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Abstract. In this paper, we establish the Hyers–Ulam–Rassias stability of the system of

functional equations with n variables which are additive on the first k variables, and are

quadratic on other n− k variables.

1. Introduction

The stability problem of functional equations originated from a question
of Ulam [25] in 1940, concerning the stability of group homomorphisms. Let
(G1, ·) be a group and let (G2, ∗) be a metric group with the metric d(·, ·).
Given ε > 0, does there exist a δ > 0, such that if a mapping h : G1 −→ G2

satisfies the inequality d(h(x.y), h(x) ∗ h(y)) < δ for all x, y ∈ G1, then there
exists a homomorphism H : G1 −→ G2 with d(h(x),H(x)) < ε for all x ∈ G1?
In the other words, under what condition does there exists a homomorphism
near an approximate homomorphism? The concept of stability for functional
equation arises when we replace the functional equation by an inequality which
acts as a perturbation of the equation. In 1941, D. H. Hyers [8] gave a first
affirmative answer to the question of Ulam for Banach spaces. Let f : E −→ E′
be a mapping between Banach spaces such that

‖f(x + y)− f(x)− f(y)‖ ≤ δ
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for all x, y ∈ E, and for some δ > 0. Then there exists a unique additive
mapping T : E −→ E′ such that

‖f(x)− T (x)‖ ≤ δ

for all x ∈ E. Moreover if f(tx) is continuous in t for each fixed x ∈ E, then
T is linear. In 1978, Th. M. Rassias [16] provided a generalization of Hyers’
Theorem which allows the Cauchy difference to be unbounded (see also [5],
[6], [9-12] and [16-23]).

The functional equation

f(x + y) + f(x− y) = 2f(x) + 2f(y), (1.1)

is related to symmetric bi-additive function [1,2,13,15]. It is natural that this
equation is called a quadratic functional equation. In particular, every solution
of the quadratic equation (1.1) is said to be a quadratic function. It is well
known that a function f between real vector spaces is quadratic if and only if
there exits a unique symmetric bi-additive function B such that f(x) = B(x, x)
for all x (see [1,15]). A Hyers–Ulam–Rassias stability problem for the quadratic
functional equation (1.1) was proved by Skof for functions f : A −→ B, where
A is normed space and B Banach space (see [24]). Cholewa [3] noticed that
the Theorem of Skof is still true if relevant domain A is replaced an abelian
group. In the paper [4] , Czerwik proved the Hyers–Ulam–Rassias stability of
the equation (1.1). Grabiec [7] has generalized these result mentioned above.

Let n > 1 and let X1, X2, ..., Xn be a normed spaces and Y be a Banach
space. In this paper we investigate the Hyers-Ulam-Rassias stability of the
system of functional equations





f(x1, x2, · · · , xi−1, a + b, xi+1, · · · , xn)
= f(x1, x2, · · · , xi−1, a, xi+1, · · · , xn)

+f(x1, x2, · · · , xi−1, b, xi+1, · · · , xn),
f(x1, x2, · · · , xj−1, a + b, xj+1, · · · , xn)

+f(x1, x2, · · · , xj−1, a− b, xj+1, · · · , xn)
= 2f(x1, x2, · · · , xj−1, a, xj+1, · · · , xn)

+2f(x1, x2, · · · , xj−1, b, xj+1, · · · , xn)

(1.2)

where 1 ≤ i ≤ k < n, k+1 < j ≤ n, and f is a mapping from X1×X2×· · ·×Xn

into Y .
It is easy to see that the functions f : Rn → R defined by

f(x1, x2, · · · , xn) = x1x2 · · ·xkx
2
k+1x

2
k+2 · · ·x2

n

satisfies (1.3). As another example, let A be a normed algebra and let X be a
Banach A−module. Define f : An−1 ×X → A, g : X ×An−1 → X by

f(a1, a2, · · · an−1, x) = a1a2 · · · aka
2
k+1a

2
k+2 · · · a2

n−1‖x‖2,
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and

g(x, a1, a2, · · · an−1) = xa1a2 · · · ak−1‖ak‖2‖ak+1‖2 · · · ‖an−1‖2,

respectively. It is easy to see that f, g satisfying (1.2).

2. Main results

From now on, X1, X2, · · · , Xn will be normed spaces and Y will be a Banach
space. Let n > 1 and let 1 ≤ k < n, 1 ≤ r ≤ n. Let f : X1×X2×· · ·×Xn → Y
be a mapping. For each (x1, x2, · · ·xi−1, a, b, xi+1, · · · , xn) ∈ X1 ×X2 × · · · ×
Xi−1×Xi×Xi×Xi+1×· · ·×Xn, we denote Dr

f (x1, x2, · · ·xr−1, a, b, xr+1, · · · , xn)
by





‖f(x1, x2, · · · , xr−1, a + b, xr+1, · · · , xn)
−f(x1, x2, · · · , xr−1, a, xr+1, · · · , xn)
−f(x1, x2, · · · , xr−1, b, xr+1, · · · , xn)‖, if 1 ≤ r ≤ k;
‖f(x1, x2, · · · , xr−1, a + b, xr+1, · · · , xn)
+f(x1, x2, · · · , xr−1, a− b, xr+1, · · · , xn)
−2f(x1, x2, · · · , xr−1, a, xr+1, · · · , xn)
−2f(x1, x2, · · · , xr−1, b, xr+1, · · · , xn)‖, if k < r ≤ n;

Let φr, ψr : X1 ×X2 × · · · ×Xr−1 ×Xr ×Xr ×Xr+1 × · · · ×Xn → [0,∞)
be mappings. Then for every m ∈ N, (x1, · · · , xn) ∈ X1 ×X2 × · · · ×Xn, we
define

φm
r ((x1, x2 · · · , xn)) :=χ{1,2,··· ,k}(r)φr(2mx1, 2mx2, · · · , 2mxr−1, 2m−1xr,

2m−1xr, 2m−1xr+1, · · · , 2m−1xk, 2mxk+1, · · · , 2mxn),

ψm
r ((x1, x2, · · · , xn)) :=χ{k+1,k+2,··· ,n}(r)ψr(2m−1x1, 2m−1x2, · · · , 2m−1xr,

2m−1xr, 2mxr+1, · · · , 2mxn).

Theorem 2.1. Let φr, ψr : X1×X2×· · ·×Xr−1×Xr×Xr×Xr+1×· · ·×Xn →
[0,∞) be mappings for all r ∈ {1, 2, · · · , n}. Let

∞∑

m=0

φm
r ((x1, x2, · · · , xn)) + ψm

r ((x1, x2, · · · , xn))
(2k4n−k)m

< ∞, (2.1)

for all (x1, x2, · · · , xn) ∈ X1 ×X2 × · · · ×Xn, and
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lim
m

χ{1,2,··· ,k}(r)
φr(2mx1, 2mx2, · · · , 2mxr−1, 2mxr, 2mxr, 2mxr+1, · · · , 2mxn)

(2k4n−k)m

= 0,

and

lim
m

χ{k+1,k+2,...,n}(r)
ψr(2mx1, 2mx2, ..., 2mxr−1, 2mxr, 2mxr, 2mxr+1, ..., 2mxn)

(2k4n−k)m

= 0, (2.2)

for all (x1, x2, · · · , xr−1, xr, xr, xr+1, · · · , xn, xn) ∈ X1 × X2 × · · · × Xr−1 ×
Xr×Xr×Xr+1×· · ·×Xn. Suppose f : X1×X2×· · ·×Xn → Y is a mapping
such that

Dr
f (x1, x2, · · · , xr−1, a, b, xr+1, · · · , xn)

≤ φr(x1, x2, · · · , xr−1, a, b, xr+1, · · · , xn),

if 1 ≤ r ≤ k; and

Dr
f (x1, x2, · · · , xr−1, a, b, xr+1, · · · , xn)

≤ ψr(x1, x2, · · · , xr−1, a, b, xr+1, · · · , xn),
(2.3)

if k < r ≤ n; for all (x1, x2, · · · , xr−1, a, b, xr+1, · · · , xn) ∈ X1 × X2 × · · · ×
Xr−1 × Xr × Xr × Xr+1 × · · · × Xn, r ∈ {1, 2, · · · , n}. Then there exists a
unique mapping T : X1 ×X2 × · · · ×Xn → Y satisfying (1.2) and

‖T (x1, x2, · · · , xn)− f(x1, x2, · · · , xn)‖ ≤ ∑∞
m=0

1
(2k4n−k)m [

∑k
r=1 2r−1φm

r

×((x1, x2, · · · , xn)) +
∑n

r=k+1 4r−12kψm
r ((x1, x2, · · · , xn))],

(2.4)
for all (x1, x2, · · · , xn) ∈ X1 ×X2 × · · · ×Xn.

Proof. Let r ∈ {1, 2, · · · , k}. Replacing a, b by xr in (2.3) to get

‖f(x1, x2, · · · , xr−1, 2xr, xr+1, · · · , xn)− 2f(x1, x2, · · · , xn)‖
≤ φr(x1, x2, · · · , xn). (2.5)

By (2.5), we conclude that
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‖f(2x1, 2x2, · · · , 2xk, xk+1, · · · , xn)− 2kf(x1, x2, · · · , xn)‖
≤ ‖f(2x1, 2x2, · · · , 2xk, xk+1, · · · , xn)

− 2f(2x1, 2x2, · · · , 2xk−1, xk, xk+1, · · · , xn)‖
+ ‖2f(2x1, 2x2, · · · , 2xk−1, xk, xk+1, · · · , xn)

− 22f(2x1, 2x2, · · · , 2xk−2, xk−1, xk, · · · , xn)‖
+ ‖22f(2x1, 2x2, · · · , 2xk−2, xk−1, xk, · · · , xn) (2.6)

− 23f(2x1, 2x2, · · · , 2xk−3, xk−2, xk−1, · · · , xn)‖
+ · · ·
+ ‖2k−1f(2x1, x2, x3, · · · , xn)− 2kf(x1, x2, · · · , xn)‖

≤
k∑

r=1

2k−rφr(2x1, 2x2, · · · , 2xr−1, xr, xr+1, · · · , xn).

Now let r ∈ {k + 1, k + 2, · · · , n}. Replacing a, b by xr in (2.3) to obtain

‖f(x1, x2, · · · , xr−1, 2xr, xr+1, · · · , xn)− 4f(x1, x2, · · · , xn)‖
≤ ψr(x1, x2, · · · , xn). (2.7)

It follows from (2.7) that

‖f(x1, x2, · · · , xk, 2xk+1, 2xk+2, · · · , 2xn)− 4n−kf(x1, x2, · · · , xn)‖
≤ ‖f(x1, x2, · · · , xk, 2xk+1, 2xk+2, · · · , 2xn)

− 4f(x1, x2, · · · , xk+1, 2xk+2, 2xk+3, · · · , 2xn)‖
+ ‖4f(x1, x2, · · · , xk+1, 2xk+2, 2xk+3, , 2xn)

− 42f(x1, x2, · · · , xk+2, 2xk+3, 2xk+4, · · · , 2xn)‖
+ · · ·
+ ‖4n−k−1f(x1, x2, · · · , xn−1, 2xn)− 4n−kf(x1, x2, · · · , xn)‖

≤
n−k∑

r=1

4r−1ψk+r(x1, x2, · · · , xk+r, 2xk+r+1, 2xk+r+2, · · · , 2xn). (2.8)
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Now, combine (2.6) and (2.8) by use of the triangle inequality to get

‖f(2x1, 2x2, · · · , 2xn)− 2k4n−kf(x1, x2, · · · , xn)‖
≤ ‖f(2x1, 2x2, · · · , 2xn)− 2kf(x1, x2, · · · , xk, 2xk+1, 2xk+2, · · · , 2xn)‖

+ ‖2kf(x1, x2, · · · , xk, 2xk+1, 2xk+2, · · · , 2xn)− 2k4n−kf(x1, x2, · · · , xn)‖

≤
k∑

r=1

2k−rφr(2x1, 2x2, · · · , 2xr−1, xr, xr+1, · · · , xk, 2xk+1, 2xk+2, · · · , 2xn)

+ 2k
n−k∑

r=1

4r−1ψk+r(x1, x2, · · · , xk+r, 2xk+r+1, 2xk+r+2, · · · , 2xn)

=
k∑

r=1

2k−rφ1
r(x1, x2, · · · , xn) + 2k

n−k∑

r=1

4r−1ψ1
r (x1, x2, · · · , xn). (2.9)

Hence, we have

‖ 1
2k4n−k

f(2x1, 2x2, · · · , 2xn)− f(x1, x2, · · · , xn)‖ (2.10)

≤ 1
2k4n−k

[
k∑

r=1

2k−rφ1
r(x1, x2, · · · , xn) + 2k

n−k∑

r=1

4r−1ψ1
r (x1, x2, · · · , xn)]

for all (x1, x2, · · · , xn) ∈ X1 ×X2 × · · · ×Xn.
Divide both sides of (2.10) by 2k4n−k, and replacing x1, x2, · · · , xn by

2x1, 2x2, · · · , 2xn, respectively, we obtain

‖ 1
(2k4n−k)2

f(22x1, 22x2, · · · , 22xn)− 1
2k4n−k

f(2x1, 2x2, · · · , 2xn)‖

≤ 1
(2k4n−k)2

[
k∑

r=1

2k−rφ1
r(2x1, 2x2, · · · , 2xn)

+ 2k
n−k∑

r=1

4r−1ψ1
r (2x1, 2x2, · · · , 2xn)] (2.11)

Combine (2.10) and (2.11) by use of the triangle inequality to get



Stability of functional equations 267

‖ 1
(2k4n−k)2

f(22x1, 22x2, · · · , 22xn)− f(x1, x2, · · · , xn)‖ (2.12)

≤ 1
(2k4n−k)2

[
k∑

r=1

2k−rφ2
r(x1, x2, · · · , xn) + 2k

n−k∑

r=1

4r−1ψ2
r (x1, x2, · · · , xn)]

+
1

2k4n−k
[

k∑

r=1

2k−rφ1
r(x1, x2, · · · , xn) + 2k

n−k∑

r=1

4r−1ψ1
r (x1, x2, · · · , xn)]

Now, proceed in this way to prove by induction on m that

‖ 1
(2k4n−k)m

f(2mx1, 2mx2, · · · , 2mxn)− f(x1, x2, · · · , xn)‖

≤
m∑

s=1

1
(2k4n−k)s

[
k∑

r=1

2k−rφs
r(x1, x2, · · · , xn)

+ 2k
n−k∑

r=1

4r−1ψs
r(x1, x2, · · · , xn)] (2.13)

for all (x1, x2, · · · , xn) ∈ X1 ×X2 × · · · ×Xn.
In order to show that functions

Tm(x1, x2, · · · , xn) =
1

(2k4n−k)m
f(2mx1, 2mx2, · · · , 2mxn)

form a convergent sequence, we used Cauchy convergence criterion. Indeed,
replace xi by 2lxi(1 ≤ i ≤ n) in (2.13) and result divide by (2k4n−k)l, where l
is an arbitrary positive integer, we find that

‖ 1
(2k4n−k)m+l

f(2m+lx1, 2m+lx2, · · · , 2m+lxn)− f(2lx1, 2lx2, · · · , 2lxn)‖

≤
m+l∑

s=l

1
(2k4n−k)s

[
k∑

r=1

φs
r((2

lx1, 2lx2, · · · , 2lxn))

+ 2k
n−k∑

r=1

4r−1ψs
r((2

lx1, 2lx2, · · · , 2lxn))].

It follows from (2.1) that {Tm(x1, x2, · · · , xn)} is a Cauchy sequence in Y .
Since Y is complete, then T (x1, x2, · · · , xn) := limm Tm(x1, x2, · · · , xn) exists
for all (x1, x2, · · · , xn) ∈ X1 ×X2 × · · · ×Xn. It follows from (2.2) and (2.3)
that
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Dr
T (x1, x2, · · · , xr−1, a, b, xr+1, · · · , xn)

= lim
m

1
(2k4n−k)m

Dr
f (2mx1, 2mx2, · · · , 2mxir−1, 2ma, 2mb, 2mxir+1, · · · , 2mxn)

≤ lim
m

1
(2k4n−k)m

φr(2mx1, 2mx2, · · · , 2mxir−1, 2ma, 2mb, 2mxir+1, · · · , 2mxn)

= 0

for all r ∈ {1, 2, · · · , k}. Similarly, for every r ∈ {k+1, k+2, · · · , n}, it follows
from (2.2) and (2.3) that

Dr
T (x1, x2, · · · , xr−1, a, b, xr+1, · · · , xn)

= lim
m

1
(2k4n−k)m

Dr
f (2mx1, 2mx2, · · · , 2mxr−1, 2ma, 2mb, 2mxr+1, · · · , 2mxn)

≤ lim
m

1
(2k4n−k)m

ψr(2mx1, 2mx2, · · · , 2mxr−1, 2ma, 2mb, 2mxr+1, · · · , 2mxn)

= 0.

This means that T satisfies (1.2). It remains to show that T is unique. Suppose
that there exists another mapping T ′ : X1×X2× ...×Xn → Y which satisfies
(1.2) and (2.4). Since

(2k4n−k)lT (x1, x2, · · · , xn) = T (2lx1, 2lx2, · · · , 2lxn),

(2k4n−k)lT ′(x1, x2, · · · , xn) = T ′(2lx1, 2lx2, · · · , 2lxn)
for all l ∈ N, (x1, x2, · · · , xn) ∈ X1 ×X2 × · · · ×Xn, we conclude that

‖T ((x1, x2, · · · , xn))− T ′((x1, x2, · · · , xn))‖
=

1
(2k4n−k)l

‖T ((2lx1, 2lx2, · · · , 2lxn))− T ′((2lx1, 2lx2, · · · , 2lxn))‖

≤ 1
(2k4n−k)l

‖T ((2lx1, 2lx2, · · · , 2lxn))− f((2lx1, 2lx2, · · · , 2lxn))‖

+
1

(2k4n−k)l
‖f((2lx1, 2lx2, · · · , 2lxn))− T ′((2lx1, 2lx2, · · · , 2lxn))‖

≤ 2
(2k4n−k)l

∞∑

m=0

1
(2k4n−k)m

[
k∑

r=1

2r−1φm
r ((2lx1, 2lx2, · · · , 2lxn))

+
n∑

r=k+1

4r−12kψm
r ((2lx1, 2lx2, · · · , 2lxn))]
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By letting l →∞ in this inequality, it follows that

T (x1, x2, · · · , xn) = T ′(x1, x2, · · · , xn)

for all (x1, x2, · · · , xn) ∈ X1 ×X2 × · · · ×Xn, which gives the conclusion. ¤

We are going to investigate the Hyers-Ulam-Rassias stability problem for
system of functional equations (1.2).

Corollary 2.2. Let ε > 0, p < 2n−k+1. Suppose f : X1×X2×· · ·×Xn → Y
is a mapping such that

Dr
f (x1, x2, · · · , xr−1, a, b, xr+1, · · · , xn) ≤ ε[(

n∑

i=1,i 6=r

‖xi‖p) + ‖a‖p + ‖b‖p]

for all (x1, x2, · · · , xr−1, a, b, xr+1, · · · , xn) ∈ X1×X2×· · ·×Xr−1×Xr×Xr×
Xr+1 × · · · × Xn, r ∈ {1, 2, · · · , n − 1}. Then there exists a unique mapping
T : X1 ×X2 × · · · ×Xn → Y satisfying (1.2) and

‖T (x1, x2, · · · , xn)− f(x1, x2, · · · , xn)‖

≤ ε
∞∑

m=0

2(p−2n+k)m{[
k∑

r=1

2r−1(
r−1∑

j=1

‖xj‖p + 2−p‖xr‖p + 2−p
k∑

s=r

‖xs‖p)

+ (2k−1
n∑

i=k+1

‖xi‖p)] +
n∑

r=k+1

[2−p
r∑

i=1

‖xi‖p + 2−p‖xr‖p +
n∑

j=r+1

‖xj‖p]}

for all (x1, x2, · · · , xn) ∈ X1 ×X2 × · · · ×Xn.

Proof. Put

φr(x1, x2, · · · , xr−1, xr, xr, xr+1, · · · , xn)

= φr(x1, x2, · · · , xr−1, xr, xr, xr+1, · · · , xn)

= (
n∑

i=1

‖xi‖p) + ‖xr‖p

for all x1, x2, · · · , xn ∈ X1 ×X2 × · · · ×Xr−1 ×Xr ×Xr ×Xr+1 × · · · ×Xn.
Then for every r ∈ {1, 2, · · · , k}, we have

φm
r (x1, x2, · · · , xn) =

r−1∑

i=1

‖2mxi‖p+‖2m−1xr‖p+
k∑

j=r

‖2m−1xj‖p+
n∑

s=r+1

‖2mxs‖p
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and for every r ∈ {k + 1, k + 2, · · · , n}, we have

ψm
r (x1, x2, · · · , xn) =

r∑

i=1

‖2m−1xi‖p + ‖2m−1xr‖p +
n∑

s=r+1

‖2mxs‖p.

The conclusion follows from theorem 2.1. ¤

By Corollary 2.2, we solve the following Hyers-Ulam stability problem for
system of functional equations (1.2).

Corollary 2.3. Let ε > 0. Suppose f : X1×X2×· · ·×Xn → Y is a mapping
such that

Dr
f (x1, x2, · · · , xr−1, a, b, xr+1, · · · , xn) ≤ ε

for all (x1, x2, · · · , xr−1, a, b, xr+1, · · · , xn) ∈ X1×X2×· · ·×Xr−1×Xr×Xr×
Xr+1 × · · · × Xn, r ∈ {1, 2, · · · , n − 1}. Then there exists a unique mapping
T : X1 ×X2 × · · · ×Xn → Y satisfying (1.2) and

‖T (x1, x2, · · · , xn)− f(x1, x2, · · · , xn)‖ ≤ 22n − 2k

22n+k
ε

for all (x1, x2, · · · , xn) ∈ X1 ×X2 × · · · ×Xn.

Acknowledgement. The author like to express his sincere thanks to professor
Th. M. Rassias for valuable comments. The author would like to thank the
Semnan University for its financial support.

References

[1] J. Aczel and J. Dhombres, Functional Equations in Several Variables,Cambridge Univ.
Press, 1989.

[2] D. Amir, Characterizations of inner product spaces. Operator Theory: Advances and
Applications, 20. Birkhuser Verlag, Basel, 1986. vi+200 pp.

[3] P. W. Cholewa, Remarks on the stability of functional equations,Aequationes Math. 27
(1984) 76-86.

[4] S. Czerwik, On the stability of the quadratic mapping in normed spaces,Abh. Math.
Sem. Univ. Hamburg 62 (1992) 59–64.

[5] Z. Gajda, On stability of additive mappings, Internat. J. Math. Math. Sci., 14 (1991)
431-434.
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