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Abstract. In this paper, we establish the Hyers—Ulam—Rassias stability of the system of
functional equations with n variables which are additive on the first k£ variables, and are

quadratic on other n — k variables.

1. INTRODUCTION

The stability problem of functional equations originated from a question
of Ulam [25] in 1940, concerning the stability of group homomorphisms. Let
(G1,-) be a group and let (Ga,*) be a metric group with the metric d(-, ).
Given € > 0, does there exist a § > 0, such that if a mapping h : G — G
satisfies the inequality d(h(x.y),h(x) * h(y)) < § for all x,y € G1, then there
exists a homomorphism H : G; — G2 with d(h(z), H(z)) < € for all z € G1?
In the other words, under what condition does there exists a homomorphism
near an approximate homomorphism? The concept of stability for functional
equation arises when we replace the functional equation by an inequality which
acts as a perturbation of the equation. In 1941, D. H. Hyers [8] gave a first
affirmative answer to the question of Ulam for Banach spaces. Let f : E — FE’
be a mapping between Banach spaces such that

If(@+y) = fle) =yl <o
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for all z,y € F, and for some é > 0. Then there exists a unique additive
mapping T : E — E’ such that

[f(z) =T(x)] <o
for all z € E. Moreover if f(tx) is continuous in t for each fixed x € E, then
T is linear. In 1978, Th. M. Rassias [16] provided a generalization of Hyers’
Theorem which allows the Cauchy difference to be unbounded (see also [5],
6], [9-12] and [16-23]).
The functional equation

flx+y)+ flx—y) =2f(x) +2f(y), (1.1)

is related to symmetric bi-additive function [1,2,13,15]. It is natural that this
equation is called a quadratic functional equation. In particular, every solution
of the quadratic equation (1.1) is said to be a quadratic function. It is well
known that a function f between real vector spaces is quadratic if and only if
there exits a unique symmetric bi-additive function B such that f(z) = B(z, x)
for all z (see [1,15]). A Hyers—Ulam-Rassias stability problem for the quadratic
functional equation (1.1) was proved by Skof for functions f : A — B, where
A is normed space and B Banach space (see [24]). Cholewa [3] noticed that
the Theorem of Skof is still true if relevant domain A is replaced an abelian
group. In the paper [4] , Czerwik proved the Hyers—Ulam—Rassias stability of
the equation (1.1). Grabiec [7] has generalized these result mentioned above.

Let n > 1 and let X7, Xo,..., X;, be a normed spaces and Y be a Banach
space. In this paper we investigate the Hyers-Ulam-Rassias stability of the
system of functional equations

f(x1,$27-~ ,xi_l,a+b,mi+1,~-- ,.%'n)

= f(w1,22, -+ ,2i—1,0,%i11, -, Tn)
+f(x1, w2, i1, b, g1, -, T0),

f(a:l,xg,--- ,:cj_l,a+b,a:j+1,--- ,xn) (1.2)
+f(z1, 22, ,xj—1,a — b, Tjq1, -+ ,Tp)

=2f(x1, 22, -+ ,®j_1,a,Tj41, - ,Tp)

( F2f(z1, @2, w1, b, 2501, )

where 1 <i <k <mn, k+1 < j < n, and f is a mapping from X1 x Xox---x X,
into Y.
It is easy to see that the functions f : R” — R defined by

2 2 2
@, @2, @) = 2122+ T Thyo - Ty

satisfies (1.3). As another example, let A be a normed algebra and let X be a
Banach A—module. Define f: A" ' x X - A, g: X x A" ! = X by

f(ala ag, - an_l,l') =aag--- aka%+1ai+2 e ai—l”'%.HQ:
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and
_ 2 2 2
9(@,a1, a2, an—1) = waraz - - - ag—1l|agl|“lagsa |7 - - flan—1 ",
respectively. It is easy to see that f, g satisfying (1.2).

2. MAIN RESULTS

From now on, X7, Xs, -, X, will be normed spaces and Y will be a Banach
space. Letn > landlet 1 <k <n,1 <r<n.Let f: XixXox---xX,, =Y
be a mapping. For each (1,22, ®i—1,a,b,xi41, - ,xp) € X1 X Xg X -+ X
X1 X X;x X;x X1 % - -x X, we denote D;(xl,:pg,---xr,l,a, by Tpy1, ,Tn)
by

If(z1, 22, 21,0+ b, 2p 11, )

—f(z1, 2, Tp 1,0, Ty 1,0+, )

—f(z1, 22, ,Tr_1,b,Tr41, -, Tn)||, if1<r<k;
If(x1, 20, y&p_1,0a+ b, Xpy1, -+, xp)

+f(z1,22,  ,Tpo1,0 — b, Tpi1, Ty

—2f(®1, T2, ,Tp 1,0, Tpy1, "+, Tp)

\—2f(z1, 22, , Tr—1,0,Tp41," , Tn)l, if k<r<mn;

Let ¢, by + X1 X Xo X oo X Xpog X Xp X X X Xpgg X -0 X X, — [0, 00)

be mappings. Then for every m € N, (21, ,z,) € X1 X Xo X -+ X X, we
define
O (w1, w2+ ) =X (12,0 3 (M) (271, 2™ g, -+ 2" w1, 27
2m71$’r‘7 2m71w7’+17 o 72m71‘rk7 2mxk+17 T 72mxn)7
P (w1, 22, -+, 2p)) 3:X{k+1,k+2,-~,n}(r)¢r(2m_1$172m_1$2, s 2m g
oMLy oM g, 2™y,

Theorem 2.1. Let ¢r,0p : X1 X Xo X+ X Xp g X Xp X Xp X Xpp1 XX X, —
[0,00) be mappings for all r € {1,2,--- ,n}. Let

(2k’4n—kz)m < 09,

i (b;n((xl’x?)' o 7xn)) +w7rﬂ(('x17x27'” 7$n)) (2.1)
m=0

for all (x1, e, ,xy) € X1 X Xo X -+- X Xy, and
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lim (’I") ¢T(2mx17 2mx27 ) 2mx7"—17 2mx7“7 2mx7’7 2m$r+17 T 2mxn)
=0,
and
, Y (2Mxy, 2M g, . 21, 2wy, 2y, 2 ey ey 270
%HX{kJrl,kJrZ‘..,n} (r) (2k4n—k)m
0, (2.2)
fO’f’ all ($1,CC27 oy Tp—1, Ty Ty T4 1,7 0 73:7171;71) € Xl X X2 X oo X Xr—l X

X X Xp X Xpg1 X -+ X Xy Suppose f: X1 x Xo XXX, =Y is a mapping
such that

D;(ﬂjl,fﬁQ,"' )x’rflaaabal‘T+1a"' 7xn)
< ¢r($1a$23"' ,$r,1,a,b,l’r+1,"‘ 71‘71)7
if 1 <r<k; and
D;(l‘lal’?a'” ,l'rfl,a,b,aﬂq,l,"' 71:71)
(2.3)
< @er(xl,fEQ,“' 7$T717a7b7m7“+17"' ,I‘n),
if k <r <mn; forall (x1,z9, - ,Tr_1,a,b0,Tp41, - ,Tp) € X3 X Xg X -++ X

Xro1 X Xp X Xy X Xpqqp X oo X Xy, € {1,2,--- ,n}. Then there exists a
unique mapping T : X1 x Xo X --- x X, = Y satisfying (1.2) and

1T (@1, @2, - @n) = flon,z2, 2| < 2201 W[ZL 2o
X((xbx% e 7xn)) + Z?:k«#l 47’712]{1/}?1((-7;173727 T 71'11))]7
(2.4)
for all (x1,xe,- -+ ,x,) € X1 X Xog X -+ X X,
Proof. Let r € {1,2,--- ,k}. Replacing a,b by z, in (2.3) to get
Hf(xhan; e ,$T_1,2$7~,.%'T+1, e 7[1;71) - 2f(x1,x2, T 7'%.71)” (2 5)

S (b’r‘(xlax?v T 7'%.7’7,)'

By (2.5), we conclude that
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| f(2x1,2m0, - -+, 22k, Xpg1, -+ 5 Tp) — 2kf($1,332,'” )|l
< |[f(221,22, -, 22, Thy1, -+ 5 Tn)
— 2f(221,2%9, + , 2Tk—1, Thy Thtl, ** » ZTn)|
+12f (221,229, -+, 2%k 1, Tk, Tkt 1, "+ 5 Tn)
— 22 (221,239, -+, 2Tp_9, Th_1, Tk, -+ Tn)||
+ 1122 (221,220, - -+, 2Tp_9, Th1, Ty - -+ Tpy) (2.6)
— (221,239, , 2283, Th_0, Th_1, -, Tn)|

+ ||2k_1f(2$17x27$3a T ,I‘n) - Qkf(mlax% T 7xn)H

k
k—
SZ2 T¢T(2x172x27"' 725[;7“—1>$r>xr+17"' ,.Tn).
r=1

Now let r € {k + 1,k +2,--- ,n}. Replacing a,b by z, in (2.3) to obtain

||f(xl7x2a” : 7$T—172$T7$T‘+17"' 7:1711) _4f($]_,332,’ T 7x’n)||
Swr(xla$25”' 73371,)' (27)

It follows from (2.7) that

I f (@1, @, Ty 2Thg 15 2T kg - -+ 5 2%0) — A" f(2, @0, -+ 2|

< | f(z1, 22, , Tk, 2@p 11, 2Tkt2, -+ 5 2Tp)
—4f(x1, @9, Tpa1, 2Tk12, 2Tk43, -+ 5 22|
+ ||4f (21, 22, -, Thr1, 2T g2, 2T 3, , 200)
— A2 f(x1, @0, Tppos 2T pgss 2Tpgds - > 220 ||
+ 4R (e e 1, 2m) — AR f (g, 20, )|
n—k

< Z 4T71¢k+7«(x1, Xyt Tty 2Tkt 1y 2T b t2, * * 5 2Tp). (2.8)

r=1
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Now, combine (2.6) and (2.8) by use of the triangle inequality to get

| f(2xy1,2zg,- -, 2xy) — 2k4”_kf(x1,x2, x|

< Hf(2$17 21‘2, tee ,21’7;,) - Qkf(xlax% c 5, Tk, 21‘k+1, 2$k+27 tee ,21’7;,)”
+ ||2kf(331,332, o, Ty 2'1"k‘+17 2(Ek+2, e 721;71) - 2k4n_kf(xlyx27 e ,fl?n)H
k
S Z 2k:—7‘¢r(2x1’ 23721 e )23:'7‘—1) LypyLr41y° 3 Thy 2$k+17 2xk’+27 e 72$n)
r=1
n—k
+ 2k Z 4T_1wk—|—7‘($17 L2y Thtr, 2$k+7«+1, 2xk+r+2, T 723371,)
r=1
k n—k
=3 2Tl wa, - an) + 28D AT (m,ma, - ). (2.9)
r=1 r=1

Hence, we have

1
||Wf(2xla 2%2, o 72xn) - f($1,$2, Tt 7‘rn)” (2]‘0)
1 k n—k
= W[Z 2k_r¢i(xla €T, axn) + 2k Z 47"_1@5}(531, L2y 7'1777,)]
r=1 r=1
for all (x1,x9, - ,x,) € X3 X Xo X -+ X X,.
Divide both sides of (2.10) by 2¥4"~% and replacing x1, 2, -+ ,, by
2x1,2x9,- -+, 2x,, respectively, we obtain
1 2 2 2 1
||mf(2 J"172 XLy " 72 l‘n) - Wf(2xla2x27 e ,25571)”
1 k
k—r 41
S M[;Q T¢T(2$1,2$2, cee ,an>
n—k
+ 28 T4l (2w, 20, -+, 20)] (2.11)
r=1

Combine (2.10) and (2.11) by use of the triangle inequality to get
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1
1 k n—k
< m[z Qk—r(bz(xl,xz, cee X)) F ok Z 4r—1¢3($1’$27 )]
r=1 r=1
1 k n—k
+ W[Z Qk—rd)i(xl,x% e ,$n) =+ Qk Z4T_1¢71’($1’x2’ . 71-”)]
et r=1

Now, proceed in this way to prove by induction on m that

1
||Wf(2m$1,2m$2, e, 2May) — f(w, 2,00 ) ||
m k
<D Gy 2k4n B D2 e, an)
s:l r=1
ek
+2kz4r_1¢f(;r1,x2,~- , Tn)] (2.13)
for all (x1,x9, - ,x,) € X7 X Xo X -++ X X,.

In order to show that functions

1
@R
form a convergent sequence, we used Cauchy convergence criterion. Indeed,
replace z; by 2'z;(1 <i <n) in (2.13) and result divide by (2¥4"~*)! where
is an arbitrary positive integer, we find that

Tm(fl?l,LUQ, T axn) = f(zmx172mx27 e a2m$n)

1
||Wf(2m+l$1,2m+%2, s 2 ) — f (2l 2, 20|

m-1

—Z 2k4n Ry Z@ (221,225, 2an))

+ 2k Z A=Yy ((2lay, 2y, -, 242)).

It follows from (2.1) that {T},(z1,x2, -+ ,2,)} is a Cauchy sequence in Y.
Since Y is complete, then T'(z1,z2,- -, xy) := limy, Ty, (21, 22, - - , 2y,) exists
for all (1,22, -+ ,2,) € X1 X X x -+ x X,,. It follows from (2.2) and (2.3)
that
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D%<$17$27 o, Tp—1,Q, b7 Lp41,y- 71.77,)
1

= lgln WD;(Qm.Tl, 2m$2, ey meEir_l, 2ma, me, 2m$ir+1, ety 2m$n)
1

< h?;(ln W¢r(2 x1, 2™ x2,: y 2mxir—17 2ma7 me? zmxir-‘rla T 2mxn)

for all r € {1,2,--- , k}. Similarly, for every r € {k+1,k+2,--- ,n}, it follows
from (2.2) and (2.3) that

Dg“(xlax27 e, Tp—1,0, b7 Tp41y° " 7xn)
1
= hnl;n mD;(mel, 2mx2, te 2macr_1, 2ma, me, 2m$7~+1, te men)
1
< hngl er( w1,2"wo, - 2" 1,2, 20, 2" gy, -, 2 )
= 0.

This means that 7" satisfies (1.2). It remains to show that 7" is unique. Suppose
that there exists another mapping 7" : X7 x X5 X ... x X,, — Y which satisfies
(1.2) and (2.4). Since

(k4N (2, 20, - -+ ) = T2y, 22y, -, 2y,

(R4 (2y, 9, - ) = T' (242, 2lan, - - -, 2Ly,
forall l € N, (z1, 9, ,zy) € X7 X Xo X -+ x X,,, we conclude that

HT((JJl,IL’Q, T 73771)) - TI((xlvx% T 75571))”

1
= T (221,20, - 2'2)) = T'((2'21, 2'22, -, 2an)) |
(2F4n=F)
1
< o T2, 2w, 2)) = F(2'21,2'20, -+, 2n))|
(2+4n=F)
1
i WW((?’W% s 2m)) = T (21, 2, 2|
> k
2k4n k l Z 2k4n k ZQT*1¢T((2Z$1’2I‘T27“‘ 721xn))
m:O r=1

n
+ Y AR ( 2, 2, -, 20)]
r=k+1
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By letting [ — oo in this inequality, it follows that
T(IL’l, X, 7$n) - T/(xth? Tt ,.'Ifn)
for all (x1,x9, -+ ,x,) € X1 X X9 X -+ X X,,, which gives the conclusion. [

We are going to investigate the Hyers-Ulam-Rassias stability problem for
system of functional equations (1.2).

Corollary 2.2. Lete > 0,p < 2n—k+1. Suppose f : X1 x Xox---xX,, = Y
15 a mapping such that

n

D?(Ilul‘Qu o ,.Tr_]_,a,b7 Lprgl, ann) S 6[( Z HIZHp) + ||a’||p + ||b||P]
i=1,ir
forall (x1,x9, - ,Tr_1,a,b,Tpi1,+ ,Tp) € X1 X XoX - x X1 X X, X X X
Xpp1 X - x Xp,r € {1,2,--+ ,n—1}. Then there exists a unique mapping

T:X1 xXgx---xX, =Y satisfying (1.2) and

||T(xlax27 o 7$n> - f($17x2, o 7xn)H
00 k r—1 k
<ey 22 RN o S P 27l P 4277 Y [l P)
m=0 r=1 J=1 s=r
n n T n
k— _ _
+ T Nl 4+ DD RPNl 2 Pl P+ Y (a7}
i=k+1 r=k+1 i=1 j=r+1
for all (x1,m9,- -+ ,x,) € X1 X Xog X -+ X X,
Proof. Put
¢T(IE1,$2, s =1 Ty Ty Tpg-1y ** ,l’n)
— d)r(l'l,l'Q, L1, Ly Ly L1 " ° ,IL‘n)
n
= O llwillP) + [l 1P
=1
for all 1,29, -+ , 2, € X1 X Xo X -+ X X1 X Xp X Xp X Xpg1 X o0 X X

Then for every r € {1,2,--- ,k}, we have

r—1 k n
O @r,@a, ) = Y2 P2 P 2 P D 27l
i=1 Jj=r s=r+1



270 M. Eshaghi Gordji

and for every r € {k+ 1,k +2,--- ,n}, we have

r n
G, @, wn) = 27 P 4 127 e P D (2P
=1 s=r+1

The conclusion follows from theorem 2.1. O

By Corollary 2.2, we solve the following Hyers-Ulam stability problem for
system of functional equations (1.2).

Corollary 2.3. Let e > 0. Suppose f: X1 x Xox---x X, = Y is a mapping
such that

r
Df(l'l,.%'g,"' 7$T—1>a7b>$r+17"' 7-%'1’1,) <e

for all (x1, 9, ,Tr_1,a,b,Tp41, - ,Tp) € X1 X XoX -+ x X1 X X X X, X
Xpg1 X - X Xp,r € {1,2,--- ,n—1}. Then there exists a unique mapping
T:X1 xXyx---xX, =Y satisfying (1.2) and

22n o 2k

22tk

||T(‘T17$27”' 7‘,1771) - f($17$2,"‘ 7$n)H S

for all (x1, 9, ,x,) € X1 X Xo X -+ X Xp.
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