}, for a >0,

then we get that, there exist nonnegative real sequences {un,} and {vy,,}
in [0,00) with g, — 0 and v,,;, — 0 as n — oo and a strictly increasing
continuous function 1: Rt — Rt with (0) = 0 such that

15T () = ST < Nz =yl + pp, sl = yll) + v,

< o =yl + sy (2 = yll) + vy
and
153 () =S5l < llz—yll + pn, balllz = yl) + vy,
<z =yl + s Ul = ylD) + vny,
for all x,y € C' and n € N. This completes the proof. O

Next, we need the following useful lemma to prove our main results.

Lemma 2.3. ([15]) Let {an}22, {Bn}o2, and {r,}52, be sequences of non-

n=1- n=1
negative numbers satisfying the inequality

ani1 < (14 Bp)ap + 1y, V> 1.

If >0 B < 00 and Y7 |y < 00, then

(1) limy—yo0 v, ewists;
(ii) In particular, if {a,}5°; has a subsequence which converges strongly
to zero, then lim,_ o oy = 0.
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3. MAIN RESULTS

In this section, we prove some strong convergence theorems of iteration scheme
(1.11) for two total asymptotically nonexpansive self mappings and two total
asymptotically nonexpansive non-self mappings in the framework of real Ba-
nach spaces. First, we shall need the following lemma.

Lemma 3.1. Let E be a real Banach space, C' be a nonempty closed convex
subset of E. Let S1, So: C'— C be two total asymptotically nonexpansive self
mappings with sequences {pin, } and {vn,} as defined in Proposition 2.2 and
Ty, To: C — E are two total asymptotically nonerpansive non-self mappings
with sequences {pn} and {v,} as defined in Proposition 2.1 and

F = F(S)[F(S2) [V F(T) [ F(Ty) # 0.
Let {x,,} be the iteration scheme defined by (1.11), where {a,} and {5,} are

real sequences in [0,1) and the following conditions are satisfied:

(1) 2optq By <00, D007 fn < 00, D071 Vny < 00, 07 Uy < 005
(ii) there exists a constant M > 0 such that ¢(t) < Mt, t > 0.

Then limy, o ||zn — q|| and limy, oo d(xy,, F) both exist for all ¢ € F'.

Proof. Let g € F and let hy, = max{jn,, fin}, ln = max{v,,,v,} with
oo thn <ooand Y 7,1, < oo. From (1.11), we have

lyn —all = [1P((1 = Ba)S3an + B To(PT2)" 'as) — P(q)|

< [[(1 = Bn)Syzn + BnTZ(PT2>n_1xn — 4|

= [[(1 = Bp)(S3zn —q) + /Bn(T2(PT2)n_1$n sl

< (1= Ba)lISS s — gl + Bul T2 (PT2)" ' — g

< (I =Bu)lllzn = gl + iy ¥([J2n = qll) + vy ] + Bulllzn — 4l
Tt ([lzn — qll) + val

< (1 =B)lllzn — gll + bnM||zn, — gl + In] + Bulllzn — gl
+hn M ||y — g + 1]

= (1=8)[A+hnM)|zn — qll + 1]
FBn[(L + hn M)l zn — gl + In]

< (14 hyM)||zy, — q|| + ln- (3.1)
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Again using (1.11), we have
lzns1 =gl = [P((1 — an)STan + anTi(PT1)" " ya) — P(q)|

< (1 = @) SPay + T (PT)" Ly, — g

= ||(1 = an)(STTn — q) + on(TL(PT)™ yp — q)|

< (1= an)[IS7en — qll + anl| T (PT)" yn — gl

< (A =an)lllzn — gl + pn ([l — qll) + vn] + anlllyn — 4l
P ([lyn — all) + vl

< (A =an)lllzn —qll + hnM|lzn — gll + la] + an[llyn — 4l

+hnM|lyn — qll + n]
= (1 =an)[(I+ haM)[zn = ql| + In]
Fan[(1+ hnM)|lyn — gl + 1]
= (=)L +haM)llzn —q|
+an (1 + by M) ||yn — || + ln. (3.2)
Using equation (3.1) in (3.2), we obtain
st —al < (= an)(1 + M)l gl
tan(1+ hy M)[(1 + hn M) |z — gl + In] + In
< (1 =) + ] (14 hoy M2 ||z — gl + (2 + hy M),
= (1+hoM)*|zn — ql| + (2 + ho M)l
< (4 Myl — gl + Ml (33)
for some My, My > 0. Since Y o2 | hy, < oo and > 1, < 0o, it follows from

Lemma 2.3 that lim,_ ||z, — ¢|| exists.
Now, taking the infimum over all ¢ € F' in (3.3), we have

d(zps1, F) < [1+4 Mihy)d(zp, F) + Mal, (3.4)
for all n € N. It follows from Y 7, h, < 00, >.>° | I, < co and Lemma 2.3
that lim,,_,c d(zy, F') exists. This completes the proof. O

Theorem 3.2. Let E be a real Banach space, C' be a nonempty closed convex
subset of E. Let Sy, So: C — C be two total asymptotically nonexpansive self
mappings with sequences {fin, } and {vn,} as defined in Proposition 2.2 and
Ty, To: C — E are two total asymptotically nonerpansive non-self mappings
with sequences {pn} and {v,} as defined in Proposition 2.1 and

F = F(S1) () F(S2) () F(T) () F(T2) # 0.

Let {x,,} be the iteration scheme defined by (1.11), where {a,} and {5,} are
real sequences in [0,1) and the following conditions are satisfied:
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(1) 2oty By <00, D007 fn < 00, D071 Vny < 00, 0% Uy < 005
(ii) there exists a constant M > 0 such that ¢(t) < Mt, t > 0.

Then {x,} converges strongly to a common fized point of S1, Sz, T1 and Ty if
and only if liminf,_,o d(zy, F') =0, where d(z, F') = inf{||jz —p|| : p € F}.
Proof. The necessity is obvious. Indeed, if x,, — ¢ € F' as n — oo, then
d(zy, F) = inlf;d(xn,q) < ||z, — ¢l] = 0(n — o).
q€

Thus liminf, o d(z,, F) = 0.

Conversely, suppose that liminf,_,~ d(x,, F') = 0. By Lemma 3.1, we have
that lim,, o0 d(xy, F) exists. Further, by assumption lim inf,, o d(xy,, F') = 0,
from (3.4) and Lemma 2.3(ii), we conclude that lim,_ d(x,, F') = 0. Now,
we show that {z,} is a Cauchy sequence in E. Indeed, from (3.3), we have

[Zn1 —all < [+ Mihp]ll2n — gl + Moaly,
for each n € N, where h,, and [,, be taken as in Lemma 3.1 and ¢ € F. For
any m,n,m >n € N, we have
|zm —qll < [L4+ Mihpa]l|wm—1 — gll + M2l
< eMlhmﬁl me—l - QH + Malpy—1

m—1
< (ezz';:f M1m> |z — gl + Mo (ezz';;LlMihi> S
i=n
m—1
< My —qll + MMy Y
i=n
where M’ = e2i=n Mihi  Thys for any q € F', we have
[2n — 2wl < lzn — gll + [|2m — 4l
m—1
< lan =gl + M|z — gl + MMz Y U
i=n
[ee]
< (M +1)||len — gl + MMy L.

i=n

Taking the infimum over all ¢ € F', we obtain

[o¢]
|20 = 2wl < (M’ + D)d(zn, F) + M'My» ;.
i=n
Thus it follows from lim,, o d(zp, F) = 0 and I, — 0 as n — oo that {z,}
is a Cauchy sequence in C. Since C is closed subset of E, the sequence {x,,}
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converges strongly to some ¢* € C. Next, we show that ¢* € F. Now,
lim;, o0 d(zp, F') = 0 gives that d(¢*, F') = 0. Since F' is closed, ¢* € F. Thus
q* is a common fixed point of S1, S2, 11 and T5. This completes the proof. [

Theorem 3.3. Let E be a real Banach space, C be a nonempty closed convex
subset of E. Let S1, So: C — C be two total asymptotically nonexpansive self
mappings with sequences {fin, } and {vn,} as defined in Proposition 2.2 and
Ty, To: C — E are two total asymptotically nonerpansive non-self mappings
with sequences {un} and {v,} as defined in Proposition 2.1 and

F=F(S)[F(S2)(F(T) () F(Tz) # 0.

Let {x,} be the iteration scheme defined by (1.11), where {c,} and {B,} are
real sequences in [0,1) and the following conditions are satisfied:

(1) Zzozl Hny < 00, Zzozl Hn < o0, 220:1 Vn, < 00, 220:1 Vn, < 05

(i) there exists a constant M > 0 such that ¥ (t) < Mt, t > 0.
If one of S1, Sa, Ty and Ty is completely continuous and limy, o0 ||, —Sixn|| =
limy, 00 |20 —Tizn|| = 0 fori = 1,2, then the sequence {xy,} converges strongly
to a common fized point of S1, So, T1 and Ts.

Proof. Without loss of generality we can assume that S is completely continu-
ous. Since {z,} is bounded by Lemma 3.1, there exists a subsequence {S;x, }
of {S1x,} such that {Six,,} converges strongly to some ¢; € C. Moreover,
by hypothesis of the theorem we know that

lim ||z, — Si12p,| = lim ||z, — Sozn, || =0
k—o00 k—o0

and
lim ||z, — T2, || = lim ||z, — Tezn,| =0
k—o0 k—o0

which implies that
|Zn, — @1l] < l|lzn, — S12n, || + |S1%0, — @1]] — 0
as k — oo and so x,, — q1 € C. Thus, by the continuity of S1, S», 11 and
T5, we have
g1 — Siarll = lim [z, — Sieay | = 0
k—o0
and
||(.71 - E‘h” = lim ”xnk - Tlxnk” =0
k—o0
for i = 1,2. Thus it follows that ¢ € F = F(S1) (" F(S2) N F(T1) N F(12).
Again, since lim,,_,o ||z, — ¢1]| exists by Lemma 3.1, we have lim, o ||z, —

q1]| = 0. This shows that the sequence {z,} converges strongly to a common
fixed point of Sy, So, T and T5. This completes the proof. O
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Theorem 3.4. Let E be a real Banach space, C' be a nonempty closed convex
subset of E. Let S, So: C — C be two total asymptotically nonexpansive self
mappings with sequences {pin,} and {vn,} as defined in Proposition 2.2 and
Ty, To: C — E are two total asymptotically nonerpansive non-self mappings
with sequences {un} and {vy} as defined in Proposition 2.1 and

F = F(S1) () F(S2) () E(T) () F(T2) # 0.

Let {x,} be the iteration scheme defined by (1.11), where {ca,} and {5,} are
real sequences in [0,1) and the following conditions are satisfied:

(i) ZSLOZI Hny < OO, foﬂ Hn, < OO, Zqomozl Uny < 00, 2720:1 Vny < 00

(ii) there exists a constant M > 0 such that ¢ (t) < Mt, t > 0.
If one of S1, So, Th and Ty is semi-compact and limy,_o |2, — Sizyn|| =
limy, 00 |2 —Tizn|| = 0 fori = 1,2, then the sequence {xy,} converges strongly
to a common fixed point of S1, Se, T1 and T.

Proof. Since by hypothesis lim, o ||y, — Sizy|| = limy—eo ||2n — Tixn|| = 0
for i = 1,2 and one of Sy, So, T1 and T is semi-compact, there exists a
subsequence {x,,} of {x,} such that {z,,} converges strongly to some g2 € C.
Moreover, by the continuity of Sy, S2, 71 and T, we have |g2 — S;q2|| =
limj o0 |70, — Siwn, || = 0 and [|g2 — Tig2|| = limjo0 |70, — Ty, || = O for
i =1,2. Thus it follows that g2 € F = F(S1) () F(S2) N F(T1) () F(T%). Since
limy, 00 ||z — g2|| exists by Lemma 3.1, we have lim,,_, ||z, — g2|| = 0. This
shows that the sequence {x,} converges strongly to a common fixed point of
S1, Sz, Th and T5. This completes the proof. O

Theorem 3.5. Let E be a real Banach space, C' be a nonempty closed convex
subset of E. Let Sy, So: C — C be two total asymptotically nonexpansive self
mappings with sequences {fin, } and {vn,} as defined in Proposition 2.2 and
Ty, To: C — E are two total asymptotically nonerpansive non-self mappings
with sequences {pn} and {v,} as defined in Proposition 2.1 and

F=F(S)(F(S2) [ F(T1) [ F(T2) # 0.
Let {x,,} be the iteration scheme defined by (1.11), where {ay,} and {5,} are
real sequences in [0,1) and the following conditions are satisfied:
(1) Domt Hny <00, D07 fin < 00, D07 Upy < 00, 07 Vny < 00;
(i) there exists a constant M > 0 such that ¥ (t) < Mt, t > 0.
If §1, So, T1 and Ty satisfy the following conditions:
(C1) limy o0 ||z — Sizn|| = limy o0 ||Xn — Tixn|| = 0 for i =1,2;
(Ca) there exists a continuous function ¢: [0,00) — [0,00) with ¢(0) = 0
and @(t) > 0 for all t € (0,00) such that

e(d(z, F)) < arl|z — S1af| + az||lz — Sax| + aslle — Thz| + aslle — Tax||
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forallx € C, and a1, a2, asz, aq are nonnegative real numbers such that
a1 + ag + ag + ag = 1, where d(z, F) = inf{||z — p|| : p € F}.
Then the sequence {xy,} converges strongly to a common fized point of Sy, Sa,
Ti and Ts.
Proof. 1t follows from the hypothesis that
lim p(d(z,, F)) < ai.]|e, — Siz,|| + a2-||xn — Soxs||
n—oo

+as.||zy — Thxn|| + aq.||zn — Tox,||
= 0.
That is,
lim o(d(zp, F)) = 0.
n—oo

Since ¢: [0,00) — [0,00) is a continuous function and ¢(0) = 0, therefore we
have

lim d(z,, F) =0.

n—o0
Therefore, Theorem 3.2 implies that {z,,} must converges strongly to a com-
mon fixed point of Sy, Sy, 11 and 1. This completes the proof. O

Now, we give some examples in support of our result: take two mappings
T1:T2:Tand Sl:SQZS.

Example 3.6. Let E be the real line with the usual norm |.|, C' = [0, c0)
and P be the identity mapping. Assume that S(z) = x and T'(x) = sinz
for all x € C. Let ¢ be the strictly increasing continuous function such that
¢: RY — RY with ¢(0) = 0. Let {tn}n>1 and {v,}n>1 be two nonnegative
real sequences defined by u, = # and v, = # for all n > 1 with g, — 0
and v, — 0 as n — oco. Then S and T are total asymptotically nonexpansive
mappings with common fixed point 0, that is, F' = F(S) N F(T) = {0}.

Example 3.7. Let E = R be the real line with the usual norm |.|| = [,
C = [-1,1] and P be the identity mapping. For each = € C, define two
mappings T, S: C' — C by

—2sinZ,  if x € [0,1],
T(x) = { 2sin%2, if x € %—1}0)
and s ifaoto
z0 ifx )
s@={ 3 islo
Then T and S are asymptotically nonexpansive mappings with constant se-
quence {k,} = {1} for all n > 1 and are uniformly L-Lipschtzian mappings

with L = sup,,>{kn} and hence are total asymptotically nonexpansive map-
ping by Remark 1.4. Also F(T) = {0} is the unique fixed point of T and
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F(S) = {0} is the unique fixed point of S, that is, F' = F(S)N F(T) = {0} is
the unique common fixed point of S and T'.

4. CONCLUSION

In this paper, we establish some strong convergence theorems for newly
defined mixed type two-step iteration scheme for two total asymptotically
nonexpansive self mappings and two total asymptotically nonexpansive non-
self mappings using completely continuous and semi-compactness conditions
in the framework of real Banach spaces. Our results extend and generalize the
corresponding results of [3, 4, 7, 8, 11, 12, 13, 15, 16, 17| to the case of more
general class of mappings and iteration scheme.
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