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Abstract. Sufficient conditions for existence of fixed point in the setting of generalized cone
metric spaces are obtained and then several common fixed point theorems are proved for

two maps. These results generalize several well known comparable results in the literature.

1. INTRODUCTION AND PRELIMINARIES.

Recently the study of common fixed points of mappings satisfying certain
contractive conditions has been at the center of vigorous research activity.
Sessa [15] introduced the notion of weakly commuting maps. Jungck [5] coined
the term compatible mappings in order to generalize the concept of weak
commutativity and showed that weakly commuting maps are compatible but
the converse is not true. Afterwards, Jungck [7] defined a pair of self mappings
to be weakly compatible if they commute at their coincidence points. For
details on coincidence point theory, its applications, comparison of different
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contractive conditions and related results, we refer to ( [2, 8, 6] and references
contained therein).

To overcome fundamental flaws in Dhage’s theory of generalized metric
spaces [4], Mustafa and Sims [12] introduced a more appropriate generaliza-
tion of metric spaces, that of G— metric spaces. Afterwards, Mustafa et.
el [11] obtained fixed point theorems for mappings satisfying different con-
tractive conditions in G— metric spaces. Abbas and Rhoades [1] obtained
common fixed point results for noncommuting mappings without continuity
in generalized metric spaces.

Guang and Xian [10] generalized the concept of a metric space, replacing the
set of real numbers by an ordered Banach space and obtained some fixed point
theorems for mappings satisfying different contractive conditions. Rezapour
and Hamlbarani [13] showed the existence of a non normal cone metric space
and obtained some fixed point results in cone metric spaces ( See also [14] ). In
this paper, common fixed point theorems for two pairs of weakly compatible
map, which are more general than R— weakly commuting, and compatible
mappings are obtained, in the setting of non normal generalized cone metric
spaces, without exploiting the notion of continuity. Our results extend [,
Theorem 2.1-2.6] to a generalized cone metric space.

We first state following definitions which are needed in the sequel.

Let E be a real Banach space. A subset P of F is called a cone if and only
if:

(a) P is closed, non empty and P # {0};
(b) a,b € R, a,b> 0, z,y € P imply that ax + by € P;
(¢) PN (—P)={0}.

Given a cone P C FE, we define a partial ordering < with respect to P by
x <y if and only if y — 2 € P. A cone P is said to be normal if there is a
number K > 0 such that for all z,y € F,

0 <x <y implies ||z]| < K ||y]| .

The least positive number satisfying the above inequality is called the normal
constant of P, while x < y stands for y — z € intP (interior of P).

Rezapour [13] proved that there is no normal cones with normal constants
K < 1 and for each k£ > 1 there are cones with normal constants K > k.

Definition 1.1. [3] Let X be a nonempty set. Suppose that the mapping
G: X x X x X — F satisfies:

(a) G(a: y,z) for all z,y,2 € X and G(z,y,%2) = 0 if and only if

0 <
r=y=
(b)O<G(xxy)foralla;y€X with x # y,
(c¢) G(z,z,y) < G(x,y,z) for all z,y,z € X, with y # z,
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(d) G(z,y,z) = G(z,2,y) = Gy, z,x) = ..., (symmetric in all three vari-
ables)

(e) G(z,y,2) < G(z,a,a) + G(a,y,z) for all z,y,z,a € X. (rectangle
inequality)

Then G is called a generalized cone metric on X or G- cone metric on X and
(X, Q) is called a G-cone metric space. The concept of a G-cone metric space
is more general than that of G-metric spaces and cone metric spaces.

Definition 1.2. A G-cone metric space X is said to be symmetric if
G(z,y,y) = G(y,x,z) for all x,y € X.
Let X be a G— cone metric space, define dg : X x X — E by
da(z,y) = G(z,y,y) + Gy, z, ).

Then it is noted that d¢ is a cone metric on X. Also note that if X is symmetric
G'— cone metric space, then

da(x,y) = 2G(x,y,y),
for all z,y € X.

Definition 1.3. Let X be a G-cone metric space and {x, } be a sequence
in X. We say that {x,} is:
(a) a Cauchy sequence if, for every ¢ € F with 0 < ¢, there is N such that
for all n,m,l > N, G(xp, Tm, 1) < C.
(b) a convergent sequence if, for every ¢ in E with 0 < ¢, there is N such
that for all n,m > N, G(xy, Tm,x) < c for some fixed = in X. Here x
is called the limit of a sequence {x,} and is denoted by nh_)n;o Ty = .

A G-cone metric space X is said to be complete if every Cauchy sequence
in X is convergent in X.

Remark 1.4. [3]
(a) If r < y < 2, then z < 2.
(b) If z < y < 2, then z < z.
(c) f z <y < 2z, then z < z.
(d) If E is a real Banach space with cone P and if a < Aa where a € P
and A € [0,1) then a = 0.
For the sake of completeness, we now state following basic facts (Lemmas
1.5 and 1.6) in a generalized cone metric space, proof is an easy exercise.

Lemma 1.5. [3] Let X be a G-cone metric space then the following are
equivalent.

(i) {zn} is converges to x.
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(ii) G(zp,zn,x) < ¢, as n — 0.
(ili) G(zp,z,x) K ¢, as n — oo.
(iv) G(zp,Tm, ) < ¢, as m,n — o0.

Lemma 1.6. [3] Let X be a G-cone metric space.

(i) If {xm}, {yn}, and {2} are sequences in X such that z,, — =, y, — v,
and z; — z, then G(x,, yn, 21) = G(z,y, 2) as m, n, | — oco.

(ii) Let {xyn} be a sequence in X and z € X. If {z,} converges to = and
{xn} converges to y, then x = y.

(iii) Let {z,} be a sequence in X and z € X. If {z,,} converges to z, then
G(m, Tn, ) — 0 as m, n — 0.

(iv) Let {x,} be a sequence in X and =z € X. If {z,,} converges to z € X,
then {z,} is a Cauchy sequence.

(v) Let {z,} be a sequence in X. If {z,,} is a Cauchy sequence in X, then
G(xm, Tn, ;) — 0, as m,n,l — oo.

Definition 1.7. Let f and g be self maps of a set X. If u = fx = gx for
some x in X, then z is called a coincidence point of f and g, and wu is called a
point of coincidence of f and g.

Lemma 1.8. ([1]) Let f and g be weakly compatible self maps of a set
X. If f and g have a unique point of coincidence w = fx = gz, then w is the
unique common fixed point of f and g.

Definition 1.9. Let (X, d) is said be a cone metric space and f be a mapping
of X into itself. An orbit of f at the point x in X is the set

O(z, f) = {=, fz, f’z,..., f'z,..}.

A cone metric space (X,d) is said to be f-orbitally complete if f is self-
mapping of X and if any Cauchy subsequence {f™z} in orbit O(z, f), z € X,
converges in X.

A mapping f : X — X is said to be orbitally continuous if f™ix — p =
f(fz) = fpasi— oo.

2. COMMON FIXED POINTS.

In this section we first obtain a fixed point theorem for a single map, and
then obtain coincidence and common fixed point theorems for mappings de-
fined on a G-cone metric space.

Theorem 2.1. Let X be a complete G-cone metric space. If there exists a
point u € X and a A € [0,1) with O(u) complete and

G(fz, fy, fy) < AG(z,y, 2), (2.1)
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for each x, z = y = fz € O(u), then {f"u} converges to some point p € X
and, for all m,n € N,m > n,

- A

for n > 1. Further, if f is orbitally continuous at p or if (2.1) holds for all
x € O(u), then p is a fixed point of f.

G(u, fu, fu),

G(xn; xm7 mm) S 1

Proof. If G is symmetric, then

dG(l’,y) = QG(l‘,y,y),
(2.1) becomes
dG(fxv fy) < )\dG(l’,y)

for all y € O(x), and the result follows from [14, Theorem 2.3]. Suppose that
G is not symmetric. With z,, = f"u, one has from (2.1), that

G(l‘n+1a Tn+2, 1’n+2) < AG(fEna Tn+1, :L'nJrl)

<
< N'G(u, fu, fu).

For all m,n € N, m > n, it follows that

G(Tn, T, Tm) < G(Tn, Tpg1, Tni1) + G(Tpg1, o2, Tny2)
4+t G(xm_1,$m7xm)
A e NG i )

ATL
< S5 Gl fus fu).
Let 0 < ¢ be given. Choose § > 0 such that ¢ + N5(0) C P, where
Ns(0) = {y € E : |ly|| < d}. Also, choose a natural number N; such that

n n
T (u, fu, fu) € Ns(0), for all m > Nj. Then, %G(u,fu, fu) < ¢, for
all m > Nj. So we have G(zy, Tm, Tm) < ¢, for all m > n. Thus {z,} is a
Cauchy sequence, so there exist p € X such that {z,} converges to p.

If f is orbitally continuous at x = p, then lim f"u = p implies that
lim(f"*u) = fp, and p is a fixed point of f. If (2.1) holds for all z,y =

z € O(u), then we have
G(fp, [ hu, [ ) < AG(p, fMu, fMu) < e,

whenever n > N. Thus G(fp, f"u, f**lu) < c. By Lemma 1.6(ii) implies
fp=p. O

IN
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Example 2.2. Let X =[0,1] and
Gz,y,2) = (e —yl+ly — 2l + [z — =, allz =yl + [y — 2[ + |z — z])),
where « is a positive constant, be a G—cone metric on X. Define f: X — X
as f(x) = g Take u = & € X, then O(u) = {0,%,1,%,.....} and it may be
verified that G(fz, fy, fy) < AG(z,y, z) for each z, z = y = fx € O(u), where
1
A= 3 Obviously { f™u} converges to 0 and f is orbitally continuous at 0 € X.

Moreover, 0 is a fixed point of f.

Theorem 2.3. Let X be a G—cone metric space. Suppose that the mappings
f,9: X — X satisfy one of the following condition

G(fx, fy,fz) < aG(gz,g9y,92)+ bG(gz, fz, fx)
+cG(gy, fy, fy) +dG(gz, fz, fz), (2.2)

or

G(fz, fy,fz) < aG(gz,gy,92) +bG(gz, g, fz)
+cG(gy, 9y, fy) + dG(gz, gz, [ z), (2.3)
for all z,y,z € X, where a+b+c+d < 1. If the range of g contains the range
of f and g(X) is complete subspace of X, then f and g have a unique point of

coincidence in X. Moreover, if f and g are weakly compatible, f and g have
a unique common fixed point.

Proof. Suppose that f and g satisfy condition (2.2). Then for all z,y € X we
have

G(fz, fy, fy) < aG(gz, gy, gy) + bG(gz, fz, fx) + (c + d)G(gy, fy, fy).
Also,

G(fy, fz, fz) < aG(gy, gv, gx) + bG(gy, fy, fy) + (c + d)G(gz, fz, fz),

If G is symmetric, then adding above two given inequalities we have

b+c+d b+c+d
P gy + D

Since a +b+c+d < 1, the existence and uniqueness of a common fixed point
follows from [9, Theorem 2.8]. However, if (X, G) is not symmetric, then (2.4)
gives no information about the maps, as in this case, the contractive constant
need not be less that 1. In this case, let zg be an arbitrary point in X. Choose
a point z1 in X such that f(z¢) = g(x1). This can be done, since the range of

da(fz, fy) < adg(gz, gy) + da(gy, fy). (2.4)
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g contains the range of f. Continuing this process, having chosen z, in X, we
obtain an z,4+1 in X such that f(z,) = g(x,+1). Then
G(gxm 9Tni1,9Tny1) = G(frn_1, fon, fo,)
< aG(gxn—lu gTn, gxn) + bG(gJ:n—lu fl'n—la fxn—l)
+(C + d)G(gxm fxy, fxn)v
that is,
G(9n, 9Tnt1,9Tnt1) < (a+b)G(92n—1,9%n, gTn)
+(c+ d)G(gn, 9Tni1, 9Tn+1),
which implies that
G(gwnag$n+1:gxn+1) < kG(g:Bn_l,g:rn,g:nn),
a+b
l—c—d
G(97n, gTn+1, 9Tn+1) < K" G(gzo, g1, 921).

Then, for m > n,

where, 0 < k = < 1. Continuing the above process, we obtain

G(g'rTh gTm, gxm) S G(g:vn, 9Tn+1, g$n+1) + G(gxn+17 9gTn42, ga:n+2)
+G(92n12, 9Tn13, 9Tn13) + . + G(9Tm—1, 9Tm, 9Tm)
(K™ + 4+ k:mfl)G(gxo, gT1,9T])

kn
- 1 kG(9$0,9$1,9$1)~
Let 0 < ¢ be given. Choose § > 0 such that ¢ + N;(0) C P, where N;(0) =
{y € E: ||y|| < d}. Also, choose a natural number N; such that

IN

k?’L
1—-k

n

k
for all n > Nj. Then, 1%
G(9xn, gTm, gTm) < ¢, for all m > n. Hence {gx,} is a Cauchy sequence.
Since g(X) is complete, there exists, a point ¢ such that gx,, — ¢ as n — oc.
Consequently, we can find a point p in X such that g(p) = g. We claim that

f(p) = g(p). For this consider
d(gzn, fp, fp) = G(fxn-1, fp, fp)
< aG(grn-1,9p, gp) + bG(9Tn—1, fTn-1, fT2-1)
+(c+d)G(gp, fp, fp),

which, on taking the limit as n — oo implies that

G(gp, fp, fp) < (c+d)G(gp, fp, fp),

G(gx[)u gy, gIl) € N5(0)7

G(gxo, 9r1,971) < ¢, for all n > Nj. So we have
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Remark 1.4(d) implies that G(gp, fp, fp) = 0, and hence f(p) = g(p). Hence
f and ¢ have a coincidence point in X.

Assume that f and g are weakly compatible. Now we show that f and g
have a unique point of coincidence. For this, suppose that there exist a point
q in X such that f(q) = g(q). We need to prove g(p) = g(q). For this

G(fq, fp, fp)
< aGl(gq,9p, gp) +bG(gq, fq, fq)
+(c+d)G(gp, fp, ),

G(9q, gp, 9p)

that is,

G(9q, gp, gp) < aG(gq, gp, gp)-
Hence by Remarks 1.4(d) G(gq, gp, gp) = 0, and gq = gp. From Lemma 1.8, f
and g have a unique common fixed point. The proof using (2.3) is similar. [

Theorem 2.4. Let X be a G— cone metric space and f,g: X — X, be two
mappings such that for some m € N, satisfies one of the following condition

G(f"z, [y, f"2) < aG(g"x,g"y,g"z) +bG(g"x, [z, ")
+cG g™y, [y, fMy) +dG(g™ 2, [z, f72),(2.5)
or
G(f"z, [Ty, f"2) < aG(g"z, g™y, 9"2) +bG(g"x, 9"z, ")
+cG(g"y, 9™y, ["y) +dG(g™" 2, 9™ 2, [ 2),(2.6)
for all z,y,z € X, where a+b+c+d < 1. If the range of g contains the range
of f and g(X) is complete subspace of X, then f and ¢g have a unique point of

coincidence in X. Moreover, if f and g are weakly compatible, f and g have
a unique common fixed point.

Proof. 1t follows from Theorem 2.3, that f™ and ¢ have a unique common

fixed point p. Now f(p) = f(f™(p)) = f"(p) = f™(f(p)), and g(p) =
g(g™(p)) = g™ (p) = g™(g(p)) implies that f(p) and g(p) are also fixed
points for f and ¢™. Hence f(p) = g(p) = p. O

Theorem 2.5. Let X be a G—cone metric space. Suppose that the mappings
fyg9: X — X satisfy either

G(fCC, fy7 fZ) < ku(f,g)(xvya Z)v

where

ucr.g) (7,9, 2) € {Glgz, fx, fx), G(gy, fy, fy), G(gz, [z, f2)}, (2.7)

or

ucr o) (%,y,2) € {Glgz, gz, fr), Ggy, 9y, fy), G(92, 92, f2)}, (2.8)
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for all z,y,z € X where 0 < k < 1. If the range of g contains the range of f
and ¢g(X) is a complete subspace of X, then f and g have a unique point of
coincidence in X. Moreover if f and g are weakly compatible, f and g have a
unique common fixed point.

Proof. Suppose f and g satisfy condition (2.7). Then for all z,y € X, we have
G(fx, fy, fy) < kugyg) (2,9, ),

where

ur.g) (@ y,y) € {G(gw, fz, fx),G(gy, fy, fy), G(gy, [y, [y)}
= {G(gx, fz, fx),G(gy, fy, fy)}. (2.9)

Now interchanging the role of x and y we obtain
G(fya fl‘, fl') < ku(f,g)(ya x, ZE),

where

uir gy, ) € {Glgy, fy, fy),G(gz, fx, fz),G(gz, fz, fx)}
= {G(9y, fy, fy), G(gz, fz, fz)}. (2.10)

If G is symmetric, then adding above two given inequalities we have

da(fz, fy) < klugsg) (7,9, y) + ucrg) (Y, v, )]
NOW fOllI' cases arises:
(1) I wpgy(x,y,y) = Glgo, fx, fr) and ugsg)(y,z,2) = G(gy, fy, fy),
then

k

5ldalgz, f2) +da(gy, fy)].
Since k < 1, the existence and uniqueness of a common fixed point
follows from [9, Corollary 2.4].

(2) It u(f,g)(xa Y, y) = G(g$, fz, fx) and u(f,g)(yv L, x) = G(g$7 fz, fx)v
then

kdg(gzx, fz).

Since k < 1, the existence and uniqueness of a common fixed point
follows from [9, Corollary 2.7].

(3) I wp gy (z,y,y) = Glgy, fy, fy) and wp g (y,2,2) = Glgy, [y, fy),
then

da(fx, fy) < k[G(gy, fy, fy) + G(gy, fy, fy)]
= kda(gy, fv)-
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Since k < 1, the existence and uniqueness of a common fixed point
follows from [9, Corollary 2.7].

(4) It u(f,g)($’y7y) = G(gya fy’fy) and u(f,g)(yaxax) = G(gyvfya fy)a
then

de(fz, fy) < k[G(gy fy. fy) + G(gz, fz, fz)]
k
= 5ldalgy. fy) +dc(gz. fz)).
Since k < 1, the existence and uniqueness of a common fixed point

follows from [9, Corollary 2.4].

However, if (X, G) is not symmetric, then (2.9) gives no information about
the maps, as in this case, the contractive constant need not be less that 1. In
this case, let zg be an arbitrary point in X. Choose a point x; in X such that
f(zo) = g(x1). This can be done since the range of g contains the range of
f. Continuing this process, having chosen z,, in X, we obtain x,; in X such
that f(x,) = g(zn+1). From (2.9),

G(gfﬁm 9Tn41, gxn-&-l) = G(fxn—la fn, fxn)
ku(f,g) (l'nfl?xnal‘n)

IN

where
u(f,g) (xn—la Tn, xn) S {G(g.f[?n_l, gTn, g'rn)7 G(gl?n, 9Tn+1, ganrl)}‘
If ugp o) (Tn—1,Tn, Tn) = G(gTn, 9Tn+1, 9Tnt1), then

G(9%n, 9%nt1, 9Tn+1) < kG(92Tn, 9Tni1, GTnt1)-

Remark 1.4(d), implies gz, = g4 for each n, then since gz,4+1 = fz,, f and
g have a coincidence point. Now if u g g\ (Tn—1,Tn, Tn) = G(9Tn-1,9%n, g7n),
then

G(gxn7gxn+17gx7’b+1) S kG(g$n_1,g$n,g$n),
and, continuing the above process, we obtain
G(92n, gTn+1, 9Tnt1) < k"G (9o, g21, g21).

As in the case of Theorem 2.3, it follows that {gz,} is a Cauchy sequence and
hence converges to a point ¢ in g(X). Choose p so that g(p) = ¢q. Suppose that

f(p) # g(q)- Then

G(gajnv fpa fp) = G(fl‘n,l, fpa fp)
ku(f,g) (xn—17p7p)7

IN

where

U(ﬁg)(xnflapap) c {G(gl‘nfl,fﬂl’nfl,fxnfl)>G(gp7 fp7 fp)aG(gp> fp’ fp)}
= {G(gl’n_l,fxn_l,fxn—l)yG(gp7 fp7 fp)}
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If u(f,g) (xnflap’p) = G(gﬂ?n,l, fl'n,h fxnfl)a then
G(g‘rm fpa fp) < kG(gxn—h fxn—ly fl'n—l)a

which, on taking the limit as n — co, implies that

G(gp, [, fp) < kG(gp, fp, [D),

by using Remark 1.4(d), we get gp = fp. Also if us oy (zn—1,p,p) = G(gp, P, fP),
then again on taking the limit as n — oo, implies that

G(gp, [, [p) < kG(gp, fp, fp),

by same above argument, we have f(p) = g(p). Now we show that f and g
have a unique point of coincidence. Assume that there exists another point ¢
in X such that fqg = gq. Now for

G(9q, 9p, gp) = G(fq, [p, fp) < ku(s,g)(q,p,p),

where

ucr.g) (a0, p) € {G(9q, f¢, fa), G(gp, fp, fP), G(gp, fp, fp)} = {0}.

Hence G(gq, gp, gp) < 0 implies that —G(gp, gp, gq) € P. But G(gp, gp, 9q) =
0, therefore G(gp, gp,g9q) = 0, and hence gg = gp. From Lemma 1.8, f and g
have a unique common fixed point. The proof using (2.8) is similar. O

Corollary 2.6. Let X be a G—cone metric space and f,g : X — X be two
mappings such that for some m € N, satisfies

G(fmwafm:% fmz) < hu(f,g)(xay7 Z)? (211)

where
ucpg)(T,y,2) €{G(g"x, 9" x, 9" x), G(g™y, ™y, fy), G(9" 2, [z, f2)},

1
for all x,y,z € X, where 0 < h < 3 If the range of g contains the range of

f and g(X) is a complete subspace of X, then f and g have a coincidence
point in X. Moreover if f and g are weakly compatible, f and g have a unique
common fixed point.

Theorem 2.7. Let X be a G— cone metric space. Suppose that the mappings
fy9: X — X satisfy one of the following conditions

G(fz, fy, fy) < a{G(gz, fy, fy) + G(gy, fz, fx)}, (2.12)
or
G(fz, fy, fy) < a{G(gz, gz, fy) + G(gy, gy, fx)}, (2.13)
1
for all x,y € X, where 0 < a < 3 If the range of g contains the range of f
and g(X) is a complete subspace of X, then f and g have a unique point of
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coincidence in X. Moreover, if f and g are weakly compatible, then f and g
have a unique common fixed point.

Proof. If X is symmetric, then from (2.12), we have

G(fy, fz, fx) < a{G(gy, fz, fz) + G(gz, fy, fy)}. (2.14)
Adding (2.12) and (2.14), we have
de(fz, fy) < aldc(g, fy) + da(fz, gy)}. (2.15)

1
Since a < =, the existence and uniqueness of a common fixed point follows

from [9, Corollary 2.5]. However, if X is not symmetric, then (2.12) gives no
information about the maps, as in this case, the contractive constant need not
be less that 1. In this case, let xy be an arbitrary point in X. Choose {x,} as
in Theorem 2.3. Then

G(9Zn, 9Tn+1,9Tnt1) = G(frn—1, fTn, fzn)

a{G(gTn—1, frn, fzn) + G(gTn, fTn—1, fTn-1)},
aG(9Tn—1, 9Tn+1, 9Tn+1)

aG(gxn—1,9%n, gTn) + aG(gTy, gTnt1, 9Tn11),

IN

IN

it gives,

G(Q»’Cm gxn-i-l; gxn-i-l) S kG(g‘rTL—l’ gwn) g‘rn)a

where k = %, 0 < k < 1. Continuing the above process we obtain
a
G(9n, 9Tnt1, 9Tn+1) < k"G (g0, 921, 971).
Using the same argument as that of Theorem 2.3 yields the result. O

Example 2.8. Let X =[0,1] and

G(:c,y,z):(|x—y|+\y—2\+]2—x|,a(|x—y|+|y—z\—|—\z—x] )7

for a > 0, be a G—cone metric on X. Define f,g: X — X by f(z) = g, and
T
g(w) = 9
Note that
1 Yy Yy
G(gx>fy7fy)_2(‘$ 4 ,a‘x 4)7
and
1 T x
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Now

Gz, fu.fy) = gz —ol,ale—y)
< ge-gl+l-3le o= 35
11

G ‘+2‘ O‘(z

-t -3

Therefore
G(fx, fy, fy) < a{G(gz, fy, fy) + G(gy, fz, fz)},

1 1
is satisfied for all x,y € X, where a = — < —. Also, range of g contains the

range of f, g(X) is a complete subset of X and f and g are weakly compatible.
Therefore, f and g satisfy all conditions of Theorem 2.7. Here, 0 is a unique
common fixed point of f and g.
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